UNIQUE FACTORIZATION OF IDEALS IN A DEDEKIND
DOMAIN

XINYU LIU

ABSTRACT. In abstract algebra, a Dedekind domain is a Noetherian, inte-
grally closed integral domain of Krull dimension 1. Parallel to the unique
factorization of integers in Z, the ideals in a Dedekind domain can also be
written uniquely as the product of prime ideals. Starting from the definitions
of groups and rings, we introduce some basic theory in commutative algebra
and present a proof for this theorem via Discrete Valuation Ring. First, we
prove some intermediate results about the localization of a ring at its maximal
ideals. Next, by the fact that the localization of a Dedekind domain at its
maximal ideal is a Discrete Valuation Ring, we provide a simple proof for our
main theorem.
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1. BAsSIC DEFINITIONS OF RINGS

We start with some basic definitions of a ring, which is one of the most important
structures in algebra.

Definition 1.1. A ring R is a set along with two operations + and - (namely
addition and multiplication) such that the following three properties are satisfied:

(1) (R,+) is an abelian group.

(2) (R,-) is a monoid.

(3) The distributive law: for all a,b,c € R, we have (a+b)-c=a-c+b-c, and
a-(b+c)=a-b+a-c

Specifically, we use 0 to denote the identity element of the abelian group (R, +)
and 1 to denote the identity element of the monoid (R, -). In particular, R is called
a commutative ring if we have a-b=1>0-a for all a,b € R.

Note that in this paper, we consider commutative rings mostly. Given a com-
mutative ring R, below we give the definitions of a module and an ideal of R.
1
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Definition 1.2. Let R be a commutative ring. M is called a module over R, or a
R-module, if M consists of an abelian group (M, +) and an operation - : RxM — M
such that for all r,s € R and z,y € M, the following four properties hold:

(1) r ($+y):T-$+T-y

(2) (r+s)-z=r-z+s-x

(3) (rs) -z =r-(s-x).

4 1-z=z
Example 1.3. Given a commutative ring R and its addition and multiplication
operations, it is easy to see that R itself is a R-module under the same two oper-
ations. According to the properties of a ring structure, all of the four conditions
above are satisfied.

Now we introduce the following definitions to simplify the notations.

Definition 1.4. Let S and T be subsets of a commutative ring R. The sum of .S
and T is defined by S +T ={s+t:seS,teT}, and the product of S and T is

defined by ST—{ZSH S1,892,+ ,8n € S,t1,ta,- -+ ,t, € T,n € N}. Similarly,

we can also define the sum of an element and a set by s+ 7 = {s+t:t € T},
where s € S.

Definition 1.5. Let R be a ring and M be a R-module. If there exists a finite
number of elements ¢, ca, -+, ¢, € M such that for all elements m € M, it can be
written as m = ajic; + ascs + -+ - + ay,c, for some ay,as, - ,a, € R, then M is
called finitely generated, and ¢y, ca,- -+ , ¢, are called the generators of M.

Using the concept of modules, we can further define the ideal of a ring and the
quotient ring.

Definition 1.6. Let R be a commutative ring, then I is called an ideal if I is a
R-submodule of R. (i.e. (I,+) is a group and IR C I) In addition, I is called
proper if I is an ideal such that I # R.

Definition 1.7. Let R be a ring and I be an ideal of R. Then the quotient ring
R/I is defined as:

R/I={r+1:r€R}
The addition operation +: R/I x R/I — R/I maps (r+1,s+1I) to (r+s+1), and
the multiplication operation X : R/I x R/I — R/I maps (r +1,s+1I) to (rs+1).
For simplicity, we use [r] to denote the set r + I.

It is easy to check that the two operations in Definition 1.7 are well-defined and
that the set R/I forms a ring under these two operations.

Definition 1.8. Let R be a commutative ring and I be a proper ideal of R. [ is
called a prime ideal if for any two elements a,b € R such that a x b € I, we have
a€elorbel.

Definition 1.9. Let R be a commutative ring and I be a proper ideal of R. [ is
called a maximal ideal if the only ideals P such that I C P are [ itself and R.

The proposition below guarantees the existence of a maximal ideal of any ring

R.
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Proposition 1.10. For any commutative ring R, there exists a mazximal ideal
I CR ofR.

Proof. Zorn’s Lemma states that, given a partially ordered set such that every chain
has an upper bound, there exists at least one maximal element. Let Z be the set
of proper ideals in R and define the partial order < on two ideals I7, I5 € 7 as:

L <L&e I Cl

By Zorn’s Lemma, it suffices to show that, given any sequence of ideals I} < Is <
-+, an upper bound of the sequence U = I; U I, U --- is a proper ideal. Since
1 ¢ U, we know that U # R, so we only need to prove that U is an ideal.

First, it is easy to check that (U, +) is a group. In fact, for any x,y € U, there
exists a sufficiently large natural number N such that x,y € Iy. Due to the fact
that Iy is a group and thus additively closed, we have x +y € Iy, so x +y € U.

Second, we need to prove that UR C U. For any u € U and r € R, there exists
a sufficiently large natural number N such that u € Iy. Since Iy is an ideal, we
have INR C In, so u x r € Iy, and hence v x r € U. This suggests that UR C U.
Therefore, the maximal ideal always exists. (|

Last, we give three equivalent definitions of a Noetherian ring and eventually the
definition of Krull dimension of a commutative ring.

Definition 1.11. Suppose R is a commutative ring. R is called a Noetherian ring
if there is no infinite ascending sequence of ideals in R.

Theorem 1.12. The following three statements are equivalent:

(1) A ring R is Noetherian.

(2) For every chain of ideals Iy C Iz C --- in R, there exists a mazimal element
Iy (N €N). (i.e. for all natural number n > N, we have I, = Iy )

(3) Every ideal of R is finitely generated.

Proof. First, it is easy to see that (1) implies (2). In fact, suppose that R is a
Noetherian ring. By definition, there does not exist an infinite ascending sequence
of ideals. Let U = I; C I C --- and assume that U does not have a maximal
element. Then for any element of the sequence I,,,, we can find a natural number
ng > ny such that I,, C I,,. Repeating this process, we are able to construct
an infinite sequence of ideals I,,, C I,, C ---, where n; < ng < ---. Thisis a
contradiction.

Second, (2) also implies (3). Suppose we have an ideal I that is not finitely
generated, and we label the elements in I as aj,as,---. Consider the set of ideals
such that I is generated by aq, I is generated by a; and as, ------ , I, is generated
by a1,as3,-- ,a,. Then we have I; C I, C --- C I, C ---. However, since the ideal
I is not finitely generated, the sequence does not contain a maximal element, which
is a contradiction.

Last, we prove that (3) implies (1). Suppose that all ideals are finitely generated,
and consider a set of ideals Iy C I, C --- C I, C --- and their union U =
LUlLU---UIL,U---. We have shown previously in Proposition 1.10 that U is
a proper ideal, and is thus finitely generated by a set of elements aq,ag, -, an.
Notice that I; C Iy C ---, so there exists a natural number N such that Iy is
generated by ai,as,- - ,a,. Hence Iy = U because they are generated by the
same set of elements. It follows that R is Noetherian since there is no infinite
ascending sequence of ideals in R. (]
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Definition 1.13. Let R be a commutative ring. The Krull dimension of R is the
largest non-negative integer n such that there exists a chain of prime ideals of R
Iy C I C--- C I, If for any n € N, there exists a chain of n + 1 prime ideals of
R under inclusion, then R has infinite dimension.

2. LOCALIZATION

Localization is a concept in commutative algebra that introduces the denom-
inators to rings and modules. Before defining localization, we first introduce an
equivalence relation, which is denoted by ~:

Definition 2.1. Given a ring R, let D be a subset of R that is multiplicatively
closed (i.e. for any a,b € D we have ab € D). Given a,a’ € R and 5,8’ € D, an
equivalence relation ~ on R x D is defined by:

(a,s) ~ (a',s') & si(as’ —a's) = 0 for some s; € D

Note that ~ is a well-defined equivalence relation since we are able to check that it
is reflective, symmetric and transitive.

Definition 2.2. Let R be a ring and let D C R be a multiplicatively closed set.
The equivalence class containing the pair (a, s) (a € R, s € D) is the set of all pairs
(a’,s") (' € R,s" € D) such that (a,s) ~ (a/,s"), which is denoted by [a, s] or %.
We define addition and multiplication on the equivalence classes by the following
two formulas:
[a,s] + [d',s'] = [as’ + d's, s§']
[av S] ’ [a/a SI] = [a’alv SS/]

Definition 2.3. Let R be a ring and let D C R be a multiplicatively closed set.
Then the 7ing of fractions, denoted by D! R, is defined on the set D' R = {[a, 5] :
a € R,s € D} with the addition and multiplication operations defined in Definition
3.3.

The following two examples of localization are important in commutative algebra.

Example 2.4. Let R be a ring and f be an element of R such that for any positive

integer n, f™ # 0. Consider D = {1, f, f2, f3,---}, which is a subset of R. It is

easy to see that D is multiplicatively closed, so the localization of the ring R at the
R[t]

element f can be written as D~'R = 7=, which is also denoted as R[f '], or Ry.

Example 2.5. Let R be a commutative ring, P be a prime ideal of R and let
D = R — P. We first show that D is a multiplicatively closed set. In fact, suppose
by contradiction that there exists a,b € D such that ab ¢ D. Then by the definition
of set substraction, we have ab € P and a,b ¢ P. However, this is impossible since
P is a prime ideal. Hence D is multiplicatively closed, and we can then define the
ring of fractions D! R (which is also denoted Rp) based on R and D. For example,
if R=7 and P = (p), then

DR = {% €Q:pfhb}
The ring of fractions Rp is called the localization of R at P.
Finally, given the concept of localization, we can define a local ring.

Definition 2.6. Let R be a commutative ring. R is called a local ring if it has a
unique maximal ideal.
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Below we give two examples of a local ring.

Example 2.7. A field F' is a commutative ring such that:
(1) 14£0.
(2) F — {0} is a group under multiplication.
In fact, for any field F, the maximal ideal is {0}, so F' is a local ring.

Before giving another example of a local ring, we first introduce a theorem that
considers a map from R to Rp for a ring R and its prime ideal P.

Theorem 2.8. Let R be a commutative ring and let P be a prime ideal of R. Let
m: R — Rp be the map that sends T € R into T € Rp. Let I be an ideal in R, and
then w(I)Rp (the extension of I to Rp) is an ideal in Rp. In addition, let J be an
ideal in Rp, and then ©7=1(J) (the contraction of J to R) is an ideal in R. Given
these definitions, we also have w(r~1(J))Rp = J.

Proof. First, given an ideal I C R, we have w(I) C Rp. By Definition 1.4, we
can write 7(I)Rp = {z - [r,s] : x € n(I),r € R,s € P}. By Definition 2.2, given
two elements x - [r1, $1],x2 - [re,s2] € w(I)Rp, their sum is equal to [x17152 +
X9r981, 8182, which is another element in w(I)Rp. Hence, m(I)Rp is additively
closed. Additionally, given elements [m,n] € Rp and z - [r,s] € w(I)Rp, their
product is equal to ma - [r, ns], which is also an element in w(I)Rp. It follows that
Rpn(I)Rp C w(I)Rp. Based on these two facts, 7(I)Rp is an ideal. Likewise, let
J be an ideal in Rp, we can also prove that 7=1(.J) is an ideal of R.

To prove that m(7=1(J))Rp = J, we first notice (7~ 1(J))Rp C J, so it suffices
to show that the reverse inclusion also holds. In fact, for any element [a,b] € J,
we have [b,1] - [a,b] € J, so [a,1] € J and hence a € 7~ !(J). This implies that
[a,1] € m(7=1(J))Rp by the definition of our mapping. Since [1,b] € Rp, we
have [a,1] - [1,b] € w(x=Y(J))Rp, so [a,b] € n(771(J))Rp. It follows that J C
7(7~(J))Rp, and hence (7~ 1(J))Rp = J. O

Example 2.9. Let R be a ring and P be a prime ideal of R. Then Rp is a local
ring, and PRp is the maximal ideal of Rp.

Proof. By Theorem 2.8, for every ideal J of Rp, its pre-image in R generates J.
Let J be an ideal in Rp besides PRp and Rp, and let I be its pre-image in R. We
consider the following two cases:

(1) I C P, then it is easy to see that J = IRp C PRp, so IRp is not a
maximal ideal.

(2) I ¢ P, then by definition there exists an element z € I — P, and it follows
that z € R — P. As a result, we have z-[1,1] € IRp. Since [1,z] € Rp, we
also have z - [1,z] € IRp, and thus 1 € IRp. Note that the only ideal that
contains 1 is the whole ring, so J = Rp, which is a contradiction.

These two arguments prove that all ideals J such that J # Rp is contained in
PRp, so by definition PRp is the only maximal ideal. ([l

3. INTEGRAL EXTENSION, DISCRETE VALUATION RING AND DEDEKIND DOMAIN

The integral extension of a ring is a well-studied concept in commutative algebra
that leads to the definition of integers in finite extensions of certain fields. Given a
commutative ring S and its subring R, we first define the condition for S to be an
integral extension of R and the condition for R to be integrally closed.
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Definition 3.1. Suppose S is a commutative ring and let R be a subring of S.
Then we have the following three definitions:

(1) The element s € S is said to be integral over R if s is the root of a monic
polynomial in R[x]. The ring S is an integral extension of R if every element
s € S is integral over R.

(2) The integral closure of R in S is defined as the set of elements in S that are
integral over R. The ring R is said to be integrally closed in S if R is equal
to its integral closure in S.

(3) Let R be an integral domain. R is called integrally closed or normal if it is
integrally closed in its field of fractions.

Example 3.2. The set of integers Z is integrally closed.

Proof. Tt suffices to show that any rational solution to a monic polynomial in Z[x]
is an integer. In fact, suppose % (p and ¢ are coprime) is a solution to the monic
polynomial 2" + ap_12" ' + .- + a1 + ag = 0, then we have p" + a,_1p" 'q +
< 4 a1pg" 4+ apg™ = 0, so p" is divisible by g, which implies that ¢ = 1. Hence,
the rational solution to the monic polynomial in Z[z] has to be an integer. O

Based on the definitions above, we can now prove an important theorem which
suggests the closeness of addition and multiplication of an integral closure.

Theorem 3.3. Let R be a subring of the commutative ring S and let s € S. The
following three statements are equivalent:

(1) s is integral over R.
(2) Rls] is a finitely generated R-module.
(8) There exists a finitely generated ring T such that RCT C S and s € T.

Proof. First, we show that (1) implies (2). Suppose s is the root of the monic

polynomial " + an_12" ' 4+ --- + a9 = 0, then we have s” = —(an,ls”_l +
GpeoS" 2+ 4 ap). By induction, we can also see that higher powers of s can be
expressed as a linear combination of s®~1,-.. s, 1.

Second, it is easy to notice that (2) implies (3) with T' = R][s].
Third, suppose s € T for some subring T that is generated by the elements
V1, Vo, ,Uy. Since T is a ring, we have sv; € T for i = 1,2,--- ,n. Hence, they

n
can be written as sv; = a;;v;. Adding up those equations, we get:
j=1

n

0= (dijs — aij);

j=1

where §;; is the Kronecker delta. Let M be the n x n matrix (d;;8 — a;5). By
Cramer’s Rule, we have (detM)v; = 0 for all i = 1,2,--- ,n, and hence detM = 0
since 1 € T is a linear combination of v, v, -+ ,v,. Let N be the matrix (a;;) and
I be the matrix (d;5), so det(sI — N) = 0. Note that the equation det(x — N) =0
is a monic polynomial with coefficients in R, so we proved that (3) implies (1). O

Proposition 3.4. Let S be a commutative ring and let R be a subring of S. The
integral closure of R in S is closed under addition and multiplication, and is con-
sequently a subring of S.
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Proof. 1t suffices to show the following statement: for all s,t € S, if s and ¢ are
integral over R, then s + ¢ and st are integral over R. In fact, since s and t are
integral over R, by Theorem 3.3 we know that R[s] and R[t] are finitely generated
R-modules. Suppose R][s| is generated by s1, 82, ,S,, and RJ[t] is generated by
ti,t2, -+ ,t,m. Thus we have

R[s] = Rs1 + Rsa + -+ -+ Rsy,

R[t] = Rt1 + Rta +--- + Rty
Consider the following R-module:

R[s,t] = i i Rs;t;
i=1 j=1

Since s + t, st € R[s,t], R[s] C R[s,t] C S and R[t] C R[s,t] C S, by Theorem 3.3,
s+t and st are integral over R. Since addition and multiplication are closed in the
integral closure of R in S, we know that the integral closure of R in S is a subring
of S. O

Discrete Valuation Ring is the easiest kind of Noetherian ring of dimension 1
and is especially important in commutative algebra. We now give the definition of
a discrete valuation and a D.V.R. (Discrete Valuation Ring).

Definition 3.5. Let K be a field. A discrete valuation on K* is a function f:
K> — 7 such that:

(1) f is surjective.

(2) For all z,y € K we have f(zy) = f(z) + f(y).

(3) For all z,y € K, if x +y # 0, then f(z+y) > min{f(z), f(y)}-

Definition 3.6. Let K be a field and f be a discrete valuation on K. The subring
{r € K: f(z) > 0} U{0} is called the valuation ring of f. An integral domain R
is called a Discrete Valuation Ring (D.V.R) if it is the valuation ring of a discrete
valuation f on the field of fractions of R.

Example 3.7. Let f, be the function on Q defined as follows: for an element
¢ € Q, let ZTl be the fraction such that § = p”‘;—ll (where both a; and by are
relatively prime to p), then f(%) = n. We can further check that the localization

of Z at a prime ideal (p) is a D.V.R.

Finally, using the definition of integral closedness, we are able to define a Dedekind
domain.

Definition 3.8. A Dedekind Domain is a Noetherian and integrally closed integral
domain of Krull dimension 1.

4. UNIQUE FACTORIZATION OF IDEALS IN A DEDEKIND DOMAIN

One of the most interesting results with regard to the Dedekind domain is that
any ideal in a Dedekind domain can be written uniquely as the product of prime
ideals. Below we provide a detailed proof for this theorem, using the concept of
Discrete Valuation Ring.

Theorem 4.1. Let R be a Dedekind domain and I C R be a nonzero ideal. I can
be written uniquely as the product I = P*Ps?--- Ptn, where Py, Pa,--- , P, are

n 7
prime ideals, and ey, eq, - , e, are positive integers.
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To prove this theorem, we first consider the following lemma.

Lemma 4.2. Let R be a commutative ring and M be a R-module. Then we have
(1) M =0 if and only if M,, =0 for all mazimal ideal m C R.
(2) Suppose that N C M is a R-submodule. If N, = My, for all mazimal ideal
m C R, then N = M.

Proof. We first prove (1). Consider the set Ann(x) = {r € R:rz =0} for x € M.
We show that it is a proper ideal when z is nonzero. First, the set is closed under
addition. Suppose s,t € Ann(z), then sz = 0 and tz = 0, so (s + t)z = 0, which
implies that s +¢ € Ann(x). Second, suppose r € R and s € Ann(z), then we have
sz = 0 and hence (sr)x = 0, which implies that sr € Ann(z). In addition, when
x # 0, we know that 1 ¢ Ann(z), so Ann(z) is a proper ideal when z # 0 and is
thus contained in some maximal ideal m.

In fact, suppose by contradiction that M is nonzero and suppose that x # 0 is
one of its element. By the definition of localization, the localization of M at the
maximal ideal m should contain the nonzero element . However, this is impossible
because there does not exist a nonzero element s € m such that sx = 0 because
Ann(z) has included all of such s, which gives (1).

To prove (2), we consider the quotient module M/N. Since M = N if and only
if M/N = 0, by part (1) it suffices to show that (M/N),, = 0 for all maximal
ideal m C R. Suppose that f is an element in R — m, and consider the map
F:(M/N)y, — My, /N,, that sends the element [if] to [F].

We first show that the map F is well-defined. In fact, suppose that the two
elements %, % € (M/N)y, (x,y € M) are equal, then there exists an element
a € R—m such that a(f[z] — f[y]) = 0. Hence, we get [afz] = [afy], so there exists
b € N such that af(x —y) = b. This implies that [}] = [¥], so F is well-defined.
Next, consider another map G : My, /Ny, — (M/N)y, that sends the element [7]
to %, and we can use similar methods to prove that G is also well-defined. Due
to the fact that for all n € (M/N),,, we have G(F(n)) = n, so both F' and G are
bijective. This completes the proof for (2) since (M/N),, = My, /Ny, = 0. O

The three theorems below are necessary for proving Theorem 4.1.

Theorem 4.3. Let R be a Dedekind domain and let I C R be a nonzero ideal.
Then there are only finitely many maximal ideals p of R such that I C p.

Proof. We prove the theorem by first showing the following lemma.

Lemma 4.4. Let R be a commutative Noetherian ring. Let I C R be an ideal, and
let p(I) be the set of all prime ideals containing I (ordered by inclusion), then there
are only finitely many minimal elements in p(I).

Proof for Lemma 4.4. Suppose by contradiction that there exists an ideal I such
that there are infinitely many minimal elements in p(I). Let ¥ be the collection
of all such ideals. Since R is a Noetherian ring, every chain of prime ideals under
inclusion has a maximal element. Hence, by Zorn’s Lemma, under the partial order
of inclusion, ¥ contains a maximal element Iy. Now we consider the following three
cases:
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(1) Ip is a prime ideal. Then I itself is the only minimal element of p(Ip),
which contradicts with the fact that p(Iy) contains infinitely many minimal
elements.

(2) Iy = R. Then p(Iy) does not contain any elements, which is also a contra-
diction.

(3) Ip is not a prime ideal. By definition, there exist two elements a,b € R such
that ab € Iy but a ¢ Iy and b ¢ Iy. Hence, any prime ideal I’ containing
Iy must contain either a or b. (Otherwise we have ab € I’, a ¢ I' and
b ¢ I', yet I' is prime) This implies that I’ must contain either Iy + (a) or
Iy+(b), and in other words, p(Iy) = p(Ip+ (a))Up(Iy+ (b)). However, since
Iy C Iy + (a) and Iy C Iy + (b), by the maximality of Iy in the set 3, we
know that both p(Iy + (a)) and p(Iy + (b)) contain finitely many minimal
elements. However, p(I) contains infinitely many minimal elements by our
assumption, so it is impossible that p(Iy) = p(lo + (a)) U p(Lo + (b)).

O

Back to the proof for Theorem 4.3. Applying Lemma 4.4 with the ideal I, we
know that p(I) contains finitely many minimal elements. Since a Dedekind domain
has dimension 1, these minimal elements are also maximal, which completes the
proof for the theorem. O

Theorem 4.5. Let R be a Dedekind domain and let P be a nonzero prime ideal of
R. Then the localization of R at P is a Discrete Valuation Ring.

Proof. The detailed proof is written in David S. Dummit and Richard M. Foote’s
book Abstract Algebra (third edition), page 758. O

Theorem 4.6. Let R be a Discrete Valuation Ring such that R is an integrally
closed local ring with unique mazimal ideal M = {r € R : v(r) > 0}, then any
nonzero ideal in R has the form M™ for some non-negative integer n.

Proof. The detailed proof is written in David S. Dummit and Richard M. Foote’s
book Abstract Algebra (third edition), page 757. O

Finally, we are able to give a proof for Theorem 4.1.

Proof for Theorem 4.1. Suppose R is a Dedekind domain and I C R is a nonzero
ideal. By Theorem 4.3, there are only finitely many maximal ideals p of R such that
I C p. Let p1,p2,- -+ ,pn be those maximal ideals. By Theorem 4.5 and Theorem

4.6, for any ¢ = 1,2,--- ,n, since IR,, (the extension of I to R,,) is a Discrete
Valuation Ring, we have IR,, = p;‘R,,, where e; is a positive integer. For any
other maximal ideal p’ of R besides pi,p2,- - ,Pn, using the same argument in

Example 2.9, we get IR,, = R,,,. Hence, consider the specific ideal I' = p{* - - - pt,
and then it suffices to show that IR, = I'R,, for all maximal ideals p.

In fact, for p ¢ {p1,p2, - ,pn}, we have I'R, = R, and IR, = R,, (as we proved
in Example 2.9), so it is clear that I'R, = IR,. For p € {p1,p2,--- ,pn}, without
loss of generality we can assume that p = p;. Hence, I'Rp = pi* (p5?p5* - - - 05" )Ry, =
pi* Ry, = IRp (Note that the proof in Example 2.9 suggests that (p5?ps® - - - pir )Ry, =
Rpl )

Thus, it follows that for any maximal ideal p € R, we get IR, = I'R,, and hence
I, = I, by Theorem 2.8. This implies that I = I’ by Lemma 4.2, which completes
our proof. O
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Finally, we provide an example of the unique factorization of ideals in the
Dedekind domain Z[/—5].

Example 4.7. The ring Z[y/—5] is the ring of numbers with the form a + by/—5,
where a and b are integers. Now we show that it is a Dedekind domain, and hence all
ideals have a unique factorization into prime ideals. In fact, to prove that Z[v/—5]
is a Dedekind domain, it suffices to show that it is Noetherian, integrally closed
and has dimension 1.

First, since Z is a Noetherian ring, it follows from Hilbert’s Basis Theorem (see
Serge Lang’s book Algebra (revised third edition), page 186) that Z[z] is Noetherian.
Due to the fact that the map from Z[z] to Z[v/=5] is surjective, we know that
Z[\/—5] is also Noetherian.

Next, to prove that Z[v/—5] is integrally closed, it suffices to prove the following
fact: if a +by/=5 (a,b € Q) is a solution to a monic polynomial with coefficients in
Z, then a,b € Z. Now we introduce the following definitions and lemma regarding
polynomials.

Definition 4.8. A polynomial is called monic if its leading coefficient is 1.

Definition 4.9. The minimal polynomial of a number « in a field K is the poly-
nomial mq, g (x) with the least degree such that « is a solution to mq, x(x) and the
coefficients of m, k(z) are in K.

Lemma 4.10. Let m be a number such that it is the solution to a monic poly-
nomaial with coefficients in Z. Then its minimal polynomial in Q also has integer
coefficients.

Proof for Lemma 4.10. Let f(z) be the minimal polynomial of m in Z. We consider
the following two cases:
(1) f(z) is reducible in Q. By Gauss’ Lemma, there exists g(x) and h(x) of
integer coefficients such that f(xz) = g(x)h(x). This is a contradiction since
m would be either the solution to g(z) or the solution to h(z), yet both
g(x) and h(x) have a lower degree than f(z).
(2) f(x) is irreducible in Q, then f(x) is the minimal polynomial of m in Q
and it has integer coefficients.
This gives the proof for the lemma. O

Given Lemma 4.10, we can now prove that Z[y/—5] is integrally closed. Let
a = a+by/=5 (a,b € Q), then we know that its minimal polynomial in Q would
be f(r) = 2% — 2ax + a® + 5b*>. By Lemma 4.10, we have 2a € Z and a? + 5b% € Z.
Hence, 206> = 4(a? + 5b%) — (2a)? is an integer. This implies that 200> € Z, so
2b € Z. Let 2a = o’ and 2b = ¥/, then a? + 5b? = % is an integer. This
could only happen when both a’ and b are even, so a and b are integers and hence
Z[\/=5] is integrally closed.

Finally, to prove that Z[v/—5] has Krull dimension 1, it suffices to show that it
has the same dimension as Z, so we only need to prove the following lemma.

Lemma 4.11. Let R C S be two commutative rings such that S is integral over
R, then dim S = dim R.
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The proof for the lemma requires the following theorem:

Theorem 4.12. Suppose that R C S are two commutative rings such that S is
integral over R. Then we have the following three facts:

(1) Assume that S is an integral domain. Then R is a field if and only if S is
a field.

(2) For every prime ideal P of R, there exists a prime ideal Q of S such that
P =QnNR. In addition, P is a mazimal ideal if and only if Q is a mazimal
tdeal.

(8) Let P, C P, C --- C P, be a chain of prime ideals of R and suppose we
have Q1 C Q2 C -+ C Qu of S such that P, = Q;NR (1 <i < m and
m < n). Then there exists prime ideals Qmi1 C -+ C Qn of S such that
P;=Q;NR forallm+1<j7<n.

Proof. The detailed proof is written in David S. Dummit and Richard M. Foote’s
book Abstract Algebra (third edition), page 694. O

Now we are able to give a proof for Lemma 4.11.

Proof for Lemma 4.11. Tt suffices to show that dim R > dim S and dim S > dim
R. First, let ¢ C S be a prime ideal of S, we show that ¢ N R is a prime ideal of R.
In fact, g N R is an ideal of R because it is additively and multiplicatively closed,
and for all z € ¢gN R and r € R, we have xr € g and xzr € R, so xr € ¢N R. It is
also prime because otherwise there exist a,b € R such that a,b ¢ ¢ and a,b € ¢N R,
which contradicts with the fact that ¢ is a prime ideal of S.

Next, let gg C g1 be two prime ideals in S, and let pg = go N R and p; = ¢1 N R.
We want to show that if pg = p1, then ¢o = q1. Let R = R/py, S = S/qo and
G = q1/qo. Hence we have R C S are both integral domains, and g N R = (0).
Notice that S is still integral over R: given an element s € S, suppose it satisfies a
monic polynomial F' with coefficients in R, then s + ¢q satisfies the same equation
F with coefficients mod pg. In addition, let D = R — {0}, then D~1S is also
integral over D~ R: suppose s € D~1S, and suppose s satisfies a monic polynomial

F=z"+a,_ 12" '+ -+ a1z + ag, where a,_1, - ,a9 € R, then % satisfies the
monic polynomial F’ = g™+ =tyn 1 4. 4 44 90 (Note that all coefficients

of F" are in D™'R) Since D™ R is a field and R and S are both integral domains,
by Theorem 4.12(1), D~1S is also a field. By assumption, D N g = @, so gD~1S is
a prime in D~1S, and hence must be the zero ideal. Finally, since the map from S
to D715 is injective, we know that g must be zero, which implies that gy = ¢1.
The two facts above suggest that any chain of prime ideals g9 C -+ € ¢, in S
gives a chain of prime ideals ggNR C --- C ¢, N R in R, so dim R > dim S. On the
other hand, by Theorem 4.12(3), any chain of prime ideals po C --- C p,, in R also
gives a chain of prime ideals gg C -+ € @, in S, so dim R < dim S. This indicates
that dim R = dim S. O

Now we are able to complete the proof for the fact that Z[\/—5| is a Dedekind
domain. Note that (p) (p is a prime number) are the only prime ideals in Z, and
for any two prime numbers (p) and (q) we have (p) ¢ (¢) and (q) ¢ (p), so the set
of integers Z has Krull dimension 1. By Lemma 4.11, Z[y/—5] also has dimension
1, so it is a Noetherian and integrally closed integral domain of Krull dimension 1.
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In fact, since Z[/—5] is a Dedekind domain, all ideals can be uniquely factorized
into the product of prime ideals. For example, the three ideals (2), (5) and (11)
can be factorized as follows:

(2) =(2,14+V=5)(2,1 - v=5)
(5) = (V-5)?
(1) = (11)
where (2,1 ++v/=5), (2,1 —+/=5),(v/=5) and (11) are all prime ideals in Z[y/=5].
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