NORM OF DISCRETE HARMONIC FUNCTIONS

ZIHAO LI

ABSTRACT. In this paper, I set out to define discrete harmonic functions.
Several results are then presented: first, it is shown that for any given boundary
values of a subset in Z2, there exists a unique function which agrees with the
boundary values and is harmonic in the subset. I then prove that the /1 norm
of a discrete harmonic function is equal to the expected number of steps given
by a random walk. Finally, I discuss the circumstances under which the I;
norm of a discrete harmonic function is maximized.
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1. INTRODUCTION

The topic of discrete harmonic functions exhibits an important intersection be-
tween the world of linear algebra and probability theory. In this paper, I aim to
highlight this intersection and introduce an interesting problem—under which cir-
cumstances is the [; norm of a discrete harmonic function maximized? In order
to make the solution more accessible to those without much background in linear
algebra and probability theory, I present several related theorems, prove them in
my own way, and use them to given an explicit solution to the problem introduced.
This paper assumes the basic knowledge of linear algebra and probability theory of
the readers, but relevant terms heavily used in proofs will be defined or otherwise
given context in order to prevent any confusion regarding the terminology later
employed.

2. DISCRETE HARMONIC FUNCTIONS

In mathematics, mathematical physics, and the theory of stochastic processes, a
harmonic function is a twice continuously differentiable function f : U/ — R where
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U is an open set of R™, which satisfies the Laplace’s equation, i.e.

0? 0? 0?
7‘2 + 7{ + -+ 75 =0
Oz  Oz; 0x?
everywhere on . This is usually written as Af = 0.
Such functions have a mean value property: at a point where x is interior to U,
f(x) equals the average value of f over any ball centered around x that fits inside

the region.

Definition 2.1. In the discrete case, we can define a function f on a graph S =
(V, &) to be harmonic at a node z if f(x) equals the average of values of the function
on the nodes connected to x. Let deg(z) (the degree of x) be the number of edges
connected to z, then we have

Z{I,y}eE f()
deg()

Definition 2.2. A function f is harmonic in S if and only if for any node x € S,
f is harmonic at x.

= f(@).

3. EXISTENCE AND UNIQUENESS

Definition 3.1. Suppose v and w are n-dimensional vectors, then we have (v, w) =
Z?:l ViWs.
Definition 3.2. ||v|| = (v, v)=.

Definition 3.3. Given a subset S C Z?2, then the boundary of S is defined to
be S = {(z,y) ¢ S[3(=",y) € {(z — L,y),(z + Ly),(z,y — 1), (z,y + 1)} and

(«',y) € S}.
Example 3.4.
33) () ()

For instance, in this picture, S = {s1, s2, s3}. The boundary of S is S = {b; ... b7}.

Definition 3.6. Given a subset S C Z2, the closure of S is defined to be S =
aSUS.

Remark 3.7. Within the scope of this paper, only discrete harmonic functions de-
fined on a subset S C Z? are considered. The number of nodes is also required to
be finite.

Theorem 3.8. Given a subset S C Z2, then for any g : 0S — R, there exists a
function f such that f = h on dS and f is harmonic in S.
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Proof. Suppose such f exists, then for every (z,y) € S, we should have

J@-Ly+fle+ly +fley-1+ flz,y+1
flany) = ( )+ f( )4 ( ) + f( )
where (z £ 1,y 4+ 1) either € S or € 9§ by definition.
Let s1(z,y) be the sum of f(z',y’) such that (z',y') € {(x £ 1,y £ 1)} and
(2',y') € S, and sa(x,y) be the sum of f(z’,y') such that (a/,y') € {(x+1,y+1)}
and (2/,y") € 0S, then we have

4f(l‘7y) - Sl(xvy) = Sz(l‘,y).

To rewrite this problem in matrix form, we denote by f the values of f in S, by
A the adjacency matrix of S, and by s the values of s;. Then the problem takes
the form

(41— Af =s
and it can be simplified to show that 41 — A is invertible.

Note that 41 — A is a real symmetric matrix, and by the spectral theorem, it is
diagonalizable. So, we only need to prove all its eigenvalues are nonzero. We will
do this by proving all its eigenvalues are positive, which is equivalent to prove all
eigenvalues of A are less than 4.

It is widely known (Rayleigh quotient) that if A is a symmetric matrix and Ap,qz
denotes its biggest eigenvalue, then we have

Amaz = MAT||z||=1(AX, X).

Suppose f = (f1, fo, ..., fn), and let £ denote the set of all edges in S ((4,j) and
(4, 1) are considered as two edges), then we have

2 2
(Af,f) = Z fifi < Z % SAfPH I+ 1) =4
{i,7}€€ {i,j}€€&
using the facts that ab < a® + b and every node has at most 4 neighbours. The
inequality above is actually strict because there exist some nodes having less than 4
neighbours. Thus, we have A4, < 4; then every eigenvalue of A is less than 4; then
every eigenvalue of 41 — A is greater than 0; then 41 — A is invertible. As a result,

for any given h defined on 9S, we can find f which extends h and is harmonic in
S. O

Theorem 3.9. For a given subset S C Z2, if f = g on S and f,g are both
harmonic in S, f =g on S.

Proof. The invertibility of 41 — A gives both surjectivity and injectivity. If (41 —

A)f = (4 — A)g = s, then (4 — A)(f —g) = 0. Then f = g since 4] — A is

invertible, and f =g on S. O
4. NOrRM OF HARMONIC FUNCTION

Suppose x = (1,Z2,...,Z,), then we define the I; norm by

Definition 4.1.
n
x|, = Z |z;|, 11 norm
i=1
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We now introduce our main problem concerned. Suppose there is a line graph
S € Z2 with n nodes (1,0), (2,0), ..., (n,0), in which (4,0) is connected to (i — 1,0)
and (i + 1,0) for 1 < i < n. Now for every boundary node p € 98§, consider
fp:08 = Rs.t f,(p) =1 and f,(q) =0 for ¢ # p. Let h, : S — R be the function
which extends f, and is harmonic in S§. The question is which point p € 0S5 gives
the biggest norms ||hy||1.

Example 4.2.

(4.3)

.h(2,1)(171):0 .h(2,1)(271):1 .h(2,1)(371):0 .h(2,1)(471):0

.h(2,1)(070):0 — .h(2,1)(170) — .h<2,1)(270) — .h(2,1)(370) — .h(2,1)(470) — .h(2,1)(570):0

.h(2,1)(17—1):0 .h(2,1)(27—1):0 .h(2,1)(37—1):0 .h(2,1)(47—1):0

For instance, here is a picture of S when n = 4, and we take h2,1y-

We want to know which point p € S gives the biggest norm ||h,||1. First note
S is symmetric with respect to y = 0, and (0,0) is equivalent to (1,1) when hy is
induced, so we can restrict p = (k,1),1 < k < n. Now for the sake of simplicity, we
will use hy, to denote hy, 1)-

Theorem 4.4. hy is non-negative on S

Proof. Since the domain of hy is finite and hx > 0 on S, we can suppose hy
achieves its minimum at (j,0) for some 1 < j < n. For the sake of contradiction, if
hy, is negative somewhere on S, then we have hi(j,0) < 0. Since hy is harmonic at
(4,0), we have

Meanwhile, hy(j £1,0) > hy(5,0) and hg(j,£1) > 0, which leads to

This is a contradiction, so hy has to be non-negative on S. (]

By Theorem 4.4, when computing the [; norm, we can remove the absolute value
sign and add the terms directly.

Theorem 4.5. ||h;||; = [3 — (hx(1,0) + hi(n,0))]/2
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Proof.
klly = [ha(l, D)+ > [he(i,0)] =1+ hi(i,0)
=1 =1
=141/4+4 ) (hi(i—1,0) + hg(i + 1,0)) /4
i=1
=3/4+ ||hkly /2 — (hi(1,0) + hy(n,0))/4.
Then the conclusion follows. ([l

5. A PROBABILITY INTERPRETATION

Let S be the same as defined in Section 4. Suppose a person starts a random
walk at ¢ € S, with an equal chance to go in each of the 4 directions, and stops
when he hits 9S. Let pr(g) be the probability that the random walk starts at ¢
and stops at (k,1).

Notation 5.1. Suppose A is an event, P(A) denotes the probability that event A
happens.

Notation 5.2. Suppose X is a random variable, E(X) denotes the expectation of
X.

All definitions of the terms above are available in Rice (2007).

Theorem 5.3. hy equals pi, on S.

Proof. First notice hy(k,1) =1 and hy(g) = 0 for {¢q € 9S|q # (k,1)}, which agrees
with pg. Furthermore, the probability also satisfies

pk(5.0) = 1(kG — 1,0) + peG +1,0) + pu(1) + Pl ~1)

for 1 < j < n. By theorem 3.7, pj, = h, on S. O

Theorem 5.4. ||h;||1 equals the expected number of steps of the random walk which
starts at (k,1) and stops when hitting 0S.

Proof.
Whnlly =1+ hi(i,0) = 1+ > pi(i,0).
=1 i=1

Let Pz, 20),(y1,v2) De the set of all paths from (x1,22) to (y1,¥2), and for any path
p let |p| be the length (number of edges) of it, we have

S0 =3 Y e

= =1 pEP(,0),(k,1)

(> (k)

=1 PEP(k,1),(i,0)
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Let Nj be the random variable of the number of steps before hitting 0S when
starting from (k, 1), and ng ., be the number of the paths starting from (k, 1) with
length m and not hitting S. We have

n

SO P =3 w14y

=1 PEP(k.1),(i,0) i=1

As a result, ||hg|l1 = E(N) 4 1, which equals the expected number of steps when
the random walk hits S. O
6. MAXIMIZATION OF THE NORM

Now fixing k, for ¢ # k, we have
hi(i —1,0) + hi(i + 1,0) = 4hy(3,0).
After solving the corresponding characteristic equation
22 —4x4+1=0,

we get the two roots o = 2 + V3 and B=2— V3. We analyze the cases i < k and
1 > k separately. We first consider the case ¢ < k, and then we have the general
solution hy(i,0) = c1a® + caf', where ¢; and ¢y are two constants. Now since

h(0,0) =0, we haye 1% + 8% =0, so ¢; = —cy. We can rewrite the formula as
hi(i,0) = c(a* — B*) for i < k, where ¢ = ¢; = —co. In particular,

(6.1) hi(k,0) = c(a® — ).

Similarly, we can enumerate from the right and have

(6.2) ha(k,0) = d(a™+17F — gricky,

where d is some constant. Lastly, since hy is harmonic at (k,0)

(6.3) 4hy(k,0) = c(a*t — g1 4 d(a"F — gm7F) 1.

By Equation 6.1 and 6.2, we have ¢ = Z’;;(f’ﬁok) and d = W#jgg“,k Plug in

these two into Equation 6.3, we get
ak—l _ Bk_l
ok — Gk

n—k _ gn—=k
o B
an+1—k _ Bn—&-l—k

Ahy(k,0) = hi(k,0) + hi(k,0) + 1,

(6.4)

k _ gk n+l1—k _ gn+l—k

4(Oék _ 6k)(an+1—k _ ﬂn+l—k> _ (ak—l _ ﬂk—l)(an+l—k _ 6n+1—k)
_ (anfk _ ﬁnfk)(ak: _ 5k)

By Theorem 4.5, to maximize ||hgl|; is equivalent to minimize hy(1,0) + hx(n,0),
which equals (¢ + d)(a — ). Since a — 8 = (2 +3) — (2 — V3) = 2/3 s fixed,
what we need is to minimize ¢ + d. However, before doing so, we first should prove
a theorem which makes our computation easier.

Theorem 6.5. The denominator in equation 6.4 is a positive constant.
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Proof. Denote the denominator in equation 6.4 by Q. Because 4o = o? + 1 and
48 = B2 + 1, we have

Q _ (ak—l +ak+1 _ Bk_l o Bk—&-l)(an—k—&-l _ ﬁn—k-{-l) _ (ak o Bk)(an—k _ Bn—k)

_ (ak—l _ Bk—l)(an—k—‘rl _ B7l_k+1)-
After cancelling out, we get
Q _ an+2 + 6n+2 _ ak—‘—lﬁn—k—i-l _ ﬁk+1an—k+l + Oékﬁn_k + ,BkOén_k _ an _ ﬁn

. Note that a8 = 1, so we finally have
(66) Q= a2 4 ﬁn+2 —a"— B
Equation 6.6 shows that @ is a positive constant. (I

Theorem 6.7. ||h||1 is mazimized when k = | %5 ].

Proof. By Equation 6.1, 6.2, 6.4, and Theorem 6.5, we have ¢ = (a"t!17F —
prH1=k)/Q and d = (of — p¥)/Q. Since Q is a positive constant, to minimize
¢+ d is equivalent to minimize o"t1=%F — gnt1=k 1 ok — 3k Consider the function
f(k) =a* — B*. For k > 1, we have

9 f (k)

k2

so f(k) is convex, and we have
an—k+1_ﬂn—k+l+ak_5k > 2(a(n+1+k—k)/2_ﬁ(n+1+l~c—k)/2) _ 2(a(n+l)/2_ﬁ(n+l)/2).

= (log@)*a® — (log 8)*8* > 0,

Since k is an integer, ¢ + d is minimized (at the same time ||hx||; is maximized)
when k= |2 | (or [241]). O

7. FURTHER RESEARCH

Let S be an nxn square in Z? instead of a line graph. Still, for every boundary
node p € 9§, we consider f, : 0§ — R such that f,(p) = 1 and f,(¢) = 0 for
q # p. Let hy, : S — R be the function which extends f, and is harmonic in S. The
explicit formula of h, can be found in Buhovsky, Logunov, Malinnikova, and Sodin
(2017). T've written python code and found out that the maximum of ||h,|| is still
achieved when p is the center of one side of S. However, future research is still
needed to render a more rigorous algebraic proof.
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