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Abstract. We construct the Kontsevich moduli space M0,n(Pr, d) of stable

maps. Then we discuss the solution to the following problem: How many
rational plane curves of degree d pass through 3d−1 points in general position?

We conclude with a discussion of Gromov-Witten invariants and quantum

cohomology. Throughout, we work over C.
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1. Introduction

The most basic enumerative problem in enumerative geometry is the following:

Question 1.1. How many lines pass through two distinct points?

Of course the answer to this question is 1 and was known to Euclid. A natural
generalization of the previous question is:

Question 1.2. Determine the number Nd of rational plane curves of degree d
passing through 3d− 1 points in general linear position.

The numbers N1 = N2 = 1 were known to the ancients, N3 = 12 was computed
by Steiner in 1848, and N4 = 620 was computed in 1873 by Zeuthen. Only in the
1980s was the number of quintics N5 = 87304 calculated. In the 1990s, using ideas
from string theory, Kontsevich gave the following formula for Nd for all d:

Date: Draft August 19.

1



2 PATRICK LEI

Theorem 1.3 (Kontsevich). The number of rational plane curves of degree d pass-
ing through 3d− 1 points in general position is given by

(1.4) Nd =
∑

dA+dB=d
dA,dB>0

NdANdBd
2
AdB

(
dB

(
3d− 4

3dA − 2

)
− dA

(
3d− 4

3dA − 1

))
.

This formula follows from the associativity of quantum cup product on quantum
cohomology, which will be defined later in the paper. Classically, we can also obtain
the formula through intersection theory of boundary divisors on the moduli space
M0,n(Pr, d). We will begin with the second perspective.

First, we begin with some definitions.

Definition 1.5. A moduli problem is a presheaf F on the category of schemes.

Intuitively, a moduli problem consists of classifying geometric objects up to some
notion of equivalence. Informally, the desired moduli space should be a variety or
scheme whose points are in natural bijection with the set of equivalence classes of
the objects and satisfies certain uniqueness properties.

Recall the following basic fact about category theory:

Lemma 1.6 (Yoneda). Let C be a category and F be a presheaf on C. Then for
any object A ∈ C, define the presheaf hA = Hom(−, A). Then

Nat(hA, F ) ' F (A).

Definition 1.7. A scheme M is a fine moduli space and U ∈ F (M) a universal
family for a moduli problem F if U : hM → F is a natural isomorphism. Here
we identify U with its corresponding natural transformation ηU : hM → F by the
Yoneda lemma.

Not all moduli problems have fine moduli spaces. In some cases, we can construct
a weaker notion:

Definition 1.8. A coarse moduli space1 for a moduli problem F is a pair (M,v),
where M is a scheme and v : F → hM is a natural transformation such that:

(1) (M, v) is initial among all such pairs: given any other pair (M ′, v′), there
is a unique morphism ψ : M →M ′ such that v′ = ψ ◦ v.

(2) The map of sets vpt : F (pt)→ Hom(pt,M) is a bijection.

Note that a fine moduli space is also a coarse moduli space. Also, because they
are defined by universal properties, coarse moduli spaces are unique. Thus, if a
coarse moduli space exists and is not fine, then a fine moduli space cannot exist.

2. Stable Curves

Before we construct the moduli space of stable maps, we will discuss the moduli
space M0,n of stable curves of genus 0. This will play a role in the classical proof
of Kontsevich’s formula.

Definition 2.1. A smooth n-pointed rational curve (C, p1, . . . , pn) is a projective
smooth rational curve C and a choice of n marked points p1, . . . , pn.

1We can replace any coarse moduli space with a moduli stack, which behaves like a fine moduli
space. Stacks will not be needed in this paper.
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Definition 2.2. An isomorphism ϕ : (C, p1, . . . , pn)
'−→ (C ′, q1, . . . , qn) is an iso-

morphism ϕ : C → C ′ of curves such that ϕ(pi) = qi for all i.

Theorem 2.3. For n ≥ 3, there exists a fine moduli space M0,n classifying smooth
n-pointed rational curves up to isomorphism.

Definition 2.4. A family of smooth n-pointed rational curves is a flat and proper
morphism π : X → B with n disjoint sections such that each geometric fiber π−1(b)
is a smooth rational curve.

Example 2.5. For n = 3, any smooth n-pointed rational curve (C, p1, p2, p3) has
a unique isomorphism to (P1, 0, 1,∞). Thus M0,3 is a single point and its universal
family is (P1, 0, 1,∞).

Example 2.6. For n = 4, every smooth rational curve with four marked points,
(C, p1, p2, p3, p4) has a unique isomorphism to (P1, 0, 1,∞, q) for a unique q ∈ P1 \
{0, 1,∞}. Thus M0,4 ' P1 \ {0, 1,∞} and the universal family is U0,4 = M0,4 × P1

with the four sections being 0, 1,∞, and the diagonal section. The fiber above
q ∈M0,4 is a P1 with marked points 0, 1,∞, q.

In general, we can obtain M0,n by taking n−3 copies of M0,4 and throwing away
all diagonals. Intuitively, M0,n can be thought of as parameterizing n − 3 disjoint
cross ratios. Note that the universal family is the trivial family U0,n = M0,n × P1

with the three constant sections 0, 1,∞ and the remaining sections being induced
from the projections to M0,4.

Unfortunately, M0,n is not compact. In particular, in the limit, marked points
may coincide. In order to compactify M0,n and still have a moduli space, we will
need to introduce singular curves. The singular curves we allow are called stable
curves.

Definition 2.7. A stable n-pointed rational curve is a tree (in the sense that the
dual graph is a tree) C of projective lines with n distinct marked points that are
smooth points of C such that every twig contains at least three special points. Here,
a special point is a node or a marked point.

Note that stability is equivalent to being automorphism-free. We can define a
family of stable n-pointed rational curves in the same way that we defined families
of smooth n-pointed rational curves.

Theorem 2.8 (Knudsen). For n ≥ 3, there is a smooth projective variety M0,n

that is a fine moduli space for stable n-pointed rational curves. This contains M0,n

as a dense open subset.

Example 2.9. Again we consider the example of n = 4. The only smooth projec-
tive model of M0,4 is P1. However, the diagonal section of P1 × P1 intersects the

three constant sections in the fibers above 0, 1,∞. Therefore we set U0,4 to be the
blowup of P1 × P1 at the three points of intersection. The fiber above 0 is now
U0 ∪ E0, and this blowup separates the strict transforms of the constant section 0
and the diagonal section.

The above example shows that when two marked points coincide in the limit,
we break off a new twig, which receives the two marked points.
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2.1. Adding and Forgetting Marked Points. Given a stable n-pointed curve
(C, p1, . . . , pn) and an arbitrary point q, there is a canonical way to construct a
stable (n+ 1)-pointed curve. If q is not a special point, then we set pn+1 = q. If q
is a special point, then there are two cases:

(1) If q is a node, then we pull the two twigs apart, attach a new twig connecting
them, and put pn+1 on the new twig.

(2) If q is a marked point pi, then we create a new twig at that point and put
pi, pn+1 on the new twig.

We now describe the forgetful morphism ε : M0,n+1 →M0,n given by deleting a
marked point. For simplicity, we will delete pn+1. Given a stable (n + 1)-pointed
curve (C, p1, . . . , pn+1), we have several cases:

(1) If C is smooth, then (C, p1, . . . , pn) is stable. We can safely delete pn+1;
(2) C is reducible and (C, p1, . . . , pn) is stable. Here we can safely delete pn+1;
(3) C is reducible and deleting pn+1 destabilizes the curve. There are two ways

this could happen:
(a) pn+1 is on a twig with two nodes and no other marked points. Then

we contract the twig.
(b) pn+1 is on a twig with one other marked point pi and a node. Then

we delete the twig and the point where the twig was attached acquires
the marked point pi.

More precisely, Knudsen showed that both of these processes work in families.
This ensures that the set-theoretic map ε : M0,n+1 →M0,n is a morphism.

2.2. Boundary Divisors. We now discuss the boundary M0,n \ M0,n. Clearly
each point in the boundary corresponds to a reducible curve. First we have a
preliminary result.

Lemma 2.10. The subset Σk ⊂ M0,n consisting of curves with k ≤ n − 3 nodes
has codimension k.

The result is obtained by a dimension count. There are n + 2k special points
because each node is on two twigs, and then each twig has at least three special
points, so we must have

dim Σk = n+ 2k − 3(k + 1) = n− 3− k

because there are k + 1 twigs.
We can obtain a combinatorial description of the possible configurations of stable

curves. Observe that the closure of each labeled configuration is a smooth and irre-
ducible subvariety of M0,n called a boundary cycle. We will describe the boundary
divisors in more detail.

Denote the marking set by S = {p1, . . . , pn}. Then for each partition S = AtB
with both A and B having at least two elements, there is an irreducible boundary
divisor D(A | B). A general point of D(A | B) represents a curve with two twigs
where the marks of A are on one twig and the marks of B on the other.

Proposition 2.11. The boundary of M0,n is a divisor with normal crossings.

Informally, this means that the irreducible boundary divisors intersect transver-
sally. Consider the forgetful morphism ε : M0,n+1 →M0,n which forgets q = pn+1

and let D(A | B) be a boundary divisor of M0,n. Then when we pull back to
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M0,n+1, either q is on the A twig or on the B twig. The geometric fibers of ε are
reduced, so we conclude that

(2.12) ε∗D(A | B) = D(A ∪ {q} | B) +D(A | B ∪ {q}).

We can compose forgetful morphisms, so we have a morphism M0,n → M0,4

for n ≥ 4. Let i, j, k, l be the marks on M0,4. Then, because any two points on

M0,4 = P1 are equivalent, by (2.12) we have the following equivalence of boundary
divisors:

(2.13)
∑
i,j∈A
k,l∈B

D(A | B) =
∑
i,k∈A
j,l∈B

D(A | B) =
∑
i,l∈A
j,k∈B

D(A | B).

3. Moduli Space of Stable Maps

The moduli space of stable maps is constructed similarly to the moduli space of
stable curves.

Definition 3.1. The degree of a map µ : P1 → Pr is the degree of the direct image
cycle µ∗[P1].

In order to define a map µ : P1 → Pr of degree d, we must specify r + 1 binary
d-forms that do not vanish simultaneously at a point. This condition defines a
Zariski open subset

W (r, d) ⊂ P

(
r⊕
i=0

H0(OP1(d))

)
of dimension rd+ r + d.

Families of maps are defined analogously to families of curves, so note that
W (r, d) is equipped with a natural family of maps

W (r, d)× P1 P1

W (r, d)

where the horizontal arrow sends (µ, x) to µ(x). In fact, this family is universal, so
W (r, d) is the fine moduli space for maps P1 → Pr of degree d. However, W (r, d)
is too large because reparametrizations of the same curve are considered distinct.
Moreover, it is not complete.

In order to resolve the first issue, we take into account isomorphisms of maps.
Consider the locus W ∗(r, d) of maps that are birational onto their image.

Lemma 3.2. W ∗(r, d) ⊂W (r, d) is open.

Proof. Let

D = {(µ, x) ∈W (r, d)× P1 | ∃y 6= x with µ(x) = µ(y) or µ′(x) = 0}.

Then note that µ is birational iff Dµ = π−1
1 (µ) is finite. Thus W ∗(r, d) is birational

by semicontinuity of dimension of fibers. �

Definition 3.3. An isomorphism of maps µ : C → Pr, µ′ : C ′ → Pr is an isomor-
phism ϕ : C → C ′ such that µ′ ◦ ϕ = µ.



6 PATRICK LEI

Now note that any nonconstant map µ : P1 → Pr has finitely many automor-
phisms. To see this, note that µ induces a field extension C(µ(P1)) ↪→ C(P1) of
finite degree. Then automorphisms of µ are automorphisms of this field extension.

Also, note that a map is birational iff its automorphism group is trivial. Thus,
there exists a fine moduli space

M∗0,0(Pr, d) 'W ∗(r, d)/Aut(P1)

classifying automorphism-free maps of degree d up to isomorphism.
If we include all maps, then we get a coarse moduli space

M0,0(Pr, d) 'W (r, d)/Aut(P1).

Unfortunately, these spaces are still not complete, so we pass to the Kontsevich
moduli space of stable maps.

Definition 3.4. Let C be a tree of projective lines. Then an n-pointed map is a
morphism µ : C → Pr with n distinct marked points that are smooth points of C.

Definition 3.5. Let C be a tree of projective lines. Then an n-pointed map µ is
stable if any twig mapped to a point has three special points.

Lemma 3.6. An n-pointed map is stable if and only if it has finitely many auto-
morphisms.

The above lemma follows from the fact that any nonconstant map P1 → Pr has
finitely many automorphisms.

Theorem 3.7. There exists a coarse moduli space M0,n(Pr, d) parameterizing
isomorphism classes of stable n-pointed maps of degree d to Pr. Additionally,

M0,n(Pr, d) is a projective irreducible normal variety. The locus M
∗
0,n(Pr, d) of

automorphism-free maps is a smooth open subvariety which is a fine moduli space
for automorphism-free maps.

Observe that the dimension of M0,n(Pr, d) is rd + r + d + n − 3 by a simple
dimension count.

Note that M := M0,n(Pr, d) has natural evaluation morphisms νi : M → Pr
given by νi(µ,C, p1, . . . , pn) = ν(pi). These define a total evaluation morphism
ν : M0,n(Pr, d)→ (Pr)n.

Analogously to the case of stable maps, we may define forgetful morphisms
ε : M0,n(Pr, d) → M0,n−1(Pr, d) by deleting a marked point and then contracting
twigs that become unstable.

We may also choose to forget the map to Pr and for n ≥ 3 define a morphism

M0,n(Pr, d)→M0,n

given by forgetting the map µ and then contracting any unstable twigs. It is
important to note that this map is flat.

3.1. Boundary Divisors. There is a combinatorial characterization of irreducible
boundary divisors of M0,n(Pr, d) analogous to the case of M0,n. Let the marking
set be S = {p1, . . . , pn}. Then for each partition A t B = S of S and partition
dA + dB = d, where |A|≥ 2 if dA = 0 and |B|≥ 2 if dB = 0, there exists an
irreducible boundary divisor D(A,B; dA, dB). This is the closure of the set of maps
from a curve with two twigs such that

(1) Marked points A are on the first twig and B on the second;
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(2) The image of twig A has degree dA and the image of twig B has degree dB .

Lemma 3.8. There is a natural gluing morphism

M0,A∪{x}(Pr, dA)×Pr M0,B∪{x}(Pr, dB)→ D(A,B; dA, dB),

where x is the point of intersection of the twigs A and B.

Next, we can consider the preimages of the boundary divisors of M0,4 under the

map M0,n(Pr, d)→M0,n →M0,4. Similarly to (2.13), we can obtain the following
formula for equivalence of boundary divisors for fixed i, j, k, l:

(3.9)∑
AtB=S
i,j∈A
k,l∈B

dA+dB=d

D(A,B; dA, dB) =
∑

AtB=S
i,k∈A
j,l∈B

dA+dB=d

D(A,B; dA, dB) =
∑

AtB=S
i,l∈A
j,k∈B

dA+dB=d

D(A,B; dA, dB).

3.2. Kontsevich’s Formula. We are now ready to prove Kontsevich’s formula,
which will follow from (3.9) and some intersection theory.

Theorem (Kontsevich). The number of rational plane curves of degree d passing
through 3d− 1 points in general position is given by

(3.10) Nd =
∑

dA+dB=d
dA,dB>0

NdANdBd
2
AdB

(
dB

(
3d− 4

3dA − 2

)
− dA

(
3d− 4

3dA − 1

))
.

Classical Proof of Theorem 1.3. This proof can be found in [2]. We will prove the
following equivalent relation:

Nd +
∑

dA+dB=d
dA,dB>0

(
3d− 4

3dA − 1

)
d3
ANdANdBdB =

∑
dA+dB=d
dA,dB>0

(
3d− 4

3dA − 2

)
d2
ANdAd

2
BNdB .

Let n := 3d and consider M0,n(P2, d) with the marking set m1,m2, p1, . . . , pn−2.
Let L1, L2 be lines and q1, . . . , qn−2 be points in P2. Set

Y := ν−1
m1

(L1) ∩ ν−1
m2

(L2) ∩ ν−1
p1 (q1) ∩ · · · ∩ ν−1

pn−2
(qn−2).

Observe that the lines and points can be chosen in a way such that Y is a curve

that intersects the boundary transversally and such that Y ⊂ M
∗
0,n(P2, d). The

result will follow from the equivalence

Y ∩D(m1,m2 | p1, p2) = Y ∩D(m1, p1 | m2, p2),

which follows from (3.9).
On the left hand side, the only contribution with partial degree equal to 0 comes

from the case where p3, . . . , pn−2 ∈ B. In this case, to give a stable map is to
give a rational curve through L1 ∩L2, p1, . . . , pn−2, and there are Nd ways to do so
by definition (from Question 1.2). When both dA, dB are positive, then we must

have 3dA − 1 marked points on twig A. There are
(

3d−4
3dA−1

)
ways to choose the

marked points. Then the A-twig CA can be drawn in NdA ways and the B-twig
CB can be drawn in NdB ways. Next, m1,m2 must be placed on the intersections
µ(CA) ∩ L1, µ(CA) ∩ L2. By Bezout’s theorem, there are dA ways to make each
assignment, and finally, the intersection point x = CA ∩CB can be mapped to one
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of the dAdB points of intersection of µ(CA) ∩ µ(CB), again by Bezout. Thus the
number of curves on the left hand side is

Nd +
∑

dA+dB=d
dA,dB>0

(
3d− 4

3dA − 1

)
d2
ANdANdBdAdB .

On the right hand side, if dA = 0 or dB = 0, then either q1 ∈ L1 or q2 ∈ L2. This
contradicts our genericity assumption, so we may assume dA, dB are positive. Then
we must have 3dA− 2 additional marked points on CA, and there are

(
3d−4

3dA−2

)
ways

to make such a choice. Next, we see that there are NdA ways to draw µ(CA) and
NdB ways to draw µ(CB). Next, m1 must map to µ(CA) ∩ L1, giving dA choices,
and similarly, there are dB choices for m2. Finally, x = CA∩CB can be sent to one
of the dAdB points of µ(CA) ∩ µ(CB). Therefore, the right hand side is∑

dA+dB=d
dA,dB>0

(
3d− 4

3dA − 2

)
dANdAdBNdBdAdB .

This concludes the proof. �

4. Gromov-Witten Invariants

The numbers Nd that we computed in Section 3 are examples of Gromov-Witten
invariants. Here we will define Gromov-Witten invariants in general and describe
their properties.

Recall that the Chow group A∗(X) of algebraic cycles up to rational equivalence
of a smooth variety X has a graded ring structure. We define the Chow ring A∗(X)
by setting Ai(X) = An−i(X), where n = dimX. For X = Pr, the Chow ring is
isomorphic to the cohomology ring H∗(X). However, M0,n(Pr, d) is singular, so
we must work with cohomology classes. To establish some notation, we denote the
product of cohomology classes α, β by α ∪ β and the evaluation of a cohomology
class γ on a cycle class [Γ] by γ∩[Γ]. Cohomology is always considered with rational
coefficients.

4.1. Definition and Properties.

Definition 4.1. The Gromov-Witten invariant of degree d associated with the
classes γ1, . . . , γn ∈ H∗(Pr) is

Id(γ1 ⊗ · · · ⊗ γn) :=

∫
M

ν∗(γ).

Observe that this number is nonzero only when the sum of the codimensions of
the classes γi is equal to the dimension of M . Also note that because pullback and
integration are linear, the Gromov-Witten invariants are linear in each argument.
In addition, because there is a natural Sn-action on M0,n(Pr, d) given by permuting
the marked points, the Gromov-Witten invariants are invariant under permutation
of the cohomology classes.

Proposition 4.2. Let γ1, . . . , γn ∈ H∗(Pr) be homogeneous classes of codimension
at least 2, and suppose

∑
codim γi = dimM0,n(Pr, d). Then for general subvarieties

Γ1, . . . ,Γn with [Γi] = γi ∩ [Pr], the Gromov-Witten invariant Id(γ1 · · · γn) is the
number of rational curves of degree d incident to all of the Γi.
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This gives an enumerative interpretation for the Gromov-Witten invariants. In
particular, the following holds:

Corollary 4.3. For P2, let h be the hyperplane class. We have

Id((h
2)⊗3d−1) = Nd.

Now we establish some computational properties of the Gromov-Witten invari-
ants.2

Lemma 4.4. For d = 0, the only nonzero Gromov-Witten invariants are those
with 3 cycles and

∑
codim γi = r. In this case, we have

I0(γ1 ⊗ γ2 ⊗ γ3) =

∫
(γ1 ∪ γ2 ∪ γ3) ∩ [Pr].

To see this, note that M0,n(Pr, 0) ' M0,n × Pr. Then note that the evaluation
map corresponds to the second projection, which has positive relative dimension
when n > 3.

Lemma 4.5. The only Gromov-Witten invariants with fewer than three inputs are
I1(hr ⊗ hr) = 1.

This corresponds to the fact that there is a unique line through two points.

Lemma 4.6. The only nonzero Gromov-Witten invariants with an input the fun-
damental class h0 occur in degree 0.

In particular, they have three inputs and we have

I0(h0 ⊗ γ1 ⊗ γ2) =

∫
(γ1 ∪ γ2) ∩ [Pr].

Lemma 4.7 (Divisors). Suppose d > 0. Then if one of the inputs is the hyperplane
class h, we have

Id(γ1 ⊗ · · · ⊗ γn ⊗ h) = Id(γ1 ⊗ · · · ⊗ γn) · d.

4.2. Recursive Structure. First, some notation. Denote D := D(A,B; dA, dB)
and set MA := M0,A∪{x}(Pr, dA) and MB := M0,B∪{x}(Pr, dB) similarly. Denote

the evaluation map on MA corresponding to the gluing point x by νxA
.

Now we can write D = (νxA
× νxB

)−1(∆) ⊂ MA ×MB . Equivalently, D is the
pullback of

D MA ×MB

Pr Pr × Pr

ι

νxA
×νxB

∆

Recall that the diagonal is the zero scheme of the vector bundle

E := π∗ATPr (−1)⊗ π∗BO(1).

Expanding the rth Chern class cr(E) of the rank r vector bundle E, we obtain

2Actually, Kontsevich gives all of these properties as axioms for a system of Gromov-Witten
invariants.
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Lemma 4.8 (Künneth Decomposition of the Diagonal). In the product Pr × Pr,
the class of the diagonal is given by

[∆] =
∑
e+f=r

(π∗Ah
e × π∗Bhf ) =

∑
e+f=r

(he × hf ).

Using this, we can prove the key recursive statement:

Lemma 4.9 (Splitting Lemma). Let α : D → M be the natural inclusion and
let ι : D → MA × MB be the inclusion described above. Then for any classes
γ1, . . . , γn ∈ H∗(Pr), the following identity holds in H∗(MA ×MB):

ι∗α
∗ν∗(γ) =

∑
e+f=r

(∏
a∈A

ν∗a(γa) · ν∗xA
(he)

)
×

(∏
b∈B

ν∗b (γb) · νxB
(hf )

)
.

Proof. First note that ν∗(γ) = ν∗1 (γ1)∪· · ·∪ν∗n(γn). Then observe that the following
diagram commutes:

D MA ×MB

M (Pr)n

ι

α νA×νB

ν

Thus α∗ν∗(γ) = ι∗(νA × νB)∗(γ). Then for z ∈ A∗(MA ×MB) we can write

ι∗(ι
∗(νA × νB)∗(γ)) ∩ z = ι∗(ι

∗(νA × νB)∗(γ) ∩ ι∗z)
= ι∗(ι

∗((νA × νB)∗(γ) ∩ z))
= (νA × νB)∗(γ) ∩ cr((νxA

× νxB
)∗E) ∩ z.

Expanding the Chern class as in Künneth as
∑
e+f=r ν

∗
xA
he × ν∗xB

hf , we obtain

ι∗α
∗ν∗(γ) = (νA × νB)∗(γ) ∪

 ∑
e+f=r

ν∗xA
he × ν∗xB

hf

 .

Expanding (νA × νB)∗(γ) =
∏
a∈A ν

∗
a(γa) ·

∏
b∈B ν

∗
b (γb), we obtain the desired

equality. �

Integrating both sides of the Splitting Lemma, we obtain

Corollary 4.10.∫
D

ν∗1 (γ1) ∪ · · · ∪ ν∗n(γn) =
∑
e+f=r

IdA

(⊗
a∈A

γa ⊗ he
)
IdB

(⊗
b∈B

γb ⊗ hf
)
.

Now we have the tools to state the following:

Theorem 4.11 (Kontsevich-Manin (Reconstruction for Pr)). All Gromov-Witten
invariants for Pr can be computed recursively from the initial value I1(hr, hr) = 1.3

3Kontsevich and Manin prove this in general (and for arbitrary genus) using more initial values,
but the case of projective space is particularly nice.
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5. Quantum Cohomology

Having defined the Gromov-Witten invariants, we may now define an exponential
generating function for them, the Gromov-Witten potential. Using this, we will
define the quantum product4 on Pr. Then, associativity of this quantum cup product
will produce Kontsevich’s formula. Also, we use the standard basis h0, h1, . . . , hr

for the cohomology ring of Pr, where h0 is the fundamental class and h1 is the
hyperplane class.

We can index the input classes (h0)⊗a1 ⊗ · · · ⊗ (hr)⊗ar by their exponents a =
(a0, . . . , ar) ∈ Nr+1. Next we remove the parameter d by setting

I(γ1 ⊗ · · · ⊗ γn) =

∞∑
d=0

Id(γ1 ⊗ · · · ⊗ γn).

To see that this makes sense, we need to check that only finitely many d produce a
nonzero value of Id. By linearity, we may assume all inputs are homogeneous with
codimension ci. On the other hand, the Gromov-Witten invariant is only nonzero
for d such that dimM0,n(Pr, d) =

∑
ci. Because dimM = rd + r + d + n − 3, we

see that Id is nonzero for at most one d.

Definition 5.1. The Gromov-Witten potential of Pr is the generating function Φ
for the Gromov-Witten invariants I((h0)⊗a1 ⊗ · · · ⊗ (hr)⊗ar ).

In formal variables x = (x0, . . . , xr) corresponding to the indices a = (a1, . . . , ar),
we can write

Φ(x0, . . . , xr) =
∑

a0,...,ar

xa00 · · ·xarr
a0! · · · ar!

I((h0)⊗a0 ⊗ · · · ⊗ (hr)⊗ar ).

Using multi-index notation, this becomes

Φ(x) =
∑
a

xa

a!
I(h⊗a).

For another perspective, consider the variables x as coordinates on H∗(Pr). Then
for γ =

∑r
i=0 xih

i, we write

exp(γ) = exp

(
r∑
i=0

xih
i

)

=

r∏
i=0

exp(xih
i)

=

r∏
i=0

( ∞∑
ai=0

xaii
ai!

(hi)ai

)

=
∑
a

xa

a!
ha.

Taking I of both sides and using linearity of the Gromov-Witten invariants, we
see that

Φ = I(exp(γ)) =

∞∑
n=0

1

n!
I(γ⊗n).

4The term quantum cohomology comes from physics, which is outside the scope of this paper.
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Differentiating the potential function, we obtain

Φi(x) =
∑

a0,...,ar

xa00 · · ·x
ai−1
i · · ·xarr

a0! · · · (ai − 1)! · · · ar!
I((h0)⊗a0 ⊗ · · · ⊗ (hr)ar )

=
∑

a0,...,ar

xa00 · · ·xarr
a0! · · · ar!

I((h0)⊗a0 ⊗ · · · ⊗ (hr)⊗ar ⊗ hi)

=
∑
a

xa

a!
I(h⊗a ⊗ hi).

Of particular interest are the third derivatives, given by

Φijk =
∑
a

xa

a!
I(h⊗a ⊗ hi ⊗ hj ⊗ hk).

In particular,

Φ0jk =

∞∑
n=0

1

n!

∑
d≥0

Id(γ
⊗n ⊗ h0 ⊗ hj ⊗ hk) = I0(h0 ⊗ hj ⊗ hk) =

∫
Pr

hj ∪ hk.

Next observe that

hi ∪ hj = hi+j =
∑
e+f=r

I(hi ⊗ hj ⊗ he)hf .

We are now ready to define the quantum product.

Definition 5.2. The quantum product ∗ is defined by

hi ∗ hj :=
∑
e+f=r

Φijeh
f

and then extending linearly over all of H∗(Pr)⊗Q[[x]].

By symmetry of mixed partials, the quantum product is commutative. Next,
note that

h0 ∗ hi =
∑
e+f=r

∫
(hi ∪ he)hf = hi,

so h0 is the identity for ∗.

Theorem 5.3. The quantum product ∗ is associative.

Proof. First we calculate

(hi ∗ hj) ∗ hk =

 ∑
e+f=r

Φijeh
f

 ∗ hk =
∑
e+f=r

∑
l+m=r

ΦijeΦfklh
m

and

hi ∗ (hj ∗ hk) = hi ∗

 ∑
e+f=r

Φjkeh
f

 =
∑
e+f=r

∑
l+m=r

ΦjkeΦfilh
m.

Because the hm are linearly independent, we see that associativity is equivalent to

(5.4)
∑
e+f=r

ΦijeΦfkl =
∑
e+f=r

ΦjkeΦfil
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for all i, j, k, l. This system of differential equations is known as the WDVV equa-
tions5. Now expanding

Φije =

∞∑
n=0

I(γ⊗n ⊗ hi ⊗ hj ⊗ he),

we find that the left side of the WDVV equation is the generating function for∑
e+f=r

∑
nA+nB=n

n!

nA!nB !
I(γ⊗nA ⊗ hi ⊗ hj ⊗ he)I(γ⊗nB ⊗ hf ⊗ hk ⊗ hl)

and thus associativity is equivalent to

(5.5)

∑
e+f =r

∑
nA+nB =n

n!

nA!nB !
I(γ⊗nA ⊗ hi ⊗ hj ⊗ he)I(γ⊗nB ⊗ hf ⊗ hk ⊗ hl)

=
∑
e+f=r

∑
nA+nB=n

n!

nA!nB !
I(γ⊗nA ⊗ hj ⊗ hk ⊗ he)I(γ⊗nB ⊗ hf ⊗ hi ⊗ hl)

We will show this equation as a consequence of (3.9). Fix d, n and consider
the moduli space M0,n+4(Pr, d) with four of the marked points p1, . . . , pn. Now
consider the four classes hi, hj , hk, hl and take n copies of γ. Integrating over the
equivalent boundary divisors

D(p1p2 | p3p4) ≡ D(p2p3 | p1p4),

we have

(5.6)

∫
D(p1p2|p3p4)

ν∗(γ) ∪ ν∗1 (hi) ∪ ν∗2 (hj) ∪ ν∗3 (hk) ∪ ν∗4 (hl)

=

∫
D(p2p3|p1p4)

ν∗(γ) ∪ ν∗1 (hi) ∪ ν∗2 (hj) ∪ ν∗3 (hk) ∪ ν∗4 (hl)

Note that the divisor D(p1p2 | p3p4) has irreducible components corresponding
to the ways to

(1) Distribute the n remaining marked points onto the two twigs; and
(2) Distribute the degree d onto the two twigs.

To each component, we apply Corollary 4.10 to obtain

∑
nA+nB=n
dA+dB=d

n!

nA!nB !

 ∑
e+f=r

IdA(γ⊗nA ⊗ hi ⊗ hj ⊗ he)IdB (γ⊗nB ⊗ hf ⊗ hk ⊗ hl)


on the left hand side of (5.6). Summing over all d, we obtain the left hand side of
(5.5). Repeating the above arguments for D(p2p3 | p1p4), we recover (5.5). �

From associativity, we are now ready to give another proof of Kontsevich’s for-
mula. First, we write the Gromov-Witten potential as Φ = Φcl + Γ, where

Γ =

∞∑
n=0

1

n!
I+(γ⊗n).

5for Witten, Dijkgraaf, Verlinde, Verlinde
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Here I+ =
∑
d>0 I. Then note that because the only nonzero degree 3 Gromov-

Witten invariants are those with three inputs, we have

Φcl =
∑
i,j,k

xixjxk
3!

I(hi ⊗ hj ⊗ hk).

Then we see that Φcl
ijk = I(hi ⊗ hj ⊗ hk), so we can rewrite the cup product as

hi ∪ hj =
∑
e+f=r

Φcl
ijeh

f .

Quantum Proof of Theorem 1.3. First we will compute the quantum product on
P2:

h1 ∗ h1 = h2 + Γ111h
1 + Γ112h

0

h1 ∗ h2 = Γ121h
1 + Γ122h

0

h2 ∗ h2 = Γ221h
1 + Γ222h

0.

Computing the associativity relations explicitly, we see that

(h1 ∗ h1) ∗ h2 = h1 ∗ (h1 ∗ h2)

is equivalent to

Γ221h
1 + Γ222h

0 + Γ111(Γ121h
1 + Γ122h

0) + Γ112h
2

= Γ121(h2 + Γ111h
1 + Γ112h

0) + Γ112h
1.

Equating the h0-coefficients, we see that

(5.7) Γ222 + Γ111Γ122 = Γ121Γ112.

Note that if we expand the relation (h1∗h2)∗h2 = h1∗(h2∗h2), we will obtain the
same relation. We will now translate the differential equation (5.7) into a recursion.
Recall that γ = x0h

0 + x1h
1 + x2h

2. We will set x0 = x1 = 0, so now γ = x2h
2.

This is fine because I+ is zero whenever there is a factor of h0 and because Lemma
4.7 allows us to remove hyperplane classes.

We now have

Γijk =

∞∑
n=0

1

n!
I+((h2)⊗n ⊗ hi ⊗ hj ⊗ hk).

Thus Γijk is the generating function for the numbers I+((h2)⊗n ⊗ hi ⊗ hj ⊗ hk).
Therefore (5.7) is equivalent to the recursion

I+((h2)⊗n ⊗ h2 ⊗ h2 ⊗ h2)

+
∑

nA+nB =n

n!

nA!nB !
I+((h2)⊗nA ⊗ h1 ⊗ h1 ⊗ h1)I+((h2)⊗nB ⊗ h1 ⊗ h2 ⊗ h2)

=
∑

nA+nB=n

n!

nA!nB !
I+((h2)⊗nA ⊗ h1 ⊗ h2 ⊗ h1)I+((h2)⊗nB ⊗ h1 ⊗ h1 ⊗ h2).

Now we must give an enumerative interpretation for this recursion. Recall that
only at most one of the Gromov-Witten invariants Id is nonzero for a fixed input.
Given n + 3 marked points, we work in the moduli space M0,n+3(P2, d), which is
of dimension 2d + d + 2 + n + 3 − 3 = 3d + n + 2. Then note that the sum of the
codimensions of the classes (h2)⊗n ⊗ hi ⊗ hj ⊗ k is 2n+ i+ j + k, so we find that
only the case n = 3d+ 2− i− j − k gives a nonzero contribution.
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Now we fix d, substitute the correct values of n, and use Lemma 4.7 to obtain

Id((h
2)⊗3d−4 ⊗ h2 ⊗ h2 ⊗ h2)

+
∑

dA+dB =d

(
3d− 4

3dA − 1

)
d3
AIdA((h2)⊗3dA−1)dBIdB ((h2)⊗3dB−3 ⊗ h2 ⊗ h2)

=
∑

dA+dB=d

(
3d− 4

3dA − 2

)
d2
AIdA((h2)⊗3dA−2 ⊗ h2)d2

BIdB ((h2)⊗3dB−2 ⊗ h2).

Finally, we use the observation that Id((h
2)⊗3d−1) = Nd to obtain

Nd +
∑

dA+dB =d

(
3d− 4

3dA − 1

)
d3
ANdAdBNdB =

∑
dA+dB=d

(
3d− 4

3dA − 2

)
d2
ANdAd

2
BNdB ,

which is exactly Kontsevich’s formula. �

Remark 5.8. Note that the previous proof can be run backwards, so Kontsevich’s
formula is equivalent to associativity of the quantum product on P2.

6. Generalizations and Extensions

Much of the discussion in this paper can be generalized to smooth Fano varieties.
To define Gromov-Witten invariants, we generalize the degree d of a curve to a
homology class β. In particular, on P1×P1, we can prove the following formula for
rational curves of bidegree (d, e):

N(d,e) +
∑

dA+dB=d
eA+eB=e

(
2d+ 2e− 4

2dA + 2eA − 1

)
· dAeAN(dA,eA) ·N(dB ,eB) · (dAeB + dBeA)

=
∑

dA+dB=d
eA+eB=e

(
2d+ 2e− 4

2dA + 2eA − 2

)
· dAN(dA,eA) · eBN(dB ,eB) · (dAeB + dBeA).

However, in general, we cannot recover enumerative information from the quan-
tum cup product. This is because it is no longer true that the Gromov-Witten
invariant Iβ(γ1 ⊗ · · · ⊗ γn) is nonzero for at most one β. However, it is still true
that Iβ is nonzero for only finitely many β, so we may still define the quantum cup
product.

Instead of Gromov-Witten invariants, we may consider, as in [3], Gromov-Witten
classes. These are defined to be a system of maps

IVg,n,βH
∗(V )⊗n → H∗(Mg,n)

satisfying axioms similar to Lemmas 4.4, 4.6, 4.7, and 4.9. Then Kontsevich-Manin
define Gromov-Witten invariants by

〈IVg,n,β〉 =

∫
Mg,n

IVg,n,β .

Finally, we may translate our discussion to the symplectic setting, replacing al-
gebraic morphisms from curves with pseudoholomorphic curves and the complex or
algebraic structure with a symplectic and almost-complex structure. For a complete
discussion, see [4].
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