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Abstract
In this paper we show how some properties of Riemann zeta function

lead to the proof of the Prime Number Theorem, the Prime Ideal Theo-
rem, and Chebotarev Density Theorem. We then introduce some results
related to Riemann Hypothesis, and Artin’s conjecture as a corollary of
Generalized Riemann Hypothesis.
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1 Introduction

The Prime number Theorem is a theorem about the distribution of primes.
At the first glance primes appear to behave quite wildly. However, the Prime
Number Theorem says that the distribution can be described by an asymptotic
formula. A more stunning fact is that the proof of the Prime Number Theorem
relies heavily on the zero locations of the Riemann zeta function. The fact that
Riemann zeta function doesn’t have a zero on Re(s) = 1 is the most crucial
step in the proof of the Prime Number Theorem. We will also see that an
similar property of L(s,x) for x a character on Gal(K/Q) leads to the proof of
the Prime Ideal Theorem, a generalization of the Prime Number Theorem to
general fields.

The original proof of Chebotarev Density Theorem requires extensive use
of Galois theory, and doesn’t appear to be similar at all to the Prime Number
Theorem. Here we present a classical alternative proof of Chebotarev in which
the Chebotarev Density Theorem in abelian field extensions is presented as a
simple corollary of the non-zero property of L(s,x) on Re(s) = 1, and the
Chebotarev Density Theorem for non-abelian field extensions can be obtained
as a corollary by considering the non-zero property of the generalized L(s, x)
series, which is the Artin L series.

From the proof of the Prime Number Theorem and Chebotarev Density
Theorem we can guess intuitively that if we have more control of where the
zeros of ((s) are, we can obtain a more precise estimation of density of primes.
So in the second half of the paper, we will focus on getting more information
about the zero location of zeta function. Firstly we extend the ((s) to the
entire complex plane and present some results about the zeros of {(s). We also
illustrate Riemann’s original proof of the functional equation, which gives the
symmetricity of the zeros. After getting these fundamental results, we cite the
Von Mangoldt’s formula of ¢(x), from which we can see that the error bound of
() depends entirely on the zeros of ((s). Since i(x) and w(z) differ by very
little, to minimize the error bound of pi(z) is equivalent to minimize the terms
contributed by the zeros of zeta function. The symmetricity of zeros determines
that to least error bound is obtained when all the critical zeros of Riemann
zeta function are on Re(s) = %, which is the Riemann Hypothesis. Assuming
the Riemann Hypothesis and then following almost the same procedure as the
proof of asymptotic formula of the Prime number Theorem, we can show that
the Riemann Hypothesis gives the desired error bound of the prime counting
function. We also have the Generalized Riemann Hypothesis, which is to assume
the distribution of zeros of the Dedekind zeta function. At the end we present an



application of the Generalized Riemann Hypothesis. The role of the Generalized
Riemann Hypothesis here is to gives more room for the estimation so that the
error won'’t blow up.

The required group theory and Galois theory background is listed in section
2. Section 3 will introduce the Riemann zeta function and prove the Prime
Number Theorem, and section 4 will introduce Artin L-functions and prove the
Prime Ideal Theorem and the Chebotarev Density Theorem. Section 5 will intro-
duce some results related to the zeros of ((s) and how the Riemann Hypothesis
leads to its number theoratical equivalence. Section 6 introduces Artin’s Prim-
itive Root conjecture, which can be proven assuming the Generalized Riemann
Hypothesis.

2 Background

2.1 Basic representation theory

Definition 2.1. Let V be a vector space over a field F', and G be a finite group.
A representation of G on V is a homomorphism p :== G — GL(V). We say that
p1, p2 are isomorphic if there exists some matriz M such that Mpi M~ = ps.

We say the dimension of p is the dimension of V.
Consider the ring F[G], consists of > | a;,g; with a; € F and g; € G. This
ring acts on V' by

n n
O (aig)) v =" ai(plg:)v)
i=1 i=1
So V can be regarded as an F[G] module. So representation of G gives F[G]
modules. Conversely if we have a F[G] module V then it’s a vector space over
F. Every g € G acts on V as a linear transformation by scalar multiplication,
so define p(g) to be this transformation in GL(V). p is then a representation of
G. Therefore, we have the correspondence:

F[G] module V <= p: G — GL(V)

And this turns out to be a bijection. We say that V' as a module affords the
representation p of G.

We make the correspondence in order to state the following definition:

Definition 2.2. A representation p is irreducible if and only if the F[G] module
that affords it is irreducible. That is, the only submodules of F[G] are 0 and V.

In terms of vector space, p is irreducible if V' doesn’t have a G-stable sub-
space. That is, no subspace V' of V has gV’ CV Vg € G.

Definition 2.3. Given a representation p : G — GL(V), the character of p is
the map x, : G — F such that x(g) = Trace(p(g)).

We say a character Y, is irreducible if p is irreducible representation. All
representation of G are one dimensional iff G is abelian because GL(V') is no
longer commutative when the dimension of V' > 2



Also notice that x, is the same for isomorphic presentations because trace is
a invariant under matrix conjugation. This means that , lands in the following
category of functions:

Definition 2.4. A class function is any map f : G — C such that f(g " zg) =

f(z) ,Va,9€ G

The followings are some facts that we are going to use.

1. Xp, = Xp, iff p1 and py are isomorphic representations. So the character
determines the representation up to isomorphism.

2. For a group G, the number of irreducible characters equal the number of
conjugacy classes of G.

3. Irreducible characters span the space of class functions. So every class
function on G can be written as linear combination of irreducible characters.

4. (Orthgonality of characters) Define the inner product of two class func-
tions ¢ and ¥ on G as:

(6,00 = ﬁ S 6(9)6(9)

geG

Then let x1, X2, veeee Xg be the irreducible characters of G. For any class function
f = > aixi, {f,xi) = a;- In particular, the inner product of two different
irreducible characters is zero.

The proof of all the above facts can be found in the section 18.1 and 18.3 of
[9].

2.2 One dimensional representation

We just mentioned that G is abelian iff all its irreducible representations are
1-dimensional. In this special case, we can ignore the distinction between the
representation and character, and call both of them as the character of G.

Definition 2.5. A character of a finite abelian group G is a homomorphism
X : G — C*. Let G denote the set of all characters of G

The followings are facts about abelian groups G we use. The proofs can be
found in the chapter 7 of [10].
1. G G (non-canonically)
2. (Orthogonality relations of characters)
(1) For x1,x2 € G, we have

. G|, if x1 =
lelm(g):{" o

et 0, ifx1# xe
(2) For o,7 € G, we have

1 JIGl ifo=1
ZX(U T)_{Q ifo#T

xe@



2.3 Induced representation and Frobenius reciprocity

Definition 2.6. Let H be a subgroup of G. Let p be a representation of H on
V. Then the representation of G afforded by F|G]®@p;m V' by left-multiplication
is the induced representation Ind$p of p.

When there is no ambiguity about G and H, we will use p* to denote the
character induced by p

We can actually write down explicit matrix for p*(g). Let g1, 92, ....... Jm be
representatives of left-cosets of H. Then p*(g) can be written as:

(g 991) o plgr " 9gm)

p(g;fggl) o plgmt9gm)

Where p(g; *gg;) is the zero matrix whenever g; 'gg; ¢ H. This is obtain by
considering the action of g on the basis of F[G] @ pg) V.
From this matrix we get the induced character

X (@)= D xolg '99i) |H‘prfc g)
g7 'ggi€H zeG

The proof can be found in the section 19.3 of [9]. Now we state an important
theorem about restriction and induction of characters.

Theorem 2.7 (Frobenius reciprocity). Suppose H is a subgroup of G, and let
¥, ¢ be two class functions such that ¥ : G — C and ¢ : H — C. Then we have

(¢, Resfym = (8%, ¢)e

where Resgw means restricting ¢ to H.

The proof can be found in [12]

2.4 The Decomposition and Inertia groups

Let L/K be number field extension. Let Ok denote the ring of integer of K
and Of, denote the ring of integer of L. For p a prime ideal of K, consider the
prime decomposition of pOy,. say

k
pOL = pr

i=1
where P; are prime ideals of Oy. We define e; to be e(P;|p).

Definition 2.8. p C Ok is called unramified in L if e(P;|p) = 1, Vi. Otherwise
P is ramified.



Also, for a prime ideal P € Of, we denote the absolute norm of P as ||P|
= |O/P|. Notice norm of a prime ideal is a power of the rational prime below
P. It’s a fact that Or/P; is a field extension of Ok /p . We denote the degree
of extension of residue fields [Or/P; : Ok /p] as f(P;|p). It is known that

k
e(Pilp) f(Pilp) = [L : K]

=1

Now if L/K is Galois, let G denote Gal(L/K). Then e(P;|p) and f(P;|p)
are all equal since P; = oP; for some o € G. Then let e = e(P;|p), f = f(Pi|p).
We have kfe = |G|. p ramifies in O, iff p | disc(L/K), so there are only finitely
many ramifying primes in O. The proof is found in the chapter 3 of [10]

Definition 2.9. A prime p € Ok is defined as splits completely in O iff
e(Pilp) = f(Pilp) =1

In this paper we always assume L/K is Galois if not specified otherwise.
Definition 2.10. Define the decomposition group D (P;|p) of P; as
D(Pilp) ={c € G| oP; =P; Vi}.
We can check it is a subgroup of G.

Definition 2.11. Define the inertia group of P; as E(P;|p) such that
E(Pi|p)={r€G | Ta = amod P;Va € O}

We can check that E(P;|p) is a subgroup of D(P;|p).

Now consider Or,/P;. For o € D(P;|p), it can also be regarded as acting
on the residue field Oy, / P; by sending o mod P; to o(a) mod P;. This is well
defined because o fixes P;. So we have a homomorphism

D(Pilp) — Gal((OL/P:)/(Ox/ p))-

The kernel is E(P;|p). It turns out that this map is actually surjective. Thus
we have

D(Pilp) / E(Pi|p) = Gal((OL/P:)/(Ok/ p)).
Also | E(P;|p) | = e (P;|p), and thus we have
| D(Pilp) | = e (Pilp) f (Pil p)

. The proofs of above facts can be found in the chapter 3 of [10]



2.5 Frobenius elements

Recall that p is unramified iff e (P;|p) = 1. Then E(P;|p) is trivial so D(P;|p)
is isomorphic to the Galois group of residue fields. However, O /P;/Ok/p is
extension of finite fields, so its galois group is cyclic. By basic field theory the
generator of Gal((Or/P;)/(Ok/p)) is & such that

E(a) — aHPH

where @ is the reduction of & mod p . Thus D(P;|p) has o such that Va € Oy,
oa = olPll mod P;. This is what we called Frobenius element. We denote
Frobenius element of D(P;|p) as [%—K]

We observe some properties of the Frobenius element o.

1. o is unique in D(P;|p)

2. The order of o is f (P;|p)

3. Let 7 € G, then [LT/TK] = T[%—f{]T*I. Specifically, when G is abelian,
[L/D—K] is the same for all P; above p. In this case we use ¥(p) to denote its
Frobenius element because it’s determined entirely by p.

This special case gives rise to the following defintion:

Definition 2.12. Suppose G is abelian Let I° be all the ideals in O that are
coprime to the ramifying primes. Then for the p € I°, p is unramified. Then
Artin map is the homomorphism 1p:1° — G such that for a prime p, ¥(p) is the
corresponding Frobenius element. For I € I, 4(I) is the product of Frobenius
element of its prime factor.

(Notice that if G is non-abelian Artin map is not well defined)

5. Recall that for L/K Galois extension, we say p C Oy splits completely in
Op iff e(P;|p) = f(Pilp) =1 . Now consider cyclotomic extension Q(¢,,)/Q.
This is an abelian extension and a prime p € Q ramifies iff p|m. Then for p € Q
, we have ¥(p)a = o mod P; VP;. Then by Chinese reminder theorem:

b(p)a = a? mod p
For all p f m But Gal(Q(()/Q) is isomorphic to (Z/mZ)* with the map being
k= (gk : Gm — ()

Thus there exists o € G such that ¢, = (¥, and there are,
oca = af mod p

Thus this o is the Frobenius element ¢(p).
On the other hand, recall that f (P;|p) is the order of ¢)(p), so the o in this
case is the identity. So o should fix (,,. This happens iff

p=1modm

which is thus the sufficient and necessary condition for p to split completely in

Q(¢m)/Q.



3 Riemann zeta function and prime number tho-
erem

3.1 Riemann zeta function

In this section we briefly mention some properties of Riemann zeta function.
These proofs can be found in the chapter 7 of [10]

Lemma 3.1. Consider f(s) = Y7, . Series in this form are called the

Dirichlet series. If > ., a, = O(t"), then f(s) is analytic and convergent for
Re(s) >r B

Definition 3.2. The Riemann zeta function is defined as
oo
1
((s) = e

n=1

By the lemma, ((s) converges and is analytic in Re(s) > 1. But this defi-
nition does not work Re(s) < 1. It turns out that we can find a meromorphic
extension of ((s) to Re(s) > 0. i.e., we can find g(s) a meromorphic function
that is defined on Re(s) > 0 except for some poles, such that g(s) agrees with
¢(s) on Re(s) > 1. By complex analysis, this means that g(s) and ((s) agree
whenever both of them are defined.

Our ¢(s) is defined as follows. Consider

Then the partial sums of the coefficients alter between 0 and 1, so are O(tY).
Then by the lemma g(s) is convergent on Re(s) > 0. Then let

We know that ¢g(s) = ((s) when Re(s) > 1. 16(—2 is analytic on Re(s) > 0
2

except for when 23 = 1, where it might have a pole. But it is not necessary
since the pole can be cancelled if {(s) is zero.

In order to find where the poles actually are, we construct another expression
for ((s).

Let
1 2 1 1 2

25 3% 4 5% 60
Then the partial sum of the coefficients alter between 0,1,2, so are O(t°). So
t(s) is also analytic on Re(s) > 0. We can get that - s) = ((s). Thus 9(5 and

t(é are both meromorphic extension of ((s). Smce they agree on Re( ) > 1,

59

they agree whenever both of them are defined. Thus the pole of and f (b

5

should also agree.



Now say s is the pole, then we must have 1 — = =0 and 1 — = = 0. Thus
(1 —-35)log2 = (1 — s)log3. This doesn’t happen unless s = 1. So the only
possible pole of the extension of ((s) is at s = 1.

Since f(1) =log2 is not 0, we have

| 1), ) [
ignl(S*I)l_z% :iﬂ(sil)l—% _;HI@

which is 1. Thus {(s) has a simple pole at s = 1 with residue 1, and is analytic
elsewhere on Re(s) > 0.
3.2 Proof of the Prime Number Theorem

Theorem 3.3 (the Prime Number Theorem). Let w(x) denote the number of
primes not exceeding x. Then we have

m(x) ~

xT

log x

m(z)

m(x) ~ here just means that as x approaches infinty, = = approaches

logx
1. Tt is quite stunning that the proof of the Prime Number Theorem is based
totally on the behavior of ((s) on Re(s) > 1.

Consider the product representation of zeta function when Re(s) > 1

w-T(-5)

which is equivalent to the fundamental theorem of arithematic. Taking the
logarithm, we have

log ¢ (s Zlog(l—) ZZ

p m=1

mpm S
Differentiating gives

'(s = lo lo lo
_CC((S)):ZZ 8P Z 8p Zp:; 5P

p m=l1 p

Since logp < p? as p — oo Vo > 0, the sum of absolute value of each term is

logp logp log p 1
Z Z PRe(s) = Z Ro()—1 = Re(tl’
p p =z p oz

p

For Re(s) > 1, M >1,803, log 2 converges absolutely for Re(s) > 1, and

so is analytic there Similarly we can get > o fﬁf

for Re(s) > 3, and thus is analytic on Re(s) = 1. The term > logp

2 m=2 pms

converges absolutely




converges absolutely for Re(s) > % Thus the asymptotic growth of — ((SS)) at
Re(s) =1 is the same as k;#.
For log ((s) and its derivative to be defined on Re(s) > 1 we need ((s) to be

non-zero on Re(s) > 1. The non-zero property for Re(s) > 1 is shown by the
product representation, so it remains to show that {(s) # 0 on Re(s) =1

Theorem 3.4. ((s) #0 on Re(s) =
Proof. For Re(s) > 1 we can use the product representation. We have

o C(s) = 30 3 L = 37 5 s

p m=1 p m=1

Now say s = o +1t, 0,t € R, we have

exp (Z Z % —omlogp (cos(tm log p) — isin(tmlog p) ) ‘ = exp (Z Z

p m=1 p m=1

IC(s)l =

— cos(tm logp)>

Now let 1 + it be the hypothetical zero, so t # 0 because ((s) has a pole at 1.
Then we have

IC(0)|?[C(a4it)[*|¢ (o +2it)| = exp (Z Z mpl (3 4+ 4 cos(tmlogp) + cos(2tm logp)>

But 3 + 4 cosf + cos 20 = 2(cos§ + 1)? > 0 for all 6. So

mma’
p m=1

1
exp <Z Z (3 + 4 costmlogp + cos2tmlog p)) 1

Thus

0@ +if)] > —— 1)

¢(o) (o =)

((U—i—it)
o—1

Now let o approach 1 from above. Then |((c)(c —1)|? is a non-zero finite value;
|¢(o + 2it)] is finite because ((s) is analytic on Re(s) > 1 except for s = 1;
|%|4 is also finite because —15 is cancelled by ((1 + it) = 0. Thus the left
of (1) is finite, while the right of (1) approaches infinity as 0 — 1. We reach a
contradiction.

So ¢(s) # 0 on Re(s) > 1 O

Since ((s) only has a simple pole at s = 1, ((s)(s —1) is analytic everywhere
on Re(s) > 1 and so is its derivative. We know that

(C(s)(s = 1)) = '(s)(s = 1) +¢(s)

is finite on s = 1. Since ((s) is non-zero on Re(s) > 1, we can divide both sides
by ((s) and take s — 1, obviously

10



¢'(s)

0= 1l -1 +1
e U
From here we know that f% has a pole at s = 1 with residue 1, and is

analytic on the rest of Re(s) > 1.
when s — 1. So

Recall that Zp k;gsp has the same residue and pole as — i./((ss))

> l(;gsp is analytic on Re(s) > 1 except for a simple pole at s = 1 with residue
1.

Now let us write Zp 1‘;}# as Dirichlet series: let a(n) be the prime indicator
function, namely

1, if nis a prime
a(n) = :
0, otherwise

Then

>l _ 5 alosn
p

p9 n=1
Notice that m(z) = -, ., a(n), and we want to show that

Z a(n) ~ log

n<zx

We are then able to apply the following theorem:

Theorem 3.5. Let f(t) be non-negative and non-decreasing piecewise con-
tinuous real function on [1,00] and f(t) = O(t). Then the Mellin transform

g(s) = s [° @)z~ dz is analytic for Re(s) > 1. Additionally, If g(s) — <%

has analytic extension to neighbourhood of Re(s) = 1, then as x — oo, f(x) ~ cx

This theorem is a corollary of Auxiliary Tauberian theorem. The proofs of
both can be found at page 10 of [13]. Plugging in the f(z) =Y . a(n)logn
into the theorem, we get that g(s) = _g(ls()s ). Since _CC(/S()S ) has only a simple pole

at s = 1 with residue 1, _g(ls()s ) _ —L- has analytic continuation to Re(s) > 1.

Also it is true that ) __a(n)logn = O(x), as proved in chapter 4.5 of [17].
Now we have all the conditions required to apply Theorem 3.5. We get

Z a(n)logn ~ x

n<x

n<x

The statement of the Prime Number Theorem is that }_, ., a(n) ~ =, so we

want to get rid of logn in the sum. For this purpose we use the following trick :
Theorem 3.6 (Abel’s identity). Let a(n) to be a function defined on natural
numbers. Let A(x) =5 _ a(n), and let f(x) be a differentiable function, then
we have

n<lz



This is a generalized version of integral by parts if we think of A(x) as the
integral of a(n). The proof can be found at page 29 of [2]

Now take b(n) = a(n)logn. Then n(z) =}, ., a(n) = Z%<n§x bn) - Now

logn

apply the Abel’s identity:

Z b(n)  Dn<al / > <t b
logn logx logt

3
s<n<z

We know that >, b(n) ~ x. Using this we can show that

/ Zn<t €T
3 logt log

The detailed proof can be found in chapter 4.3 of [17]. Then we have

b(n) x x
.
logn logx log

3
s<n<z

Which is the statement of the Prime Number Theorem.
We give another equivalent statement of the Prime Number Theorem: Define

f2 lolg -dt, then we have:

m(x) ~ Li(x)

Li(x) is a better approximation of m(x) than Togz> but if we just look at the

asymptotic formula the two statements are equivalent. From integrating by

parts we know that
Li(z) = T /z 1
nE = logz J, (logt)?

T Li(z)

SO 3
logz’ =

ogx

Therefore the two statements of the Prime Number Theorem are equivalent.

Notice that f; m is small compared to goes to 1 as © — oo.

4 L-series and Prime Ideal Theorem

4.1 Dedekind zeta function

Now that we have introduced ((s) and its extension to Re(s) > 0, we can
consider a generalized version of ((s), the Dedekind zeta function.

Definition 4.1. Let K be a finite extension of Q. Let j, denote the number of
ideals I of Ok with ||I||=n. Then the Dedekind zeta function is defined as

Cr(s) = Ziil an

Equivalently it can also be written as (x(s) = > ;co, HIlll

12



Definition 4.2. Let Ok be ring of integer of K. Then we define the class group
C to be the group of all the fractional ideals in O quotient out by principal
ideals.

Then we cite a theorem about the distribution of ideals in a number ring.
Readers can refer to chapter 6 of [10]

Theorem 4.3. Let C be a class group in Ok, and let i.(t) denote the number
of ideals in C' with norm < t. Then we have

ic(t) = Kt + O(tl_ﬁ), Where k is a constant independent of C

Now let i be the number of ideal classes in K. Then we have

S jn = hat + O(t' )
n<t
Thus we know that > _, j, = O(t), which by lemma 3.1 implies (x(t) is
convergent and analytic on Re(s) > 1
Now on Re(s) > 1, by changing the order of summation we have

Crels) = 32 (o)
n=1

But >, < jn — hk = O(tlf[T{@l). By the lemma 3.1 3% | J"W_J is convergent
and analytic for Re(s) < 1 — ﬁ We also know that ((s) has extension on
Re(s) > 0 except for a simple pole at s=1. So when K different from Q, (x(s)
has meromorphic extension to Re(s) > 1— ﬁ7 analytic except for simple pole
at s = 1 with residue hk.

Similar to ((s) we have product representation for (x(s) on Re(s) > 1.
With the unique factorization of ideals in Dedekind domain, [|I[| = [T, |, [l ||*

, where p, denotes prime ideals of Og. Since norm is multiplicative, when

Re(s) > 1, we have
)= I 1=
pCOK

4.2 L-series

Gal(L/K) is abelian. We continue to write G = Gal(L/K) , and we let x to be
a character at G.

Let S be set of all ramified prime, so S is finite. Let I° be group of fractional
ideals in Ok that are coprime to primes in S. Recall we defined the Artin map:

¢:I° =G

as sending the primes in I to the corresponding Frobenius element in G. We
denote the image of p by ¢(p). By the multiplicity of ¢, for ideals I = Hle p;c,
o(I) = Hle #(p;). Then x o ¢ is a character on I°. For I ¢ I°, we let
x o ¢(I) = 0, thereby extending x o ¢ to all ideals.

13



Definition 4.4. L(s,x) => "2, M = cox xod(h)
Since x0¢(I) is 0 or root of unity, 37 <, X0P(I) < Sn_i k- Thus L(s, x)
converges absolutely for Re(s) > 1.
By the multiplicity of x o ¢ has the product representation

Lis) = [T (- X20®)

AL STl

Notice that if we take x as the trivial character xg,

1 -
L(s,x) = H (1- W) '
pC Ok ,unramified p
So L(s, x)g(s) = Cx(s), if 9(8) = [ ramifiea(1 — W)_l. This is a finite product

so it’s analytic on Re(s) > 0. So for 1 — W < Re(s) < 1, we can take Sxls)
as the memorphic extension of L(s, xo), This extension should have the same
asymptotic behavior as (x (s). It’s analytic in the range except for a simple pole
at s =1.

In general for x € G we have the following:

Theorem 4.5. > o, x 0 ¢(I) = at + o(t' g ), where a is some non-zero
constant if x s trivial, and zero if x is non-trivial

The case when the character is trivial has been proven above. Assuming the
theorem is true for non-trivial characters, by Lemma 3.1 we know L(s, x) has
analytic extension to Re(s) > 1 — ﬁ, except for a simple pole at s = 1 when
X is trivial.

Now to prove the theorem, notice that x o ¢ as a character on I° takes value
1 on kernel of ¢. So x o ¢ can be regarded as a character on I°/ ker ¢. Then we
need to use the Artin reciprocity. Proofs is found in chapter 5.3 of [15]

Theorem 4.6 (Artin reciprocity). Let L be a finite abelian extension of K, S
1s the primes ramify in L. Then there exists m such that the primes dividing m
are precisely the ramified prims. Then we have

I8 KpaNmik(I) = G

Here K, 1 is the set of principal ideals (a) such that @ = 1 mod m and a is
totally positive. Nmk(I) is the image of ideals in L under the norm map.

Now let 1 be a homomorphism I° — G with K1 included in the kernel.
Since K,y,,1 has a finite index in I®(chapter 5.3 of [15]) ,I°/ K, 1 is a finite abelian
group, so 9 can be regarded as 1-dimensional character on I°/K,, 1. Denote a
coset of K, 1 in I° as C. Now consider 2in<e ) = X0 2 n1<a,1ec YU)-
Since v takes the same value on elements that belong to the same coset of
K1, we can denote the value of ¢ on the coset C' as ¢(C). The sum is thus

>cv(C) ZHIng,IEC 1

14



Now consider the inner sum

1
]|<z,IeC

Let J be a fixed ideal in C~!. Then for any I € C, there exists a such that
= 1 mod m and a totally positive such that (a) = IJ. Since a is totally
positive we have:

lall = [|(a)|] = [ T]][|]]]
Z 1

llal|<=z||J]|,(a)CJ

Thus the inner sum is also

The question is now reduced to counting the number of ideal (a) C J With some

bound on the norm. In page 210 of [16] the author proves that bz +O(z' wa ),
where b is independent of C.

Z¢ Yoz + O(x'~ =)

By the orthogonality relations of characters, )~ %(C) = 0 for non-trivial v,
and is cx + O(ml_[Kilﬁ@l)for 1) being trivial, where ¢ is some constant depending
on Og. Since x o ¢ also takes value 1 on K, 1, it has this property. Thus we
have .
1—+—= . . o .
oz~ TE) if x o ¢ is non-trivial
> vootn - {7 0

1
<o cx + o(z' TTRA), if x o ¢ is trivial

Now we can apply the lemma on L(s, ). From the above formula we know
that L(s, x) is analytic on Re(s) > 1if x o ¢ is trivial, and that L(s, x) is analytic
on Re(s) > 1 except for a simple pole at s = 1 if x o ¢ is trivial character.

4.3 Prime Ideal Theorem

We want to prove here the following generalization of the Prime Number The-
orem:

Theorem 4.7.

Z X0 6(p {logz + O(I?Em) zfX o ¢ is the trivial character @)
e o(fog7) if otherwise

Similar to the proof of prime number thoery, we need to some properties
of log L(s,x) in Re(s) > 1. logL(s,x) is analytic and doesn’t have zero on
Re(s) > 1, and we know that L(s, x) is analytic on Re(s) = 1 except for maybe
a simple pole at s = 1. Now we only need that L(s, x) is non-zero on Re(s) =1
to make log L(s, x) well defined.

15



Lemma 4.8. L(s,x) # 0 for any x

Proof. The proof is divided into two cases.

Case 1. Suppose (x o ¢)? is not a trivial character. Then say that L(1 +
it,x) = 0 for t # 0, and say s = o + it. For Re(s) > 1, we can use the product
representation of L(s,y) and take its logarithm, which is

— X o p(p™
o L(s.) = 3> 30 XD
pCOK m=1 p
Let x o ¢(p) = e* for p unramified. Thus
L(s,x) = exp 3 3 emi(aftlogupm%
pCOk,p unramified m=1 mp

Take the absolute value, we have

| L(s,x) | = exp > > cos(m(a — tlog]lpll))

mpmo
p unramified €O m=1 P

Then
|L(s, x0)|*| L(0 + it, x)|*|L(o + 2it, x*)|

e Sy

p unramified COx m=1

e (34 4cosm(a — tlog||p||) + cos2m(a — tlog]|p|])

Also, L(o + 2it, x?) isn’t a pole, since L(s,x) only has a pole when s = 1 and
X = Xo- The rest is exactly the same as in the Prime number theorem. We can
derive a contradiction. O

Case 2. Now suppose x o (/52 is trivial character. If the hypothetical zero of
L(s,x) isnot s = 1, say it’'s s = 1 + it. then |L(1 + 2it, xo)| is finite because
L(s,x) has a pole only when s = 1 and x = xo. Then the above proof still
works out.

Now we only need to consider the case when the hypothetical zero of L(s, x)
is s = 1. This is impossible for x o ¢ being trivial character, so we only need to
consider the case when x o ¢ is non-trivial.

By extending the Dirichlet series product, we find

oo(d
k() Lis) = W (3)

I
when the series is convergent. Now let a,, = ZHIH:n Zdl[ x o ¢(d), and write
(3) as a Dirichlet series > 7 | 4=

n=1 ns

16



Since

Y oxod(d) =] +xod(p) +x0d®) + ..+ x0(>7))

d|I p|I

This sum is positive if x o ¢(p) = 1, and when x o ¢(p) = —1 then the sum is 1
for e, being odd and is 0 when e, being even. Thus a(n) > 0 . For I being a
square, we have > a1 X © ¢(d) > 1. Thus we have the below inequality:

2 qr X © ¢(d) 1
Z duHIHS 2 Z ||J||20’ (4)

I J

Here we assume the fact that (x(s) and L(s, x) has meromorphic extension to
the entire complex plane, analytic everywhere except for a simple pole at s = 1
for (i (s) (page 7 of [18]). Then (x(s) L(s, x) should be analytic everywhere as
the pole of (k(s) at s = 1 is cancelled by the hypothetical zero of L(s,x) at
s = 1. Here we cite a theorem of Dirichlet series from page 213 of [16]:
Theorem 4.9. The Dirichlet series f(s) = > .7 %= with a, > 0 has a half
plane Re(s) > a as its domain of convergence. If a is finite, then f(s) is non-
reqular (has a pole) at s = a

To apply the theorem take f(s) = (x(s) L(s,x) and so f(s) is the series

o ¢p(d
> % when both are convergent. Knowing that f(s) converges every-

o ¢(d .
where, we want to show that) % also converges everywhere. If it

o ¢p(d
doesn’t, then there exists oo such that >, % converges to the right

of gp and to the left. Then theorem 4.9 says that f(s) can’t be extended to
the neighbourhood of o, which is not true because we just showed that f(s) is

d
analytic on the entire complex plane. So ), W should be convergent
everywhere.
Now take o — % in equation 4. The left is convergent, while the right

diverges. So we derive a contradiction, which means L(s, x) can’t have an zero
at s =1.

Combining with case 1 we show that L(s,x) is non-zero on Re(s) = 1.
Then if x o ¢ is non-trivial, L(s, x) is non-zero and analytic on Re(s) > 1, thus
L(s, x) is also analytic in this region, and so is —% . If x o ¢ is the trivial
character, similar to in the proof of the Prime Number Thoerem, we can prove
that —% has a simple pole at s = 1 with residue 1

Now for Re(s) > 1, use the product representation of L(s, x) and differentiate

its logarithm, we obtain

(s _ > log [l x © ¢(p) > i log [[p[| x © ¢ (p)

Lo &= T A T Tl
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Since there are only at most [K : Q] of p above a rational prime p, and that
[lp|| > p, we know that

log [[pl[ x © &(p)
Z ||p” ZZ ma

m=2 p m= 2
Since 5, >0, W is analytic on Re(s) = 1, —i((s X’ has the same pole and
log [[pl x © &(p) log [[pl x © &(p)
same residue as ) o, el when s — 1. Nowwe write 30 o, el

as a Dirichlet series, namely

i 2 llvlj=n 108 [Pl X © &(p)

ns
n=1

This allows us the apply the following Wiener-Ikehara theorem.

Theorem 4.10 (Wiener-Ikehara). Consider two Dirichlet series

And

such that both are absolutely convergent for Re(s) > 1. Also f(s) is analytic on
Re(s) =1 except for a simple pole at s = 1 with residue 1, and g(s) is analytic
on Re(s) =1, having either a simple pole at s=1 with residue n or being analytic
at s =1 (in which case we can taken as 0). Then if 3 ¢ such that |by,| < clan|,

we have
im ———— =7

T—r00 x
0.€50 <y bm ~ NT

Apply the Wiener-Tkehara theorem: let f(s) be > 7, % where a(n)
is 1 if n is a prime and 0 otherwise. f(s) is analytic on Re(s) > 1 except for
2|ipl|=n 08 ||PH X © &(p)

a simple pole at s = 1 with residue 1. Let g(s) be Y 07|

We showed above that ¢(s) is analytic on Re(s) > 1 except for poss1b1y a snnple

pole at s = 1 with residue n (n = 1 if x o ¢ is trivial character and 0 otherwise).
Also the coefficient of I is at most 2 ll1=n log[[pl] < [K : Q]n. Thus

> logllp|lx o é(p)| < [K : Qla(n)logn

llpll=n

Apply Wiener-Tkehara theorem, we get that
> xoo(p)logp ~nw

[Ipll<z

18



Now let a(n) = 32,2, X © 8(p), b(rn) = 32}, =, X © &(p) log p. Doing the same
partial summation as we did in the Prime number theorem proof, we get that

+o if x o ¢ is the trivial character
Z X © ¢( ) logwm (loga:) X ) (5)
[lpl| <=z 0(10gm) if otherwise

(5) is the generalized version of prime number thoerem in number field extension.
However, we can get more than the Prime Number Theorem from (5): we can
derive Chebotarev density theorem for L/K abelian.

4.4 Chebotarev Density theorem as a corollary

Corollary 4.10.1 (Chebotarev density theorem). For G = Gal(L/K) abelian,
take a € G. Then we have

#p:lpll < z.0(p) =af | 1
#{p: [lpll < o} G|

Proof. Since G is finite abelian, it admits only 1-dimensional characters y, and
X © ¢ is trivial iff x is the trivial character yo. Then consider

> x(a ' (p) (6)

[Ipll<z xed

as r — 00

By orthogonality relations of characters, we know that - a5 x(a=to(p)) is O if
¢(p) # a and is |G| if ¢(p) = a. Thus (6) is |G| - #{p : [|p|| < z,¢(p) = a}

However, (6) is also

xo(a™") Z Xod(p) + Z x(a™t) Z xé(p) (7)

[p||<z X non-trivial [pl|<z

By (5), we know that (7) is & +o(
we get that

1ng) Then equates two expressions of (6),

Hp: ol <z, 000) = 0} 157(ez) T O8z) o

AN e ]

as T — 00 O

So we prove the Chebotarev density theorem for abelian extension.

4.5 Prime Ideal Theorem and Chebotarev for the non-
abelian case

When L/K is not an abelian extension, Gal(L/K') doesn’t admit only 1-dimensional
characters. So we need to generalize L-series associated to characters of G.
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Definition 4.11 (Artin L-series). For G = Gal(L/K) not abelian, let p be
an irreducible representation of G. Take P an unramified prime in O, and
let p be the prime below it in Ok. Recall that [L/TK]Q = o/’ mod P. Then
L(s,p,L/K) is defined as

L(s,p,L/K) = H L
) /K 1
p unramified in Oy, det(ﬂ - p[T]) ) [Tp[[®

Since determinant is an invariant under conjugation and different P above
the same p are conjugates of each other, the series is independent of the chose
of P.

Notice that [L/TK] is diagonalizable since it has finite order in G. Also the
eigenvalues satisfy the polynomial 2/ — 1 = 0, so they are roots of unity. Recall
that the character of p is the trace of its matrix denoted as x,

Now assume some nice properties of L(s, p, L/K) that we will prove later on
: L(s,p, L/K) is analytic and non-zero on Re(s) > 1. Then we will know that
% is analytic on Re(s) > 1. But % is also the derivative of

—log L(s,p, L/K). So

—L(s,p,L/K) D> log [Ipl X, ([“5°]"™)

L(s,p, L/ K) [lpll™

p unramified in O m=1
If the dimension of p is n, then

> log ||| x, ([(25]™) . log|n|
ms gn ms
2 2 lIp]] 2 2 I

p unramified in O m=2 p unramified in O m=2

which we proved to be convergent for Re(s) > % Thus % has the same

L/K
pole and residue on Re(s) = 1 as 37, umified in 0}, %. Then by

exactly the same proof as in the abelian case we can show that

log x log x

Z ([L/K]) ez toli5ez)  if X, is the trivial character
X 0(1o55) if otherwise

[Ipll<=
This proves the Prime Ideal Theorem for the non-abelian case.

Corollary 4.11.1 (Chebotarev Density theorem for non-abelian case). Let C
be an arbitrary conjugacy class in G = Gal(L/K), then we have

#{p: ol <z, [ et |

— as r — o0

#p  lpll < 2} G

Proof. Let f be a class function on G that takes 1 on elements in C' and 0
otherwise. Since the irreducible characters span the space of class function, we
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can write f as a linear combination of irreducible characters. Say x1,....x4 are
the irreducible characters of G, then say

g
f= Z aiXi
i=1

Also 37 o f(1) = |C|. But we also have

g

S = ai Y xi(p) = aolG]

HEG i=1 upeG

el
|G|

The number of p C Ok, ||P|| < = that maps to C is } 7, <, J“([L/?K])7 then
we have -

S = Y Y aER ) = 0 o)

[Ipll<z [lpll<z i=1

where ag is the coefficient of trivial character. Thus ag =

and we have

#p: ol <o [2E]eC) [0

— — asTr — X0

#{p - lpll <z} |G

O

Now our task becomes to ensure that L(s,p, L/K) has the nice properties
we mentioned. We do this by reducing L(s, p, L/K) into product of L(s,x)’s,
in which x are abelian characters.

For this purpose we need some properties.

1. L(s,p1+ p2,L/K) = L(s,p1,L/K)L(s,p2, L/K). This comes from the
linearity of log L(s, p1 + p2, L/K)

2. Let p be representation of Gal(L/F) with character x,, and p* is the
representation of Gal(L/K) induced by p with character x,-. Then

L(S,p*,L/K) = L(s, p, L/F)/g(s,p)

for g(s, p) being non-zero regular function. This is true also for F'/K not Galois.

1

Proof. Take g(s,p) to be Hpes —F=—, Where S denotes the set of
det(=p* [ mo7e)

p € Ok such that p is unramified in Op and ramified in Op, and Pr = PNF.
Then it is sufficient to examine p unramified in L and the primes in F, L that
is above p.

Say p = q1¢2.....q- in F. Let f; = f(q;| p), the inertia degree of g; over p. We
still denote the subgroup fixing F' as H. Fix a prime P € Of, above p and let
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T; € G such that 7, PNF = ¢;. Denote [L/TK} as . We have the decomposition
of G into cosets of H given by

v fi
G = U U HTi/J,h

i=1lx;=1

This can be checked by checking that Hr;u™ N Hrjpu® =0 .

Now
r fi—1

=30 XY

i=1 :l)i:O

where Xp(Ti,unTZ-_l) =0if Ti,u”Ti_l is not in H, because p* and p~*¢ cancel in
the middle. So it is also

> fixe((ripr ™)
i=1

Notice that (rur, ')" = [i/g]". It is in H iff it acts trivially in F. But

[i/g] |lrp = [FgK] which is trivial iff the order of [FéK] divides n iff f;|n

Thus each factor of log L(s, p*, L/ K) associated to p is

oo

1 L/K .,

Zﬁz|wmmmmﬂw

But x,((rip7; 1)™) = 0 unless f;|n. So it is summing over n that are multiples
of f;. Now take n = f;t, t running through all the positive integers. Then the

sum is
=1y fit
ZZLtH e Xe (st 7))

i=1 t=1

[iz/g]f = [Fé—qK] Thus the sum is

;;ﬂm“(ﬂiﬂy>

This is the factor of log L(s, p, F//K) corresponds to g; that are above p. So the
proof is complete. O

T = Ylaill, so (ripr; )7 =

We know L-series do not change under induction. We state a lemma that
will be proven later.

Lemma 4.12. Let p be an irreducible representation of G. Then x, is a ra-
tional linear combination of characters induced from the cyclic subgroups of G.
Moreover, if p is non-trivial character, then it is a rational linear combination
of characters induced from the non-trivial characters of cyclic subgroups of G.
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To be precise, let a denote the number of cyclic subgroups of G, and let 4
denote the ith cyclic subgroup. Let n; denotes the cardinality of the ith cyclic
subgroup H;. For a fixed cyclic subgroup H;, let ¢;; be the irreducible (thus
1-dimensional) characters of H; where j runs through 0 to n; — 1, and ;o is the
trivial character. Then we have

Xp = Z (e

Where u;; are rationals. When p is non-trivial representation on G, we can have
U0 = 0, Vi.
If we assume the lemma, we have

L(s,p, L/K) = HL(S,Q]‘, L/Q;)%
ij

where 2; is the fixed field of H;. Moreoever (;; are all non-trivial. Since
the cyclic group is abelian, we can apply what we proved in the abelian case:
L(s, (ij, L/Q;) is analytic and non-zero on Re(s) > 1, so we can take rational
power of it in Re(s) > 1 and it is still analytic and non-zero, so the product
Hij L(s, {5, L/€;)%9 is also non-zero and analytic here. Thus we prove the nice
properties of L(s, p, L/K) required.

Now the only thing left is to show the lemma.

Proof. Recall the Frobenius reciprocity we discussed in the background section:
Suppose H is a subgroup of G, and let 1, ¢ be two class functions. Then we
have

(¢, ResGb) i = (6%, 4G

Let ¢y run through the irreducible characters of G, 0 < k < g — 1, and 1)y
denote the trivial character. Since the induced character (;;* is a class function,

we can have
%k
Cij :E ik Yk
k

where rj;, are rationals. We also know the inner product ((;;*, ¥r)a = 7jik-By
Frobenius reciprocity we have

(Gijs Res§onym = (Gii™ vr) e = rjin

Now restricting v, to H; is a character on H;. So we have

Yi(T) = Z bjik Gij (T)
J
for 7 € H;. Sobji, = (Res$ by, Gij) = rjik. Now we have a system of equations

Cij* = Z Tjik (e
k
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Now if we collect these coefficients into a matrix, and let M be the matrix below:

0 - T11g
210 - T21g
Tni10 tee Tn, 1lg
| "ngad * Tngag |
Then we have ) }
i1
Ciknl
a1
: o
C;TLQ ’
: Yq
*
al
[Can, ]
We wish to show that M has a left inverse, say M*. Then
Gl Yo
M=
;na 1/}9
which exists if the rank of M = # columns of M. Suppose that rank of M < g,
then the columns of M are linearly dependent. There exists cg, .....cq—1 not all
zero such that
CoTji0 + --eeee + Cg—1Tjig—1 = 0

for all j,1.
Now fix H; and for any 7 € H;

g— n;—1 n;—1

g—1
Z ck Yr(T Z Z rjik Gij (T Z Gii (7)Y exrjir =0
=0 k=0

Since each element in GG generates a cyclic group, each element is in some cyclic
group H;. Thus for all 7 € G, Zz;é ck Yi(7) = 0. Thus Zi;é ¢k Y = 0. Then
Yo, ....1pg—1 are not linearly independent. But irreducible characters of G are
linearly independent, so we derive a contradiction. Thus the rank of M is g,
which shows that each ¢, can be expressed as a rational combination of ¢;;".

We have shown that ¢, = >_¢ Z;”:_Ol u;; Ci;*. We are going to show that
if ¢ is non-trivial then u;o = 0.
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Proof. Fix H;. By definition of induced character, we have that Vg € G

n;—1 n;—1

2= > D Gltet g _‘
=0 ’

teG,tgt—1eH,; j=0

Since (;; runs through all characters of H;, by the orthogonality relations of
characters we know that

n;—1

d _ 0 iftgt=! #£1
> Giltgt™) =1

jZOCJ(g ) {|Hi|, if tgt=1 =1

But tgt~! = 1iff g = 1. Let’s denote Z:L:gl i (tgt™1) as T;(g). Then we know

that T;(g) = 0 for g # 1, and is |G| when g = 1. Thus we know that

n;—1

7,() - Z C’L] i

Now consider ¥, non-trivial character of G. We have that

a ’I’Lifl
*
w=3 S g
i=1 j=0
a n;—1
= § U'LOT + § § uzg U0 CZ]
i=1 j=1

Now take the inner product with the trivial character 1)o. We know that

a n;—1
<wk7¢0 G = Zuzo 27"/}0 G +Z Z uz] uzO)<Czj ﬂl’o)
i=1 i=1 j=1

But it is also 0. By Frobenius reciprocity, (;;*,%0)c = 0. So we have that

(ks o) = D wio(Th, o)

i=1

= i uioTi(l) =

We already know that ¢ — > 7, Zm L owig Gt =0 wioLy. But 3o uioT;
takes 0 on g # 1 (T;(g) = 0 for cach i) and also takes 0 on g = 1. Therefore
S uoT; is identically zero. So we have ¢ = > &, Z?;_ll(uu — wio) Cij ™
This shows that v is a linear combination of characters introduced from non-
trivial characters of cyclic subgroups of GG, and we are done. O

O
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5 Properties of Riemann zeta function and Rie-
mann Hypothesis

The proof of the Prime Number Theorem reveals that the non-zero property
of zeta function on Re(s) = 1 gives the asymptotic formula for 7(z). The
celebrated Riemann Hypothesis assumes a more precise distribution of zero of
((s): the non-trivial zeros are all on Re(s) = 1. And this is expected to give a
better error bound to the Prime Number Theorem. The equivalent statement,
or say a well-known consequence of Riemann Hypothesis is that, (Assuming
Riemann Hypothesis),

7(z) = Li(x) + O(v/zlogz)

For the statement of Riemann Hypothesis to even make sense, we need to
first define Riemann zeta function on the entire complex plane.

5.1 Gamma function and some of its properties

Let’s start by defining Gamma function, a component in the functional equation
and in meromorphic extension fo ((s).

Definition 5.1. T'(s) = [;° e~ "t*"1dt for Re(s) >0
First notice that this is a well definied function. Say Re(s) =& > 0, then

o o %) 1
/ et ! dtg/ e*ttffldtz/ e*tt“ldt+/ e telde
0 0 1 0

J1° e~tt= ~1dt always converges, and j;)l e e ldt = O(fol t=~1), which con-
verges when € > 0. Thus the integral converges absolutely when Re(s) > 0

As s — 0, fol e~'t ~1dt goes to infinity. So as for Re(s) < 0, we need other
definition of T'(s)

Below are two ways to extend the function. Each of them gives some property
of T'(s).

1. Extension by ”integrating by parts”

For Re(s) > 0, [, e~‘t*dt. By integrating by parts, we have

I'(s+1)

s
For —1 < Re(s) < 0, @ = T'(s),s # 0 is well defined and analytic. For
s=0I(s+1)=T(1)=1,s0 @ = I'(s) will have simple pole at s = 0. Thus
for —1 < Re(s) < 0, we can define T'(s) as @ We obtain a meromorphic
extension of I'(s) to Re(s) > —1. But now we can extend it to —2 < Re(s) < —1

in a similar way. Repeating the same process we can define I' on the entire
complex plane:

IT(s)| =

=T(s)

J et ldt, Re(s) >0

F(S) = s+k
{m —k —1 < Re(s) < —k, k € ZT U{0}
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From the above formula we can find out that the poles of I'(s) are 0 and all the
negative integers, but we can’t get accurate information about zeros. Here the
product represetation of I'(s) will tell us clearly that I'(s) is no-where 0.

Since ;

lim (1——)" —e™*
n—00 n

and the convergence is uniform, we can plug it into the integral representation

of T'(s) and we get

n

4
I(s)= lim [ #7'(1——)"dt
n—oo Jq n
By integrating by parts, this is
1 n
lim — - E/ t5(n —t)" " dt
0

Repeating the same process, we can get the expression of I'(s):

hm —. 202 -¥~/nts+”*1dt
n—soon” s s41 s+n—-1 J,
. 1 n
= lim —-—-......
n—oo N § s+n—1 s+n
n® 1 2 n

m . .
n—oo s s+1 s+2 s+n
This product converges for Re(s) > 0. Now insert a ”convergenve factor” to
make this product converge everywhere.

Lemma 5.2.

—logn exists

> =

Jim
k=1

Proof. Write logn as
(log2 —log1) + (log3 —log2) + ....... + (logn —logn — 1)

So when n is finite , the sum is

Use the Taylor expansion of log(1 + %)

mm+&¥—i+i_i+ .......
k k  2k?  3k3  4k4
Thus we have
l—log(l—&—l)zi—i—i—i—i— .......
k k 2k2  3k3  4k4
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Which is less than 57>

Thus 1
1 k+1 1 &1 1
N R
Take the limit as n — oozk 1 ka +* converges. Also 7710g L>0.

Thus the limit exists. We denote the limit as 7, the Euler constant.

¢

Now go back to I'(s). From the product representation of I'(s) we know that

1 . s u s

n

= lim s-e5(Xnt1 w—logn) H

n— o0
k=1

—se”H 1+

Which converges everywhere. Thus we can take

?“\m

r\w

1
ses? [T, (1 + %)G_%

as the meromorphic extension of I'(s) to the entire complex plane. This product
representation shows that I'(s) is non-where 0.

5.2 Analytic continuation of ((s)

Now we are in a good position to define the analytic continuation of ((s) to the
entire complex plane.
When Re(s) > 0

o , L[>~ . r
/ e Mgt = —/ etptg = L) g
0 nS 0 nS

Since the integral converges absolutely. Then

n n
o0 1 oo
. “ktps—1 s _ 1 —typs—1 g, _
nh_}rrgo kg_l/o e "t = nh_}rrgo kg_lks/o e "t dt =T(s)C(s)

But on the other hand we also have

o] tsfl

n o) co N
. —ktys—1 _ —ktys—1 _
nl;rgo kgl/o e "t dt = /0 kile t°Tdt = /0 p—

dt
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Thus we have for Re(s) > 1

For Re(s) < 0 consider

00 ps—1 00 4s—1 1 ts—1
dt = dt dt
/0 et —1 /1 et —1 +/0 et —1
t

The integral on [1,00) certainly converges. For 01 e:—illdt, consider the Laurent
expansion

1 1
=4 Ao+ At + Aot® + ...,
et—1 ¢t
Where A; are constant. The expression converges at ¢ = 1. Apply Laurent
expansion we get

1 ,s5—1

t 1 A A

/ ——dt = + 2
o et —1 s—1 5 s+1

Which is analytic except for possible simple poles at s = 1,0, -1, -2, ...... Now
we can take
1 oo ts—l d
)=—— [ ——dt
¢(s) I'(s) /0 et —1

As the meromorphic extension of {(s) to the entire complex plane. Also ﬁ has
simple zeros at s =0, —1,—2,...... , which cancel out the possible simple poles of
01 %dt except for at s = 1. So the the meromorphic extension of {(s) to the

entire complex plane is analytic everywhere except for a simple pole at s = 1.

5.3 Trivial zeros of ((s)

Now that we have analytic extension of ((s), it’s time to consider its zeros.
Consider the Laurent Expansion

1

et —1
1

e t—1

Summing up the two equations we get

1
:¥+A0+A1t+A2t2+ ......

1
:_¥+A0_A1t+A2t2— ......

—1 =240+ 245t% + 2A,4t* + ...

This forces Aar, to be 0 for k positive integers. Now plug s = —2k (k > 1) into
expression of ((s), we have

1 1 Ao Ay oo s~
- dt
<) = T am (Zk S i PO +/1 et —1
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The pole at 2k+2k is cancelled by Asp = 0 and e 2k) = 0. Thus ((—2k) =

0.Thus even negative integers are zeros of ((s). It turns out that they are the
only zeros on the region Re(s) > 1 and Re(s) < 0, and we are going to show
this by deriving a functional equation that ((s) satisfies.

5.4 The functional equation of ((s) and the proof from
Riemann’s original paper

Consider 1

b(s) = %5(5 —1)g 28 T(5)¢(s)

@(s) is analytic everywhere since the pole of ((s) is cancelled by (s —1) and the
pole of I'(3s) is cancelled by the trivial zeros of {(s) and s.

Theorem 5.3. ¢(s) satisfies the functional equation

o(s) =o(1—s)
Let’s see what happens if the functional equation is true. Say

1 1 1 1-s

1 ~1s _ —1-s) p LTSy
3805 = DA T(58)C(s) = 5s(s — D 207IT(==)C(1—5)  (8)

When Re(s) < 0, Re(1 —s) > 1. So ((1 — s) and I'(152) are non-zero. s is
cancelled by the pole of (1 —s) at s = 0. Thus the left of equation (8) is
zero-free, and so should be the right. That means that for Re(s) < 0, the zero
of ((s) can only appears at the pole of I'(3s). Also ((s) # 0 for s = 0 because
the simple pole of I'($s) there is cancelled by s. This means the zeros of ¢(s)
on Re(s) < 0 are exactly the negative even integers s = —2,—4, .......

Moreoever, for 0 < Re(s) < 1, s is a zero of ((s) iff it’s a zero of {(1 — s)
because other factors in ¢(s) and ¢(1 — s) are analytic and non-zero. Thus the
zeros of ((s) in 0 < Re(s) < 1 is symmetric of s = 3.

Riemann proved the functional equation of {(s) in the first page of [3], which

is illustrated as below. The basic idea is to consider

/00 wd:zc 9)

T
o € 1

for s < 0 and compute the integral on two contours.

The first way is to take a contour starting from a point a that is above z on
real line by distance €; then go all the way to 0, and then go to point b that
is below x by distance e, and eventually go back to a. We denote this contour
as P;. Equation 9 is the integral on this contour when M — oo and € — 0.
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TR
<

Since
we have

So
(_a)s—l _ e(s—l) log z+(s—1)(7+e)i

Here we take the angle of logx to be between mi and —mi, so the logx is
continous on positive real axis and has discontinuity on negative real axis. P;
on the positive half plane so the logarithm function is continous. The integral

along Pj is
T (_ . \s—1 0 (_pys—1
lim / ﬁdwr/ ()
z—00,e—0 Jy  e?—1 z et —1

When we take the limit, e* — 1,e® — 1 will be very closed to e* — 1, So the

integral will be
o \s—1 _ (_p\s—1
lim / (=) (=5) dz
0

r—00,e—0

51 (e(sfl)ﬂ'i _ 67(571)7”')

= dx
er* —1
. . o ;[;Sil
— —TSt T8 d
(e ™) /0 L
= —2isinms((s) I'(s) (10)
Another way to evaluate the integral f;o (_ef)j; i dx is to consider the contour

that starts from a little bit above (2n+1)7 and goes counterclockwise along the
circle with radius (2n+1)7 and center as origin until a little bit below (2n+1).
Then goes left all the way to the origin, goes above the positive real axis and
back to where we start. We denote this path as P;.
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(2n + 1)mi

[

—(2n+ 1)mi

We also denote the contour going counterclockwise of the circle as C. Then
P,=C—-P

s—1
Also notice that (;f)_l is analytic along P, because the poles only appear at

2nmi, which is not on P

Now as n — oo, the integral of (_6;6)75171 along C' tends to 0. We show this by
M — L estimation.

First find a upper bound for |2 |. This is the same as finding a lower bound
for |e* —1]. Since e” — 1 is continuous, & such that if |y — (2n+ 1)7i| < €, then
we have [(e¥ —1) — (=1 — 1)| < %, which means 7 < [e¥ — 1| < 2. Now take a
circle Cy with center at (2n + 1)7 and radius e. On Cy, |-/ is bounded from
above. So as the circle Cy with radius € and center —(2n+1)mi. Now say C1,Cy
intersect the big circle at points with x-coordinate t. So for —t < Re(z) < t,
ﬁ is bounded from above.

For t < Re(z) < (2n+1)m and —(2n+1)7 < Re(z) < —t, | =<| is bounded
above by Tl—1 Thus on the entire circle, |ﬁ| is bounded from above, say, by
c.

The upperbound for |(—z)*~ 1] is ((2n + 1)m)*~*

Thus by M — L estimation, we have

/ ﬂd:ﬂ < (4n+42)72(2n + Dm)* e
C et —1 -

But Re(s) < 0 by our assumption, so the exponent is negative. Since the
integral of an entire function doesn’t depend on its path, we can take n — oo,
then (4n + 2)7%((2n + 1)7)*"1C — 0. Thus the integral in 8 can only be 0.
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Therefore

_p\s—1 _p\s—1
—/ 7( z) dx = / 7( 2) dx
P, et —1 P, et —1

On the other hand, by residue theorem,

/ ﬂ = Qm'(z residues) (11)
Py

e? —1
The poles inside P; are at s = 0, +2m¢, +47i, ...... + 2nmi for radius being (2n +
1)m. For a pole at 2k7i, the residue is:

(71:)571(177 2k) = lim %

v _o2kmi (_Qkﬂ'i)Sil

lim T
x—2kmi er — esfm r—2kmi

r—2kmt

Plug this into equation (11) , we have

o €*-—1

| e = —ami S ((-2mmiy ! + (2umi)
n=1

nl—s

= —2mi - 227 4 (=) ) )
n=1

s—1
Equate the two expression for f;o (;f)_l

dx, we get that
sinsC(s)T'(s) = (2m)°¢(1 — s) sin % (12)

Here we cite two functional equations of I'(s) from page 250 of [17]:

1+s 1—s T
T —
(=)

T
( cos 5

1
r(g) D(s+5) = V2r25 =5 T(s)
Both of the above equations can be derived from the product presentation of
I'(s). Plug
(s
I'(s) = _TGEm .

V2m227% cos TP I'(557)

into equation (12) and do some algebraic manipulation, we will eventually get
S s—1 1—s

P TE) =7 (1 - 9T ()

Thus ¢(s) = 3s(s —1)7~2((s) I'(%) will have the property that ¢(s) = ¢(1 — s)
for Re(s) < 0. But both ¢(s) and ¢(1 — s) are analytic on the entire complex
plane. So if they agree on Re(s) < 0, they will agree on the entire complex
plane. Thus we finish the proof for the functional equation for {(s)

We have some other facts about the zeros of ((s). ((s) has infinitely many
zeros in the critical strip, and the number of zeros of {(s) in the rectangle 0 <
Re(s) < 1,0 < Im(s) < T, denoted as N(T), is approximately o log 2 — .
Readers can refer to page 19 of [6] for detailed proof.
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5.5 Riemann’s Hypothesis and the error of the Prime
Number Theorem

We mentioned earlier an equivalent statement of Riemann’s Hypothesis: All
zeros of ((s) in critical strip are on Re(s) = L iff 7(z) = Li(z) + O(y/zlogz).
Let’s see why the equivalence should be true.

Recall our proof for asymptotic formula for prime number theorem. We
were largely dealing with ¢(x) and we didn’t get into m(x) until the very last
moment. Let’s follow the same procedure here. For the sake of convenience let
us define one more arithematic function besides ¢ (z), A(z).

Definition 5.4. We define 0(x) such that

ba) = logp

p<z

Notice that by definition of ¥(z), 6(x),

ol
~—
+
+
>
—~
8
Z

W(z) = 0(z) + 0(x2) + 0(x

Where xm > 2 and L < 2. But

U(x) — O(x) < mb(at) <

Also we cite the fact that 6(x) = O(x) from page 83 of ([17]). So we know that

() — 0(x) = O(v/z log )

This difference is way smaller than @
proof that this error is always smaller than ¢ (z) — z, so we if we can get the
error bound for ¢ (x) — x, we can get it for 6(z) — x.

The reason we use ¥(x) is that we actually have a very precise formula for
() which gives us insight of how the location of zero can determine the error

bound of the Prime Number Theorem. This is the Von-Mangoldt’s formula:

Ya)=z-Y %J + 2_:1 inn SOy (13)

. We can see in the following sketch of

¢(0)

Where p is the zero of {(s) inside critical strip. This formula can be derived by
1 fa—i-ioo _(s) z°

271 Ja—ioco ((s) s

and the other way gives the right of equation (13). The detailed proof of this

formula is in chapter 3 of [6].

As we can see, ¥(x) — x consists of a constant, —

evaluating the integral dz in two ways, one way gives ¥(x)

P .
o % where p is the zeros

in the critical strip, and — Zp % when p is the trivial zeros.
Notice that — > p trivial zeros % behaves even nicer than the constant as it
will get smaller when x — co. So it contributes nothing to the error ¢ (z) —
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z (That’s why we say these zeros are trivial). Therefore, the error term is
domlnated by Z because they gets infinite as © — co. We can see from
here that ((s) belng non-zero on Re(s) = 1 is crucial to the proof of ¢ (x) ~ x:
If ¢(s) has a zero on Re(s) =1 then ) % would no longer be a minor term
compare to x, and the asymptotic formula is no longer true.

Now say we want to minimize the error of approximating m(x) by Li(x),
which is |7 (z) — Li(x)|. Since we derive 7(z) from ¢ (x) we would hope to mini-
mize 1(x) — z, which is to minimize o %. Since the real part of p determines
how z” grows, we may hope that Re(p) to very closed to 0. However, we proved
in the functional equation that zeros appear in pairs: if p is a zero in the critical
strip then 1 — p will also be a zero. So if Re(p) is far from %, either por 1 —p
would have big real part. Therefore, the best hope for us is that all the zeros of
¢(s) has real part being %, and this is why we care about Riemann Hypothesis:
It gives the smallest error bound for ¢ (z) — z and thus n(x) — Li(x).

To go from here, if we assume that Riemann Hypothesis is true, then we can

bound ¥ (z) by
[ wwasvw < [T oo

Then plug in Mangold’s formula and that p = 5 + it. We can ignore—
—2n
E::;1$2n
Now we need to use the fact that the vertical density of zeros is less than
2logT. i.e., for large enough T, the number of zeros p for T < Im(p) < T +1
is less than 2log T, and the proof is given in page 71 of [6]. This ensure that

P .
there won’t be too many zeros anyway, so when we sum up the terms % it is

ROX
coy T

dominant by /x. Eventually we can get the following bound:
z — Cy/zlog 2° </ P(t)dt < P(x / Y(t)dt < x + Cy/xlog x*

Where the /z comes from estimating |(z 4+ 1)? — 2| and logz® comes from
summing up the term |m|, where we need the vertical density of zeros. Now
we have that

Y(z) = z + O(Vrlog z?)

The error term here is less than ¢ (x) — 6(x), so we also have that

0(z) = = + O(y/zlog z?)
To go from 6(z) to w(x), Notice that

(z) = Z O(n) —0(n—1)

logn
2<n<zx &

And Li(z) = [, Tog i=dt. The upper Riemann sum Li*(z) is

/31+/41+ +/W 1 +/zl_zl+m—[x]
o log2  J3 log3 7 [2]-1 loglz] =1 /i, log[z] B = logn  loglz]
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Then we have

Apply Abel’s identity:

L g(n) — 6(n — 1) — x)—x (=] -
Zé)( )—0(n—1) 1+O(1):9( ) Jr/ 0(t) t+0(1)
n=2 2

logn log tlog t*
Then plug in §(x) — z = O(/xlogz), we can get that
|7(z) — Li*(z)| < Cy/zlogx

Similarly, let Li.(x) denote the lower Riemann sum of Li(x), we can get |m(z)—
Li.(z)] < Cy/xlogz. Thus we get

7(z) — Li(z)| < O(Vxlogz)

So assuming the Riemann Hypothesis, we get the intended bound.

6 Artin’s conjecture on primitive roots

Recall that -
Jn 1
SOED SET pan
()=2.05= 2

n=1 1cOk

Where j, is the number of I such that ||I|| = n. This is a natural extension
of Riemann zeta function which shares lots of asymptotic behavior with ((s).
It turns out that (x(s) also has meromorphic extension to the entire complex
plane and also satisfies a functional equation. The proof involves use of higher
dimensional Gamma function. Readers can refer to page 7 of [18] for detailed
proof. It should be not surprising that (x(s) has its own version of Riemann
Hypothesis. This is the Generalized Riemann Hypothesis:

Let p be zeros of (x(s) such that 0 < Re(p) < 1, then Re(p) = 1.

6.1 Artin’s conjecture on primitive roots

Here we will present a corollary of generalized Riemann Hypothesis: Artin’s
conjecture on primitive roots

Definition 6.1. We say that a is a primitive root mod p if the order of a mod p
-1
isp—1. e, a“T s not congruent to 1 mod p for any prime glp — 1.

Then the Artin’s conjecture on primitive roots is stated as follow:
For any a € Z such that a # 0,+1 or any perfect square, there exists
infinitely many primes p such that a is a primitive root mod p. What’s more,
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fix a, denote N,(x) as the number of primes p < z such that a is a primitive
root mod p, then we have the following asymptotic formula:

T

N, ~ A
() ~ Alo)
In which A(a) is a non-zero constant depending on a.

Artin’s primitive root conjecture was proven by Hooley in 1967 assuming
the generalized Riemann Hypothesis and the proof is contained in [7]. In fact
he gets an error bound for N, (z):

x xloglogx

Ny (z) = A(a) log log 27

)

And he gave an expression for A(a). I will present intuition and a sketch of how
the proof uses generalized Riemann’s Hypothesis, but the computational details
will be omitted. Here we define some notations that are going to be used in the
proof:

R(q,p) denotes the event that ”"p = 1 mod ¢ and ap%l = 1 mod p”. Notice
that @ is a primitive root mod p iff R(p, ¢) doesn’t happen for any prime q.

P,(x,k) (k is square free) denotes the number of p < z such that R(p,q)
holds for any prime g|k.

Lemma 6.2. If k1, ko are co-prime and square-free, then p is counted by P, (x, k1k2)
iff p is counted by P,(x, k1) and Py(z, ka)

Proof.

= 1 mod
p is counted by Py (z, k1) iff Vq|k; pp;l modq
a7 =1modp

And by Bezout’s lemma, for two primes ¢1, g2 that are co-prime, we have
p—1 p—1 . p=1
ann =1modp and a2 =1modp iff a9z =1 mod p
By Chinese Reminder theorem, for two primes ¢, g2 that are co-prime, we have
p=1modgq; and p=1modgq, iff p=1mod qiq
Since k; is square free, each of its prime factor is co-prime to others, so we have
p=1
a* =1modp and p=1modk;

Same for k3. But now k1, ko is co-prime. So by the same reasoning, p is counted
by P.(z, k1) and P,(x, ko) iff

—1
atrs =1 mod p and p =1 mod kiks

Which is true iff p is counted in P, (z, k1k2) O
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Since by definition,
N, (x) = the number of p < z - the number of p < z such that R(p, q) holds for some ¢

Then by inclusion-exclusion principle, the number of p < x that satisfies R(p, q)
for some prime q is:

Z Pu(w,qi) — Z Pa(,qiq5) + > Pal@, qiqjqr) + oo = = > Pa(, k) pu(k)

i,k k=2

And we can think of P,(x,1) as the number of all the primes p < z. Then we
have

Na(l') = Z-Pa(xa k)/u’(k)
k=1

So we have expression of N,(z) in terms of P,(x,k). But what exactly is
P,(xz,k)? It turns out that P,(x,k) can be categorized in terms of algebraic
extension.

6.2 Categorizing P,(z, k) by algebraic number theory

First if a is an hth power (h must be odd because a is not a square), we take
ki = ﬁ We do this essentially because we want z*¥' — a to be irreducible.
Now
p=1mod q

p counted by P, (z, k) iff for all q|k o1 ) .
a ¢« =1modp ie., aisa gth power mod p

But if ¢|h, then a is automatically a gth power. So essentially we only need to
ensure that -
p=1modk and ¢ =1modp

Now consider Q(¢"™)/Q and GalQ(¢™)/Q = G. We have shown that p =
1 mod k iff p splits completely in Q(¢"™)/ Q

apTll = 1 mod p iff a is a kith power iff u** — a has a solution in F}. From
basic number theory we know that u** — a has a solution iff it has k; solutions,
which happens iff u** — a splits into linear factor in Fy.

Here we cite a lemma from algebriac number theory which is proven in [10]

Lemma 6.3. Let a to be an algebraic integer and f(x) is the minimal polyno-
mial of a. For pt[Q(a) : Q], if

k
f(z) = Hgl(m)e mod p

Then
k
D= H a“
i=1

in Q(a), and the degree of gi(o) = f(qilp)
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We want to apply this lemma to (@(aﬁ)/ Q. But we need to make sure that
ukt — a is irreducible. Suppose it is not, then say [Q(aﬁ) : Q] = m mlk;.
Then let g be a prime factor of 2. Since gk; , av € Q(aﬁ). so Q(a%)/Q is a
subextension of @(aﬁ )/ Q with degree q. so ¢|m. But this is impossible because
ki is squarefree, so we reach a contradiction, so u** — a is irreducible. And by
our assumption p { k1. Then the lemma says that u*1 — a splits completely in

F, iff p splits completely in (@(aﬁ).

Now we finally establish the equivalence: p is counted by P,(x, k) iff p splits
completely in Q(¢*) and in Q(aﬁ). But p splits in two fields iff it splits in the
composite field (proven in chapter 4 of [10]). So We have

p is counted by P,(x, k) <+ p splits completely in Q(¢F, aﬁ)

6.3 Where the Generalized Riemann Hypothesis gets into
place

Now we know that P,(x, k) counts the number of primes < z that splits com-
pletely in Q(Ck,aﬁ). But p splits completely iff it’s mapped to the identity
of the Galois group. Let nj = [Q(Ck,aﬁ) : Q]. Chebotarev Density theorem
tells us that such primes has density % Then P, (z, k) should be i 1021' Plug
these into the expression of N,(x), we will get that

o p(k) @
Ny(z) = E —
(z) 2, Toga + error

We will calculate the Y 7o “75? later, and this is indeed the expression for A(a)
in Hooley’s proof.

The problem with this intuition is that the error of Chebotarev Density the-
orem is too big to be directly plugged into the expression. We need some kind of
bound to the error such that after our algebraic manipulation the error can still
stay as an error term. And that’s where the Generalized Riemann Hypothesis
comes in: it can lead to a more precise bound for the Prime Number Theorem
(and thus Chebotarev Density theorem), such that there is more "room” for
approximation. Assuming Generalized Riemann Hypothesis, Hooley essentially
derived the Prime Ideal Theorem and effective form of Chebotarev Density the-
orem. However, if we then plug in the effective form of Chebotarev, we still
couldn’t get then error to be small enough. The reason is that we don’t have
much control on the sign of u(k), so during the approximation we have to think
it as 1, and that causes the error to blow up.

What Hooley did in his proof is to decompose N,(x) into four parts. He
chooses each part carefully that when he applies the corollary of generalized
Riemann Hypothesis, the error of each one won’t blow up. Eventually he shows
that > "2, %i) is actually the density.
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To better illustrates his method, we need to define more notations and make
some observations on them.

N, (z,y) denotes the number of primes p < z such that R(p,q) is not true
for any ¢ < y.

M (z,y1,y2) denote the number of prime p < x such that R(p,q) holds for
some prime ¢ that y; < q < ys

Below are some observations:

1. Ny(x) = Ny(x,z—1). Because for any ¢ that satisfies R(p, ¢) should have
qglpsog<p-1<z-1

2. Nu(z) < Ny(z,y) for any y. That’s because N,(x) = the number of all
primes < z - the number of p that satisfies R(p, q) for some q, while N, (z,y) =
the number of all primes < z - the number of p that satisfies R(p, ¢) for ¢ < y.
So the part being subtracted in N, (z,y) is a subset of the part being subtracted
in N,(x)

3. No(z) > No(z,y) — My(x,y,z —1). That’s because in the right handside
of the inequality we subtract for twice the primes p that satisfies R(p,q) for
some g < y and for some ¢ that y <g<ax —1

4. My (z,t1,t3) < Mo(z,t1,t2) + My (z,t2,t3) because the right handside of
the inequality over counts the primes that satisfies R(p, q) for some t; < g < t5
and some ¢ that to < g < t3. We can think of this as the traingular inequality

Use these observatons we can get that

No(z) = No(x,t1) + O(My(z,t1,t2)) + O(My(z,te, t3)) + O(My (2, t3, 2 — 1))

Where t; = %logx, ty = log%, ts = xlogx
It turns out that O(My(x,t2,t3)) and O(My(z,t3, 2 — 1)) can be approx-
imated without assuming Generalized Riemann hypothesis. These two give
(%)7 and the computational details can be found in [7].

The Generalized Riemann Hypothesis is required for the approximation of
Ny(z,t1) and O(M,(z,t1,t2)). The idea of deriving the Prime Ideal Theorem
from Generalized Riemann Hypothesis is similar to how we derive the Prime
Number Theorem with error bound from Riemann Hypothesis except that it’s
much more tedious([7]). Let 7(z, k) denotes the number of prime ideals P in

Q(¢*, aﬁ) such that ||P|| < z, then assuming generalized Riemann Hypothesis
we have the following error bound for Prime Ideal Theorem:

7(z, k) = Li(z) + O(ngv/z log kx)

But if we consider seperately the primes that splits completely, use w(x,k)

denotes the number of prime ideals P such that |[|P|| < z and that the prime
1

p € Q below it splits completely in Q(¢*, a*1)(and thus ||P|| = p). Use w(x, k)’

to denote the number of P with norm not exceeding x and p belows it ramifies

in Q(Ck,aﬁ) (This happens iff p|ng). Use w(z,k)” to denote the number P
that is unramified but also not splits completely. Then we have

m(x, k) = w(z, k) + w(z, k) +w(x, k)"’
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For P counted by w(z, k), there are ny of P that is above a p that splits com-
pletely, and the number of p < z that splits completely is counted by P,(z, k).
So we have
w(z, k) = ng Py(x, k)
Notice that each p € Q can have at most n; numbers of primes above it in
1
Q(¢*,a*), and ||P|| > p for p € Q below P. Also recall that p ramifies iff
1

p divides the discriminant of Q(¢¥,a*1) /Q, which is equivalent to p|ak in

our case. So

log ak

w(z, k)" < ng(number of prime divisor of ak) < ny log 2

For p unramified but doesn’t split completely, ||P|| > p?. Thus

k) <o S < maE
p<VT
So now we have
7z, k) = ng P2, k) + npO(V7)

Now express P,(z,k) in terms of m(z, k) and then plug in n(z,k) = Li(z) +
O(ng/xlogkx) , we will get

P.(z,k) = nikLz(x) + O(Vz log kx)

This is essentially the effective form of Chebotarev density theorem.

Now back to N, (z,t1) and O(M,(x,t1,t3)).

Let k = Hpgt17 k square free. Similar to how we get the formula for N, (z),
we have

oz, tr) =Y p(d) Z” (x) + 0> u(d)v/xlog d)

dlk dlk dlk

Now we can see why ¢1 is chosen to be ¢ logz. k = [l<;,p= et < 201 = g3,

So for d|k, d < x%, which means the number of divisor of k is also < 23, Then

we have
l

Zu flogdx<z\flogx—xﬁlogx
dlk

Now let S denotes the set of d that is square free and has at least one prime
factor> ¢1. Then we have

> A0 i) = Y M

d|k

w( d
x) + O(Li(x Z d
dES

The error can be verified to be bounded by O(logx )
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For O(Mq(z,t1,t2)) bound it by >7, _ o, Pa(z,q) . Then plug in the for-

mula for P,(z,q) directly and some approximation shows that it is O( log%)

Thus we know that N,(z) = > 22, “755) ez T O(%). Now the last
oo p(k)

n=1 ng *

task is to evaluation )

6.4 Formula of A(a)

Recall that ny, is [Q(CF,a™) : Q] = [Q(C*,a™) : Q(¢H)][Q(CF) : Q). We know

that [Q(¢*) : Q] = ¢(k) so only need to evaluate [Q(¢*, aﬁ) :Q(¢M)).
Case 1.If k; is odd, for ky = 1 this is trivial. For k; > 3, let ky = [['_, -

Then Q(aﬁ) is the composite field of (@(aq%'). The only subfield of Q(aq%') isQ
or itself since the degree of extension is a prime. So Q({x) N Q(a% ) is either Q

subfield of Q(Cy) is normal. Thus Q(¢x) NQ(a ) = @, so Q(a* ) NQ(¢k) = Q.
Thus [Q(¢F,a™t) : Q] = ko(k)

Case 2. If ky, k is even, then say k; = 2m so m is odd. Then [Q((x.aw)] =
@o(k)m. Then [Q(¢*, aﬁ) : Q] can only be p(k)m or 2¢(k)m and it is (k)m iff
va € Q(Gr)-

Now consider a = b?c where c is square free. so /a € Q((x) is the same
as saying v/c € Q((). say k = 2], ¢;. Then the only quadratic subfields of
Q(Ck) are Q(v/¢5q3-..q;) such that gx = (71)%1. So we need that ¢ = ¢j¢;5...q}
so c|k. Notice that ¢ can’t be —¢f¢3...q; because otherwise Q((j) will contains
i, which is impossible because 4 { k. Thus ¢ = 1 mod 4 since each ¢ = 1 mod 4.
Thus we have the following:

or Q(aq%t). But for ¢; > 3, Q(aqii) is no longer a normal extension while all the

. %@7 if c= 1 mod 4, 2c|k
k= k1o(k) if otherwise

The last step is to evaluate Y ;° %i)

Case 1. if ¢ £ 1 mod 4 then u(k),ny are both completely multiplicative, so
decompose the sum as product of terms involving prime. We eventually have

Let’s denote this as C(h) [7]

Case 2. if ¢ = 1 mod 4. Then for 2c|k,n, = kl%(k) and otherwise ny =
k1¢(k). Then we have

) s k) | (k)
2 T et 2 bl

k=1
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We already know the first sum, and the second sum is Zzo( k,20)=1 %.

This is similar to the previous sum, except that we have to get rid of the terms
corresponds to prime factors of 2|c|k. Eventually we will get

S ot - e T () T (- 5——)

n -2 P2 —q-1
k=1 * qlh,qlc a4 qth,qlc q 4

This is the formula for A(a).
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