MORSE THEORY AND BOTT PERIODICITY

AJAY MITRA

ABSTRACT. In this paper, we will aim to prove the celebrated Bott periodicity
theorem, which calculates the homotopy groups of a unitary group in arbitrary
dimension. We will go about doing this through a study of Morse theory. Morse
theory allows us to study the structure of a manifold based on a function
defined on it. We then turn our attention to Riemannian geometry and the
loop space of a manifold, and focus on topologizing it. We can then study the
structure of the path space of a manifold by using similar methods to Morse
theory on manifolds. We can then connect these ideas about the path space
of a manifold to homotopy groups of various spaces and then use these facts
to prove the Bott Periodicity theorem.
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1. BAsic MORSE THEORY

Morse theory studies the critical points of real-valued functions on manifolds.
In this section, we aim to use the properties of critical points to present a nice
decomposition of a smooth manifold M. Consider a function f: M — R. At each
point p on M, f induces a map fi : TM, — TRy, between the tangent spaces of
M and R.

Definition 1.1. p € M is a critical point of f if the induced map f, is zero. More
specifically, p satisfies dd—:fl(p) = %(p) =...=0if (2!,...,2") is the local coordinate
system at p.

An important characteristic of critical points is whether they’re degenerate. Re-
garding this concept, we shall make a few more definitions.

Definition 1.2. The Hessian H(p) of a function f : M — R at p is the n x n

2
matrix whose 7j-th entry is %, where (21, ...,2™) is the local coordinate system
in a neightborhood of p.
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Definition 1.3. A critical point p is nondegenerate if the matrix H(p) is nonsin-
gular.

To further study H(p), we define two quantities regarding functionals.

Definition 1.4. The index of a functional H on a vector space V is the maximal
dimension of subspaces of V' on which H is negative definite. In particular, the
index of Hy(p) is called the index of f at p.

Definition 1.5. The nullity of a functional H is the dimension of the null space
of H.

By our definition, p is a nondegenerate critical point iff Hf(p) has nullity 0.

Definition 1.6. f: M — R is a Morse function if f is continuous and all of its
critical points are nondegenerate.

We are now ready to prove the Morse Lemma, which is a very important tool
in Morse theory because it gives us a nice coordinate system to work with near a
critical point. Furthermore, we only need information about the index of f at p
to apply this theorem. It will allows us to more easily prove theorems that involve
working in a neighborhood of a critical point.

Theorem 1.7. (Morse Lemma) If p is a nondegenerate critical point of f : V —
R and the index of f at p is A, then there exists neighborhood U of p and local
coordinate (y*,y?,..y™) such that there is a map v : U — R" satisfying

ot =fp) - @)= = @)+ )

Proof. First, we can assume V = R™ as we can map V by a chart to R™ and it
does not change what U can map into. We can furthermore translate the critical
point so that it is located at 0. Finally, we can assume that the hessian of f at 0
is a diagonal matrix. We can make this assumption as f is smooth, so the hessian
at 0 is a symmetric matrix and is therefore diagonalizable. We will now prove this
theorem by induction on the dimension of V.

We start with the base case V=R. In this space,
1
F(a) = F(0) + 3 [7(0)” + e(a)a”.

Where €(x)=1 fom f()3(z — t)2dt. We get this equality by Taylors theorem. We
can then rewrite f as f(0) + az?(1 + €(z)). Then let X; = ¢(z) = z/a(1 + €(x)),
where ¢(x) is a diffeomorphism, and ¢'(0)=+/a, which is nonzero. We can now
use the implicit function theorem to see that in some neighborhood of 0 we have
f*¢ HX1) = f(X) = f(0) & 2. So we have proven our base case.

In order to show that the lemma holds for V=R"*! if it is true for V=R", it is
useful to rewrite R"*! as R™ x R. We denote a point in R” x R as (x,y) with x e R"
and yeR let {(x,y)=f.(y). We can then taylor expand this function with respect
to the one variable y. The taylor expansion is

Fla9) = £,(0) + £y (00 + L FO)) + 27 + e(ar ).
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If f,(0)=0, then this proof is identical to the first case. Then to prove this theo-
rem, we must study the equation %(x,y):o. As we put the hessian of f at 0 in
diagonal form, we know that it is nonzero. Then we can apply the implicit function
theorem to see that the solutions of our equation are given by smooth functions in
a neighborhood of (0,0). Also, note that the derivative with respect to y of % is 0
at (0,0) by our observations about the second derivative.

Now we can make a change of variable to complete the theorem. let ¢ be the

function given by the implicit function theorem,then as % is 0, we must also have

d¢ is 0. Now consider g = f(z + ¢(y),y). We have %:0 as d¢=0. We also have
dzgo,odefo,o = 0. We are now in the desired case and the theorem is proven.

Finally, we show that if there is a A so that f takes the form

f=rfp)—wH?—...— )2 +...+ (y")? then X must be the index of the f at
p. If f did take this form, then we can take derivatives directly to see that %

is =2 for i=j A, 2 for i=j > A and is zero for all other values of i and j. Then the
matrix corresponding to f.. has —2 as the first A entries of the diagonal, and 2
as the rest of the diagonal entries, All nondiagonal entries are 0. Then the largest
dimension subspace where H¢p is negative definite must have dimension A. Il

Now that we have proved the Morse lemma, we can prove two theorems that
together classify the homotopy type of M®, for any value of a. First, we have to
build up two more tools:

Definition 1.9. A l-parameter group of diffeomorphisms on a manifold M is a set
of diffeomorphisms ¢: R x M — M, that satisfy ¢:(m)ps(m)=diis(m).

We will use this in the following theorem to get a vector field X. For a function
f and at a point p, It is defined as

f(¢s(m)) — f(m)

Xp(f) = limz o0 m

X is said to generate the group. We will need one more fact about 1-parameter
groups, which we will not prove.

Theorem 1.10. A smooth vector field on a manifold M that vanishes outside of
some compact subset of M generates a 1-parameter group of diffeomorphisms.

Definition 1.11. Let f : M— R be a Morse function on a manifold M, a pseudo
gradient field is a vector field X on M with the following properties.

1.(df ) (X,) <0 and there is equality iff x is a critical point.

2. In a neighborhood given by the Morse lemma, X coincides with the gradient
of the euclidean metric given by < gradys,Y >.
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We can then use the flow of a pseudo gradient field to prove the following state-
ment. The theorem is significant as it shows us the homotopy type of M* can only
change if @ moves past a critical point, we will investigate the effects of when a
moves past a critical point after this theorem.

Theorem 1.12. If f is a smooth real valued function on M, a < b and f~'[a,b]
is compact and contains no critical points of f, then M® is diffeomorphic to MP.
In fact, M® is a deformation retract of MP.

Proof. The idea is to use the gradient of f to construct vector field that gives
us our desired diffeomorphism. To do this, we define a function p : M — R as
ngmd(fb on f~1[a,b], and 0 outside some compact set containing f~![a, b].

Define X as X, = p(q)(grad(f)),- Then by theorem 1.10, X generates a 1 parameter

0 f(¢h(q:)c)—f(‘1)

group of diffeomorphisms by X,(f) = lim,_, . By this definition, we

also have Méigq) = X4,(q)-
We now use the flow of this gradient field to create this retraction. For ¢ in M,
consider the function taking t to f(¢:(q)). If ¢¢(q) is in f~'[a,b], then

df (o¢(q)) —< dei(q)
d dt
by the definition of X.

So the map that takes t to f(¢:(q)) always has derivative 1.

So f(#+(q)) = f(q)+t. Then ¢, is the diffeomorphism we are looking for. We
now focus on the diffeomorphism. Let r:(q) be q if f(q) < a, and is ¢y(q—r(q))(q) if
a< f(g) <b.

This is the desired deformation retract as for ro(q), ¢o(¢)=q. Then r( is the
identity map. For r1, ¢q—f(q)(q) only takes values in f~Y(a) so that we have a
retraction.

ygradf >=< X, gradf >=1

O

With the next theorem, we will have completely characterized the homotopy
type of M® based on a Morse function f defined on it.

Theorem 1.13. Let f : M — R be a smooth function, and let p be a nondegenerate
critical point of f with index X. if f(p) = c, then for some € > 0, f~t[c —e,c+ €
is compact. It also contains no critical points of f other then p. Then for all
sufficiently small e, Mt has the homotopy type of M€ with a X cell attached.

Proof. We first modify f to a new function, F, that agrees with f except for in a
small neighborhood of ¢. Then, when we look at those = such that F(z) < a there
will be an extra portion that M* will not have. Studying this extra portion will
allow us to prove the theorem.

We now construct F. By the Morse lemma, we can set
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f=c— (") —... = (2*)? + ... + (2™)?, where the x' are local coordinates in a
neighborhood U of p. We first construct a function g so that:
1. g(0) > €

2. g(r) =0 for r > 2
3. =1 < g'(r) <0 for all r.
In a small neighborhood U around the critical point, let

F=f—g((u)’+..+ @) + 2@ + ... + (")),

To make notation easier, set £ = (u')?+...+ (u*)? and n = (W )2+ ...+ (u™)2
In the neighborhood U, f =c—¢+nand F = c—&(q) +n(q) — 9(£(q) + 2n(q)).
We still need to show that outside some neighborhood, F' and f are equal. This
happens outside the region & 4+ 2n < 2¢, because g is zero for r > 2e.

Now we compare the functions inside this region. Note that in this case, g is at
least 0 as ¢’ is between —1 and 0, and if g were less than 0, then g could not be 0
outside the region. Then F = ¢ — €(q) + n(q) — 9(&(q) +2n(q)) < c—e+n= f so
F<f.

The main reason for defining F' in this way is because it has the same critical
points as f. We will now show this by computing

dF = (=1 —¢'(£+2n))d + (1 —2¢' (£ + 2n))dn as obtained by taking derivatives
of F' with respect to £ and 7.

Note that —1 — ¢’(§ +2n) < 0,as —1 < ¢’ <0 and 1 — 2¢'(£ + 27) is at least 1
for the same reason. Then dF is 0 in the region £ +2n < 2¢ iff d§ and dn are both
0. Then F' has no critical points in U other than the origin, which was the only
critical point of f in U. Then f and F' have the same critical points. Note also
that F(p) = c—g¢(0) < c¢—¢, so that F has no critical points in the region [c—e¢, c+€].

We can now use the properties of F' to show a nice deformation retract. Let e
be the region with ¢ < € and for any i > A, u’=0. Note that by the definition of
e*, e} N M€ is the boundary of e*. We will now show that F~1[—oco,c — €] is a
deformation retract of M<Te,

As Z—Jé < 0, then F(q) < F(p) < ¢ —e. But f(q) is at least ¢ — € in this region.
Then by our previous lemmas, since F~!(—o0,c —€) DO M°*¢ and contains the
critical point p, then we have the desired deformation retract.

We are now in a position to prove the original theorem. All that is left to
show is that M° € U e is a deformation retract of M€ U H, where H is the
closure of F~1(—o0,c—¢] — M*¢

We now define the retraction. It will take different values on three regions.

We will map the region ¢ < € into e*.

We will map the region € < £ < en into M“~¢.

We will map the region n + ¢ < ¢ into M.

Note that if n+e < & then F' = c—£(q) +n(q) — 9(£(q) +2n(q)) < c—e—g(&(q) +
2n(q), but as g(r) is at least 0, then F(q)< ¢ — € in the region n 4+ € < &.

Then this region is a subset of M°“~¢.

When £ < ¢, then let (e, n)=(¢,tn). Then 7y is the identity and r¢ carries the
region into e*.
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If e < & < e, let rp(€,n)=(&t+(1-6) =),

Finally, If n + € < & then we can let 74 be the identity.

All that remains to show is that this retraction is continuous. Note that for the
region € < & < n+ ¢, if we let £ approach € then s; becomes t and we are in the
first case. If we let £ approach 1 + €, then s; becomes 1 and we are in the 3rd case

so our defined function is continuous. Our deformation retract is now complete.
O

2. PRELIMINARIES FROM RIEMANNIAN GEOMETRY

We will now aim to develop some ideas about the loop space of a manifold. We
will first look at some useful ideas from Riemannian geometry to help us in this
task.

Definition 2.1. An affine connection, denoted V takes each pair of vector field Y
and tangent vector X, € T'M,, and maps it to a new tangent vector in T'M,. We
now give some properties of V:

V is bilinear and for any function f: M—R, V also satisfies X,,V(fY) = (X, /)Y, +
fp) X, VY.

Definition 2.2. A connection on M assigns an affine connection V, to every point
.

Formally, it has four properties:

1. XVY is bilinear with respect to X and Y.

2. (fX)VY = f(XVY)

3. XVfY = (XY + f(XVY)

4. If X and Y are smooth vector fields on M then (XVY'), = X,V,Y is smooth

A great advantage of affine connections is that they allow us to define a deriv-
ative of vector fields along curves. Later, this idea will be useful in studying the
acceleration of a curve. We now show how we can get this derivative.

Definition 2.3. From a vector field V' along ¢, we can get a new vector field %
called the covariant derivative.
The map from V to %—Y satisfies the following properties:
1.D(V—&-W) _ DV + DW.
dat dt

a
2. If f is a smooth real valued function on R then % = %V + f%
3. If V is induced by a vector field Y on M, V; = Y,4). Then % is equal to c*%v
Y, where ¢*: TRy — T'M(;) is a mapping between the tangent spaces induced by

C.

We assert without proof that there is a unique map with these properties.
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Definition 2.4. A parallel vector field is a vector field V' along ~ so that % is 0.

It turns out that the differential equation for a parallel vector field is linear.
Then for any solution V{, we can find a corresponding solution V;. We say that the
V; is obtained from Vj by parallel translation.

We will now present one useful formula:

Theorem 2.5. If parallel translation preserves inner products, and if V. and W
are two vectors fields along c, then

d DV DW
E<V’W>_<W’W>+<V’T>

Proof. Choose parallel vector fields P;(0), ..., P,(0) along c. Note that at a single
point we can choose these vector fields to be orthonormal and we can extend them
by parallel transport so that Py(t), ..., P,(t) are an orthonormal basis of T, (M)
Then V = X(v'P;), W = S(w'P;). Where v*, w’ are the inner products of W and
V with P,. Then < V,W >= X(v'w'). We can now calculate

dvt ;  dw' av

dw
'LUZ+ UZ):<7W>+<V;W>.

d
a VW =R dt dt’

dt

O

Definition 2.6. We now define the Energy of a path as E! = fab ’2—‘;’|2 and let
E=F}.

This quantity gives us a way of comparing curves and will be the primary func-
tion we consider when doing Morse theory on the path space of a manifold. We
will now focus on applying the ideas we have developed in this section to finding
the critical points of this function.

The answer to this question is that a path is a critical point of F if and only if
it is a geodesic. We will aim to prove this result with the remainder of the section.

Definition 2.7. A path 7: I—-M (I is an interval in R) is a geodesic if %i—;’ is
always 0.

Note that for a geodesic, % < ‘;—Z, ‘;—Z >=< %%Z, %Z >=0. Then |‘fl—;’| is constant
along ~.

We can again use this condition to create a differential equation in local coordi-
nates. It turns out that for every point, there is a compact neighborhood in which
there is a unique solution to the differential equation. From this, we can find a
unique geodesic v : I — M (I is any finite interval in R), satisfying the condi-
tions: 7,(0) = p, and %(O) = v. we will denote the solution to this equation as
v(t) = expy(tv).

Definition 2.8. A manifold M is geodesically complete if exp,(v) is defined for all
qe M and all vectors in the tangent space.
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There is one more theorem we must state without proof in order to get back to
Morse theory more quickly:

Theorem 2.9. If M is geodesically complete, then any 2 points can be joined by a
minimal geodesic. A minimal geodesic is a geodesic which has length less than or
equal to the length of any other smooth path joining the endpoints.

Definition 2.10. A variation of w is a function a : (—¢,€) x [0,1] — Q with
a(0,t)=w(t) and for a subdivision (¢g, ,t,) of [0,1], & is smooth on each (—e, €) x
[ti—1,ti].

In afs,t), if we fix s and let t vary, then we have a 'neighboring curve’ to w(t).
The variation allows us to study these neighboring curves of some specified curve
a(0,t)=w(t), which will be useful when we determine the critical points of E. Often,
we will fix the ¢ coordinate of a(s,t). In this case, we may suppress the ¢ coordinate
from the notation if no confusion can occur.

Definition 2.11. We now prove some formulas that will be helpful in topologizing
the path space of a manifold. To do this, we need to define the curvature tensor.

Definition 2.12. The curvature tensor R takes vector fields X,Y, and Z, and forms
a new vector field
XV(YVZ)+YV(XVZ)+[X,YVZ]

We can gain more information about the curvature tensor by considering a co-
ordinate system (2, ...,2"). Note that [52, 52:]=0, so
o o0 ,0 0 0 0 0 0
w0007 =0 Vo~ 0w o) Bt
Then the curvature tensor measures the non-commutativity of the affine connec-
tions defined on the manifold.

We now present a formula for the derivative of the energy function, which we
will use to show that the a curve, v is a critical point of the F iff v is a geodesic.

Theorem 2.13. (The First Variation Formula):

1dE 1
be =N < W, AV > —/ < Wi, Ay > dt
2 du 0
_dw
where V;fﬁ,
A= &

At:‘/lf+_‘/lf_'
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Proof. This proof is a computation. We know

du — dt’ dt du dt’ dt

Applying this to w we get:
dE(a(u)) d /1 do da /1 D da do
/= — [ << —>dt=2] < F——,— >dl.
du du J, dt dt 0 du dt’ dt
Also,
D da do Dda do

Squdtdt T Sdtdu dt
So we find that

E ! ' D
dE(a(u)) d / da  do / - da da it
0 0

de du) Sa S a o= didu di

The theorem now follows by applying the identity
D da da Dda da da D da

S aw T Sdtaw S T waar

in a manner similar to integration by parts.

Theorem 2.14. A path w is a critical point of E iff w is a geodesic

Proof. If w is a geodesic, then the first variation formula will clearly be 0 as A; is 0
and w has no discontinuities by the definition of a geodesic. So a geodesic is always
a critical point.

To prove the converse, the idea is to pick some variation that is always 0 for
one term of the first variation formula, then we study the other term to gain infor-
mation about the function.

If a path is a critical point, and we pick a variation W (t) = f(t)A(t), where f(t)
vanishes at each ¢; and is positive elsewhere, then the first term of first variation
formula vanishes and we get — fol f(t) < A(t),A(t) > dt = 0. This implies that
A(t) is zero, so that w is a geodesic on each interval ¢;, t;11.

We now pick a variation W (t;) = A,V then A; = 0 and the first variation
formula gives -¥ < Ay, V, A4,V >=0. So there must be no points of discontinuity
and thus w is a geodesic. ([l

We will show one more formula before moving to topics closer to Morse theory:

EB(a(uiuz)) | da da

We define the Hessian of E as E.. =< == 70220 o, G >
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Theorem 2.15. (The Second Variation Formula): Let o : U — Q be a variation
of v with W; = j—z (0,0) then we can write E,. as

DW. ! D*W
—E<W2(f),At dtl >—/ <W2,T21+R(‘/Y,W1)V>dt
0

We will not show a proof but the idea is to take the derivative of the first variation
formula and the rest is just rearranging terms. A proof can be found in [1].
3. JacoBI VECTOR FIELDS

We now introduce Jacobi vector fields:

Definition 3.1. Jacobi vector fields are vector fields that satisfy the equation

D) + R(V,J)V = 0. Where V = 4.

Jacobi vector fields will allow us to further characterize the critical points of F,.,
we can then use these results directly on the loop space of a manifold in order to
develop more theorems from Morse theory.

We want to make another definition that helps in the use of Jacobi fields on the
loop space.

Definition 3.2. p and ¢ are conjugate along ~(¢) if there is a non-zero Jacobi field
J along ~(t) which vanishes at ¢t = ¢ and ¢t = b. The multiplicity of the conjugate
points is the dimension of the vector space of all the Jacobi fields satisfying this
condition.

Theorem 3.3. A vector field Wi € TS is in the null space of E,. iff W1 is a
Jacobi field.

Proof. By the definition of a Jacobi field, the second variation formula must be 0
as Jacobi fields are smooth and 257 + R(V,J)V =0.

dt?

If the second variation formula is zero, then we can apply the same reasoning
we used for the first variation case. Namely, we consider variations that isolate one
of the terms of the formula.

First, let W, be smooth on each [t;, ;. 1]. Now choose Wy = f(t)(DthI;V1 +
R(V,W1)V);, where f is a smooth function that vanishes only at ¢, ¢,. This choice
causes the first term of the second variation formula to vanish.

Then -1 B, (Wi, Wa) = [ f()| 250 + R(V, W)V [%dt.

For this to be zero, Wiy, +,,, must be a Jacobi field.

i+1
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Now we set Wa(t;) = Ay, D{Ell Then the second variation formula gives Y| Ay, , D{}’Xl 12=0
So there are no discontinuities and we have a smooth Jacobi field.
O

Now we can get to the main significance of the Jacobi field.

Theorem 3.4. If a is a variation of v by geodesics, then W(t)= Z—Z(O, t) is a Jacobi
field along ~.
Proof. As a is a variation by geodesics, we must have % Z—‘Z(O,t) = 0. In order to
bring in the Jacobi field condition, we compute the curvature:
da da,da D Dda D D da
GGt @) dt = dudidt ~ dtdu di
So that
D Dda  da da,da D D da
“dudrdr ~ Car du) @ dt du de
Also, as we are on a geodesic,
D Dda D?da
dtdu dt — di? du’
Then
da da _da D?da _
Gt @) d * de du
and so W(t) is a Jacobi field along ~. O

We can now start proving theorems that we can use directly to obtain results
from Morse theory. We do this by characterizing the index of F,..

Theorem 3.5. the index A of E.. is equal to the number of points ~v(t) that are
congugate to v(0) along 7.

Proof. We show this by first describing a decomposition of T2 and then using this
decomposition to prove the theorem.

Let T, (to,,tx) be a vector field that restricts to a Jacobi field on each [t;, ;1]
and vanishes at t=0,1.

T’ is the vector space of W where W (t;)=0. We will first show

TQy =T, (to, ... ty) & T".

In addition, we also show FE,, is positive definite on T".

Let W be an arbitrary vector field in T2, and let W, be the field TQ(to, ,t5).
Clearly, W — W7 is zero at each t; and is therefore in 7".

Now we use the second variation formula to show that T2, and T” are mutually
perpendicular.
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The formula gives

DWW,
dt

1
¥ < Wal(t), Ay >—/ < Wo,0>dt =0,
0
as Wa(t) is zero at every t;.
Finally, we show FE,, > 0 for WeT’. As 'y|[ti7ti71] is a minimal geodesic, it has
smaller energy than any other path. Therefore, E(y) < E(a(u)) and by the second
derivative test, the second derivative must be at least 0 for W in 7"

Now we show the derivative is greater than 0.
We have

0< Eoe(W 4+ cWo, W + cWa) = 2¢E,,(Wa, W) + P E,.(Wa, W),

but as this is true for positive as well as negative ¢, then E,,(Ws, W) must be 0.
Then W is in the null space of E,, , which only has Jacobi fields. As T” has no
Jacobi fields other than 0, then W=0. So T is positive definite on 7"
|

Now we complete the proof with the following lemma:

Theorem 3.6. The index of E.. is equal to the index of E.. restricted to T, (to, ,tk),
which is equal to the number of points that are conjugate to v(0) along 7.

Proof. We prove this statement by letting i(t) be the index of (E{).. and v(t) be
the restriction of v to [0,t]. We will study i(t) to prove the statement. We then
complete the proof by computing the Jacobian.

Note first that i(¢) is a nondecreasing function of t. To see this, note that any
vector field that is 0 at some value k < ¢ can be extended to be 0 for all values
greater than k, and will therefore be 0 at t.

i(t) is 0 at t for small t because if t is small enough, then v(¢) is a minimal
geodesic.

We also have i(t — €) = i(t) and i(t + €) = i(t) + d, if there is a conjugate point
with multiplicity d between ¢ and t + .

To see that i(t — €) = i(t), note that we already have i(t — ¢) < i(t) so we just
need to show (¢t — €) > i(t). To see this, note that if (Ef).. is negative definite on
a subspace with dimension i(¢), then by the continuity of the hessian, there is some
€ 50 that (E}™¢).. is still negative definite in that subspace.

To see that i(t +¢) < i(t) +d. Note that TMy«,) @ ... ® TM,,) has dimen-
sion ni for some n. Our hessian will be positive definite on ni — () — d dimension
space so for small €, i(t +€) < i(t) + d.

All that is left is to show i(t 4+ €) > i(t) + d. We prove this by computing the
Jacobian. We first choose i(t) vector fields W7, ..., Wj(; along 7 so that the matrix
formed by plugging these vector fields into the hessian is negative definite. We
now choose d linearly independent Jacobi fields Ji, ..., Jq along ;. We choose all
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of these vector fields so that they vanish at the endpoints of 7;. Again we choose d
vector fields so that < Dd‘i’l (t), X(t) > is the d x d identity matrix.

Now we choose vector fields W1, ..., Wy, %Jl —cXq, ..., %Jd —cXy.

If we compute the Jacobian with respect to this basis then we would find that
the result is negative definite. To see this, note that the upper left corner is the
matrix formed by plugging in the Wy into the hessian. The lower right corner of
the matrix can be calculated to be -4I+c?B where B is some matrix. Then if we
pick ¢ small enough, the matrix is negative definite and the theorem is proved.

|

4. THE MORSE DECOMPOSITION OF THE LOOP SPACE

Now we will show that there is an analogous decomposition for functions on path
spaces as there is for functions on manifolds. First we must define a metric on our
manifold. Let p be a Riemannian metric on M, then

d(w,w') = Max(p(w(t)),w'(t)) +/o (g - %)th,

where s and s’ are the arc-lengths of w and w’ respectively.

The second term ensures that the energy function is continuous. Now, let (2¢ =
E7Y([0,¢])

We now define finite dimension approximations: Q(to,,tx)¢ = Q¢ N Q(to, , tx)

We will show one Lemma before proving our desired decomposition of the path
space holds:

Theorem 4.1. Let M be a complete Riemannian manifold, and choose ¢ so that ¢
is nonempty, then for a fine enough partition (to,,tx), IntQ(to,,tx)° can be given
the structure of a smooth manifold.

Proof. The idea is to show that the path length between points is small enough so
that there is a unique geodesic joining two points of the partition. We can then use
this to define a homeomorphism that will give us the desired result.

For all paths w, we have L? < E < ¢, where L is the arc-length of w. Where the
first inequality comes from Cauchy Schwarz by taking f to be 1 and g to be |”(li—f ,
so that for all paths in Q¢ we have p(z, ) < +/c.

Now we need to use the condition that M is complete to allow the set p(z, zo) <
V¢ to be compact. Then if p(z,y) < €, then there is a unique minimal geodesic
from x to y with length less than e.

Now for w e Q(to,,tx)¢, we can pick a partition so that t; —¢t;_1 < %

Then

(L (W) = (ti —tim) (Bt (W) < (ti —tic1) B(w) < (ti —ti1)e < (e)

and so each geodesic w|[t;,t;+1] is determined by its endpoints. Then w is de-
termined by its values at each t;, so there is a homeomorphism between w and
(w(t1),...,w(tx—1)) which gives a homeomorphism between the finite path space
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and an open subset of M x M... x M. The manifold formed by these open sets will
be denoted as B, and E’ will denote the energy functional on B.
O

We now wish to investigate some of the properties of E and B® in order to get
a nice characterization of the homotopy type of 2¢.

Theorem 4.2. E’ is smooth and B® is compact and is a deformation retract of
Q2. The critical points of E are geodesics from p to q of length less than \/c. The
index of E., is the index of F.. at 7.

From this theorem, we immediately get the following decomposition:

Let M be a complete Riemannian manifold and let p,q in M be two points which
are not conjugate on any geodesic of length at most v/a. Then Q® has the homotopy
type of a finite CW-complex with a cell of dimension A for each geodesic where E,,
has index A. The proof of this comes from our Morse decomposition of manifolds
once we prove the previous theorem.

Proof. as w depends on its values on each ¢;, then E’(w) must also depend on these
values. )

By the formula for F, F'(w) = ZW

So B* is those c=(c1,, ¢;) with

2
p(Ct;_15Ct;)
27“7”71 < a.

Now we create a retraction from IntQ¢ to B. Note again that p(w(t;_1,w(t;))? <
Lw)? < E(w)<c
Then if we pick the partition so that ¢; — ;1 < %, then

pw(ti-1),w(t:)” < (L —tim1) By w < €.

So we can define a retraction r(w)|t;, t;+1 as a geodesic of length less than e from
w(t;) to w(t;+1). Note that this geodesic is in B.

then we define a family r; as

()01 = r(@)[0,ti—1]

7¢(wW)|[t;_, )= minimal geodesic from w(t;—1) to w(u)

ro(e0) oy, 1]

ro is the identity map as it is is equal to w everywhere and r; is the retraction
r we defined above, so B is a deformation retract of Int(2¢). As E(ry,(w)) < E(w),
then B® is a deformation retract of Q.

Note that the critical points of E’ are the geodesics as the process of finding
critical points is near identical for E and E’. We have now finished the proof of
the theorem. Then the index of F., is equal to the index of F., restricted to
T (to, , tr) |

In order to use our previous results about the index of Jacobi fields, we first need
to find an easier way to find conjugate points. To do this, we would like to find a
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condition so that finding solutions of the Jacobi equations is easier. Note that if
2
R(V,Uy)V = €;U;, then the Jacobi equation £Z¥ + R(V, W)V becomes
d?w;
ZdTQlUl + Ye;w;U; = 0.

This equation is clearly the equation for simple harmonic motion in each variable.
So if we can find some condition that gives the desired form of the curvature tensor,
then we can easily find the conjugate points along a curve 7.

The space in which the curvature tensor takes the desired form is known as a
symmetric space. We will now investigate the properties of a symmetric space

Definition 4.3. A symmetric space is a connected Riemannian manifold, M, so
that for all p € M there is an isometry I, : M — M defined on a geodesic 7y as
I,(y(t)) = v(—t) and such that y(0) = p.

We will now prove that that the curvature tensor takes the desired form in a
symmetric space. We will do this by showing the following

Theorem 4.4. IfU,V, and W are parallel vector fields along v, then R(U, V)W
is also a parallel vector field.

Proof. Let X, U,V, and W be parallel vector fields. By the definition of R(U,V)W,

we have < R(U, V)W, X > is constant along 7. Now we would like to use a com-

position of 2 of our previous isometries to change this expression at one paral-

lel vector field X to any other parallel vector field. We do this by showing that

I,I,(v(t)) = v(t + 2¢) and that this composition preserves parallel vector fields.
The first claim is clear as

L(I,(v(1))) = Ly(v(=t) = I (v(=t — e+ ¢) = (7(t + 2¢)).

The second claim is also true as I, (V) is parallel because I, is an isometry. We
also have I, (V;) = —V(—t), as both the point we are considering and the direction
have been reflected. Then I .(I,, (V(t)) = V(t + 2¢) by similar logic to the first
claim.

With this isometry, we can now translate the identity < R(Up,V, > W, X, >
to other values by defining T as I,(./2)Ip, so that

< R(Up, Vi)W, X, >=< R(T Uy ey, T Vo)) T Wy ey, T Xy o) > -
We have this equality because T is an isometry. We have now shown that

R(U, V)W is constant along other parallel vector fields and it is therefore parallel.
O

Note that from this proposition and the fact that R(V, W)V is self adjoint, which
we will not show, we can choose an orthogonal basis Uy, ..., U, so that R(V,U;)V =
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e;U;, where ey, ..., e, are eigenvalues. Then we have the desired simple form of the

Jacobi equation. Clearly, the solution to d;;‘;i + e;w; = 0 is w;(t) = ¢;sin(\/e;)t for

some ¢;. So the zeroes of w;(t) are the multiples of %, where e; is positive. If ¢;

is negative, then there are no real roots. So we have found all the conjugate points
to p along ~.

For our purposes, we will apply this theorem for the specific case of a Lie group.
In this case, we can also get a nicer formula to work with for the curvature tensor
to make applying this theorem easier. However, we will not prove that a Lie group
is a symmetric space.

Theorem 4.5. If G is a Lie group with a left and right invariant Riemannian
metric. If X,Y,Z,W are left invariant vector fields, then R(X,Y)Z = X[[X,Y], Z].

Proof. For a left invariant vector field, XV X = 0, which we will not show.

SO (X +Y)VX+Y)=(XVX)+(XVY)+ (YVX)+(YVY)=0

Then, XVY +YVX =0.

But XVY —YVX = [X,Y], So we can then add these equations to get

2XVY = [X,Y].

But by definition, R(X,Y)Z is XV(YVZ)+YV(XVZ)+[X,Y]VZ, so we can
apply the identity 2XVY = [X,Y] to get

R(X,Y)Z =~ X[V Z]] + V. X, Z]) + 5[1X. Y], 2]

1
2
To make this even nicer, note that by the Jacobi Bracket condition,

-1 X, [V, Z]] + 1Y, [X, Z]] + $[[X,Y],Z] = 0. So that we have the desired
equality R(X,Y)Z = 1[[X,Y], Z]. O

We now study the space of minimal geodesics directly, with the goal to prove the
following theorem. This theorem will be very valuable in proving Bott periodicity
because it allows us to get information about homotopy groups from our results on
the path space.

Theorem 4.6. If the space of minimal geodesics from p to q is a topological man-
ifold, and if every non-minimal geodesic from p to q has index at least \g, then the
relative homotopy group m;(2, Q%) is zero for 0 <i < \o.

To do this proof, we use our previous result about conjugate points. We first
show that for any smooth function g, we can make a good approximation to this
function with a much nicer function, f. More formally:

Theorem 4.7. If g : U — R is a smooth function such that all the critical points
of g have index > A, then we can choose some function f so that |;wgi — ddg’;| < e
and ‘djfdng — dﬁdj;j| < € for all i,j uniformly throughout K, for some small €.
Furthermore, all the critical points of f have index at least \g and they are all

nondegenerate.
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Proof. let Ky = E|dmz .

that has ij-th entry dmL dm =. So we see a critical point of x is of index at least lambda
iff e* () is negative. Note that these functions are continuous as the eigenvalues of
a matrix depend continuously on the entries of the matrix.

Let e!(z) < ... < e"(z) be the eigenvalues of the matrix

Now, consider hy(z) = maz(Ky(z), —(es)*) and define hy(z) similarly. As
the critical points of f have index at most \g, we must have (—es)*(z) > 0 if
kg(z) > 0. So my(x) > 0. Now, we consider an f so that |Ky(x) — Ky(z)| and
|(eg)*(z) — (ef)?(x)| are less than the minimum of m,. As m; is always positive,
every critical point of f will have index at 1east )\0 We can now easily show the
I] < eand |2 | <€ hold.

dx? dxl

desired inequalities | g dzz dz]

O

We can now show a special case of the desired theorem.

Theorem 4.8. If M° is a manifold, and the critical points of M — M° has index
at least \o, then m.(M, M®)=0 for 0 <r < )o.

Proof. We can choose a neighborhood around each point of M so that M° is
a retract of the open set formed by the unions of the neighborhood. We can
also assume that each point of U is joined to the point of M9 of which it is in
a neighborhood of(we can shrink the neighborhoods so that each neighborhood
contains only one point of MY if necessary).

Let I" be the unit cube of dimension r» < Ag. consider a function

h:(I",S") — (M, M°). We will show that h is homotopic to a map h’ where
h'(I") ¢ M°.

First, We choose a g that approximates f on M€, where ¢ is the maximum
of f on h(I").By the previous lemma, we can choose g so that it has no degenerate
critical points and each critical point has index at least A.

Let § be the minimum of f on M — U, then g~!(M¢) has the homotopy type of
the union of g~!(—o0,d] and cells of dimenstion A\. Then consider h: (I",S") —
(M¢, M%) C (g7 (—o0,c+¢€), MP).

Since r < A, then h is homotopic to some h’ that maps into (¢~(—o0, d], M?).
This is true because all the critical points of g have index > \ However, g~ (—o0, 2¢]
is contained in U and U can be deformed into M° so we have m.(M, M%)=0. O

We are now able to prove Theorem 4.6.

Proof. We use the energy function restricted to IntQ¢(t, ..., tx) to relate the previ-
ous theorem to geodesics. Note that the energy function satisfies all the hypotheses
of the previous theorem except that it does not range over [0,00). We can fix this
by just applying some diffeomorphism that takes the range of E into [0,00). Call
such a diffeomorphism f, then applying the previous theorem to the function f* E
gives m;(IntQC(tg, ..., tx), 2%4) = 0 as desired. O
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We now show one useful application

Theorem 4.9. If the space of minimal geodesics is a topological manifold, and
if every mon minimal geodesic has index at least \g then m;(Q%) is isomorphic to
Tip1 (M) for i at most Ao — 2

Proof. m;(Q%) is isomorphic to 7;(2) for i less than \g — 1 because the relative
homotopy group is 0, and m;(2) is isomorphic to m;41(M). O

5. PROOF OF THE BoTT PERIODICITY THEOREM
Now we can finally turn our attention to the Bott Periodicity Theorem.

Definition 5.1. We first define the map exp that acts on matrices.

A2
exp(A) =T+ A+ o + ...

Note that exp(A*) = (exp(A))* by the definition of exp(A).

Then we have exp(TAT 1) = I + TAT! + % + ... = Texp(A)T~L. We
also have exp(A + B) = exp(A)exp(B) as long as A and B commute. This is true
by the binomial theorem. Also, exp maps a neighborhood of 0 diffeomorphically
onto a neighborhood of L.

Theorem 5.2. From these properties, we can see that A is skew-Hermitian iff
exp(A) is unitary for A in a neighborhood of 0.

Proof. Note that if A is skew-hermitian, then A + A* = 0, so that A = —A* and
exp(A+ A*) = I = exp(A)exp(A)*. Then exp(A) is unitary.

If exp(A) is unitary, then exp(A + A*) = I. So as A is in the neighborhood of
0, we have that A + A* = 0. O

It follows from this proposition that U(n) is a smooth submanifold of the space
of n x n matrices and the tangent space of TU(n); can be identified with the space
of n x n skew-Hermitian matrices.

Then the Lie algebra of U(n) can be identified with the space of skew-Hermitian
matrices as a tangent vector at I extends uniquely to a left invariant vector field on
U(n). The Lie bracket corresponding to this Lie algebra is simply [A, B] = AB—BA
and we can show this by a direct computation of the Jacobi identity.

As exp: TU(n); — U(n) defines a 1-parameter subgroup of U(n) as

exp(A+B)=exp(A)exp(B). Then it must define a geodesic. We can now define
an inner product < A, B >=Re(trace(AB*).
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It is clearly positive definite, 0 iff A or B=0, conjugate symmetric and linear.
It also determines a left invariant Riemannian metric on U(n). We now show it is
also right invariant.

Definition 5.3. an action is an adjoint action if each S e U(n) determines an auto-
morphism X — SX S~ = (LyR;1)X. The induced mapping (LsR; '), is denoted
Ad(s). as exp(TAT ') = Texp(a)T~*, we then have Ad(s)A = SAS™!.

The inner product we have defined is invariant under Ad(s). To see this, we do
the computation

Ad(S)A(Ad(S)B)™' = SAS™(SBS™!)* = SAB*S™'.

But trace(AB) = trace(SABS™1), so the inner product is invariant under SBS~!.

For AeTU(n), we can choose some T ¢ U(n) so that TAT " is a diagonal matrix
with imaginary entries. Also, for SeU(n), there is a T eU(n) so that TST 1 is
a diagonal matrix with entries on the complex unit circle. Then exp : g — U(n)
is onto because we can form elements of U(n) by applying the exp operator to
elements of g.

Note that det(exp(A)) = €74 as we can see from the diagonal form of matrices
in U(n). Then the Lie algebra of SU(n) are those matrices A such that A4+ A* =0
and traceA = 0.

To do Morse theory on these topologies, we now need to consider the geodesics.
We first consider those geodesics from I to —I. In this case, we must have
exp(A) = —I. To make this question easier, we can put the matrix in diagonal
form.

exp(TAT™Y) = T(expA)T~t = —1I so that exp(A) = T(-1)T~! = —1. As we
can assume that A is in the diagonal form explained above, and we know that we
can obtain exp(A) by exponentiating all the elements of A, then every diagonal
entry of A must have the form i(m)k, where k is an odd integer.

We can further characterize this matrix by looking at the length of the ge-
odesic. |A|=v/< A, A >=/tr(AA*). Because of the form of A that we have,
|A|=y/(k1)2 + ... + (kn)2. So for A to be a minimal geodesic, we must have k; = £1.
To make this space easier to work with, we replace U(n) by SU(n), as SU(n) must
have the same number of positive and negative eigenvalues.

Then eigen (i) is an m dimensional subspace of C2™ so that the space of minimal
geodesics from T to —1I is the special unitary group SU(2m) which is known to be
homeomorphic to the Grassmannian G, (C?*™).

We now have two final lemmas before proving the Bott Periodicity theorem.

Theorem 5.4. Every non-minimal geodesic from I to —I in SU(2m) has index at
least 2m + 2.
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Proof. To prove this, we compute the indices of the geodesics from I to —I on
SU(n). This is where our result about symmetric spaces comes in handy. As we
are in a symmetric space, we just need to find the positive eigenvalues of R(A, W) A.
By our result on Lie algebras, we have R(A,W)A = 1[[A,W], A]. To make this
easier, we assume that A has the earlier specified diagonal form.

What remains is just computation, [A, W] = [A, W] = AW — WA. If the ij-
th entry of W is w; j, then the ij-entry of AW = inkjw; ; and the ij-th entry of
WA= iwkiwjﬁi. So that [A7 W} = Z’]T(kl - kj)wi,j'

We now compute

(A [A,W]] = A[A, W]—[A, W]A = —72kik;— (k)2 =72 (k;)* = (k;) (ki) = —7° (k;—ky)?w;l.
So R(A,W)A = 1(—n2(k; — ky)>w;l).

Now we are concerned with the eigenvalues of this matrix. Let e;; with j <[
have 1 in the jl-th position and -1 in the lj-th place. This is an eigenvector corre-
sponding to the eigenvalue m2(k; — k;)?wj;.

let 4;,; be the matrix with i in the jl-th place and the lj-th place then this is also
an eigenvector with the same eigenvalue.

Also, any diagonal matrix will be an eigenvector of 0.

So if k; > k; then the eigenvalue is positive. Now, by our earlier proposition, for
the geodesic y(t) = exp(tA), we get conjugate points t = k—\/%, where k is an integer.

2k

Now we can use our earlier formula for e to get t = k+—7—= = .
s(kj—k) = ki—k

To see how many conjugate points are in the interval (0,1), we note that ¢ must
be greater than 0 and strictly less than ki ;kl , 8o there are @ —1 values possible.
Note we get 2 copies of each eigenvalue so that the index A = X(k; — k; — 2). For a
minimal geodesic, this formula is clearly 0 as k; and k; are & 1. For a nonminimal
geodesic, with n = 2m, we have either at least m + 1 of the k; are negative or at
least m are positive. If at least m + 1 of the k; are negative, then some k; must be

at least 3 so that

A<EB-(-1)—-2)=2(m+1).
For the other case,
A<EB-(-1)—2)+2(1—-(-3)—2)+(3—(-3)—2) = 4m.
So that A < 2m + 2. O

We can now prove the Bott Periodicity theorem after one lemma, which helps
us with one of the group isomorphisms in the statement of the Bott periodicity
theorem.

Theorem 5.5. The inclusion G,,(C*™) — Q(SU(2m; I, —1) induces an isomor-
phism of homotopy groups in dimension < 2m + 1. m;Gp(C?™) is isomorphic to
w41 SU (2m) for i < 2m.

This comes directly from the fact that the minimal geodesics of SU(2m) is home-
omorphic to G, (C*™) and that the relative homotopy group (m;(w,w?)) = 0.
We now use this to show Bott periodicity:
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Theorem 5.6. 7;G,,(C?*™) is isomorphic to m;_1U(m) which is isomorphic to
mi—1U(m + k) and also w;(U(m)) is isomorphic to m;(SU(m)).

Proof. We prove this by using homotopy exact sequences and the preceding theo-
rem.
We can choose fibrations

U(m) — U(m+ 1) — §2m+1

and

U(m) = U(2m) —
From the first fibration, we get
7Ti(52m+1) — m_l(U(m)) — 71',-_1(U(m)).

This becomes
0—m({Um+1)) = m(U(m)) =0

So that m;U(m + 1) is isomorphic to m;U(m) for I at most 2m.
We denote this value as m;(U).
From the other fibration we get:

U (m) — mU(2m) — UU(?:Z)
Then Wl([{J((QZL))) =0.
So we can use the fibration
U(2m) 2m
U(m) — 00m) = G (C*™)

to get that
7 (G (C?™) is isomorphic to m;_1U(m).
We then use the fibration

SU(m) — U(m) — S*

to get that m; SU(m) is isomorphic to ;U (m).

Note that we have m;_1 (U) is isomorphic to m;_1 (U (m)) is isomorphic to m; (G, (C*™)
which is isomorphic to m;41(SU(2m)) which is isomorphic to m;41(U) Then we have
proved the theorem.

(]

From this, we get that m;U is isomorphic to ;12U We know my U is 0 and as
U(1) is topologically a circle, m1 U is isomorphic to the group Z. So for odd i, m;U
is isomorphic to Z and for even i, m;U is 0. We have now calculated the homo-
topy groups of unitary martrices and completed the proof of the Bott Periodicity
theorem.
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