MORSE THEORY FROM SCRATCH

ELIAS MANUELIDES

ABSTRACT. This expository paper aims to provide an elementary view into
some of the themes of differential topology and Morse theory. First we will
present some basic preliminary concepts. Then we will give a proof of Sard’s
theorem which will allow us to then prove a version of the Whitney Embedding
Theorem for compact smooth manifolds. Finally we will present some basic
results from Morse Theory.
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1. THE BASICS

Differential topology studies the behaviour of smooth manifolds and smooth
functions on these manifolds. If U C R™ and V' C R™ are open, then a function
f U — V is smooth if all its partial derivatives exist and are continuous. More
generally, for arbitrary sets X C R™ and ¥ C R™, a function f : X — Y is
smooth if for all x € X there exists an open set U, C R™ and a smooth function
F, : U, — R™ such that F, agrees with f on U, N X.

Definition 1.1. A function f : X — Y is a diffeomorphism if f is a smooth
bijection and f~! is smooth. Two sets X and Y are diffeomorphic if there exists a
diffeomorphism between them.

We will now present two important collegial results about diffeomorphisms. The
first is easy whereas the second is difficult, for a proof see [3].

Proposition 1.2. If f : R® — R™ is a diffeomorphism then m = n and df, is
nonsingular.

Proof. fo f~'and f~!o f are the identity on R™ and R" respectively, hence df,
has a two sided inverse. O
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Theorem 1.3 (Inverse Function Theorem). If df, : R™ — R"™ is nonsingular, then
there exists U’ such that f : U — f(U’) is a diffeomorphism.

Informally, a smooth manifold is a set which looks locally like euclidean space
at every point. There is however more than one way to formalize this intuition.
Borrowing from T. Tao’s blog, a smooth manifold can be defined either intrinsically
- without any ambient space - or extrinsically - as a subset of euclidean space. The
following definition we give is the extrinsic one.

Definition 1.4. M C R" is a smooth manifold of dimension m if for all x € M
there exists an open neighbourhood V,, C R™ such that V,, N M is diffeomorphic to
an open set U C R™.

The more sophisticated intrinsic definition of a smooth manifold is of a topo-
logical space equipped with an atlas.® The notion of a tangent space also changes.
Instead of geometric tangent vectors, one considers the set of all derivations. A
derivation is a type of linear function which we will see later. Despite these differ-
ences, it will turn out that this choice will neither restrict the breadth of manifolds
we can study nor our ability to analyze them. This is due to the Whitney Em-
bedding Theorem. This result states that any smooth manifold can be embedded
in euclidean space. To see a thorough and clear treatment of smooth manifolds
without an ambient space see [5].

Definition 1.5. A parametrization of the region V, N M is a diffeomorphism ¢ :
U— V,N M. The inverse ¢! : V, N M — U is called a system of coordinates for
the region V, N M.

The simplest example of a smooth manifold is the n dimensional sphere. The cir-
cle in R? can be parametrized by the diffeomorphism given by f(z) = (x, V1 — 22)
for the hemisphere y > 0. Each other region is parametrized similarly. There-
fore, a circle is a smooth manifold of dimension one. More generally the sphere,
S" = {z € R" : |z| =1} C R"*! is a smooth manifold of dimension n.

Given that we can speak of a function between smooth manifolds we naturally
want to be able to speak about its derivative. For a function f : R® — R™, the
derivative of f at a is the linear transformation, df,, which best approximates f at
a. To define the derivative for a function between smooth manifolds we will first
need the notion of a tangent space. Intuitively, one thinks of the tangent space
as the hyperplane which sits tangentially on the manifold at a point shifted to the
origin.

Definition 1.6. Let ¢ be a parametrization of a region around x € M with ¢(0) =
x. The tangent space of M at x, TM,, is the image of the derivative, dpo(R™).

One common concern is that such a definition might depend on the choice of
parametrization. In fact, it does not. The proof of this result can be found in
[1] or [2]. The tangent space, T'M,;, also has dimension M.

We can now construct the derivative for a smooth function f : M — N. In
this construction we have two criteria. First, this derivative should be a linear
transformation between tangent spaces. Second, it should obey the chain rule.

LAn atlas is essentially a collection of open sets in the manifold and a collection of diffeomor-
phisms which map these sets to open sets in R™ subject to some restrictions. The ordered pair
{open set in the manifold, diffeomorphism} is called a chart, an atlas is a collection of these
charts which cover M.
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Definition 1.7. Let f : M — N be a smooth function. Let U, C R* be an open
set containing x € M. Let F, : U, — R! be a smooth function which agrees with
fon U, N M. The derivative of f at x, df, : TM; — TNy, is defined by the
identity df;(v) = dF,(v) for all v € TM,.

Just like the tangent space this definition does not depend on the choice of
parametrization. Furthermore, as desired dF;(v) belongs to T'Ny(,y. An explicit
computation shows that the derivative df, obeys the chain rule. To conclude
this section remark that - by an almost identical proof to proposition 1.2 - if
f M — N is a diffeomorphism then df, : TM, — TN, is an isomorphism
and dim(M)=dim(N).

2. SARD’S THEOREM

Now that we have developed some of the basics regarding functions on smooth
manifolds, we want to develop some theory that tells us to some extent how they
behave. Our first step to this end will be to classify two types of points in the
domain and the codomain of such functions.

Definition 2.1. Let f : M — N be a smooth map. A point x € M is a regular
point if dfy : TM, — TN, is nonsingular. Otherwise, it is a critical point. A point
y € N is a regular value if f~1(y) contains only regular points. Otherwise, it is a
critical value.

This section will culminate in a proof of Sard’s theorem. This result charac-
terises the size of the set of critical points under smooth mappings. Namely, Sard’s
theorem says that the image of critical points under smooth mappings has mea-
sure zero.? Therefore, regular values are everywhere dense in N. This theorem is
very useful in proving a number of different results. For example, it makes possi-
ble a straightforward proof of Brouwer’s fixed point theorem and a version of the
Whitney embedding theorem. These next two results characterize the preimage of
regular values. They will allow us to further leverage the power of Sard’s theorem.

Theorem 2.2 (Preimage Theorem). Let f : M — N be a smooth map. If y is a
regular value of f then f~1(y) is a smooth manifold of dimension m — n.

Proof. Let x € f~!(y). Since y is a regular value, df, : TM, — TN, is surjective.
Therefore the kernel, K, of df, will be an m — n dimensional vector subspace of
TM,. If M CR7, let L : R? — R™™ be a linear transformation that is nonsingular
on K. Let F: M — N x R™™" be given by F(x) = (f(x),L(z)). Since L is
linear, dF,(y) = (df.(y), L(y)); therefore, dF}, is nonsingular. Hence, by the inverse
function theorem, there exists U such that F' : U — F(U) is a diffeomorphism. Note
that F(f~1(y)) C y x R™~"; furthermore, F maps f~!(y) N U diffeomorphically
onto (yx R™~™)NF(U). Hence f~!(y) is a smooth manifold of dimension m—n. O

The preimage theorem gives us another way of seeing that the unit n-sphere is
indeed a smooth manifold. If we consider the function f : R"t! — R given by the
rule f(z) = 2 + -+ + 22,4, then 1 is a regular value. Hence, the unit n-sphere,
f~1(1), is a smooth manifold of dimension n. In general, Sard’s theorem implies
that, for almost every y € N, f~1(y) is a smooth manifold of dimension m — n for
the smooth map f: M — N.

2For those unfamiliar, a set A has measure zero if for any € > 0 there exists a cover of A by open
rectangles U; whose total volume is less than e.
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Theorem 2.3 (Stack of Records Theorem). Let f : M — N be a smooth map
between compact smooth manifolds of the same dimension and lety € N be a regular
value. The number of points in the preimage of y, #f *(y) = |[{x € f~1(y)}| is
locally constant. (i.e. there exists an open neighbourhood V' of y such that for all
y eV #f)=F"1).)

Proof. By the preimage theorem, f~1(y) is a smooth manifold of dimension 0 hence
contains only isolated points. Furthermore since M is compact there are only
finitely many such points. By the inverse function theorem there exists a neigh-
bourhood U around each z € f~*(y) such that f: U — f(U) is a diffeomorphism.
Let {U;} be the collection of these disjoint open neighbourhoods containing the
members of of f~1(y). Let V; = f(U;),and V = ViN---NV, — f(M—Uy—---—Uy).
We claim that #f~!(y) is constant on V. Let ¢/ € V, then f~!(y') has a unique
point in each U; furthermore, f~!(y’) does not have any points in the exterior of
the U;’s. Hence #f~1(y") = #f71(y). O

_
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(A) Stack of records covering V. (B) A covering space.
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FIGURE 1

Theorem 2.3 gives us a nice glimpse into the idea of a covering space. A space
C equipped with a surjective map, f : C' — X, covers X if every point in X has an
open neighborhood U C X such that f~1(U) is the disjoint union of open sets, each
of which is mapped by f homeomorphically onto U - in this case diffeomorphically.
The preimage of a single point y in this neighbourhood is called the fiber over y. A
nice visual intuition is given by fig.1. Note that, due to Sard’s theorem, M “almost
covers” N.

We will now embark on a proof of Sard’s theorem. First we will need the following
lemma:

Lemma 2.4. Let A C R™ be a compact set. If for allt € R, AN (t x R*™1) has
measure zero in R" ™1, then A has measure zero.

Proof. A is compact hence we can let A C [a,b] x R*™L. For each t, AN (t x R"~1)
has measure zero hence there exists an open cover Uf C ¢t x R"~! of rectangles with
total volume less than e. Now {Uf x [t —¢,t+¢] : t € [a,b]} = {V;} certainly covers
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A for all ¢ > 0. Since A is compact there exists a finite subcover V;, of A with total
volume < me for some finite constant m depending on c. ([

The countable union of measure zero sets has measure zero. Hence, if A is the
countable union of compact sets and each slice has measure zero then A has measure

zer0.3

Theorem 2.5 (Sard’s Theorem). Let U C R™ be open and f: U — R™ a smooth
map. The set of critical values in R™ has measure zero.

Proof. First we will show that the set of critical values, f(C), is the countable union
of compact sets. The function f is smooth. Hence, for any regular point, x, there
exists a neighbourhood V of x such that df is nonsingular on V. Hence, the set of
regular points C is open and consequently C'is closed. Therefore, C' can be written
as the countable union of compact sets. Therefore f(C') can also be written as the
countable union of compact sets since f is smooth and thus maintains compactness.

Next we will show that f(C) in fact has measure zero. The proof will proceed
by induction on n where n is the dimension of the open set U. Let P(n) be
the property that for U C R"™, f(C) ¢ R™ (m > 1) has measure zero where
C' = {critical points of f in U}. Since the image of a single point is a single point
this proves the base case for n = 0. Let C; be the set of critical points x such that
each partial derivative of order < i is equal to zero. Note that we get a Russian
dollof sets C D C1 D Cy---.

Step 1. f(C — C1) has measure zero. Let 2’ € C — Cq, then there exists
some 4 such that the partial derivative d; f,s is not equal to zero. Without loss of
generality suppose ¢ = 1. Define h : U — R" by h(z) = (fi(z),z2, - ,z,). Note
that dh,s is nonsingular. Therefore, by the inverse function theorem, h maps a
sufficiently small neighbourhood V' diffeomorphically onto an open set A(V) = V’.
Let g = foh™!, g will map V' onto R™. Furthermore the critical values of g are
precisely the critical values of f in the neighbourhood V. Equally, observe that
g(t,xe, - xn) = (t,y2, - ,ym) € t x R™~L C R™. Hence, g maps hyperplanes
into hyperplanes. Let g; : (t x R*™1) NV’ — t x R™~! denote the restriction of g.
By the inductive hypothesis g;(Cy, ) has measure zero where Cy, is the set of critical
points of g;. Furthermore, the derivative of g can be expressed in the following way:

li [%;;ﬂ

Therefore a point is critical for ¢ if and only if it is critical for g;. Hence, by Lemma
24, g(Cy) = f(VNC) has measure zero. By second countability, C' can be covered
by countably many open neighbourhoods V. This completes step 1.

Step 2. f(Cy —Cri1) has measure zero. Let 2’ € Cy, — Cy1, then there is some
partial derivative of order k + 1 which is not zero. Let t(z) = 0" f/0z;, -+ 24, ,, -
Then t(z') equals 0 but 9t/dx;, does not. Without loss of generality let iy = 1.
Then s(z) : U = R"™, s(x) = (¢(x), x2, - ,x,), maps a sufficiently small neighbour-
hood V diffeomorphically onto an open set s(V) = V’. Let g = fos~! mapping V'
onto R™. Note that s sends points in C NV’ to points of the form (0, z2, -+ ,x,)

3This theorem actually holds for any measurable set. Informally a measurable set, A, is such
that approximation of A by rectangles from the inside can be made arbitrarily close to the
approximation of A by rectangles from the outside.
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since t(x) vanishes on CyNV’. Therefore the set of C}, critical points for g is a subset
of 0 x R* 1. Let go : 0 x R"~ 1NV’ — R™ denote the restriction of g. By induction,
the set of critical values of go has measure zero in R™. Therefore f(Cy NV) has
measure zero. Since C}, is covered by countably many V' this completes part 2.

Part 3. f(C)) has measure zero for sufficiently large k. Let I C U be a closed
rectangle with each edge having length §. Since I is compact, Taylor’s theorem
tells us that f(z +h) = f(x) + Ry (z, h) where the remainder is bounded by c|h[k*?
(x) since all derivatives of order less than k vanish. At this point we want to
divide I into r™ rectangles of edge length d/r. Let I; be one of these subrectangles
which contains a point = in Cf. Then we can write any point in I; as x + h
with |h| < /n(d/r). From (x) we see that f(I;) is contained in a cube of edge
length 2¢((y/nd)/r) L. Hence f(Cy NI™) is contained in the union of at most 7"
cubes having total volume V' < 77 (2¢((v/nd) /r)F+1)P = (2¢(y/nd)k+1))P . pr=(k+1p,
Therefore, for n — (k+1)p <0, k+1>n/p, lim, o V = 0. Hence, f(Cr N I™)
has measure zero. Since C can be covered by countably many I,,, C} has measure
Zero.

Putting steps 1, 2 and 3 together gives us that f(C) = f(C - Cy)U f(C1 —Ca) U
-+ U f(Cr—1 — Ck) U f(Cx) has measure zero. O

It follows from Sard’s theorem that the set of regular values for a smooth map
f: M — N is everywhere dense in N.

3. WHITNEY’S EMBEDDING THEOREM

As we remarked in the introduction, every smooth m dimensional manifold can
be embedded in euclidean space. This result makes the intrinsic and extrinsic
notions of a smooth manifold somewhat equivalent. This section will be devoted to
a discussion of this result.

Definition 3.1. A function f : M — N is an immersion if for all z € M, df, :
TM, — TN, is injective. It is proper if the preimage of every compact set in IV is
compact in M. If furthermore f is injective then we say that f is an embedding.

The intuition as given in [2] is that proper maps send points near infinity to
points near infinity. However, for a compact smooth manifold M, every injective
immersion is an embedding: f~! : f(M) C N — M is well defined since f is
injective, moreover f~! is continuous hence it sends compact sets to compact sets.
Furthermore, f(M) is compact hence for all N C N compact N'Nf(M) is compact.
Hence, the preimage of every compact set N’ C N is compact.

The first basic embedding theorem is perhaps the most important. It states that
any smooth manifold (intrinsically defined) can be embedded in R™. Since we have
not developed such a view of smooth manifolds, we will only give a detailed sketch
of the proof here. To do so we will need to introduce the concept of a partition of
unity. This will let us extend locally defined diffeomorphisms to the entire manifold.

Definition 3.2. Let M be a smooth manifold and let O be an open cover? of M.
A partition of unity for M subordinate to O is a collection of smooth functions, ®,
defined in an open set containing M, with the following properties:

(1) For each z € M and p € @, 0 < p(z) < 1.

4Intrinsically this is a collection of open sets in a topological space, extrinsically this is a collection
of relatively open sets.
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(2) For each & € M there is an open set V' containing x such that all but
finitely many ¢ € ® are 0 on V.

(3) For each x € M we have }_ g4 ¢(7) = 1.

(4) For each ¢ € ® there is an open set U € O such that ¢ = 0 outside of some
closed set contained in U.

In [5] Lee proves that for any intrinsically defined M and any O such a partition
of unity exists. In [2] the same is proved for extrinsically defined manifolds. We can
now give a (sketch) proof of an embedding theorem for compact smooth manifolds.
The theorem in full generality asserts the following fact for any smooth manifold.

Theorem 3.3. Every compact m dimensional manifold can be embedded in RN for
N sufficiently large.

Sketch of proof. Let U = {U;}icr be an open cover of M such that each U; is
diffeomorphic to some V; C R™. Since M is compact we can assume the collection
U = {U,}ier is finite. Hence, we have a finite collection of charts {p;, U;} where
U; is an open set in M, and ¢; : U; — V; is a diffeomorphism. Let {m;}; be a
partition of unity subordinate to . Define @(z) = m(x)p(x) extended outside Uj;
to 0. Define the map f : M — RF™* swhere k is the number of elements in the
open cover U, by:

f(l’) - (()51(.’E), e a(ﬁk(p)awl(x)ﬂ e 77Tk('r))

From here the claim is that f is injective and an immersion.

Suppose f is not injective, then there exists x1 # x2 such that f(xz1) = f(z2).
In particular for all i, m;(x1) = m;(x2). However since the collection of 7; are a
partition of unity, for all 4, m;(x) > 0 and ), m;(x1) = >, mi(z2) = 1. Hence, there
exists j such that 7;(x1) = m;(z2) # 0. Furthermore m; vanishes outside of U;
since the partition of unity is subordinate to &. Therefore x; and x9 must both
be contained in U;. Furthermore, since f(x1) = f(z2), ¢;(x1) = ¢;(x2) which is a
contradiction since ¢; is a bijection.

Before we prove that f is an immersion, let us remark that we are not in any
ambient euclidean space. Hence, our usual notion of a tangent vector will not
suffice. Instead the tangent space is the space of all derivations® on M. With this
in mind let us recommence the sketch. Let V' € T'M,,, then by the product rule:

dfz(V) = (V(m)er(@)+m(2)V (1), -+, Vimw)on (@) +me(@)V (or), V(m), -, Vime)

The function V(-) : C*°(M) — R is a derivation. However, it can be thought of
as applying the directional derivative of a geometric tangent vector V to f. In
this case V(m1) = dym;. By definition, df,(V) = V(f) where V is a derivation
belonging to the tangent space of x. If df, (V) = 0 then V(m;) = 0 for all i. Hence
m1(2)V (¢i) = 0 since V (m;)pi(x) + mi(2)V (i) (V) =0 =0+ m(x)V(p;). Since m;
is a partition of unity there exists ¢ such that m;(x) # 0 hence dy;_ (V) = V(p;) = 0.
But ¢ is a diffeomorphism hence V' = 0. This completes the sketch of the proof.

5A derivation is a linear function from the set of all smooth functions on M to R, X : C°°(M) — R,
which obeys the product rule. Derivations in general will be talked about more later when we
discuss vector fields. For now let us assume that they act analagously to tangent vectors as we
know them - in fact there is a natural correspondence between any geometric vector v and a
derivation by taking the directional derivative of f.
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The second type of embedding theorems give estimates on how many dimensions
are needed to ensure the embedding of a smooth manifold. For example the Torus
(S! x S') and the 2-Sphere can be realized in three dimensional euclidean space.
But, in general, how large a space ensures that we can embed any smooth m-
manifold? These next results due to Whitney give us an answer. Again we will
prove the case where M is compact. To do so we will need to introduce the tangent
bundle.

Definition 3.4. The tangent bundle of a manifold M C R is defined as TM =
{(z,v) € M xRN :v € TM,}.

Theorem 3.5. Fvery m dimensional manifold can be tmmersed injectively in
R2m+1

To give some intuition as to why this should be true, consider the self-intersections
of an m-manifold. There are two m dimensional components. One extra dimension
should allow us to pull these pieces apart by pertubring one of them slightly. For
example, two intersecting lines cannot be readily pulled apart in R? but can very
easily be pulled apart in R3. Hence it would seem that 2m + 1 should suffice to
immerse any manifold injectively into euclidean space. Howeverm, the formal proof
we shall give will not follow this intuition. Instead, we will take advantage of Sard’s
Theorem.

Proof. Let f : M — R¥ be an injective immersion with N > 2m+1. Let H, be the
orthogonal complement of the vector a € RY defined as H, = {b € RY : (a,b) = 0}.
H, has dimension N — 1. Define a function h : M x M x R — R by h(z,y,t) =
t(f(z) — f(y)). Define a second function g : TM — RY by g(x,v) = df,(v).

Observe that - by definition - any point, 2z, not in the image of a function f is a
regular value. This is because f~!(z) is a subset of the set {x : df, is nonsingular}.
In particular f~!(z) is the empty set.

We assume that N > 2m + 1. Hence, for h and g their images are entirely made
up of critical values. But then, Sard’s theorem says that the set of critical values of
h and g have measure zero in RY. Therefore g(Cy) Uh(C) has measure zero. This
implies that the set of points not in the images of h and ¢ are dense in RY. Pick
such a point a. Let m be the projection of RY onto the orthogonal complement of
a. We claim that mo f : X — H, is injective. Secondly we claim that 7 o f is an
immersion.

Suppose 7 o f is not injective. Then there exists z,y with x # y such that
mo f(x) = wo f(y). Hence by the linearity of 7, f(x)— f(y) = ta. Since f is injective
f(x) # f(y) hence t # 0. But then, h(z,y,1/t) = a which is a contradiction since
we assumed @ was not in the image of h.

Suppose 7o f is not an immersion. Then there exists a vector v € T'M,, such that
d(mo f)z(v) = 0. Since 7 is linear the chain rule says d(7 o f).(v) = d7m s dfz(v) =
7o dfy(v) = 0. Hence df,(v) = ta for some t € R. Because f is an immersion ¢ # 0
since v # 0. But then, g(xz,v/t) = a which is a contradiction since we assumed a
was not in the image of g. ([

As we have already remarked, for a compact manifold, an injective immersion is
an embedding. Hence, this proves Whitney’s embedding theorem in the case where
M is compact. Furthermore, the setup of the proof of theorem 3.5 allows us to
prove straightforwardly the following result.
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Theorem 3.6. Every m dimensional manifold can be immersed in R?™

Proof. Let h and g be the same as from the proof of Theorem 3.5. The domain of h is
of dimension 2m+1 and the domain of g is of dimension 2m. Hence for 2m+1 < N,
dh; and dg, fail to be surjective. However for N = 2m + 1 only dg, fails a priori to
be surjective for all z in the domain of g. Hence every point x in the domain of g
is critical. But, Sard’s Theorem states that the critical values of a smooth function
have measure zero. Pick a point a not in the image of g. Theorem 3.5 tells us that
we can find an injective immersion of M into R?"*!. Let f be such an immersion.
Let 7 be the projection onto the orthogonal complement of a. We claim that mo f
is also an immersion. Now, suppose that 7 o f is not an immersion, then there
exists v € T M, with |v| # 0 such that d(mo f).(v) = dm s dfs(v) = modfe(v) = 0.
Hence g(z,v) = df,(v) = ta. This is a contradiction since we assume that the set
of such a is measure zero. (I

From here a proof of one of Whitney’s main theorems can be given quite easily.
It states that every m dimensional manifold can be embedded in R?™*+!. However
the argument is so similar to the previous two that we will omit it. The proof
can be found in [2]. The proof follows the same general strategy: First one proves
that for any manifold there exists a proper map f : M — R. From there one uses
a partition of unity to construct a function from M to R?™*+2. The orthogonal
complement moves us down to dimension 2m+ 1. Lastly, Sard’s theorem allows the
selection of a certain point a in the codomain to derive a contradiction and prove
the result.

It is in fact possible to do even better than 2m + 1. After considerable work
Whitney proved that every m dimensional manifold can be embedded in R?>™ and
immersed in R2™~1,

4. Basic HoMoToPYy

We are now ready to embark upon a discussion of the culminating results of this
paper. However, before we do so we will need to introduce some basic concepts
concerning homotopy and homotopy type. Generally speaking these concepts for-
malize the intuition of a continuous deformation of a function to another function
and the continuous deformation of a manifold.

Definition 4.1. Let X € R™ and Y C R™. Two functions f,g : X — Y are
smoothly homotopic, f = g, if there exists a smooth function F : X x [0,1] = YV
such that:

F(I,O) = f(x)a and F(SC, 1) = g(gj)

Think of the smooth evolution over a period of time between f and g by F. At
time 0 we have f and at the end of a smooth process at time 1 we have g. If there
exists such an F then f = ¢g. If we only require the deformation be continuous
then f is homotopic to g, f ~ g. Note that (smooth) homotopy is an equivalence
relation. If f is a diffeomorphism smoothly homotopic to g and for each t, F(x,t)
is a also a diffeomorphism from X to Y, then we say that f is smoothly isotopic to
qg.

Definition 4.2. Two manifolds M, N are of the same homotopy type if there exist
continuous functions f : M — N and g : N — M such that go f ~ Idy and
fog~Idy.
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A special type of homotopy equivalence is the smooth flow of a manifold M onto

a subspace A which leaves A pointwise fixed.

Definition 4.3. A continuous function F : M x [0,1] — M is a deformation retract
of a space M onto a subspace A if, for every z in M and a in A:

F(z,0) =z, F(z,1)€ A andforallt F(a,t)=a

5. MORSE THEORY

Morse theory, at least for our purposes, describes a series of insights into the
structure of smooth manifolds from the behavior of certain smooth maps on these
manifolds. To give some intuition as to what this entails practically it is useful to
consider a motivating example. The classic example as given in [4] is that of the

height function on a torus.

N

FIGURE 2. Torus with critical points u, v, w, z.

Let h : M — R give the height of a point above the plane. Then there are
four critical points u,v,w, z for the function h. Let M, denote h~!(—oo,p]. Then
M, = 0 for a < h(u). My is a bowl for h(u) < b < h(v). M. is a cylinder for
h(v) < ¢ < h(w). My is a torus with a bald patch for h(w) < d < h(z). Finally, for
any point e > h(z), M. is simply the full torus.

FiGURE 3. M, with a 0O-cell homotopy equivalent to Mj,.

Let the index of h at a point p denote the dimension of the largest subspace
of T M, such that h is decreasing on that space. Think of the greatest number of
directions which would allow you to walk downhill on the torus. At u, for example,
the index of h is 0 since there is no direction which decreases h. Note that the
bowl, Mj, can be smoothly deformed to the empty set, M,, attached to a 0-cell,
i.e. a point.



MORSE THEORY FROM SCRATCH 11

N

FIGURE 4. M, with a 1-cell homotopy equivalent to M,

Similarly we see that the index of h at u and v is one. There is only one direction
in which h is decreasing at each point. Accordingly we see that we can progress
from one prior section of the torus to the next by attaching 1-cells.

F1GURE 5. M, with a 1-cell homotopy equivalent to My.

Finally, at z the index of h is 2 since moving in any direction decreases h, and
once again we see that by attaching a 2-cell to M, we obtain the full torus. In this
way the behavior of the height function h at its critical points tells us everything
about its underlying domain. As we move upwards we are able to “generate” the
full torus simply by adding a k cell every time we reach a critical point with index k.
The objective of the results we shall ultimately prove is to generalize this example.
In fact, what we have just seen holds true for any manifold and any sufficiently
well-behaved smooth function on it. To this end we should make clear exactly
what type of smooth functions work for our purposes. First we must develop some
concepts related to vector fields.

Definition 5.1. A smooth vector field is a smooth map V : M — T'M such that
forall z € M, V(x) € TM,.

Think of a smooth vector field as attaching an arrow belonging to the tangent
space to each point in the manifold. When we apply a vector field to a function,
V(f), we denote the directional derivative of f in the direction given by V. The
Lie bracket is defined as [V, W],(f) = V(W(f)) — W(V(f)) where W and V are
vector fields. In [5], Lee proves that the Lie bracket defines a smooth vector field.
Lee also proves that for every vector V there exists a smooth vector field V such
that V(p) = V. Together with the idea of a vector field and the tangent space is
the notion of a derivation. A derivation at a point a € R™ is a linear map from
the set of smooth maps on R™ to R which satisfies the product rule. The set of
all derivations on C*°(R™) at a is denoted by T, (R™). Due to the linearity of the
derivation, the set of all derivations is a vector space. As we have remarked, the
intrinsic definition of the tangent space, T'M,, is given as the set of all derivations
on C*°(M). The following proposition which is proved in [5] allows us to easily
express any derivation, in particular any directional derivative of f.
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Proposition 5.2. For any a € R", the set of n derivations:

0,0

8%1 as ,833” a
Form a basis for T,(R™), where:

0 _of

5olalh) = 5o (a)

Usually for a smooth function, f : R™ — R, we think of the Hessian of f at a
as the n x n matrix of second partial derivatives, { %(a)}. There is however
another useful notion of the hessian of f at a critical pé)int p. As a symmetric
bilinear function, the Hessian of f at a critical point p is defined as f..(V,W) =
V(W (f)), where V and W extend a pair of tangent vectors V and W. Note that
Vo (W(f)) = W,(V(f)) since [V, W], (f) = 0. But then, since W, = W and V,, = V,
the Hessian is independent of our choice of extensions. Furthermore by proposition
5.2, we see that the Hessian can be expressed as follows:

- n an

,J

The Hessian also allows us to make rigorous what we mean by the index of a
function at a critical point.

Definition 5.3. The indez of f at a critical point p is the maximal dimension of
a subspace V' C T'M,, such that the hessian is negative definite on V.

We can now begin to talk more meaningfully about Morse Theory and introduce
the Morse function.

Definition 5.4. A point a is a nondegenerate critical point of a smooth function
f:R™ — R if the Hessian of f at a is nonsingular. A smooth function f: M — R
is a Morse function if f has only non-degenerate critical points.

Of course a priori it is not obvious that such functions even exist. The following
lemma however suggests the existence of a large class of Morse functions. Let
U C R” be open. Let f: U — R be any smooth function. Define f, = f + a121 +

-« + apxy, for some fixed a € R™.

Lemma 5.5. Let U be an open set in R™. For almost every a € R™, f, is a Morse
function on U.

Proof. Let g : U — R™ be given as g(x) = (g)—i, cey az L. Then dfa,, = 9(p) + a.
Hence p is a critical point of f, if and only if g(p) = —a. Furthermore, f and f,
have the same second partial derivatives. The n x n matrix of partial derivatives
for f is equal to dg,. Suppose —a is a regular value for g, then ¢’(p) is nonsingular
for all p such that g(p) = —a. But Sard’s theorem implies —a is a regular value for

g for almost every a. O

The next theorem states the same result for a function f : M — R. However, it
has a somewhat lengthy proof and would distract us from the crux of this section.
Hence, it has been omitted but can be found in [2]. The previous lemma however
should provide some comfort that Morse functions are not difficult to come by.
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Theorem 5.6. For any function f: M — R, and for almost every a € R™, f, is
a Morse function on M.

We will now prove an important result in Morse Theory, the Morse Lemma.
This result characterises the behaviour of smooth functions around nondegenerate
critical points. But, before we can do so however we need the following little lemma.

Lemma 5.7. Let f be a smooth function in a convex neighbourhood V' of 0 in R™,

with f(0) = 0. Then there exist smooth functions g; on V with g; = %(O) such

that f(z) =" | zigi(z).

Proof. By the fundamental theorem of calculus f(z) = [; Ldf (tT)

dt Furthermore

by repeated application of the chain rule, 01 it tm)dt = fo " Bw tz) - x;dt,

(Theorem 2.9 in [3]). Therefore we can let g;(x) = 01 g—fi(t:r). O

Lemma 5.8 (Morse Lemma). Let p be a nondegenerate critical point for f : M —
R. Then there is a local system of coordinates (x1,...,%Ty) in a neighbourhood U
of p with x;(p) = 0 for all i such that f = f(p) —af — - — a3+ 23, + -+
where X\ is the index of f at p.

Proof. Firstly, note that if such an expression for f exists A must be the index of
f at p. The index is defined as the dimension of the subspace on which the hessian
is negative definite. The matrix of partial derivatives for f in local coordinates is:

-2,

—2\
211

2

From this we can see that A\ simply is the dimension of the space on which the
hessian of f at p is negative definite. Hence, A is the index.

Without loss of generality let p = 0 and f(p) = 0. Then, by Lemma 5.7 we can
write f as > i, @;9;(x). Furthermore, the j* partial derivative g;(0) = 57’;(0) =0
since p = 0 is a critical point. Therefore by Lemma 5.7 we can express g; similarly.
Hence f = Z” 1%:x5hs;. By taking second partial derivatives at 0 we see the
Hessian is equal to {2h;;(0)}. In particular since f is smooth this implies that
D;;f = Dj; f hence the matrix is symmetric. Moreover, it is nonsingular since 0 is
a nondegenerate critical point.

We will prove that the desired expression for f exists by induction. Surely
for the first 0 terms we’re fine so we can just go straight to the interesting part.
Suppose for the first 7 < n terms we have local coordinates such that f = +u? +

ol + ZZ]’ZT u;u; Hi; in a neighbourhood of 0 with H;; symmetric. Without
loss of generality let H,.. # 0 and define g(uy,...,u,) = \/|Hm,(u1, ..oyup)|. The
function g is nonzero at zero and smooth hence it is nonzero on some neighbourhood
U’ of zero. Define a new system of coordinates by v; = u; for 1 # r and v, =
glu, - up)(ur + ZZ;T u;Hy /Hy ). We need to check two things to see that v;
is a satisfactory system of coordinates: one, they must be diffeomorphisms of some
neighbourhood of 0; second, they must satisfy the desired expression. For all i # r,
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v; = u; so we just need to check v,.. By taking the derivative of v, we see that,
by the Inverse Function Theorem, v, is a diffeomorphism of some sufficiently small
neighbourhood of 0. To check the second part note that:

n
v? = (g (up+ Y uiHip/Hp))? = ul|Hpp| + 229 uTul ( Hm )

P> i>r i>r

(3t = 3wt <z">

h,j2r L,j>r i>r
n n
2 r rr
v; Z uuj Hyj — (ZWT> =+ Z u;uy Hyj
©,J>T >r 1,j2>T
We assume from our inductive hypothesis that f = tuf+- - -tu2_;+>" > Wit Hij.

Hence, we obtain the following expression for f:

2 2 2 ir rr
f = :|:’U1 + ... :|:’UT_1 :t’UT iZZ uinHij + (Z’LMT)
,J>r 1>T
= ivf R vf_l + 113 + Z viij{j(vl, Ce )
i,5>T
Squaring v, kills extra terms. Then we are left with only v? along with some
symmetric higher order terms which contribute to a new H{j This completes the
induction and proves the lemma. (I

As a corollary to this lemma we see that in a small neighbourhood of p, the de-
rivative of f is nonsingular only at p. Hence, non-degenerate critical points are
isolated.

Before we begin the proofs of the main results from this section, we must quickly
discuss the relation between a vector field and a family of diffeomorphisms.

Definition 5.9. A one parameter group of diffeomorphisms of a manifold M is a
C* map ¢ : R x M — M such that:

(1) For every t € R the map ¢; : M — M is a diffeomorphism from M to
itself, where ¢;(x) = ¢(t, ) for a fixed ¢.
(2) For every t,s € R we have pi15 = 1 0 @5

A one parameter group of diffeomorphisms defines a vector field X on M as follows.
Let f : M — R, then X,(f) = limj,_o M. We say X generates the group
¢. The following uniqueness result is proved by Milnor in [4]. We state it here
without proof.

Lemma 5.10. A smooth vector field on M which vanishes outside some compact
K C M generates a unique one parameter group of diffeomorphisms on M.

Normally one defines the gradient of a function by means of an inner product.
On a manifold however we will need something only slightly more sophisticated.
Namely, we will need a family of them, one for each tangent space. Such an object is
called a Riemmanian metric and is of great importance generally. For our purposes
however we will only see it briefly in the proof of the next theorem.
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Definition 5.11. A Riemannian metric, on a smooth manifold is a smoothly evolv-
ing family of inner products, <, >,: TM, x TM, — R, on each tangent space. The
condition of smoothly evolving requires that the mapping

P < Vp, W, >,
is smooth for any vector field V and W.

Theorem 5.12. Let f : M — R be smooth. Let a < b and f~*[a,b] be compact
and contain no critical points of f. Then M, is diffeomorphic to My. Furthermore,
M, is a deformation retract of Mp.

The fact that f~![a, b] contains no critical points means the gradient of f vanishes
nowhere. This allows us to construct a vector field X which flows with speed 1 down
the level sets of f. Consequently, the group of diffeomorphisms generated by X will
allow us to map M; into M,.

Proof. Pick a Riemannian metric on M. The gradient of f, gradf, is defined by
the identity < V,gradf >= V(f). Let h : M — R be a smooth function with

h = m on f~1[a, b] which vanishes outside of some compact C' containing

f~a, b]. Observe that h is well defined since f~![a,b] contains no critical points.

We can now construct the vector field X by the identity X (q) = h(q) gradf(q).
Since X vanishes outside of C' we can apply lemma 5.11 and obtain a 1-parameter
group of diffeomorphisms, ¢; : M — M. Fix ¢ € M and consider the function
g: R — R given by the rule g(t) = f(:(q)). Then, if ¢;(q) € f~a,b] :

df(‘Pt(Q)) < d@t(Q)

ygradf >=< X, gradf >

dt dt
By the linearity in the first argument:
df (p1(q)) 1
—— =< X, gradf >= : d df >=+1
7 < X,gradf > < gradf, gradf > < gradf,gradf >= +

Hence ¢ is linear with derivative (speed) 1 on [a,b]. Furthermore, if we choose h
wisely we can make sure g is nondecreasing everywhere with speed at most 1 (x).
We now want to show that pp_o(M,) = M. Let ¢ € M,, then by (x),
flor—a(q)) < f(q) +b—a < b. Therefore, pp_q(M,) C M. Now let p € M.
If p € M, then definitely ¢, 4(p) € My. If p € My — M,, then o ¢ (p) € M,.
Hence, 0a—u(p) = ©5(p)—b(Pa—s(p)(P)) € M,. By definition ¢, = ¢; ", hence
go{_la(Mb) C M,. Therefore, My C vp—q(M,). Hence M, is diffeomorphic to M,.
Finally, consider the following collection of one parameter maps, r; : My — M.

rt(q) — q if f(Q) <a
Pra—flan(@) a<flg<b

Since for a < f(q) < b, g has unit speed we see that r1 maps M, — M, to a whilst
fixing M,, and rq is the identity. Hence M, is a deformation retract of M. ([
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Theorem 5.13. Let f : M — R be a smooth function, and let p be a nondegenerate
critical point with index \. Let ¢ = f(p) and suppose that f~i[c —e,c + €] is
compact and contains no critical points other than p for some € > 0. Then for
e > 0 sufficiently small, M.y has the same homotopy type as M._. with a \-cell
attached.

Proof. By applying the Morse lemma we obtain an expression for f of the form
f=c—ui—- —uf+ui,; + - +uZ in aneighbourhood U of p. Choose ¢ > 0
sufficiently small such that:
(1) f~'[c—e,c+ €] is compact and contains no critical points other than p.
(2) The system of coordinates from U to R™ contains the closed ball of radius
\/% in its image.
Let e* be the set of points in U with such that u% + -4 ui < e with uxy1,...,up
equal to 0. On e*, f given by the expression f = c—uf—- - —ui +ui 4+ +ud =
f=c—uf—---—u3 >c—e and is precisely equal to ¢ — ¢ on the boundary where
u? + -+ u3 = . Hence, e intersects M at exactly de*. Therefore, e is a
A-cell attached to M“~¢. The situation for the torus is pictured below:

=2

FIGURE 6. M,_, is shaded in pink and attached to e*

We now want to define a new function, F', which equals f everywhere except on
a small neighbourhood around p. In this neighbourhood we want F' less than f.
We will then prove F~!(—o0,c — ¢) is a deformation retract of F~1(—o0,c+¢) =
fY(—o0,c+e).
Define F' : M — R as follows. Let p : R — R be a " function satisfying the
conditions that:
(1) pu(0)>e.
(2) p(r) =0 for r > 2e.
(3) =1 < p/(r) <0 for all r.
Let F = fnot on U and let F = f — p(uf 4+ -+ +u +2u3,, + - +2u?) on U.

Observe that F' is smooth. For convenience’s sake let & = u} + --- + u3 and let
v=uj, +-Fus. Then,on U, f=c—&+vand F=c—&+v—p(é +2v).

We claim that F~1(—oo, ¢ + €] agrees with M*¢ = f~1(—oc0, ¢+ ¢]. Within the
set of u such that £ +2v < 2¢ we have that F < f=c—§+v < c—&-%ﬁ—i—y <c+te.
Since outside of this set F' = f this proves the claim. We further claim that the
critical points for F' are the same as those for f. First note that:

oF OF

A =-1-p(£+2v) <0 and %:1—2;/(5—!—2” >1 (%)

As a linear map, theorem 4.7 in [3] tells us that dF = %—gdf + %—fdu where d¢ and
dv are tangent vectors. Hence, from (%) we see that dF' = 0 only when d¢ = dv =0
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since %—Ig and %—‘Z are nonzero everywhere in this region. This proves the claim.

Now consider F~![c — &,c+ ¢]. By our previous claim and the fact that F' < f
we have that F~l[c —e,c+¢] C f7[c —&,¢+ ¢]. Therefore this region is com-
pact. Furthermore it does not contain any critical points except maybe p. However,
F(p) = ¢— p(0) < ¢ —e. Hence, p ¢ F~1[c — ¢, c+ €] Therefore this set does not
contain any critical points. Since F~![c—¢, c+¢€] is compact and contains no critical
points we can apply the previous theorem to conclude that F~!(—oc, c—¢] is a defor-
mation retract of F~1(—o0,c+e] = M.1.. Let us denote the region F~!(—o0,c—¢]
by M._. U H where H is equal to the closure of F~!(—o0,c —¢] — M._.. In the

case of the torus the situation is shown below:

(A) M. .U €>\ (B) M. .UH

We will now show that M,._. Ue* is a deformation retract of M._. U H by an
explicit construction. Recall that e* consists of all the points ¢ with £(¢q) < e and

v(q) = 0. Furthermore note that e* C H. Equally, since %—? < 0, we have that

F(q) < F(p) < ¢ —e. Whereas, f(q) > c—¢cforqge e Letr,: M, . UH —
M._. U H be the identity outside U. Within U let r; be given by these 3 cases:
(1) Within the region £ < e let re(ug,...un) = (Ur ..., uxn, U F1, .- -, TUR).
Then r; is the identity and 79 maps this region onto e*. Furthermore, 7, is
the identity on e* for all t. Equally, r,(F~!(—o0,c—¢]) C F~!(—o00,c — €]
since %—5 > 0.
(2) Within the region e < & < v + ¢ let r; be given by the transformation:

€—e\1/2
re(Up, .. Up) = (U1 ..., Ux, StUNFL, - - -, StU,) Where s :t+(1ft)( > ) € [0,1]

Once again 7 is the identity and r; is the identity on e*. Furthermore, 7
maps this region onto f~1(c —¢).
(3) Within the region v + ¢ < £ which is simply M._. let r; be the identity.
Hence M, . Ue?* is a deformation retract of F~!(—oco, c— ¢] which is itself a defor-
mation retract of M<*¢. This completes the proof. O
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