AN INTRODUCTORY OVERVIEW TO CHARACTERISTIC
CLASSES

JACOB LAXER

ABSTRACT. In this paper we present the basic theory of characteristic classes.
We will assume knowledge of homology and cohomology and will gloss over
basic theory of smooth manifolds. While extensive theoretical work is needed
to treat the topic rigorously, we seek to demonstrate why characteristic classes
are interesting what they measure, and present some of the more elegant com-
putational results. Any theorem that is presented without proof can be found
in Characteristic Classes, by J. W. Milnor.
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1. INTRODUCTION: SMOOTH MANIFOLDS AND REAL VECTOR BUNDLES

We begin this paper with a brief refresher on manifolds and then introduce
definitions of vector bundles and cross-sections. Generally, smoothness of both the
manifolds and vector bundles under investigation is not required, but given that
tangent and normal bundles are both amongst the most interesting and require
smoothness, smoothness will sometimes be casually assumed. Moreover, the finer
details of point set topology will generally be omitted, but all the spaces we deal
with in this paper can be assumed to be Hausdorff and Normal when needed and
all maps should be assumed to be continuous unless stated otherwise.

Definition 1.1. A function f : U — R is said to be smooth if it is infinitely
differentiable.

Definition 1.2. For U C R”, a function f : U — R* is smooth if each f, : U — R
is smooth for all a € A.

Definition 1.3. A subset M of R* is a smooth n dimensional manifold if for every
x € M there is a smooth function h that maps an open set U C R™ to M such that
h satisfies the following conditions:
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(1) the function A maps U homeomorphically into an open subset V' of M which
contains ;
(2) for each u € U, the matrix of partials of h at u has rank n.

This sort of notion of local 'rectifiablity’ is one which re-appears in this paper:
first with the local triviality condition on vector bundles, and again with the local
compatibility of orientation of bundles. Central to most topics in algebraic topology
is an investigation of how locally simple and well-behaved objects can have global or
non-trivial defects. This paper will specifically investigate non-triviality of vector
bundles as measured by characteristic classes.

Remark 1.4. For the purposes of this paper we will only be considering connected
manifolds with constant dimension. Each of the disconnected components of a
non-connected manifold can simply be treated as distinct connected manifolds.

Examples 1.5. The n-sphere S™, n-torus (S1)", and projective n-space P" are all
n-dimensional smooth manifolds.

The primary objects of study in this paper, characteristic classes, are designed to
measure and characterize vector bundles on manifolds. Therefore, an examination
of vector bundles themselves is called for.

Definition 1.6. Without further ado, a (real) vector bundle ¢ over a manifold B,
(also referred to as the base space), consists of the following components:

(1) a topological space E = E(¢) known as the total space;

(2) amap 7 : F — B, known as the projection map, which is continuous with

respect to the topology of ¥ and B;

(3) for each b € B, a (real) vector space structure on the preimage 7~ 1(b).
In addition, the vector bundle ¢ must satisfy the condition of local triviality, defined
below.

Definition 1.7. A bundle is locally trivial if, for every b € B, there is an open
neighborhood U C B, a non-negative integer n, and a homeomorphism,

h:UxR"— 7 YU),

such that for each b € U, the function that takes x to h(b,x) is an isomorphism
between the vector space R™ and the preimage of b. If U can be chosen to be the
entire base space then the vector bundle is called a trivial bundle. Naturally, all
trivial bundles of the same fiber dimension over the same base space are homeomor-
phic. In this paper, we will omit proofs that vector bundles satisfy local triviality
for the sake of brevity, but proving local triviality once or twice may serve as a
useful exercise to the reader.

Just as a manifold must locally look like real space, a vector bundle must locally
look like a real vector field on the manifold. Though we have introduced a pre-
liminary method of determining whether a bundle is trivial, we will develop better
techniques to determine triviality.

In addition, smooth vector bundle requires that B and F be smooth, that the
projection map 7 is smooth, and that the function h is a diffeomorphism.

Definition 1.8. For a given b € B, the fiber over b denoted F; (), is the set w=*(b)
and has the structure of an n dimensional vector space. For all cases that we will
consider, the fiber dimension n will be constant as a function over B. In this case
we refer to ¢ as an n-plane bundle. A 1-plan bundle we refer to as a line bundle.
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Definition 1.9. Two vector bundles over the same base space are isomorphic if
there is a function f which is a homeomorphism of the total spaces and carries the
fiber over each point isomorphically.

Example 1.10. Two examples: the tangent bundle of a manifold M, denoted 7y,
consists of all pairs (x,v), such that x € M and v is tangent to M at . The
projection map would take (z,v) to z. Further, the tangent vectors at each point
satisfy scalar multiplication as every tangent vector is a derivative of a path through
x, so one can simply parameterize the path through = at a scalar speed.

A more obvious example of a vector bundle over a manifold M is the trivial
n-bundle M x R™ with projection map = that takes (a,b) to a for any a € M and
any b € R™. The vector space structure over each fiber is the canonical vector space
structure of R™:

a(a,b) + B(a,c) = (a,aa + fec) € 7 (a)

Definition 1.11. If the tangent bundle 75; of a manifold M is trivial, then M is
parallelizable.

Example 1.12. An open set U C R" is a parallelizable manifold since the tangent
manifold is exactly U x R™.

Example 1.13. As a result of the hairy ball theorem, S? C R? is not parallelizable.

Definition 1.14. The projective space P is the quotient space of the spheres S™.
Specifically, for every n, P" can be constructed as the set of all unordered pairs
{z,—x} € S™ topologized as a quotient space of S™.

Definition 1.15. Further, we will define a canonical line bundle E(v}) C P*xR"*!
over P" as follows: it will consist of all pairs ({£x},v) where {2} € P" and v = A\x
for some A € R. Here, the vector space structure is the usual one arising from R.

Local triviality of this bundle and all of the previous examples is easy to ver-
ify. In the case of the canonical line bundle, the required homeomorphism can be
constructed by choosing a sufficiently small open set U such that we can unambigu-
ously make a choice for z € {£(z)} that is continuous with respect to the topology
of #=}(U) in S™. Then, the required homeomorphism is

(1.16) h:UxR— a1 (U)
(1.17) h({£(2)}, A) = ({£(2)}, Az)

Here we see that our homeomorphism is dependent on a sufficiently small choice
of open set. This is our first hint that 4} will not be globally trivial. However, we
will hold off on proving its non-triviality until the notion of cross-section has been
introduced.

Definition 1.18. A cross-section, often referred to simply as a section, of a vector
bundle ¢ over a manifold B is a continuous function

s: B — E(()

such that for each b € B, s(b) is in the fiber over b, F(¢). In particular, we are
interested in cross section which are nowhere zero. A cross section is nowhere zero
if and only if for all b € B, s(b) is not the zero vector of Fy,(¢). A cross section of
the tangent bundle is often called a vector field over the base space.
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Remark 1.19. A trivial n-plane bundle B x R™ over any manifold admits a nowhere-
zero cross section given by:

s(b) = (b, (1,0...,0))

Theorem 1.20. The canonical bundle over projective n-space, P has no nowhere
zero section.

Proof. Suppose that s : P* — E(y!l) is a nowhere zero cross section. Let f :
S™ — P" be the quotient map f(z) = {xz}. As f(x) = f(—=z) the composition
S(f(2)) = s(f(~2)).

We can also write s(f(z)) = ({£z}, g(x)x) where g(x) € R since the fiber vectors
over x are multiples of x. So,

s(f(z)) = s(f(=x))

— ({#z},9(x)z) = ({2}, 9(—2)(—2))

Therefore g(x) = —g(—x), and by the intermediate value theorem, given the
continuity of all of our maps and connectedness of S™, there must be some point x*
on the sphere such that g(z*) = 0. Applying the quotient map we get s(f(z*)) =
({£z*}, g(z*)z*) = ({x2*},0) contradicting our assumption that the section was
nowhere zero. (]

Definition 1.21. Cross-sections s1, 52, ...,5; of a bundle ¢ over a manifold B are
nowhere dependent if for every b € B the vectors s;(b) for 1 <i < j are linearly
independent with respect to the vector space structure on the fiber over b. We
can easily construct n nowhere dependent sections of the trivial n-plane bundle by
having the i*" section take each element of the base space to the positive unit vector
in the i*" coordinate.

Cross-sections will serve as a useful way to quantify the degrees of triviality of a
bundle in light of the next few theorems.

Definition 1.22. Our next important notion is that of a bundle map, which is a
morphism in the category of bundles. Given two n-plane bundles ¢ and v with base
spaces B and M respectively, a bundle map is a continuous map f of total spaces
f:+ E(C) — E(v) that is an isomorphism of vector spaces on each when restricted
to each fiber, and satisfies the following commutative diagram:

B(¢) —L> E(v)

i i

— M
f
where f is the map of base spaces induced by f.

Example 1.23. The map f : M x R” — R™ which takes (z,v) — (v) is a bundle
map and takes the trivial bundle over M to the trivial bundle over a single point,
the origin in R™.

Example 1.24. The inclusion i : v} — 7711 4 is a bundle map.
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Definition 1.25. A Whitney Sum of two bundles ¢ and v over the same base,
written ¢ @ 7, is a new vector bundle with fibers consisting of all elements of the
form (b, ave, Bv,) where a and f are both scalars and v¢ and v, are any elements
of the fiber over b from ( and -y respectively.

Definition 1.26. If a bundle ( over base space B can be written as a subset of a
larger bundle v over the same base space such that the inclusion of ¢ in v respects
both projection and the vector space structure on the fibers, then ( is said to be
a sub-bundle of v. If we impose the requirement that v have a continuous function
which restricts to a Euclidean metric on each fiber, then we can take the orthogonal
complement of any sub-bundle ¢. This is denoted ¢+ and satisfies:

v=_a(t

Theorem 1.27. An R"™ bundle { over M is trivial if and only if there exist n
nowhere dependent cross sections.

Proof. The forward direction is easier. If F(() is trivial, it is homeomorphic to
M x R™. We can then construct n sections of M x R™ as follows. Take s;(b) =
(b,(0,0...,1,0...,0)) where the 1 is in the iy, vector coordinate. These sections
are linearly independent at each point and passing the sections back through the
homemorphism to FE(¢) will preserve this since it carries each fiber isomorphically.
So, there exist n nowhere dependent cross sections.

For the reverse direction, we can use the sections s;(b) to construct a basis for
R™. First choose n nowhere dependent cross-sections: s; for 1 < ¢ < n. For each
b in the base space, notice that every vector v in fiber over b can be written as a
unique linear combination v = Y"1 | a;s;(b). It follows that a function that takes
each (b,v) € E(() to (b, (a1, 0...,cn)) € R™ will be an isomorphism of vector
spaces on each fiber, and therefore defines the desired homeomorphism from E(()
to B x R™. We conclude that ¢ must be trivial. O

Theorem 1.28. If an n-plane bundle ¢ with a Euclidean metric admits k nowhere
dependent nonzero sections, then ( splits as Whitney sum into a trivial sub-bundle
of degree k and its orthogonal complement.

Proof. Let s; for 1 < i < k be nowhere dependent nonzero sections of (. Taking
the linear span of s;(b)1<;<x at each point will generate the needed k£ dimensional
sub-bundle, and the sub-bundle is certainly trivial since it admits the same k sec-
tions from which it is spanned. It now follows that we can take its orthogonal
complement. O

This is what the previous comment about sections quantifying degrees of non-
triviality was referring to. Since trivial bundles are fairly simple, sections allow
us to zoom in to the interesting parts of a bundle by ignoring the trivial parts as
indicated by sections.

2. STIEFEL WHITNEY CLASSES

We will now turn our attention to Stiefel-Whitney classes. Stiefel-Whitney
classes, roughly speaking, can help identify which cohomology classes of a manifold
obstruct the existence of linearly independent cross sections of a vector bundle.
While the Stiefel-Whitney classes have historically been defined in various ways,
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the axiomatic definition below is fairly standard and all definitions should yield the
same results.

Until stated otherwise, it will be assumed that all cohomology groups will be
calculated with Z/2 coefficients.

Definition 2.1. The following axioms define the Stiefel-Whitney (SW) classes:
Axiom 1: For each vector bundle ( over a base space B there exists a corre-
sponding sequence of cohomology classes:

(2.2) w;(¢) € H(B,7/2), for alli € N

called the SW classes of (. Further, wo({) = 1 where 1 here denotes the unit
element in the zeroth cohomology group and w;({) = 0 whenever i is greater than
the bundle dimension.
Axiom 2: (Naturality) If f : B(¢) — B(v) is covered by a bundle map from ¢ to
v, then w;(¢) = f*w;(v). In short, the SW classes play well with bundle maps.
Axiom 3: (The Whitney Product Theorem) If (,v are vector bundles over the
same base space then:

K
(2.3) wp(C &) =Y wi(¢) — wy—i(v)
i=0

Here — denotes the cup product operation. From this point forward, whenever two
cohomology classes are written consecutively, for example w;({)wg—;(v), the cup
product operation should be assumed.

Axiom 4: For the twisted line bundle 41 over the circle P, the SW class w; (1)
is not zero. (Since we are working with mod 2 coefficients, we can now describe
all the SW classes of 7 since they all follow immediately from the axioms). The
zeroth class dictated by axiom 1 is wg(yf) = 1. The 1st class is given by the 4th
axiom wy (y;) = a, where a is the unique nonzero element in the first cohomology

group

We will black box the existence and uniqueness of these classes until we have
developed a bit more of the theory. For now we will present some immediate results
from the axioms.

Remark 2.4. If ¢ is isomorphic to v, then from axiom 2 w;(¢) = w;(v).

Remark 2.5. If ¢ is a trivial bundle then all of its SW classes will be zero, (aside
from wy(¢)). This follows from axiom 2 as well, because we can easily construct a
bundle map from a trivial bundle to a bundle over a point.

Remark 2.6. If € is a trivial bundle then w;(¢ @ €) = w;(¢). This follows from
applying the previous remark using the Whitney Product axiom.

Remark 2.7. If  is a bundle of dimension n that admits a Euclidean metric and k
nowhere dependent sections, then w;({) =0ifi >n—k+ 1.

Proof. The proof of this remark relies on the fact that the Euclidean metric allows
us to split ¢ into the trivial sub-bundle spanned by the sections and its orthogonal
complement. We then apply the above theorem and axiom 1 to derive the result. [J

Definition 2.8. For any topological space B, we will let H*(B;Z/2) be the graded
cohomology ring @, H'(B;Z/2) with elements:

(2.9) a=aop+ay+az +as..., for a; € H(B;Z/2)

€N



AN INTRODUCTORY OVERVIEW TO CHARACTERISTIC CLASSES 7

equipped with the sum operation inherited from the sum operation in each coho-
mology group

(2.10) a+b= (a0+b0)+(a1 +b1)

and the commutative and associative product operation derived from the cup prod-
uct

(211) ab = Z Z ajbk = (CLobo) —+ (CleO + aobl) + (agbo —+ a1b1 + agbg)...
=0 k+j=1i

Definition 2.12. This leads to the natural definition of the total SW class

w(¢) € H(B;Z/2) = > wi(Q)
i=0
and the observation (using axiom 3) that w({)w(v) = w(¢ ® v).

The following application of the Whitney Product axiom will be a particular
powerful tool for computation in some of the most interesting bundles. If the
Whitney sum ¢ @ v is trivial (tangent and normal bundles can form such a pair),
then w(¢ @ v) = 1. Therefore, for all ¢ # 0:

> wi(Qui(v) =0
j+k=i
= wi(Q) + wi(v) = 0,w2(¢) + w1 (Qw1(v) +wa(v) = 0...

This allows us to inductively solve for the classes of ( as polynomials in the
classes of v.

The set of all a« € H*(B;Z/2) such that ap = 1 forms a commutative ring under
multiplication. The inverse elements a can be computed inductively as above with
the first few terms being a1 = a1, a2 = a? + ag, d3 = a3 + az and so on. We
immediately get that if ( @ v is trivial then w(v) = w(¢)

Theorem 2.13. Whitney Duality Theorem: If T and v are the tangent and normal
bundles respectively of a manifold in Euclidean space then

(2.14) w(r) =w(v)

Theorem 2.15. The cohomology group H*(P"; Z/2) is isomorphic to Z/2 for 0 <
i < n and is zero otherwise. Let a be the nonzero element a € H'(P"; Z/2), then
Hi(P"; Z/2) is generated by a', where the exponent denotes iterated cup product.

Example 2.16. Applying Axiom 2, the bundle map from 7{ to 7. that covers
inclusion i : P! — P™ allows us to determine that

wi(y1) = (wi() #0 = wly,) =1+a

Taking 7. as a sub-bundle of €"** let 41 be its orthogonal complement. We know
the total class w(e"*!) = 1 so we can compute 1 = w(yH)w(y}) = (w(yH))(1 + a).

Solving inductively, knowing that wo(y1) = 1, then al+1w; (y+) = wy (") =
a = w;(v*) (given mod2 coefficients).

Similarly a? + lws(yt) = 0 = a? = wa(y
class w(y*) =31 @
Theorem 2.17. Letting T be the tangent bundle of P", the total Stiefel Whitney
class is w(r) = (1 +a)" L.

1) and so on such that the total
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Proof. In order to prove this theorem we require the following lemma:
Lemma 2.18. The canonical bundle v} satisfies T ~ Hom(yL,v%).

A sketch of the proof follows: Consider the quotient map f from S™ to P™.
The induced map on tangent manifolds identifies all pairs (z,v), (—z, —v), where
re S ve R such that -2 =1and z-v =0.

The space of all such pairs for a given +x is isomorphic to the set of linear trans-
formations from span(zx) to span(z)* under the identification ((x,v), (—z, —v)) —
Iy where [ ,, is the unique linear function for which I(x) = v. But the set of linear
functions from span(z) to span(z)* for each £z € P" is exactly Hom(y},v+). O
Proof, continued. Hom(yl,yl) ~ €' since it has a nowhere zero section given by
the identity homomorphism. From linear algebra, we have the identity

@~ Hom(v},vh) @ Hom(v),v}) = Hom(yL, v~ @~L) =~ Hom(y?, ")

We can then split €”*! as an n + 1 fold direct sum ¢! @ e! & ... B e'. So:
Hom(y}, e"™) =~ Hom(v}, ' @e...@e') ~ Hom(y), e YHom (v}, e )o...0 Hom(v}, ')

Seeing as Hom(y.,e') ~ y}, we now have that 7 @ €' is isomorphic to an n + 1
fold whitney sum of y.. It follows from axiom 2 that

WYy @V @ e ®Yy) = w(T B ') = w(r)
Finally, an application of the Whitney Product formula gives
w(T) =Wy, 7 © o B ) = (w(yy))" = (1+a)" !
O

Keeping in mind that all coefficients here are mod 2, this formula allows us to
easily calculate all SW classes of P™.

Remark 2.19. In fact, the following result will hold true for immersions as well,
an immersion being a function from an n dimensional manifold M, into another
manifold, N
f:M—N
with weaker requirements than an embedding, allowing for self intersection of
the image so long as the derivative has rank n everywhere.

Theorem 2.20. If M is immersed in N, then the Whitney sum of the tangent
bundle 7 of M, and the normal bundle v of M in N is isomorphic to the tangent
space of N. In the case of an immersion

[P R

the necessary implication is that T ® v ~ "k,

Example 2.21. Continuing with example of the canonical bundle ! in Lemma
2.19, assume additionally that P™ can be embedded in Euclidean space R™*,

By Theorem 2.21, 0 = w(e"t*) = w(r)w(v) = w(v)(1 + a)"*'. Say n = 8,
w(t) =1+ a+ a®, therefore w(v) = w(r) = 1+a+a®>+a®>+a*+a® +a® +a".
Since wr(v) = a” # 0, it follows that v must be a k-plane bundle for ¥ > 7. This
puts a lower bound n + 7 = 15 on the dimension of Euclidean space into which you
can immerse PS.
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We have now seen that Stiefel-Whitney classes allow us to prove the impossibility
of sections of a vector bundle, and to prove the non-immersibility of manifolds into
Euclidean space.

Another set of interesting applications of SW classes is SW numbers, and Bor-
dism and Cobordism groups which can help determine whether a manifold can be
expressed as the boundary of a higher dimensional manifold.

3. THE GRASSMANIAN AND CLASSIFYING SPACES

The length of this paper precludes the rigorous treatment that the Grassmanian
deserves, however there is room to address construction and some key features.

Definition 3.1. The Grassman Manifold G,,(R"*) is the set of all n planes pass-
ing through the origin (or the set of all n-dimensional subspaces) of R"T* topolo-
gized as a quotient space of the Stiefel manifold.

The Stiefel manifold V,,(R"**) is an open subset of R™"¥ x Rk x . x RrHF
(where there are n copies of R"**) consisting of all n-tuples of linearly independent
real n + k dimensional vectors.

The quotient map q : V,(R"*) — G, (R"*) takes each n-tuple to the n-plane
which it spans. A set in the Grassman is open if and only if its inverse image under
the quotient map is open.

Remark 3.2. The Grassman manifold is a compact manifold of dimension nk, and
the function X — X is a homeomorphism between G,,(R"**) and G}, (R"+¥).

Remark 3.3. Gq(R"T1) is P™.

Definition 3.4. We define a canonical n-plane bundle 4"*(R"**) over G,,(R"*)
that is similar to our canonical line bundle for n = 1. The fiber at each point is
simply the set of all vectors in the subspace identified with that point equipped
with the usual vector space structure.

Definition 3.5. As k goes to infinity, we obtain the Grassmanian G, (R*>) = G,,.
This is known as the infinite Grassmanian, topologized as the direct limit over

all k of G,,(R"*F), with respect to the natural maps coming from the inclusions
Rtk R”+k, for k1 < k. It has canonical bundle ™.

The infinite Grassman Manifold is known as the classifying space for vector
bundles. because of the next few theorems.

Theorem 3.6. For any n-plane bundle ( over a compact base space B, there exists
a bundle map from ¢ to y"(R™"**) for k sufficiently large. If B is paracompact there
exists a bundle map from ¢ to ™. Further, any two bundle maps f,g from an

n-plane bundle { to v are homotopic to one another.

Proof. In the compact case the proof is fairly straight forward. Find an open cover
of B such that the restriction of { to each open set in the cover is trivial. Then,
for each of the m open sets U; in the finite subcover, since the bundle is trivial on
each open set in the cover, there exists a bundle map h; from 7~1(U;) to R which
is linear on each fiber. If we assume our space is hausdorff then, by compactness, it
is also normal. We can then make two refinements to our cover, U; D V; , V; D W;
and construct smooth maps A; : B — [0, 1] which take value 1 on the closure of W;
and are 0 on (V;)°.
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Now, we can construct the map on the fibers f : E(¢) — 7"(R"1¥) as

fle) = (A(m(e))hi(e), Aa(m(e))ha(e)), ... Am(m(€)) hm(e))

and let the map of base spaces take each b € B to the subspace f(fz'ber(b)) €
G, (R™™). In order to make the above expression well-defined outside U;, when h;
is not defined, we have \; equals zero, and hence we take \;(mw(e))h;(e) to mean the
zero vector in R".

The paracompact case is slightly different. Again take two refinements to end
up with a locally finite covering of potentially countably many open sets. Therefore
the mapping f is from E(¢) into the bundle ™:

f(e) = (Mi(m(e))hi(e), Aa(m(e))ha(€)), .. Am (7 (€)) hm (€), -..)

recalling that v" is the canonical n-plane bundle over the infinite Grassman mani-
fold. Since the coverings are locally finite, the map as constructed is still continuous.

This is an extremely important result and is the reason why the Grassmanians
and their canonical bundles earn the titles of classifying spaces and universal bun-
dles respectively. Axiom 2 of SW classes allow us to classify n-plane bundles by
mapping them into y".

Now we must show that any two bundle maps f, g from an n-plane bundle ¢ to
~™ are homotopic to one another.

Let dy be the induced map on " obtained from the linear map from R to R*
that takes the i*" coordinate to the 2i*" coordinate.

Similarly, let dy take the i*" coordinate to the 2i — 1 coordinate. We obtain that
the following are homotopic:

fr~diofr~dyog~yg
with the one parameter families being
(3.7) af+(1—a)diof, adiof+(1—a)deog, ag+(1—a)dsogyg

for @ € [0,1]. Though I will not address the proof in any detail, d; and ds have
been constructed to ensure linear independence vectors, such that for every « all
these maps are still bundle maps.

O

Therefore, there is at most a single homotopy class of maps ¢ into 4. Combined
with the previous result, we have that every n-plane bundle ¢ over B has a unique
corresponding homotopy class of maps f into G™ generated by the induced map of
base spaces from any bundle map.

Definition 3.8. Let A be any coefficient group or ring, let ¢ € H* (G, A), and let
J?C be the unique homotopy class of maps of base spaces into GG,, determined by
¢. The unique cohomology class fg (c) € HY(B;A) is the characteristic class of ¢
determined by ¢, denoted ¢(().

Remark 3.9. The ring of all characterisitic classes of real vector bundles over para-
compact base spaces with coefficient ring A is canonically isomorphic to H*(G,,; A).
This illustrates the importance of the Grassmanian as a classifying space.
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4. EXISTENCE OF STIEFEL-WHITNEY CLASSES

We now have enough machinery in place to prove the existence of Stiefel-Whitney
Classes. The symbols for our total space, base space, fiber and bundle will be
as usual and we will further introduce some new terminology. We will denote
Fy = F\ 0, where F is the fiber at b, the set of nonzero elements of the fiber, and
Ey = E/B, will be the set of all non zero elements of the total space, in other words
the complement of the zero section in E. Assuming that our fiber dimension is n,
we can immediately remark that the cohomology of Fjy and Ey satisfies:

(4.1) H™(F,Fy;Z/2)=Z/2
and is zero for all other dimensions.

Theorem 4.2. The group H"(E, Ey) contains a unique non-zero element u, hence-
forth known as the fundamental cohomology class, such that the restriction of u
to each fiber is the unique non-zero element of H™(F, Fy). Further, for every k,
x> U is an isomorphism from H*(E) to H*"(E, Ey)

We also note that the everywhere zero section of E is a deformation retract of
E onto B, providing us with another isomorphism from H*(B) to H*(E)

Definition 4.3. We define the Thom Isomorphism ¢ : H*(B) — H*t"(E, Ey)
using the composition of our two isomorphisms above:

(4.4) H*(B) — H*(E) - H*"(E, Ey)

Shortly, we will use the Steenrod Square cohomology operations in order to prove
the Thom Isomorphism’s existence.

Definition 4.5. The Steenrod Square operations are operations that satisfy the
four following properties (still assuming Z/2 coeflicients):

(1) For each pair X C Y and all nonnegative integers n,4, there exists an
additive homomorphism

Sq¢': H(X,Y) — H"™(X,Y)

(2) The operations are natural with respect to continuous maps on pairs. For
any f:(X,Y) — (X',Y’) the identity f o Sq’ = Sq’ o f holds.

(3) If a € H*(X,Y) then Sq°(a) = a, S¢"(a) = a — a (this is the cup product
again) and Sq'(a) = 0 for i > n.

(4) The Cartan formula: Sq¥(aUb) = Dtk Sqi(a) — Sq’(b)

We will again define a total square Sq(a) = >, S¢'(a), analogous to our total
Stiefel-Whitney class, in that it allows us to simplify the product rule given by the
Cartan formula to Sq(ab) = Sq(a)Sq(b). Again, just as we had for Stiefel-Whitney
classes, we also have the cartesian product relation Sq(a x b) = Sq(a) x Sq(b)

By this point, the similarities between the definitions of the Steenrod squares and
the Stiefel-Whitney classes themselves are clear, so it would appear fruitful to use
the assumed existence of the former to prove the existence of the latter. However,
the existence of the Steenrod operations is completely divorced from vector-bundles
and therein lies their utility. The Thom isomorphism, on the other hand, takes into
account the topology of the total space of a fiber. Therefore, by combining these
two tools, we can identify characteristic classes that satisfy the desired axioms while
varying appropriately for different bundles over the same space.
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Theorem 4.6. The unique classes that are defined by the relations

wi(¢) = ¢718q'(¢(1)) and w(¢) = ¢~ ' Sq(4(1))

satisfy all the axioms of the Stiefel Whitney classes and total Stiefel Whitney classes,
respectively, and therefore are the (total) Stiefel Whitney classes.

Proof. According to the given relations, for any bundle ¢,
wo(¢) = ¢ S¢%¢(1) = ¢ (id(¢(1))) = 1

The naturality condition for SW classes comes from the the naturality condition
on the Steenrod operations along with the fact that induced maps on cohomology
preserve the fundamental class of a pair.

The Whitney product axiom requires more thorough work to verify rigorously
but relies generally on arguing that the fundamental class of the Cartesian product
of pairs of spaces is equal to the cross product of the fundamental class of the pairs.

Finally, the fourth axiom, that w(y{) = 1+ a can simply be confirmed via direct
computation. U

5. ORIENTATION AND THE EULER CLASS

Just as Stiefel-Whitney classes helped quantify obstructions to the existence of
cross sections of a vector bundle, the Euler class, a closely related characteristic
cohomology class, will help measure obstruction to orientability. For this reason,
we will move from coefficients in Z/2 to coefficients in Z.

Definition 5.1. An orientation of a real vector space is an equivalence class of
bases in which two bases are equivalent if and only if the change of basis matrix
from one basis to the other has positive determinant. It follows immediately that
every real vector space has two orientations.

Definition 5.2. An orientation for the n-plane bundle ( is a choice of preferred ori-
entation for each fiber of ¢ subject to a local compatibility restriction. Namely, for
every point in the base space, there must exist an open set U and a homeomorphism
h:U x R® — m~}(U) that preserves orientation of each fiber.

This leads to the important notion of a preferred cohomology generator for each
fiber,
up € H"(F, Fy; Z)
and a generator,
ue H'(x (U), 77 (U)o; Z)
whose restriction to each (F,Fp) over points in U is the preferred generator of
H"™(F,Fy; Z).

Theorem 5.3. For any oriented n-plane bundle (, there exists a unique u €
H"™(E, Ey; Z) whose restriction to each (F, Fy) is the preferred generator of H*(F, Fy; Z).
Further, the function a — a — wu is an isomorphism from H*(E; Z) to H" *(E, Ey; Z).

Passing this preferred cohomology class, u, through the natural restriction ho-
momorphism j : H*(E, Eg; Z) — H™(E; Z) which takes a to a|E, and then passing
this element through the canonical isomorphism from H"(E;Z) to H"(B; Z) gives
rise to our next characteristic class:
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Definition 5.4. The Euler class of an oriented n-plane bundle is
(7*) " (ulE) = e(¢) € H"(B; 2)

This class happens to be closely related to the Euler characteristic of oriented
manifolds and allows for their computation, hence the name.

The Euler class satisfies many properties similar to those of Stiefel Whitney
classes. Notably, it is natural with respect to orientation preserving bundle maps.
If a bundle map f : ¢ — ¢’ preserves orientation then e(¢) = f*(e(¢’)). Naturality
is in fact a condition for all characteristic classes. If f reverses orientation then
e(¢) = —f*(e(¢")):

This immediately gives us the result that, for trivial bundles e(¢) = 0, and
whenever n is odd e(¢) = —e(¢). This second statement follows from the fact
that, whenever the fiber dimension is odd, the automorphism (b,v) — (b, —v) is
orientation reversing.

Next, we note that the natural homorphism on cohomology induced by coefficient
surjection Z — Z/2 takes e(¢) to wy,({).

Further properties include the familiar identities:

e(C® () =e(Q)Ue(d),e(¢ x ¢') = e(¢) x e({)

with the caveat that the orientation for each F' @ F’ is obtained by taking the
oriented basis for F followed by the oriented basis for F’. Proofs are omitted but
can be found in the sources below.

Theorem 5.5. If a bundle ( admits a nowhere zero section, then e(¢) =0

Proof. We can split ¢ into a trivial bundle € and its complement e-. We then have
e(¢) =ele)Ue(et) =0Ue(et) = 0. O

Example 5.6. For line bundles, realize that an orientation consists in a compatible
choice of a preferred unit vector at each point. Such a choice is simply a global
section, and any global section of a line bundle can be used to define an orientation.
Therefore, a line-bundle is orientable if and only if it is trivial. Returning to our
twisted line bundle ~{, we immediately see that it is not orientable.

On the other hand, the tangent bundle of S?" is certainly orientable and yet
contains no non zero sections.

Theorem 5.7. A manifold is orientable if and only if its tangent bundle is ori-
entable.

In fact, any orientation of the tangent bundle induces an orientation on the
manifold itself and vice-versa. This arises from the natural homeomorphism from
a small open neighbourhood of each point and the tangent bundle at that point.
Roughly speaking, an orientation of coordinates for the tangent space can be viewed
as a local orientation on the manifold.

Example 5.8. An application of the above generalizes the hairy ball theorem for
higher dimensional spheres. Let A C S™ x S™ be the set of antipodal unit vectors
(v,—v), and let B C S™ x S™ be the diagonal set of points (v, v).

For each point b € S™, take the stereographic projection from S™ to R", where
b sits on the origin and the projection is taken from the antipode of each point, to
create a homeomorphism from the tangent manifold F(7gn) to S™ x S™ — A
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Using excision
HY(S"xS™ A) ~ H'(S" x S" — A, (S"xS"—B)—A) ~ H'(E, Ey) C H'(S" x S™)
With some details omitted, if n is even then e(7) = ¢~ (u Uu) = 2a € H*(S™, Z)

where a is a generator of H™(S™, Z). Since e(7) is not zero, there exists no non-zero
section of the n sphere.
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