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Abstract. This paper explores and slightly extends the measure theoretic

result that bi-Lipschitz maps f: A→ B for A,B Lebesgue measurable subsets
of Rm preserve Lebesgue density points of A and of Ac (the complement of

A) to a subclass of α1-Hölder continuous functions with α2-Hölder continuous

inverse. In doing so, we derive for such functions a theorem analogous to the
result that bi-Lipschitz images of Caccioppoli sets are Caccioppoli.
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1. Introduction

Measure theory, the study of generalizations of volume, called measures, forms
the backbone of areas of analysis such as functional analysis, geometric measure
theory, and probability theory. Central to measure theory (and this paper) is the
pointwise notion of the density of a set, which is defined at a particular point by
comparing the measure of a ball with arbitrarily small radius containing said point
with the measure of the set restricted to the ball. In 1992, Z. Buczolich [1], as a
response to a question posed by W. F. Pfeffer, proved that, if f : A → B is bi-
Lipschitz, then all density points of A are mapped to density points of B, and all
density points of Ac (termed ‘dispersion points’) are mapped to dispersion points of
B. This paper explores this property and proves a small but nontrivial extension for
α1-Hölder continuous functions with α2-Hölder continuous inverse, where Hölder
continuity holds ∀α1, α2 < 1. We then use this result to reprove some facts about
Caccioppoli sets, a concept integral to geometric measure theory, in a much less
involved manner than in the literature.
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Relevant preliminaries will be introduced in Section 2; however, the reader is
assumed to have experience with basic real analysis, measure theory, and some
point-set topology, especially for Section 3.2. In Section 3, we prove the result
discussed above, and in Section 4, we investigate applications to geometric measure
theory. Section 5 outlines potential steps to be taken on this topic in the future.

2. Preliminaries, Measure Theoretic and General

For this paper, we will be using the standard Euclidean topology and Lebesgue
measure (denoted by µ) on Rm. We fulfill our promise to define the measure
theoretic concept of density:

Definition 2.1. Let A ⊂ Rm be a measurable set and x ∈ Rm. Then the density
of A at x is defined by

d(x,A) = lim
r→0

µ(A ∩B(x, r))

µ(B(x, r))

given that the limit exists. We additionally call x a density point if d(x,A) = 1 and
a dispersion point if d(x,A) = 0.

We also give the following classical theorems:

Theorem 2.2. (Vitali’s covering theorem for Radon measures). Given A ⊂ Rm
µ-measurable and a Vitali covering B of A (i.e. we can find an arbitrarily small ball
B ∈ B containing any point x ∈ A), we can find a countable disjoint collection of
balls B′ covering a.e. (almost every) point of A. µ may also be taken to be a Radon
measure.

Proof. See [3], Theorem 2.2 and Remark 2.3. �

Theorem 2.3. (Lebesgue density theorem). Let A ⊂ Rm be µ-measurable. Then,
∀ε > 0, ∃ r such that

µ(A ∩B(x, r)) ≥ (1− ε)µ(B(x, r))

for a.e. x ∈ A. (This also implies that d(x,A) = 1 for a.e. x ∈ A.)

Proof Sketch. We fix ε and show that the set of points Aε where the Lebesgue
density theorem fails is of null measure. To do this, given a Vitali covering of Aε
containing all balls within some open set G of finite measure for which our theorem
fails, we apply Theorem 2.2 to get a countable covering of a.e. point in Aε. Since
the theorem fails for Aε, the measure of the set of points contained in our countable
cover but not in Aε (or, for that matter, A) can be bounded below by εµ(Aε). When
considering the open set G, we realize that we need µ(Aε) = 0 in order to satisfy
the outer regularity property of Radon measures. The reader is encouraged to fill
in the details of this proof. �

We note an important corollary that follows immediately from applying Theorem
2.3 to A and to Ac:

Corollary 2.4. Let µ be a Radon measure and A ⊂ Rm be µ-measurable. Then
either d(x,A) = 1 or d(x,Ac) = 1 for a.e. x ∈ Rm.

Theorem 2.5. (Arzela-Ascoli). Let {fn} be a family of pointwise bounded equicon-
tinuous functions on a compact set K. Then {fn} is uniformly bounded and con-
tains a uniformly convergent subsequence.
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Proof. See [2], Theorem 7.25. �

We now move on to concepts necessary for understanding the results of this
paper and crucial to analysis in general. We make the definition below specific to
Rm:

Definition 2.6. For A,B ⊂ Rm, we say that f : A → B is α-Hölder continuous
with constant L if

‖f(x)− f(y)‖ ≤ L‖x− y‖α

∀x, y ∈ A. If α = 1, we say that f is Lipschitz with constant L.

We note the following basic properties of such functions:

Proposition 2.7. For A,B ⊂ Rm, A◦ (the interior of A) connected and non-
empty, let f: A→ B be α-Hölder continuous with constant L and let α > 1. Then
f is constant on A.

Proof. From ‖f(x)− f(y)‖ ≤ L‖x− y‖α, if we set h = x− y and fix y, we get that

lim
h→0

‖f(y + h)− f(y)‖
‖h‖

≤ lim
h→0

L‖h‖α−1

We see that the LHS above is the multidimensional definition of derivative with
Df(y) = 0. Therefore, to show that f is constant, we need only show that A◦

is path connected, since if we know that f is constant on A◦, we have that f is
constant on A by continuity. To do this, we pick p ∈ A◦ and consider the nonempty
set of points X for which there exists a smooth path to p. For q ∈ X, since A◦ is
open, we can choose an open ball centered at q contained in A◦. We now can take
the straight line path γ (on [0, 1]) between q and any point r in the ball, where
γ|[0,ε) ≡ q and γ|(1−ε,1] ≡ r. Therefore, our ball is contained in X and X is open.
Since A◦ \ X can also be expressed as the union of such sets, X is closed. Thus,
A◦ is connected, A◦ = X and therefore f is constant. �

Thus, for this paper, we will be mainly focusing on the case α < 1.

Proposition 2.8. For A,B ⊂ Rm, A bounded, let f: A→ B be α-Hölder continu-
ous with constant L. Then, ∀β ≤ α, f is β-Hölder continuous.

Proof. From ‖f(x)− f(y)‖ ≤ L‖x− y‖α, we have the following:

‖f(x)− f(y)‖ ≤ L‖x− y‖α−β‖x− y‖β

Letting M = sup
x,y∈A

‖x − y‖α−β and noting that M < ∞ from the boundedness of

A, we get that

‖f(x)− f(y)‖ ≤ LM‖x− y‖β .
�

Theorem 2.9. For A ⊂ Rm, let f: A→ Rm be α-Hölder continuous with constant
L. Then we can find a function φ: Rm → Rm such that φ|A = f and such that φ is
α-Hölder continuous with constant L

√
m.

Proof. We define φ by its coordinate maps:

φi(x) = inf
y∈A

fi(y) + L‖x− y‖α
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We note that φi is guaranteed to be finite since fi is also finite on A. For z ∈ A,
we set y = z and realize that φi ≤ fi on A. We also have that

fi(y)− fi(z) + L‖z − y‖α ≥ −L‖z − y‖α + L‖z − y‖α = 0

showing that fi ≤ φi on A and that φi|A = fi.
We now prove Hölder continuity of φi. We fix ε > 0 and pick y0 ∈ A such

that the following holds, by our extended version of the Triangle Inequality (easily
proven by taking derivatives w.r.t. α):

|φi(x)− φi(z)| ≤ inf
y∈A

fi(y) + L‖x− y‖α −
(

inf
y∈A

fi(y) + L‖z − y‖α
)

≤ fi(y0) + L‖x− y0‖α − (fi(y0) + L‖z − y0‖α − ε)
≤ L‖x− z‖α + ε

Sending ε→ 0 gives us that φi is α-Hölder continuous with constant L. For φ itself,
taking squares of the above inequality and summing together the inequalities for
each of the φi gives us our result. �

We also recall the following classical result about Lipschitz functions:

Theorem 2.10. (Rademacher’s Theorem). Let f: Rm → Rn be Lipschitz. Then f
is differentiable µ-a.e. (almost everywhere).

Remark 2.11. Although not essential for the specifics of our paper, we present this
result for its importance towards the general topics this paper concerns.

Proof. See [3], Theorem 7.3. �

Remark 2.12. We note that this theorem does not hold for α-Hölder continuous
functions; the Weierstrass function (see [4]), for instance, is differentiable nowhere
yet is α-Hölder continuous ∀α < 1.

We now extend the notion of bi-Lipschitz functions from [1] to α-Hölder contin-
uous functions:

Definition 2.13. For A,B ⊂ Rm, we say that f : A → B is (α1 , α2 )-Hölder
continuous with constants L1, L2 if it is α1-Hölder continuous with constant L1

and has α2-Hölder continuous inverse with constant L2. If α1 = α2 = 1, we say
that f is bi-Lipschitz with constants L1, L2.

Remark 2.14. For α1, α2 ≤ 1 without both being 1, such a function f in the
definition above can exist only if A and B are bounded, since we require

‖x− y‖ ≤ L2‖f(x)− f(y)‖α2 ≤ L2L1
α2‖x− y‖α1α2

If we choose x, y ∈ A such that L2L1
α2 < ‖x−y‖1−α1α2 , the above cannot possibly

hold, so A must be bounded. An analogous argument gives the same for B.

With that, we may now begin studying and expanding upon the result from [1].

3. Maps that Preserve Density Points

We give here the main result from [1]:

Theorem 3.1. (Buczolich). For A,B ⊂ Rm µ-measurable, let f : A → B be bi-
Lipschitz with constants L1, L2. Then f maps dispersion points of A to dispersion
points of B and density points of A to density points of B.
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Before anything else, we note a trivial but nice corollary:

Corollary 3.2. For A,B ⊂ Rm µ-measurable and A bounded, let f : A → B be
(α1, α2)-Hölder continuous with constants L1, L2 with α1, α2 ≥ 1. Then f maps
dispersion points of A to dispersion points of B and density points of A to density
points of B.

Proof. By Proposition 2.8, f is also bi-Lipschitz with new constants L′1, L
′
2. The

result thus follows by applying Theorem 3.1. �

Remark 3.3. For A◦ connected and non-empty in Corollary 3.2, no such function
f can possibly exist by Proposition 2.7.

3.1. Dispersion Points (and density points a.e.) We now focus on (α1, α2)-
Hölder continuous functions with α1, α2 ≤ 1. The result about dispersion points
also turns out to hold for a subset of such functions:

Theorem 3.4. For A,B ⊂ Rm µ-measurable, let f : A → B be (α1, α2)-Hölder
continuous with bounded constants L1, L2 ∀α1, α2 < 1. Then f maps dispersion
points of A to dispersion points of B.

Remark 3.5. The proof of this theorem uses the analogous proof for bi-Lipschitz
functions in [1] as an outline. However, we posit that this theorem forms a non-
trivial extension of Theorem 3.1 for dispersion points w.r.t. both its proof me-
chanics, as it involves appropriate arguments to deal with α1 and α2, and its
implications. To wit, we construct an invertible function f : [0, 1] → [0, 1] that
is (α1, 1)-Hölder continuous with bounded constants L1, L2 ∀α1 < 1 but is not
Lipschitz continuous:

f(x) =


0.5x0.9 (2/3)

1/0.09 ≤ x ≤ 1

0.75x0.99 (6/7)
1/0.009 ≤ x ≤ (2/3)

1/0.09

0.875x0.999 (14/15)
1/0.0009 ≤ x ≤ (6/7)

1/0.009

...

Clearly, f is α1-Hölder continuous ∀α1 < 1, but fails to be Lipschitz continuous at
x = 0, since, as x→ 0+, f ′ is always increasing. We continue with the proof:

Proof. We take x ∈ A to be a dispersion point and let y = f(x). Then, by Definition
2.1,

lim
r→0

µ(A ∩B(x, r))

µ(B(x, r))
= 0

We aim to show that y is a dispersion point of B. Since f has α2-Hölder con-
tinuous inverse, we have that f−1(B(y, r) ∩ B) ⊂ B(x, L2r

α2), giving us that
f−1(B(y, r) ∩ B) ⊂ A ∩ B(x, L2r

α2) since f−1(B(y, r) ∩ B) ⊂ A. Given ε > 0, we
choose r small enough such that µ(A ∩ B(x, L2r

α2)) < εrα2m < 1 (taking advan-
tage of the m-uniformity of µ). As in [1], we cover A∩B(x, L2r

α2) with open balls

{B′i}∞i=1, where all the balls intersectA∩B(x, L2r
α2), such that

∞∑
i=1

µ(B′i)
1/α2 < 2εrm,

which we are allowed to do by a simple argument using Theorem 2.2 and outer reg-
ularity. We now choose another sequence of balls {Bi}∞i=1 such that each of these
balls is centered in A∩B(x, L2r

α2) to ensure the exactness of our covering as r → 0,
B′i ⊂ Bi, and µ(Bi)

α1 ≤ 2mµ(B′i)
1/α2 . To ensure that we can choose Bi large enough
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to be centered in A∩B(x, L2r
α2) and still cover B′i, we want µ(Bi) to be arbitrarily

close to 2mµ(B′i). We thus choose α1 and α2 as close to 1 as necessary, designating
the appropriate α1 as α1,i (and α2,i for α2), since lim

α1→1
µ(Bi)

α1 = µ(Bi). We have

that

∞⋃
i=1

f(Bi) covers B(y, r)∩B (here, f(Bi) := f(A∩Bi)). Therefore, we get the

following:

µ(B(y, r) ∩B) ≤
∞∑
i=1

µ(f(Bi)) ≤ Lm1
∞∑
i=1

µ(Bi)
α1,i ≤ (2L1)m

∞∑
i=1

µ(B′i)
1/α2,i

≤ Lm1 2m+1εrm

As r → 0, one can let ε→ 0, showing that y is a dispersion point of B. �

This result immediately yields a weaker one for density points:

Corollary 3.6. For A,B ⊂ Rm µ-measurable, let f : A → B be (α1, α2)-Hölder
continuous with bounded constants L1, L2 ∀α1, α2 < 1. Then f maps almost every
density point of A to density points of B.

Proof. Theorem 3.4 shows that f restricted to the dispersion points of A is a bijec-
tion onto the dispersion points of B, since the theorem also holds for f−1. Therefore,
density points do not map to dispersion points. By Corollary 2.4, the set of points
X that are neither density nor dispersion points of B has null measure. Given ε,

we choose a covering {Bi}∞i=1 of X such that

∞∑
i=1

µ(Bi)
α2 < ε. With {f−1(Bi)}∞i=1

as a cover of f−1(W ), we get the following by Hölder continuity:

µ(f−1(W )) ≤
∞∑
i=1

µ(f−1(Bi)) ≤ Lm2
∞∑
i=1

µ(Bi)
α2 < ε

Therefore, f−1 maps W to a set of null measure, showing that almost all density
points do not map to points of W . Our result follows from this and the analogous
statement about dispersion points of B. �

3.2. Density Points. We now show that Theorem 3.4 holds for density points of
A. We first prove a relevant topological lemma:

Lemma 3.7. Let {Fn} be a sequence of sets such that lim
n→∞

µ(Fn) = µ(B(0, 1))

and such that Fn ⊂ B(0, 1) ∀n ∈ N. Let fn: B(0, 1) → Rm be a sequence of α1-
Hölder continuous functions ∀α1 < 1 with bounded constant L1 such that fn(0) = 0
∀n ∈ N. If f−1n is well defined on fn(Fn) and is α2-Hölder continuous functions
∀α2 < 1 with bounded constant L2, then we have

(3.8) lim
n→∞

µ (fn(B(0, 1)) ∩B (0, 1/L2)) = µ (B (0, 1/L2))

Proof. Assume that (3.8) does not hold. Then there exists some subsequence of
the integers {nk} and ε1 > 0 such that

(3.9) lim
k→∞

µ (fnk(B(0, 1)) ∩B (0, 1/L2)) < (1− ε1)µ (B (0, 1/L2))

Since all the fnk are α1-Hölder continuous functions ∀α1 < 1 with bounded con-

stant L1, they are equicontinuous with δ = (ε/L2)
1/α1 and uniformly bounded since

gk(B(0, 1)) ⊂ B(0, L1). Therefore, from the compactness of B(0, 1), we may apply
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Theorem 2.5 to find some subsequence of fnk that is uniformly convergent to some
function f . For simplicity, we assume that all functions in the sequence {fn} satisfy
(3.9) and that {fn} is uniformly convergent to f . It is easy to see that this function
f is also α1-Hölder continuous ∀α1 < 1 with bounded constant L1.

It can be shown that f−1 also exists on B(0, 1) and is α2-Hölder continuous
∀α2 < 1 with bounded constant L2. We take x, y ∈ B(0, 1) and ε > 0. Since we have
lim
n→∞

µ(Fn) = µ(B(0, 1)), we can choose n > N forN ∈ N such thatB(x, ε)∩Fn 6= ∅,
B(y, ε)∩Fn 6= ∅, and ‖fn(p)−f(p)‖ ≤ ε ∀p ∈ B(0, 1). We pick x1 ∈ B(x, ε)∩Fn and
y1 ∈ B(y, ε)∩Fn, therefore getting that ‖fn(x1)− fn(x)‖ ≤ L1‖x1 − x‖α1 ≤ L1ε

α1

and that ‖fn(y1) − fn(y)‖ ≤ L1‖y1 − y‖α1 ≤ L1ε
α1 . Through the Triangle In-

equality, we obtain that ‖fn(x1) − fn(y1)‖ ≤ ‖fn(x) − fn(y)‖ + 2L1ε
α1 and that

‖x− y‖ ≤ ‖x1 − y1‖+ 2ε. Since we have x1, y1 ∈ Fn, we get the following:

‖x− y‖ ≤ L2‖fn(x1)− fn(y1)‖α2 + 2ε ≤ L2(‖fn(x)− fn(y)‖α2 + (2L1ε)
α1α2) + 2ε

From applying ‖fn(x)−f(x)‖ ≤ ε and ‖fn(y)−f(y)‖ ≤ ε, we finally obtain that
‖x − y‖ ≤ L2(‖f(x) − f(y)‖α2 + (2ε)α2 + (2L1ε)

α1α2) + 2ε. Sending ε → 0 gives
us that ‖x − y‖ ≤ L2(‖f(x) − f(y)‖α2 , showing that f is injective and that f is
(α1, α2)-Hölder continuous ∀α1, α2 < 1 with constants L1, L2. Since f is a homeo-
morphism, f represents a bijection between the topologies of B(0, 1) and f(B(0, 1)),
therefore showing that f maps interior points onto interior points and S(0, 1) onto
the boundary of f(B(0, 1)). We thus obtain that 1 ≤ L2d(0, f(S(0, 1)))α2 , where d
here represents Euclidean distance, implying that a ball of radius 1/L2 is contained
in f(B(0, 1)), i.e. B (0, 1/L2) ⊂ f(B(0, 1)) (from sending α2 to 1). From here, the
proof proceeds in the exact same way as for Lipschitz {fn}, so we argue as in [1]. �

The above lemma will be vital to showing that there are no big holes near φ(p)
in φ(Rm), with p being a density point of A and φ being an α1-Hölder continuous
(∀α1 < 1) extension of f with bounded constant L1, as per Theorem 2.9. Our
theorem is thus reduced to a pure measure-theoretic proof:

Theorem 3.10. For A,B ⊂ Rm µ-measurable, let f : A → B be (α1, α2)-Hölder
continuous with bounded constants L1, L2 ∀α1, α2 < 1. Then f maps density points
of A to density points of B.

Proof. We take p to be a density point of A and let q = f(p). We aim to show that
q is a density point of B. As in [1], since translation of sets and functions preserves
measurability and continuity properties, we replace f with f(x + p) − q, A with
A − p, and B with B − q for ease of notation, especially when applying Lemma
3.7. Now, we have to show that if 0 is a density point of A, then 0 is also a density
point of B. Equivalently, let {rn} be a decreasing sequence such that lim

n→∞
rn = 0

and such that µ(B(0, r1)) < 1. Then we want to show that

lim
n→∞

µ(B ∩B(0, rn))

µ(B(0, rn))
= 1

We now apply Theorem 2.9 to get α1-Hölder continuous φ with bounded constant
L1
√
m ∀α1 < 1. We also see that φ−1 can be defined on B, with φ−1 = f−1. By

Definition 2.1,

lim
n→∞

µ(B(0, rn) \A)

µ(B(0, rn))
= 0
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We cover B(0, rn) \ A with a sequence of disjoint balls {Bn} by Theorem
2.2. Since we have φ(Bn(x, r)) ⊂ Bn (φ(x), L1

√
mrα1) ∀α1 < 1, we see that

µ(φ(Bn(x, r))) < (L1
√
m)

m
µ(Bn(x, r)), since φ(Bn(x, r)) is covered by a decreas-

ing sequence of balls as α1 → 1. Therefore, µ(φ(B(0, rn)\A)) < Lm1 µ(B(0, rn)\A),
and we get that

0 = lim
n→∞

µ(φ(B(0, L2rn)\A))

µ(B(0, L2rn))
= lim
n→∞

µ(φ(B(0, L2rn)\A))

Lm2 µ(B(0, rn))
= lim
n→∞

µ(φ(B(0, L2rn)\A))

µ(B(0, rn))

We thus know that, within the image of φ φ(Rm), there are no big holes near 0
in B. It remains to be shown that the same fact holds true for φ(Rm) itself. We
thus set

φn(x) =
1

L2rn
φ(L2rn · x)|B(0, 1) Fn = B(0, 1) ∩ 1

L2rn
·A

as in [1]. Since 0 is a density point of A, lim
n→∞

µ(Fn) = µ(B(0, 1)). Additionally,

φn(0) = 0 and φn is α1-Hölder continuous ∀α1 < 1 with bounded constant cL1
√
m,

where c > 1 and c may be chosen as close to 1 as desired. Also, φn(Fn) ⊂ 1/L2rn ·B,
so we can define α2-Hölder continuous φ−1n (with bounded constant cL2) on φn(Fn)
by

φ−1n (y) =
1

L2rn
f−1(L2rn · y)

We may thus apply Lemma 3.7 to obtain

lim
n→∞

µ

(
1

L2rn
φ(B(0, L2rn)) ∩B

(
0,

1

L2

))
= µ

(
B

(
0,

1

L2

))
Rearranging a little gives us that

lim
n→∞

µ(φ(B(0, L2rn)) ∩B(0, rn))

µ(B(0, rn))
= 1

We note that, if φ were (α1, α2)-Hölder continuous with bounded constants L1, L2

∀α1, α2 < 1, then B (0, rn) ⊂ φ(B(0, L2r
α2
n )) and B (0, rn) ⊂ φ(B(0, L2rn)) from

sending α2 → 1, giving us the above result. Unfortunately, there is no known way
to produce an (α1, α2)-Hölder continuous extension of f , necessitating Lemma 3.7
to show that φ behaves like an (α1, α2)-Hölder continuous function ∀α1, α2 < 1
within a sufficiently small ball centered at 0. The rest is simple:

µ(φ(B(0, L2rn)) ∩B(0, rn))− µ(φ(B(0, L2rn) \A))

≤ µ((φ(B(0, L2rn)) \ φ(B(0, L2rn) \A)) ∩B(0, rn))

≤ µ(φ(A) ∩B(0, rn)) = µ(B ∩B(0, rn))

We finally get

1 = lim
n→∞

µ(φ(B(0, L2rn))∩B(0, rn))−µ(φ(B(0, L2rn)\A))

µ(B(0, rn))
≤ lim
n→∞

µ(B∩B(0, rn))

µ(B(0, rn))
≤ 1

finishing the proof. �

4. Applications to Geometric Measure Theory

We start by defining an essential concept to geometric measure theory, as Cac-
cioppoli did it:



DENSITY UNDER INVERTIBLE HÖLDER CONTINUOUS MAPPINGS IN Rm 9

Definition 4.1. Let E ⊂ Rm be a Borel set. For U ⊂ Rm open, we define the
perimeter of E in U as

P (E,U) := sup

{∫
U

χE(x)∇ · p(x)dx

∣∣∣∣p ∈ C1
c (U,Rm), ‖p‖L∞(U) ≤ 1

}
where the class C1

c represents continuously differentiable functions with compact
support (within U , in this case). The above could also be seen as the total variation
of χE(x) in U . We then say E is a Caccioppoli set when P (E,U) < ∞ ∀U ⊂ Rm
open and bounded, or, equivalently, when the characteristic function of E is of
bounded variation.

For sets E such as compact topological m-manifolds with boundary, the defini-
tion of perimeter above gives us the Hausdorff measure on the topological bound-
ary; however, for the general theory of Caccioppoli sets, the notion of topological
boundary does not suffice. Therefore, we give the following definition of boundary:

Definition 4.2. Let E ⊂ Rm be µ-measurable. Then the measure-theoretic bound-
ary of E, denoted ∂∗E, is the set of points which are neither density nor dispersion
points of E.

Although the way we have defined the measure-theoretic boundary does not
bring to light its inherent relation to Caccioppoli sets, we will stick to Definition
4.2 for simplicity and in consideration of the topics of this paper. (It also turns out
that the definition of measure-theoretic boundary that explicitly uses Caccioppoli
sets is equivalent to our definition outside of a set of Hausdorff measure 0.) We
immediately derive a corollary of Theorems 3.4 and 3.10 from this definition:

Corollary 4.3. For A,B ⊂ Rm µ-measurable, let f : A → B be (α1, α2)-Hölder
continuous with bounded constants L1, L2 ∀α1, α2 < 1. Then f

(1) can be extended to A and
(2) maps ∂∗A ⊂ A onto ∂∗B.

Proof. To extend f to A, for any point x ∈ ∂A, we take {xn} ⊂ A converging to x
and f(x) = lim

n→∞
f(xn). To see that f preserves the measure-theoretic boundary,

we realize that all other points of A, being either dispersion or density points, are
preserved by Theorems 3.4 and 3.10, giving our result. �

We now give the following result from Federer:

Theorem 4.4. Let A ⊂ Rm be µ-measurable and take p ∈ C1
c (A,Rm) Lipschitz.

Then ∫
A

∇ · p(x)dµ =

∫
p(x) · n dHn−1

where Hn−1 represents the Hausdorff measure and where n represents the exterior
unit normal at a point iff Hn−1(K ∩ ∂∗A) <∞ ∀K ⊂ Rm compact.

Proof. See [5], Theorem 4.5.11. �

We now give the final major theorem of this paper:

Theorem 4.5. For A,B ⊂ Rm µ-measurable, let f : A → B be (α1, α2)-Hölder
continuous with bounded constants L1, L2 ∀α1, α2 < 1. Let A also be a Caccioppoli
set. Then B is Caccioppoli.



10 SRIHARI NARAYANAN

Proof. Theorem 4.4 gives us that ∂∗A has locally finite Hausdorff measure Hn−1.
It is easy to see that f |∂∗A preserves this, and from Theorem 4.3, ∂∗B also has
locally finite Hausdorff measure. We then apply Theorem 4.4 again to see that B
is Caccioppoli. �

This. yields the following corollary:

Corollary 4.6. For A,B ⊂ Rm µ-measurable, let f : A → B be (α1, α2)-Hölder
continuous with constants L1, L2, where α1, α2 > 1. Let A also be a bounded
Caccioppoli set. Then B is Caccioppoli.

Proof. The proof here proceeds in exactly the same way as above. �

5. Future Directions

The goal of this paper was to find and prove a slight extension of Theorem 3.1
and thus obtain an extension to the result that bi-Lipschitz images of Caccioppoli
sets are Caccioppoli. From doing so, we realize that Lemma 3.7 also holds for
{fn} α-Hölder continuous for α < 1, with the rest of the lemma remaining the
same, thus potentially giving a way to further extend Buczolich’s results, albeit in
a fairly limited manner. Another direction we could go in from here is attempting
to extend Corollary 3.2 and Corollary 4.6 to unbounded sets A. However, the main
motivation behind trying to prove what we did was to make tentative steps towards
possibly some form of converse of Buczolich’s result and, therefore, Theorem 4.5, if
it does not already exist. Therefore, we implore the reader to consider the potential
existence of such and its implications toward the study of Caccioppoli sets.
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