
CLASSIFICATION OF FINITE COXETER GROUPS
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Abstract. In this paper we classify finite irreducible Coxeter groups. In the

process we develop the theory needed, including that of abstract reflections,

linear representations, and prefundamental domains.
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1. Introduction

A reflection group is a group which is generated by a set of reflections in a
finite-dimensional Euclidean space with composition being the group operation. A
reflection in this case is an element in the orthogonal group. It sends some non-
zero vector to its negative and fixes the hyperplane orthogonal to this vector. More
formally, the reflection group is a pair (W,ρ) where W is a finite group generated
by a set of involutions S, and ρ is a faithful map, called a representation from W to
GL(Rn) such that each involution is mapped under ρ to a reflection. In 1934, H.
S. M. Coxeter introduced Coxeter groups, a generalization of reflection groups, and
completely classified finite Coxeter groups in the year after. This paper develops
the theory needed and finally proves the classification.

2. Coxeter groups and Presentations

Coxeter groups are defined abstractly by group presentations. To define what a
group presentation is, we need the notion of a free group. Let A be a set of symbols
and A−1 be the set of inverses of the symbols in A, one for each a ∈ A. We take
A and A−1 to be disjoint. Then A ∪ A−1 will be our alphabet. We call a word a
product of symbols from the alphabet of arbitrary length.

The free group F (A) on this alphabet is the set of all words without occurrences
of the form aa−1 or a−1a. Such words are called reduced. For example, the reduced
form of xyy−1z is xz. From now on when we speak of words, we will only deal with
their reduced forms. Multiplication in F (A) is given by concatenation of words,
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followed by reducing the concatenation to obtain a reduced word. The empty word
1 is considered to be the identity element. Now we are ready to define group
presentations.

Definition 2.1. A group presentation 〈A | R〉 is defined through a set A of genera-
tors and a set R of relations. Here a relation is an expression of the form w1 = w2,
where w1 and w2 are elements of the free group F (A). The group 〈A | R〉 is then
defined as the quotient group of F (A) by the normal subgroup generated by the
set of w1w

−1
2 for each relation w1 = w2 occuring in R.

A group G is said to have a presentation 〈A | R〉 if G is isomorphic to the group
〈A | R〉. With this, we define the Coxeter groups:

Definition 2.2. Let M = (mij)1≤i,j≤n be a symmetric n× n matrix with entries
from N ∪ {∞} such that mii = 1 for all i ∈ [n] and mij > 1 whenever i 6= j. The
Coxeter group of type M is the group

W (M) = 〈{s1, . . . , sn} | (sisj)mij = 1 | i, j ∈ [n],mij <∞}〉.
We often write S instead of {s1, . . . , sn} and W instead of W (M). The pair (W,S)
is called the Coxeter system of type M .

It is useful to view the Coxeter matrix M as a labelled graph on n vertices, if M
is an n × n matrix. In this representation we say that i is adjacent to j, or i ∼ j,
if mij ≥ 3. If mij > 3 then we label the edge {i, j} with the value of mij . We can
then define a connected component of a Coxeter matrix.

Definition 2.3. A connected component of M is a maximal subset J of [n] (max-
imal in the sense that no other vertex can be added to it) such that mjk = 2 for
each j ∈ J and k ∈ [n] \ J. In the graph M , this means that j and k have no edge
between them. If M has a single connected component, it is called connected or
irreducible. A Coxeter group W over a Coxeter diagram M is called irreducible if
M is connected.

The notion of connected components gives us a useful decomposition law for
Coxeter groups:

Proposition 2.4. Let W be a Coxeter group of type M and let J1, . . . , Jt be a
partition of the vertex set of the labelled graph M into connected components. Then
W (M) ∼= W (J1)× · · · ×W (Jt).

We introduce here another theorem that we will use later, but will not prove.

Theorem 2.5. Suppose φ : A → G is a map from the alphabet A to the group G.
Then φ can be uniquely extended to a group homomorphism φ : F (A)→ G. Let 〈A |
R〉 be a group presentation such that φ(w1) = φ(w2) is satisfied for each expression
w1 = w2 in R. Then φ induces to a homomorphism of groups 〈A | R〉 → G.

The previous two results can be found in 2.2 and 1.2 of [1] respectively.

3. Length on Coxeter Groups

Since we have constructed Coxeter groups with the notions of free groups and
words, it seems natural to describe a length for words on Coxeter groups. But then
we must make a distinction between the group W (M) and the presentation 〈S | R〉.
In particular, we must consider the case where a group element w ∈W (M) can be
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represented by more than one reduced word. In this case, we call a word of minimal
length the minimal expression, and define the length of w, denoted by l(w), as the
length of this minimal expression.

Now we delineate some useful facts (found in 2.2 of [1]) about the length function
on Coxeter groups. We will not prove these, but we will use them later.

Lemma 3.1. Let (W,S) be a Coxeter system. For s ∈ S and w ∈ W, we have
l(sw) = l(w)± 1.

Example 3.2. Let S = {s1, s2} and let M =

(
1 3
3 1

)
. Let w = s1s2. Then

l(s1w) = l(s21s2) = l(s2) = 1 = l(w)− 1. On the other hand l(s2w) = 3 = l(w) + 1.

Definition 3.3. Let T ⊆ S. If w ∈W satisfies l(jw) > l(w) for all j ∈ T, then w is
called left T-reduced. The set of all left T -reduced elements of W is denoted by TW.
Similarly, for K ⊆ S, an element w ∈ W is called right K-reduced if l(wk) > l(w)
for all k ∈ K, and WK denotes the set of all right K-reduced elements of W .

The next lemma gives us a decomposition law for length.

Lemma 3.4. Let (W,S) be a Coxeter system. For each w ∈ W and T ⊆ S, there
are u ∈ 〈T 〉 and v ∈T W such that w = uv and l(w) = l(u) + l(v).

4. Linear representation of Coxeter groups

We have seen the Coxeter group elements as words, but the theory of Coxeter
groups is especially rich in the area of geometric representations. We touched on
reflection groups in Euclidean space in the introduction. However, reflection groups
came with faithful linear representations. To achieve a similar geometric realization
with Coxeter groups, we take instead an abstract vector space with a more general
notion of reflections. First we define rigorously the notion of linear representations.

Definition 4.1. A linear representation of a group G is a group homomorphism
G→ GL(V ), where V is a vector space.

Definition 4.2. A reflection on a real vector space V is a linear transformation on
V fixing a subspace of V of codimension 1 called its mirror and having a nontrivial
eigenvector with eigenvalue −1, called a root of the reflection.

We want to be able to work with this abstract definition without losing much
generality. The following lemma gives us a powerful characterization of reflections.

Lemma 4.3. Let φ : V → R be a nonzero linear form on the real vector space V
and let a ∈ V \ {0}. Then the following hold:

(i) The map ra,φ : V → V defined by ra,φv = v − φ(v)a for v ∈ V is a reflection
if and only if φ(a) = 2.

(ii) Every reflection on V can be written in this way.

Proof. (i) (⇐) If φ(a) = 2 then ra,φa = −a, so ra,φ has a nontrivial eigenvector
with eigenvalue −1. We have that ra,φ is linear since

ra,φ(bx+ y) = bx+ y − φ(bx+ y)a = b(x− φ(x)a) + (y − φ(y)a) = bra,φx+ ra,φy.

And since φ(a2 ) = 1, we have that φ is surjective. Therefore kerφ has codi-
mension 1. But for any x ∈ kerφ we have that ra,φx = x, that is, ra,φ fixes a
subspace of V of codimension 1. Thus ra,φ is a reflection.
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(⇒) Now assume that ra,φ is a reflection. Let a′ be the root of the reflection.

Then ra,φa
′ = a′−φ(a′)a = −a′ ⇒ a = 2a′

φ(a′) . Thus a is a scalar multiple of the

root, implying that a is also a root. Thus ra,φa = a−φ(a)a = −a⇒ φ(a) = 2.
(ii) Let ra be a reflection with root a, fixing the subspace U . Let U have basis

e1, e2, . . . , en−1. We must have that a cannot be expressed by a linear com-
bination of these basis elements, since otherwise we would have that ra fixes
a. Therefore, setting en = a, we have that e1, . . . , en is a basis for V . Let
v =

∑n
i=1 αiei with the αi ∈ R be a vector. Then

rav = ra(
∑

αiei)

=
∑

ra(αiei)

=

n−1∑
i=1

αiei + ra(αnen)

=

n−1∑
i=1

αiei − αnen

= v − 2αna.

Now we define the linear functional φ by φ(
∑n
i=1 αiei) = 2αn. Then we can

write ra by rav = v − φ(v)a.
�

To define a reflection group, we need a set of hyperplanes and roots (ei)i∈[n].
Then the formula for reflections in Lemma 4.3 lets us describe the reflections gen-
erated by these roots. With each reflection we have an associated linear form φ
that takes on the value 2 at the root. But we need this linear form to satisfy cer-
tain properties if we want a faithful geometric representation of the Coxeter group.
Specifically, it must encode some notion of the angle between two hyperplanes, for
reasons that are detailed shortly in Proposition 4.5. Taking these considerations
into account, we make the following definition.

Definition 4.4. Fix a Coxeter matrix M = (mij)i,j∈[n]. Let V be a real vector
space with basis (ei)i∈[n]. Denote by BM , or just by B if M is clear from the
context, the symmetric bilinear form on V determined by

B(ei, ej) = −2 cos(π/mij)

for i, j ∈ [n]. By convention B(ei, ej) = −2 if mij = ∞. The quadratic form Q
determined by B is given by Q(x) = 1

2B(x, x).

With this definition, our plan is to represent the Coxeter group W (M) by re-
flections in the vector space V whose roots are the basis elements (ei)i∈[n]. Then
for each reflection the associated linear form is φi given by φi(x) = B(ei, x). Note
that φi(ei) = −2 cos(π/mii) = −2 cos(π/1) = 2.

Proposition 4.5. For the symmetric bilinear form B associated with the Coxeter
matrix M , and for the linear transformations ρi(i ∈ [n]) given by

ρi(x) = x−B(x, ei)ei (x ∈ V ),

the following assertions hold.

(i) B(ei, ei) = 2 for all i ∈ [n].
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(ii) B(ei, ej) ≤ 0 for all i, j ∈ [n] with i 6= j, with equality if and only if mij = 2,
or, equivalently, i and j are non-adjacent in the labelled graph M .

(iii) For each i ∈ [n], the transformation ρi is a reflection on V with mirror e⊥i :=
{x ∈ V | B(x, ei) = 0} and root ei.

(iv) For all x, y ∈ V we have B(ρix, ρiy) = B(x, y).
(v) The order of ρiρj equals mij .

Proof. (i) B(ei, ei) = −2 cos(π/mii) = −2 cos(π) = 2.
(ii) For i 6= j ∈ [n], we have that mij ≥ 2 ⇒ 0 < π/mij ≤ π/2 so then we must

have that cos(π/mij) ≥ 0⇒ B(ei, ej) ≤ 0 with equality if and only if mij = 2.
(iii) We can define a linear form φ : V → R by φ(x) = B(ei, x). We have that

φ(ei) = 2. As per Lemma 4.3, the transformation ρi is a reflection on V with
mirror kerφ = e⊥i and root ei.

(iv) We compute

B(ρix, ρiy) = B(x− φ(x)ei, y − φ(y)ei)

= B(x, y)− φ(x)φ(y)− φ(y)φ(x) + 2φ(x)φ(y)

= B(x, y).

(v) Consider the two dimensional subspace Vij = Rei ⊕ Rej . We will show that
B is positive semidefinite on Vij . Moreover it is positive definite if and only
if mij <∞. Take any vector η = aei + bej (a, b ∈ R). Compute

B(η, η) = a2 − 2ab cos(π/mij) + b2 = (a− b cos(π/mij))
2 + b2 sin2(π/mij) ≥ 0.

If sin(π/mij) 6= 0, thenB(η, η) > 0. Indeed, if b 6= 0 then the term b2 sin2(π/mij)
contributes positively. And if b = 0, then B(η, η) = a2. So B(η, η) = 0 pre-
cisely when a = b = 0. In the other direction, if B is positive definite, then
sin(π/mij) cannot be 0. For if it is, then setting a = b 6= 0 implies B(η, η) = 0.
Therefore mij <∞ if and only if B is positive definite.

Note that Vij is invariant under the action of ρi and ρj (we can use the
formulas for the reflections). Hence it is enough to calculate the order of ρiρj
on Vij . Indeed, if mij <∞ and B is positive definite, then we can decompose
V = Vij ⊕ V ⊥ij . But then if x ∈ Vij then B(x, ei) = B(x, ej) = 0, so both ρi
and ρj fix V ⊥ij pointwise. Therefore the order of ρiρj on Vij will be the order
on V as well. The justification for when B is not positive definite is handled
below in case (b). We divide into cases:
(a) mij <∞. The form is positive definite in this case, so we can work as we

would in the Euclidean plane. Since

B(ei, ej) = − cos(π/mij) = cos(π − (π/mij),

the angle between the vectors ei and ej is π−(π/mij). Therefore the angle
between the corresponding reflecting hyperplanes (in this two-dimensional
case lines) is π/mij . As an element of the dihedral group of order 2mij ,
ρiρj is a rotation through the angle 2π/mij . Therefore it has order mij .

(b) mij =∞. Then B(ei, ej) = −2. Write η = ei + ej . Then

B(η, ei) = B(ei, ei) +B(ej , ei) = 0 = B(ej , ej) +B(ei, ej) = B(η, ej).

Therefore both ρi and ρj fix η. Now calculate

ρiρj(ei) = ρi(ei + 2ej) = 3ei + 2ej = 2η + ei.
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Then we can repeat the calculation to get inductively
(ρiρj)

k(ei) = 2kη + ei for k ∈ N. Therefore ρiρj has infinite order on Vij
and therefore also on V .

This finishes the proof.
�

Theorem 4.6. Let M be a Coxeter matrix of dimension n.

(i) The mapping w 7→ ρw given by ρw = ρi1 . . . ρik whenever w = si1 . . . sik , with
the sij ∈ S, defines a linear representation of W (M) on V preserving B.

(ii) The mapping [n]→ {ρi | i ∈ [n]} sending i to ρi is a bijection.
(iii) The restriction of ρ to the subgroup 〈si, sj〉 of W (M) is faithful for all i, j ∈

[n].

Proof. By Proposition 4.5 (iii) and (v), the subgroup of GL(V ) generated by the
ρi, i ∈ [n], satisfies the relations

(1) (ρiρj)
mij = 1

(2) ρ2i = 1.

These are the defining relations of W . According to Theorem 2.5, the maps si 7→ ρi
determine a unique group homomorphism ρ : W → GL(V ) obeying the equation
ρw = ρi1 . . . ρik . Finally, ρ preserves B due to Proposition 4.5(iv). This gives
us assertion (i). Assertions (ii) and (iii) are direct consequences of Proposition
4.5(v). �

If (W,S) is a Coxeter system of type M , the corresponding linear representation
ρ : W → GL(V ) of Theorem 4.6 is called the reflection representation of W.

Definition 4.7. A linear representation φ : G→ GL(V ) of a group G on a vector
space V over the field F is called irreducible if there is no linear subspace of V
invariant under φ(G) except for {0} and V . The linear representation is called
absolutely irreducible if it is irreducible and, after extension of scalars to the complex
numbers, the representation is still irreducible.

Example 4.8. The cyclic group 〈g〉 of order n can be given a two-dimensional linear

representation in which the generator g is mapped onto

(
cos(2π/n) sin(2π/n)
− sin(2π/n) cos(2π/n)

)
.

This is an irreducible representation, but it is not absolutely irreducble because the
subspace C(1, i)T is invariant.

Definition 4.9. The radical of BM is the linear subspace Rad (BM ) of V given
by Rad (BM ) = {x ∈ V | BM (x, y) = 0 for all y ∈ V }.

Lemma 4.10. If W is an irreducible Coxeter group of type M and if E is a proper
invariant subspace of V with respect to the reflection representation ρ of W on V ,
then E is contained in Rad (BM ).

Proof. First we will show that none of the basis elements are in E. Set J = {i ∈
[n] | ei ∈ E}. We will show that J = ∅. Since E is a proper subspace of V , we must
have J 6= [n]. Assume J 6= ∅. Since W is irreducible, the graph of M is connected.
Therefore there exist s ∈ J and t ∈ [n]\J such that mst ≥ 3, so B(es, et) 6= 0. Now
from the reflection formula we have B(es, et)et = es−ρtes. We have that es is in E
and that E is invariant under the reflection representation, so ρtes is in E as well.
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Since E is a linear subspace, we must have et ∈ E, but then t ∈ J , a contradiction.
Therefore J = ∅.

Now we take x ∈ E. We will show that B(x, ei) = 0. Indeed B(x, ei)ei =
x − ρix ∈ E. But we cannot have ei ∈ E. Therefore B(x, ei) = 0 for each i ∈ [n].
Therefore B(x, y) = 0 for all y ∈ V . This implies x ∈ Rad (B). Therefore E ⊆
Rad (B). �

Lemma 4.11. Suppose that W is a Coxeter group. Then the following three state-
ments are equivalent.

(i) Rad (B) = {0}
(ii) The reflection representation of W is irreducible.

(iii) The reflection representation of W is absolutely irreducible.

Proof. (i) ⇐⇒ (ii) follows immediately from Lemma 4.10. We also trivially
have (iii) ⇒ (ii). We need only show (ii) implies (iii). Suppose the reflection
representation of W is irreducible. Then the argument in the proof of Lemma
4.10 can be used identically after an extension to C, showing that any proper
invariant subspace of V over C is contained in Rad(B). The radical of B has the
same dimension over C as it does over R, so it must be trivial. Therefore any
proper invariant subspace must also be trivial. We conclude that the reflection
representation is absolutely irreducible. �

5. Prefundamental Domains and the contragredient representation

The goal of this section is to prove that the reflection representation is faithful,
that is, that the image of W (M) under ρ is isomorphic to W (M). We do this with
the concepts of prefundamental domains and the contragredient representation.

Definition 5.1. If a group G acts on a set E, then a subset P of E is called a
prefundamental domain for G if P 6= ∅ and P ∩ gP = ∅ for all g ∈ G \ {1}.

The existence of a prefundamental domain allows us to understand the group
action of the Coxeter groups, and through this, we can make inferences about the
linear representation. As we will see, if we have the existence of a prefundamental
domain, then the kernel of the representation is trivial, giving us an isomorphism
between W (M) and the image of W (M) under ρ.

Theorem 5.2. Let {Hi | i ∈ I} be a family of hyperplanes of the real vector space
V . For each i ∈ I, let Ai denote one of the two open half-spaces determined by Hi

and write A = ∩i∈IAi. Assume that A 6= ∅. Furthermore, for each i ∈ I, let ρi be a
reflection whose mirror is Hi. Assume further that for i 6= j in I, the intersection
Aij = Ai∩Aj is a prefundamental domain for the subgroup Gij of GL(V ) generated
by ρi and ρj. Then the following statements hold.

(i) A is a prefundamental domain for the subgroup G of GL(V ) generated by the
ρi, i ∈ I.

(ii) (G, {ρi | i ∈ I}) is a Coxeter system of type M = (mij)i,j∈I , where mij is the
order of ρiρj . In particular, G ∼= W (M).

Proof. Denote by M the Coxeter matrix (mij)i,j∈I , where mij is the order of ρiρj ,
by (W,S) the corresponding Coxeter system, and by γ : W → G, the homomor-
phism mapping si ∈ S onto ρi. Then γ establishes an action of W on V . We shall
write wX rather than γ(w)X if w ∈W and X ⊂ V.
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Denote by l the length function of the Coxeter system of (ii). Here we introduce
a claim for each q ∈ N.

Claim: (Pq): For all i ∈ I and w ∈ W with l(w) ≤ q, the domain wA is contained
in either Ai or siAi; in the latter case l(siw) = l(w)− 1.

We will first show that the claim implies (i) and (ii). We proceed with the proof
of (i). Assume that there is a w ∈ W satisfying A ∩ wA 6= ∅. We will first show
that wA = A and then use the claim to show that w is identity. Since A = ∩Ai we
have that wA∩Ai 6= ∅ for all i ∈ I. Let q = l(w). By the claim, wA is contained in
either Ai or siAi. Therefore we must have wA ⊆ Ai for each i ∈ I. Then we have
wA ⊆ A. But by the assumption that wA ∩ A 6= ∅ it follows that w−1A ∩ A 6= ∅.
By the same reasoning it follows that w−1A ⊆ A ⇒ A ⊆ wA. Therefore we have
wA = A.

Now note that siwA = siA ⊆ siAi. By the claim with q = l(siw), we have that
l(s2iw) = l(siw) − 1. But s2iw = w. Then l(siw) = l(w) + 1 for each i ∈ I. This
implies that w is identity. But γ(w) is also identity. Thus A is a prefundamental
domain for G. The length argument also shows that the kernel of γ is trivial,
proving (ii). Indeed, if w ∈ ker γ then wA = A. By the above argument, then, w is
identity.

Now we prove the claim.
Proof: Step 1. (Pq) holds if I = {i, j}.
By the assumption in the theorem, A = Ai ∩ Aj is a prefundamental domain for
the subgroup G of GL(V ) generated by ρi and ρj . We note that A is a convex
set. Indeed, let x, y ∈ A and λ ∈ (0, 1). We know that ρi fixes a point v if and
only if B(v, ei) = 0. Let v = (1 − λ)x + λy for some λ ∈ (0, 1). Now compute
B(v, ei) = (1− λ)B(x, ei) + λB(y, ei). Since x, y are both in Ai, the terms B(x, ei)
and B(y, ei) have the same sign. Since λ and 1 − λ are positive, B(v, ei) has the
same sign as well. Therefore v ∈ Ai. An identical calculation gives v ∈ Aj as well.
Thus v ∈ A, as desired, so A is convex. If w ∈ W then the linear transformation
γ(w) maintains convexity, so wA is convex as well. But this implies that wA cannot
intersect either of the hyperplanes Hi or Hj . If wA ∩Ai and wA ∩ siAi were both
nonempty then convexity would force wA to intersect Hi. Therefore we conclude
that for all i ∈ I and w ∈ W with l(w) ≤ q, the domain wA is contained in either
Ai or siAi. The second part of the claim follows by enumerating the elements
of 〈ρi, ρj〉. Since it is a dihedral group, every element is of the form (ρiρj)

kρj or
(ρiρj)

k for integer k. Thereafter it reduces to calculating.
Step 2. We note that for each pair i, j ∈ I, we have Pq for Gij . Now we induct

on q. For q = 0, the claim is trivial.
Step 3. Suppose (Pq) for some q ≥ 1. Then, for each w in W with l(w) ≤ q

and i ∈ I, we have l(siw) < l(w) if and only if wA ⊆ siAi. Likewise we also have
l(siw) > l(w) if and only if wA ⊆ Ai. These claims are true because l(siw) =
l(w)− 1 implies that l(si(siw)) = l(siw) + 1, so then by the hypothesis (Pq−1) we
have that siwA ⊆ Ai. Then we apply (Pq).

Step 4. (Pq) implies (Pq+1).
Take w ∈ W such that l(w) = q + 1 and choose i ∈ I arbitrarily. Now choose

j ∈ I and w′ ∈ W such that w = sjw
′ and l(w′) = q. By (Pq) and applying

the observation made in Step 3 to the fact that l(sjw
′) > l(w′), we have that



CLASSIFICATION OF FINITE COXETER GROUPS 9

w′A ⊆ sjAj and l(sjw
′) = l(w′) + 1. Multiplying both sides by sj , we have that

wA = sjw
′A ⊆ Aj . If i = j, then we are done.

Else suppose j 6= i. By Lemma 3.4, there exist u ∈ 〈si, sj〉 and left 〈si, sj〉-
reduced v ∈{i,j} W such that w′ = uv and l(w) = l(u) + l(v). Since v is left
{i, j}-reduced we must have l(siv) > l(v) and l(sjv) > l(v). Then we can conclude
by Step 3 that vA ⊆ Ai ∩ Aj = Aij . Then multiplying by u on the left we have
w′A ⊆ uAij . Then multiply by sj to get wA = sjw

′A ⊆ sjuAij . By the triangle
inequality,

l(sju) ≤ l(sj) + l(u) = 1 + l(u) ≤ 1 + l(w′) = q + 1.

Now by Step 2, (Pq+1) holds for sju ∈ 〈si, sj〉. Since we know that Aij is a
prefundamental domain, applying Step 2 we get that sjuAij is contained in either
Ai or siAi. Moreover in the latter case, l(sisju) = l(sju) − 1. It follows that
wA ⊆ Ai or wA ⊆ siAi. This proves the first part of (Pq+1). Now we prove the
second part. If wA ⊆ siAi, then wA ⊆ sjuAij ⊆ siAi and we have the following
inequalities:

l(siw) = l((sisju)(u−1w′))

≤ l(sisju) + l(u−1w′)

≤ l(sisju) + l(w′)− l(u)

≤ l(sju)− 1 + q − l(u)

≤ q.

We know that l(w) = q + 1, so we see that l(siw) = q = l(w)− 1 and thus (Pq+1)
is true. �

�

So now we have a way of showing the desired isomorphism between the linear
representation and the Coxeter group given the existence of prefundamental do-
mains in the dihedral subgroups. But then we need the existence of prefundamental
domains. It turns out that we can achieve this in the contragredient representation.

Definition 5.3. If ρ : G→ GL(V ) is a linear representation on a vector space V ,
then the contragredient representation ρ∗ is defined by

ρ∗gf = (v 7→ f(ρ−1g v))

for all f ∈ V ∗, g ∈W .

If we can show that the contragredient representation is faithful, then we can
just export the result to the reflection representation via the following lemma.

Lemma 5.4. ker ρ = ker ρ∗. In particular, ρ is faithful if and only if ρ∗ is faithful.

Proof. Suppose g ∈ ker ρ∗. Then ρ∗gf = f for all f ∈ V ∗. Then f(ρ−1g v) = ρ∗gf(v) =

f(v) for all v ∈ V . This implies that ρ−1g = Id. But then ρg = Id so g ∈ ker ρ.
Therefore ker ρ∗ ⊆ ker ρ.

Now suppose g ∈ ker ρ. Then ρg = Id so ρ−1g v = v for all v ∈ V . This implies

that ρ∗gf(v) = f(ρ−1g v) = f(v) for all v ∈ V, f ∈ V ∗ implying that ρ∗g = Id and so
g ∈ ker ρ∗. Therefore ker ρ ⊆ ker ρ∗. Thus ker ρ = ker ρ∗. �

Now we have the theorem that gives us a prefundamental domain.
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Theorem 5.5. Let ρ : W → GL(V ) be the reflection representation. Then in
V ∗, the half spaces Ai = {x ∈ V ∗ | x(ei) > 0} and the linear transformations
ρ∗i ∈ GL(V ∗) satisfy the following:

(i) For each i ∈ [n], the transformation ρ∗i is a reflection on V ∗ and Ai and ρ∗iAi
are the half-spaces separated by its mirror.

(ii) For i, j ∈ [n] with i 6= j, the intersection Aij = Ai ∩ Aj is a prefundamental
domain for the subgroup G∗ij of GL(V ∗) generated by ρ∗i and ρ∗j .

(iii) The intersection
⋂
i∈[n]Ai 6= ∅ is a prefundamental domain for the subgroup

of G∗ generated by the ρ∗i acting on V ∗.

Proof. (i) For f ∈ V ∗ and i ∈ [n], let a be the map B(·, ei) and φ the map
(h 7→ h(ei)). Then ρ∗i f = f − f(ei)B(·, ei) = ra,φf with φ(a) = B(ei, ei) = 2.
Then the result follows from Lemma 4.3.

(ii) Let i, j ∈ [n] with i 6= j. Note that G∗ij the subgroup of GL(V ∗) generated
by ρ∗i and ρ∗j is the image of 〈si, sj〉 under ρ∗. To show that Aij is a prefun-
damental domain for Gij , consider w ∈ 〈si, sj〉 with ρ∗wAij ∩Aij 6= ∅. We will
show that w is identity. Let U = Rei + Rej in V .

The subgroup Gij of GL(V ) generated by ρi and ρj leaves U invariant.
Indeed, if v = aei + bej ∈ U then ρi(v) = −aei + b(ej − 2 cos(π/mij)ei) ∈ U.
Similarly ρj(v) ∈ U.

We can restrict each linear form f on V to U and this is a surjective linear
map π : V ∗ → U∗. Let σw be the restriction of ρw to U for w ∈ 〈si, sj〉. Let
Kv = {s ∈ U∗ | x(v) > 0} for v ∈ U. Then Kv = πAv. The assertion holds
for n = 2. A sketch of a proof of this fact can be found in Examples 3.2.3 and
3.3.3 of [1]. Therefore, letting Ki = Kei , for convenience, and Kij = Ki ∩Kj ,
we have that Kij ∩ σ∗wKij 6= ∅ implies that W is identity.

Now we come back to V . By the assumption, let f be a linear form in
Aij ∩ ρ∗wAij 6= ∅. Then f restricted to U belongs to πAij = Kij as well as
πρ∗wAij = σ∗wKij . Thus f |U∈ Kij ∩ σ∗wKij 6= ∅ implying that w is identity.

(iii) The intersection ∩i∈[n]Ai contains any linear form f that takes the value 1 on
each ei. Such a linear form can be defined so the intersection is not empty.
Note that ρ∗i ρ

∗
j has order mij so we can conclude that the restriction of ρ∗ to

the subgroup 〈si, sj〉 is faithful. Note that V ∗ is a real vector space. Together
with (ii), we have satisfied the conditions of Theorem 5.2, so we can conclude
that (ρ∗W, {ρ∗i | i ∈ [n]}) is a Coxeter system of type M and that A is a
prefundamental domain.

�

Corollary 5.6. If (W,S) is a Coxeter system and J a subset of S, the subgroup of
〈J〉 of W is a Coxeter group with Coxeter system (〈J〉, J).

Proof. By Theorem 5.5 (iii), we can conclude that ρ∗ is faithful. Then by Lemma
5.4, ρ is faithful as well. The result follows. �

6. Finite Coxeter Groups

In this section we will classify finite Coxeter groups. It is enough to look at
finite irreducible Coxeter groups by the decomposition in Proposition 2.4. Before
we proceed, we need the following lemma that gives us very useful knowledge about
group action-invariant bilinear forms.
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Lemma 6.1. Let ρ : G → GL(V ) be a linear representation of a finite group
G on a finite-dimensional real vector space V . Then there is a positive-definite
symmetric bilinear form κ on V that is invariant under G. If, moreover, ρ is
absolutely irreducible, then

(i) Each linear map V → V commuting with G is multiplication by a scalar.
(ii) The form κ is the unique G−invariant bilinear form on V up to scalar mul-

tiples.

Proof. Let κ1 be any positive-definite symmetric bilinear form on V and define κ
through the sum κ(x, y) =

∑
g∈G κ1(gx, gy). Then κ is a positive definite symmetric

bilinear form on V that is invariant under G.
(i). Let A be a linear map V → V that commutes with G, that is, for all v ∈ V

and g ∈ G, we have the equality Ag(v) = gA(v). Let λ ∈ C be an eigenvalue of A.
After extending the field of scalars to C we have that ker(A−λId) is a G−invariant
subspace of V . This subspace must be nontrivial since A has a nontrivial eigenvector
with respect to λ. However by assumption ρ is absolutely irreducible. Therefore
ker(A− λId) must be the whole space V . Therefore we conclude that A = λId.

(ii). Take another G−invariant bilinear form κ2 on V . We have that κ is positive-
definite so it must be nondegenerate. Then there is an isomorphism between V and
V ∗ induced by κ so that ever element of V ∗ is of the form (y 7→ κ(z, y) for a unique
z ∈ V . This means that for every x ∈ V , there is a unique vector u(x) ∈ V such
that κ2(x, y) = κ(u(x), y) for every y ∈ V . By bilinearity of κ and κ2 it can be seen
that u is a linear map. Recall that κ and κ2 are invariant under G. We will now
show that u commutes with G. Consider

κ(u(gx), y) = κ2(gx, y)

= κ2(x, g−1y)

= κ(ux, g−1y)

= κ(g(ux), y)

for all x, y ∈ V . Again, since κ is nondegenerate, we must have ug(x) = gu(x) for
all x ∈ V . Thus u commutes with G. Then by (i), u is multiplication by a scalar.
Call it α. Then κ2 = ακ. This finishes the proof. �

Now we have a theorem that will serve as our main computational tool in the
classification. The quadratic form QM will allow us to tell whether the Coxeter
group of type M is finite or not.

Theorem 6.2. For any Coxeter system (W,S) of type M = (mij)si,sj∈S such that
W is irreducible, the following are equivalent:

(i) W is finite.
(ii) The reflection representation ρ : W → GL(V ) is irreducible.

(iii) The quadratic form QM is positive definite.

Proof. (i) ⇒ (ii). W is finite implies that S is finite. Since V is
⊕

s∈S Res, it
must be finite dimensional. By Lemma 6.1 there exists a positive-definite bilinear
form κ that is invariant under W . Suppose for the sake of contradiction that
E is a proper nontrivial invariant subspace of V . Then so is its perpendicular
D = {x ∈ V | κ(x,E) = 0} because κ is W−invariant. Indeed for any x ∈ D, e ∈ E,
we have that κ(gx, e) = κ(x, g−1e) = κ(x, e′) for some e′ ∈ E, since E is W -
invariant. But x ∈ D so κ(x, e′) = 0. Therefore gx ∈ D, implying D is W -invariant.
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By Lemma 4.10, both D and E are in Rad (B). But since κ is positive-definite, we
can decompose V by V = D ⊕ E. But this means that B = 0 everywhere on V ,
contradicting the fact that B(ei, ei) = 2. Therefore ρ is irreducible.

(ii) ⇒ (iii). We know that B is a W -invariant bilinear form on V . Moreover, by
Lemma 4.11 we have that ρ is absolutely irreducible. Then by Lemma 6.1 (ii) B is
scalar multiple of a positive definite bilinear form. Since B(ei, ei) > 0, this scalar
has to be positive. Therefore B is also positive-definite.

(iii) ⇒ (i). Since B is positive definite it must be nondegenerate. Therefore the
map D : V → V ∗ sending y to Dy defined by Dy(x) = B(y, x) is an isomorphism of
vector spaces. It is furthermore an isomorphism of W -modules since (D(wy))x =
B(wy, x) = B(y, w−1x) = Dy(w−1x) = (w(Dy))x for all x, y ∈ V . Therefore we
have Dw = wD for all w ∈W . We can construct a prefundamental domain for W
in V ∗ and pull it back with the isomorphism into V to construct a prefundamental
domain for W in V . Specifically if we write A =

⋂
s∈S As where As = {h ∈ V ∗ |

h(es) ≥ 0}, then D−1A is a prefundamental domain for W in V .
D−1A is nonempty and coincides with the intersection of the half-spaces {x ∈

V | B(x, es) ≥ 0}. The intersection with unit ball {x ∈ V | QM (x) ≤ 1} has
positive volume. Call the volume µ and the intersection Γ. Moreover, if x is any
element in the unit ball and w is any element in W , then QM (wx) = QM (x) ≤ 1
since B is W−invariant. Therefore, for any w ∈ W , we must have that wΓ lies in
the unit ball. Now because the wD−1A are distinct, the wΓ must be distinct as
well. Then the union

⋃
w∈W wΓ has volume µ|W |. Moreover, this union lies in the

unit ball. But the unit ball has finite volume, and therefore |W | must be finite. �

Theorem 6.3. An irreducible Coxeter group is finite if and only if its Coxeter
diagram occurs in Figure 11.

Proof. We proceed in thirteen steps.
(⇐)
Step 1. We check that QM is positive definite for each M in Figure 1. Then

by Theorem 6.2, each W (M) is finite. As an example, we will take the case of
M = An. Then

B(x, x) = B(

n∑
i=1

xiei,

n∑
i=1

xiei)

=

n∑
i=1

x2iB(ei, ei) + 2
∑
i<j

xixjB(ei, ej)

= 2
∑

x2i + 2

n−1∑
i=1

xixi+1B(ei, ei+1)

= 2
∑

x2i − 2

n−1∑
i=1

xixi+1

=

n−1∑
i=1

(xi − xi+1)2 + x21 + x2n ≥ 0.

Equality holds if and only if x = 0. So then QM is positive definite.

1The diagrams in this proof are borrowed from Chapter 5 of [1]
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Figure 1. Diagrams of irreducible finite Coxeter systems.

(⇒)
Step 2. If M represents a finite Coxeter group, then any subdiagram of M

represents a finite Coxeter group. This is immediate from Corollary 5.6.
Step 3. The Coxeter diagram cannot have any cycle subdiagram. Assume the

contrary. Relabel the vertices for convenience so that M has a cycle on [k]. Then

e =
∑k
i=1 ei satisfies
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Figure 2. Diagrams of some infinte Coxeter Groups

QM (e) =
∑
i,j∈[k]

BM (ei, ej)

=

k∑
i=1

BM (ei, ei) +
∑
i 6=j

BM (ei, ej)

= 2k − 2
∑
i 6=j

cos(π/mij)

= 2
(
k − 2

∑
i<j

cos(π/mij)
)
.

We analyze the expression k − 2
∑
i<j cos(π/mij). Since there is a cycle on [k], we

must have that m1,2,m2,3, . . . ,mk−1,k,mk,1 ≥ 3. Since m1,k = mk,1 there are at
least k pairs {i, j} with cos(π/mij) ≥ 1

2 and i < j. Therefore k−2
∑
i<j cos(π/mij) ≤

k− 2
∑
i<k

1
2 = 0. This means that QM (e) ≤ 0 but by Theorem 6.2, QM is positive

definite. So we have a contradiction. Thus there can be no cycle subdiagram.
Step 4. The diagram M cannot have a subdiagram of the form Ã1, B̃n

(n ≥ 2), C̃n (n ≥ 2), F̃4, or G̃2. These diagrams are shown in Figure 2. These
diagrams have infinite groups. A sketch of a proof can be found in Example 3.2.6
in [1].

Step 5. For each i ∈ [n], we have that
∑
j 6=iB(ei, ej)

2 < 4. Let J be the set
of neighbors of i. Then for each j ∈ J we must have mij ≥ 3. Since there cannot
be any cycle in the graph by Step 3, we have mjk = 2 for all j 6= k in J . Now we
calculate

QM

(
ei −

1

2

∑
k∈J

B(ei, ek)ek

)
= 1 +

1

4

∑
k∈J

B(ei, ek)2 − 1

2
B(ei, ek)2

= 1− 1

4

∑
k 6=i

B(ei, ek)2.

By Theorem 6.2, this value must be positive, so
∑
j 6=iB(ei, ej)

2 < 4.

Step 6. An element i ∈ [n] cannot be on more than three edges of M . Let {i, j}
be an edge in M . Then B(ei, ej)

2 = 4 cos2(π/mij) ≥ 1. If i is on more than three
edges, then

∑
j 6=iB(ei, ej)

2 ≥ 4 but this contradicts Step 5.
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Figure 3

Figure 4

Step 7. If an element i ∈ [n] is on three edges of M then all these edges have
label mij = 3. This again follows from Step 5.

Step 8. If mij ≥ 6 then n = 2. If n ≥ 3, since M is a connected graph,
one of the nodes in {i, j} must have another neighbor, call it k. Then we have
B(ei, ej)

2 +B(ei, ek)2 ≥ 3 + 1 = 4 but this contradicts Step 5.
Step 9. If i ∈ [n] is on three edges of M then all edges of M are of label mij = 3.

Otherwise, by Steps 8 and 7, there exists a subdiagram of the form in Figure 3 with
α = 4 or 5. Then we can calculate QM (e1 + e2 + 2(e3 + · · ·+ en−1) +

√
2en) ≤ 0.

Step 10. If mij = 5 then i is on at most one more edge, and if so, this edge, say

{i, k} has label mi,k = 3. This follows from Step 5 since cos2(π/5) = (6+2
√

5)/16 ≈
0.65.

Step 11. There is at most one vertex which is on three edges of M. Else, by
Steps 6, 7, and 9, there is a subdiagram of the form in Figure 4. Then QM (e1 +
e2 + 2(e3 + · · · + en−2) + en−1 + en) = 0 which contradicts the quadratic form’s
positive definiteness.

Step 12. M cannot have a subdiagram of the forms in Figures 5 and 6. Consider
the vectors x in the respective cases,

x = e1 + 2e2 + 3e3 + 2
√

2e4 +
√

2e5

x = e1 + 2e2 + 3e3 + 4e4 + 3e5 + 2e6 + e7 + 2e8

x = e1 + 2e2 + 3e3 + 2e4 + e5 + 2e6 + e7

x = 2e1 + 4e2 + 6e3 + 5e4 + 4e5 + 3e6 + 2e7 + e6 + 3e9

x = e1 + 2e2 + 2e3 + e4

x = e1 + 2e2 + 2e3 + e4

x = e1 + 2e2 + 3e3 + 4e4 +
5

2
(
√

5− 1)e5.
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Figure 5

Figure 6

Calculating in each case gives that QM (x) ≤ 0 in each of the corresponding dia-
grams.

Step 13. By exhausting cases, the only connected diagrams satisfying the con-
ditions of Steps 3-12 are those in Figure 1. �
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