ERGODIC THEORY, ENTROPY AND APPLICATION TO

STATISTICAL MECHANICS

TIANYU KONG

ABSTRACT. Ergodic theory originated in statistical mechanics. This paper
first introduces the ergodic hypothesis, a fundamental problem in statistical
mechanics. In order to come up with a solution, this paper explores some basic
ideas in ergodic theory. Next, the paper defines measure-theoretical entropy
and shows its connection to physical entropy. Lastly, these results are used to
construct Gibbs ensembles, a useful tool in statistical mechanics.
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1. INTRODUCTION

Ergodic theory is the study of dynamical systems with an invariant measure, a
measure preserved by some function on the measure space. It originated from the
proof of the ergodic hypothesis, a fundamental problem in statistical mechanics. A
basic example, which illustrates the ergodic hypothesis, is the movement of an ideal
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gas particle in a box. If the particle satisfies the hypothesis, then over long periods
of time, the probability of particle at any position should be the same.

A. Non-ergodic B. Ergodic

FIGURE 1. Movement of an ideal gas particle. A: Without ergodic
hypothesis. B: With ergodic hypothesis

Physicists studying statistical mechanics deal not with physical boxes, but with
phase spaces. A phase space is a space in which all possible microscopic states of
a system are represented, and each possible state is a point in the phase space.
This concept was developed by Boltzmann, Poincaré and Gibbs. They brought up
the ergodic hypothesis through their attempts to connect phase space to physical
quantities that can be observed and measured, called observables.

The remainder of the section provides a rigorous definition of phase spaces,
Hamiltonian and Hamiltonian flow. Consider N identical classical particles moving
in R? with d > 1, or in a finite subset A C R%. Suppose that these particles all have
mass m and that each is in position ¢; and with linear momentum p;, 1 <i < N.

Definition 1.1. The phase space, denoted as I' or I'p, is the set of all spatial
positions and momenta of these particles, so

[ =RxRHYN, or Tp = (A x RHN

We are interested in the dynamics of the system. Every point « € T" represents a
specific state of the system. The dynamics of the phase space studies how x evolves
over time. The notions of potential functions and Hamiltonians are the basic tools
needed.

Consider two potential functions W : R — R and V : R, — R. The external
potential W comes from outside forces exerted on the system, such as gravity. The
pair potential V is the generated by the force one particle exerts on the other, and
depends on the distance between these two particles. The potential functions help
determine the energy of a system.

Definition 1.2. The energy of a system of N particles is a function of the positions
and momenta of these particles, called the Hamiltonian. The Hamiltonian is a
function H : I' — R given by

o) =Y (24 W) + Ve - ),

where ¢ = (q1, ..., qn), p = (P1,.--,Pn), and n = dN.
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The dynamics in the phase space is governed by the Hamilton’s equations of
motion.
Definition 1.3. Hamilton’s equations of motion are

% o OH dpi 0H

1.4 = = _
(1.4) dt ~op, At T og,

Suppose I, is the n X n identity matrix, and J denotes the 2n x 2n matrix

0 I,
7=(5, %)
Then, (1.4) can be expressed as a vector field v : I' — T, given by
v(z) = JVH(x)

where z = (¢,p) € R?" and

VH(z) = <6H 0H O0H 6H>

91" dan’ Op1” " Opy

Let X(t) € T be any point in the phase space at given time ¢ € R. Then, from
existence and uniqueness for ODE, for each point z € I', there exists a unique
function X : R — I' that satisfies

X(0) =z and %X(t) = v(X(t)).
Definition 1.5. The Hamiltonian flow is ® = {¢,|t € R}, where
¢r: T =T, ¢e(x) = X(1)
for any t € R.

The Hamiltonian flow can be understood as the evolution of time in phase space.
If at t = 0, the system has state x in the phase space, then at time ¢ = T, the system
must have state ¢r(x). For all t,s € R, ¢4 0 ps = ¢prs.

A microstate is a point in the phase space, which contains the position and
momentum of each particle. A macrostate, in comparison to microstate, is deter-
mined by measured values called observables, including entropy S, internal energy
U, temperature T, pressure P, and so on. The observables are bounded continuous
functions on the phase space.

Ideally, for an observable f and state x € T", the measured result is f(z). But,
particle movements are small compared to what human can perceive, so making
an observation about specific time is not possible. Therefore observations are an
average over a relatively long period of time. It is important to know whether
taking the average over long time is possible in the phase space and whether the
result the same if the initial microstate is different.

In mathematics, the problem becomes: given an observable f, does the limit

f(z) = lim i/ (f o ¢y)(x)dt

T— o0 2T _T

exist and is f () constant? Section 2 introduces the mathematics needed to answer
the question.
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2. ERGODIC THEORY

2.1. Measure Preserving Maps. The main focus of ergodic theory is the study
of dynamic behavior of measure-preserving maps. Assuming basic knowledge of
measure and measure spaces, the paper first explores the probability spaces, and
measure-preserving maps in probability spaces.

Definition 2.1. If (X, 9%, u) is a probability space, T : (X, %,u) — (X, %, )
from a probability space to itself is measure-preserving, or equivalently is an au-
tomorphism, if p(A) = u(T—1(A)) for every A € B. p is called a T-invariant
measure.

One example of measure-preserving transformation from statistical mechanics is
the Hamiltonian flow, defined in Definition 1.5. This fact is the foundation to all
discussion of statsitical mechanics in this paper.

Lemma 2.2. Let ® be a Hamiltonian flow with Hamiltonian H, then any function
F = foH isinvariant under ¢, for allt. That is F o ¢y = F for all t € R.

Proof. Fo¢, = F is equivalent to H o ¢y = H. To prove this, we first observe that
H(¢o(x)) = H. Since

& H(0u(@) = H(0u(x)) e 0u(x) = (VH(6,(2))) VH(90(X)) = 0,

H is ¢;-invariant. ([l

Theorem 2.3. (Liouville’s Theorem) The Jacobian | det ¢}(x)| of a Hamiltonian
flow is constant and equals to 1.

Liouville’s Theorem is one of the most important theorems in statistical mechan-
ics. The proof is on page 5 of [3].

Corollary 2.4. Let p be a probability measure on (T, PBr). with density p = Fo H
with respect to Lebesgue measure, F': R — R. Then p is ¢s-invariant for all t € R.

Proof. For all A € %r, using change of variable formula,

j(A) = /A ple)dz = / xa(@)p()dz = / XA (60(2))p(64(x))] det 6 (x) dx

_ /F Yooy (@)p(@)de = u(ér(A))
O

2.2. Poincaré’s Recurrence Theorem. In late 1800’s, Poincaré proved the first
theorem in ergodic theory. He showed that any measure-preserving map has almost
everywhere recurrence. This subsection states the theorem and gives one approach
to its proof.

Theorem 2.5. (Poincaré’s Recurrence Theorem) Let T be an automorphism of
probability space (X, B, ). Given A € B, let Ay be the set of points v € A such
that T™(z) € A for infinitely many n > 0, then Ay € B and u(Ag) = p(A).

Proof. We first prove Ag € B. Let C, = {x € A|T’(x) ¢ A,V¥j > n}, and let
Ao =A\U,~, Cy. Then,

Cn=A\|JT77(4) € 5.

jzn
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Therefore Ag € A.
Next, we prove u(Ag) = u(A). This statement is equivalent to p(Cy) = 0,¥n >
0. To prove this, notice

Aclr7@), coc |7\ | T7(4)
Jj=0 J=0 jzn

This implies

pC) <p | TN T7A) | = | JT7A | - | JT7A)

=20 jzn Jj=0 Jjzn

So, since

Ur7@=r(J174)

jzn Jj=0

and since T is measure preserving,

p(Ur7@ | =ulJr7@

Jj=0 j>n

Therefore, u(Cy,) = 0. O

This theorem shows that after sufficiently long time, a certain system will return
to a state very close to its initial state. However, Poincaré’s theorem is not able to
provide important information such as the rate of convergence.

2.3. Birkhoff’s Theorem. Birkhoff’s Theorem originated from the works of sta-
tistical physicists Boltzmann and Gibbs introduced in Section 1. The discrete
version of the problem can be stated as follows: given a measure-preserving map,
T, of a probability space, (X, %, i), and an integrable function f : X — R, under
what conditions does the limit

(2.6) lim L (f(2) + F(T(@) + .. + F(T"(2))

n—oo N,

exist and is constant almost everywhere. In 1931 Birkhoff proved that the limit
above exists almost everywhere for all T"and f. This subsection states the Birkhoff’s
theorem, as well as some of its important implications.

Theorem 2.7. (Birkhoff’s Ergodic Theorem) Let (X, %, 1) be a probability space,
and let T : X — X be a measure preserving map. If f € L'(X), the limit

n—1
f&i;ﬂw@)

exists for almost every point x € X.

The proof is on page 92 of [1]. Birkhoff’s Ergodic Theorem has many useful
implications. One of the most important is the following corollary, which builds
theoretical background for microscopic dynamics.
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Corollary 2.8. Let (X, %, ) be a probability space, and leé T: X — X bea
measure preserving map. If f € LP(X), 1 < p < oo, function f defined by

n—1
(2.9) f= lim fo (T (x

n—oo nN

is in LP(X), and satisfies

(2.10) lim f—= Z F(Ti(2)|| =o.
For almost every x € X,

(2.11) f(T(x)) = f(x).

Proof. First, we show f € LP(X): From (2. ) we know
(2.12) F(@)] < lim 5Z|f (T'(x

This along with the fact that f is non-negative, for any p such that 1 < p < oo
implies

_ 1t _ b
(2.13) [f(@)]P < Tim (n ;) If(TZ(fE))>
Since the sequence from the right side of the inequality is strictly increasing,
1 n—1 _ p p
lim. <E ; |f(TZ(x))|> = lim inf < Z |F(T(x )
The functions in the sequence are measurable,
n—1 p
linniigf/ ( Z|fT’ ) dp < o0

Then, from Fatou’s Lemma we get

F(z)|P imin ln_l (x !
J Vapdn< [ ln%of<n2|f(T( >>|> dn

< lim nf /X <% If(Ti(x))l> d

To show f € LP(X):

/}((;Zf(T’ ) H Zf 0T S(%illfcﬂb)

=0

Since T is measure-preserving, ||f|l, = ||f o T'l|p,

1 n—1 ) P 1 n—1 p
(; > ||foT’|p> - <5 > ||f||p> = 1711 < oo
i=0 1=0

So from (2.13), Hf||§ < [|f|IB, therefore ferrx).
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Next, we show (2.10) holds. Suppose f € L>°(X), that is f is almost everywhere
bounded. This is enough to use the dominated convergence theorem. Note || f||oc =
inf{k| for almost every z € X, |f(z)| < k}. From Theorem 2.7, the sequences,

n—1 n—1 p
~ 1 ) -1 .
- — T =0, - = T =0
e S
almost everywhere. Then from (2.12) we get,
B 1 n—1 ) 1 n—1
()] < lim — Z; [f(T*(2))] < lim — ; 1flloe = lIflloc
Therefore
~ 1 - . 1n71 .
F= I3 rot| < |Iflle+ % 30 0 T'lloc| < 20 fllc
=0 =0

is bounded by a constant. By the dominated convergence theorem:

n—1 p

1 .

f,,i foT"
X "iso

So (2.10) holds when f € L*°.
When f ¢ L°°, we will approximatie f by a L> function. Since L*° is dense in
LP for any €, choose g € L such that 9N € N,

dug/ Odp = 0
X

n—1

é—%ZgoTi

=0

€ €
—_ < -, < =

for all n > N. By the triangular inequality,
(2.14)

n—1 —
o~ ~ 1 i i
|fooT’ <If=dlly+|g—=> goT| + Zf g)oT
i=0 "izo » i=0 »
From || fll, < [1f]l5,
1F=3lo = 1I(F = )llp < IS = 9)llp <
and
— 1 n—1 ) n—1
Zf g)oT'|| <= [(f-g)oT|,= ZHf Dy = 11(f = ng<—
i=0 P =0 i=0
This combined with (2.14) shows that
~ 1 n—1
- = T <
Hf - ;Jf ¢

p
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Lastly, we need to show f(T(x)) = f(x). To do this, we observe

n—1 n

Fr@) = im © 3 AT @) = Tim (Zf(T%x)) —f(:c)>
i=0 =0

=t DS ) - m TP

=0

n—oo N

]

Corollary 2.15. Let (X, %, u) be a probability space, and let T : X — X be a
measure preserving map. For every f € LP,

[ Fau= [ tan
X X
Proof. From Corollary 2.8,

n—1 n—1
; 1 : 1
/fdp: lim —Z/ foT'du= lim —Z/ fd/,L:/ fdu
X n—oo N =0 X n—oo N i—o X X
O

Definition 2.16. The function f from Corollary 2.8 is called the orbital average
of f. When f is the characteristic function x4 of a set A € B, xa(x) is called the
average time x spends in set A and is written as 74(x).

Observe that

Ta(z) = lim 1 {0<j<n-— 177 (z) € A}

n—o00 N

/TAdMZ/ xadp = pu(A).
X X

2.4. Ergodicity. Ergodic transformations are an important subset of measure-
preserving transformations. This subsection gives the definition of ergodicity and
then introduces some properties of ergodic maps.

Definition 2.17. A set A € o is T-invariant if T~1(A) = (A). T is ergodic if
every T-invariant set has measure 0 or 1.

Ergodic functions have some nice properties. For example, if T' is ergodic, any
T-invariant function is almost everywhere constant. This, along with some other
properties, gives a criterion to determine whether a map is ergodic or not.

Proposition 2.18. The following statements are equivalent:
(1) T is ergodic.
(2) If for 1 < p < oo, f € LP(X) is T-invariant, then f is constant almost
everywhere.
(8) For every A, B € A,

Jim LS i) 0 B) = w( ()
1=0

(4) For every f € L*(X), f= fX fdp almost everywhere.
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Proof.

(1) = (2) Suppose f € L'(X) is T-invariant. Then the set A, = {z|f(z) <
n} is invariant for all n € R. Since T is ergodic, u(A4,) = 0 or 1. If f is not
constant almost everywhere, then there exists k such that 0 < u(A4y) < 1, which is
a contradiction.

(2) = (4) From Corollary 2.8, f € L?(X) and is T-invariant. Therefore, f is
constant almost everywhere. Then,

/deu:/deu:f-

(4) = (3) Consider f = x4 the characteristic function of A. From Theorem 2.7,
for almost every =z,

n—1

1 } )
3 Z () = a0 = [ v =)
Therefore,

p(A)p(B) ZM(A)/Xdeuz/XXAdeu
-/ (nlggo lzxum») e
X [t

= lim —/ngA(Tj(m))deu

n—1

1 ,
= tim — S u(T9(A)NB
nggon;u( (4) N B)

(3) = (1) Let A € & be a T-invariant set. Therefore by (3),

n—1
p(AU(X N\ A) = Tim — > pu(T~H(A)N X\ 4)
L
:7}LII;OE;M(AQX\A) =0
So u(A) =0 or 1, and T is ergodic. O

The proposition above shows if T is ergodic, then the limit from Birkhoff’s
Ergodic Theorem is constant almost everywhere. This solves the final part of the
problem described in Section 2.3. The limit (2.6) is constant almost everywhere if
and only if T is ergodic.

T is ergodic if and only if for every A € %, T74(x) = u(A) almost everywhere. It
is a direct corollary of Proposition 2.18 by substituting f with x 4. Intuitively, the
time average of an ergodic function is equal to the spacial average of the whole set.

2.5. Application to Statistical Mechanics. The results from last two sections
are enough to show the limit
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exists. With the construction of classical dynamical systems, the limit above is the
continuous version of

lim — (fod)(x)

from Birkhoff’s Ergodic Theorem (Theorem 2.7) and Proposition 2.18

Definition 2.19. A classical dynamical system (T, 8, u; ®) consists of a probability
space (I', 4, 1) and a group ® of actions ¢ : R x I' — T" defined by ¢(t,x) = ¢¢(x)
such that the following statements hold:

(a) fr:RxT = R, (x,t) — f(¢+(x)) is measurable for any measurable f : T' — R.
(b) ngt [¢] d)s = ¢t+8 fOI' all t, S € R.
(¢) u(pe(A)) = p(A) for allt € R and A € A.

If a particle moves inside a box with finite volume A C R?, then the equation
of motion (1.4) does not hold on its boundaries. Therefore, it is often necessary to
add boundary conditions on JA. One of the most common boundary condition is
the elastic reflection condition, in which the angle of reflection is equal to the angle
of incidence.

From the definitions above and the Birkhoff’s Ergodic theorem, we can deduce
the following theorem.

Theorem 2.20. Let (I', B, u; ®) be a classical dynamical system. For every f €
LY (T, %, u), consider

_ 1 [T

frle) = 57 [ (oo
There exists A € B with u(A) =1 such that

(a) The limit

f(z) = lim fr(z)

T—o0
exists for all x € A.
(b) f(z) = f(¢s(x)) for allt € R and x € A.

(c)
[ F@yin= [

Suppose that I'y C I is invariant under the flow @, ¢;(I'1) C 'y, that f: T - R
is an observable, and that the system is always contained in I'y. If the measurement
of f takes place over a sufficient long period of time, then the observed value f of
fis

- ) 1 (T
fla) = Jim 5z [ (rosnia@ar

Another assumption we often make for observables is that the observed value
should be independent of the position at ¢ = 0, f (z) = f for a constant f . This
assumption is closely tied to ergodicity introduced in Section 2.3.

Definition 2.21. Let ® be a flow on I'y, and let p be a probability measure on I'y
that is invariant with respect to ®. @ is ergodic if for every measurable set F' C I'y
such that ¢.(F) = F for all t € R, then pu(f) =0 or 1.

Theorem 2.22. ® is ergodic if and only if all functions f € L?(T'y, u) that satisfy
f ooy = f are constant functions.
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In light of this theorem, if we suppose ® to be ergodic, then the observable can
be expressed as

f=1 f@dp= [ flz)dp
Ty Iy

This is often referred to by saying the time average of observables equals the average
over entire the phase space. In practice, proving the ergodicity of Hamiltonian flows
turns out to be the most difficult part of applying this theory.

3. MEASURE-THEORETIC ENTROPY

The concept of entropy was first introduced to solve a fundamental problem in
ergodic theory, deciding whether two automorphisms 17,75 of probability spaces
(X1,%1,11) and (Xa, PBa, ua) respectively are equivalent. The entropy h(T) is a
non-negative number that is the same for equivalent automorphisms.

Shannon and Kolmogorov took different paths in defining the entropy of auto-
morphisms. This paper follows Kolmogorov’s notion of entropy, which is defined in
three stages: first, the entropy of a finite sub-o-algebra of %, then the entropy of
T relative to a finite sub-o-algebra, and lastly the entropy of 7. The structure of
this section is based on Chapter 4 of [2].

3.1. Partitions and Subalgebras. This subsection defines finite sub-o-algebras
and partitions.

Definition 3.1. A partition of (X, %, u) is a disjoint collection of elements of %
whose union is X. Suppose £ and 7 are two finite partitions, 7 is a refinement of
&, or £ <, if every element of £ is a union of elements in 7.

Finite partitions are denoted in Greek letters, such as £ = {4, Ag, ... A }. If £ is
a finite partition of (X, %, ), the collection of all elements of # that are unions of
elements of ¢ is a finite sub-o-algebra of &, denoted as &7 (). If € is a finite sub-o-
algebra, € = {C;|i = 1,2,...,n}. Then the non-empty sets of form B;NBaN...NB,,
where B; = C; or B; = X \ C;, form a finite partition, denoted by &(%).

It is easy to see 7 (£(€)) = € and that £(«7(n)) = n. This constructs a one-to-
one correspondence between partitions and sub-algebras. Also, £ is a refinement of
n if and only if &7 (§) C o/ (n).

Definition 3.2. Let £ = {A;, Ag,...A,}, and n = {C1,Cs,...,Ci} be two finite
partitions of (X, 4, i1). Their join £ V n is the partition

Evn={ANCl<i<n1<j<k}

For sub-algebras, if o/ and € are finite sub-o-algebras of %, then o7 vV ¥ is the
smallest sub-o-algebra of & containing both &/ and 4. & V € consists of all sets
which are unions of sets ANC, A€ & and C € %.

A measure preserving T : X — X also preserves partitions and sub-o-algebras.
Let & = {A1, As,...A,} be a finite partition, then T-"(¢) denotes the partition
{T~"(A1), T "(Az),.. T ™(A,)}. Suppose & is a sub-o-algebra of &, then T " (/)
denotes sub-c-algebra {T~"(A)|A € &}
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3.2. Entropy of Partitions. In the following sections, the expression 0log0 is
assumed to be 0.

From a probabilistic viewpoint, a partition, £ = {A, As,...Ax}, of probability
space, (X, B, 1), is a list of possible outcomes of a random variable. The probability
of event A; happening is p(A4;). The entropy of partitions H({) can be used to
measure the amount of information required to describe this random variable.

Definition 3.3. Let o/ be a finite sub-algebra of %, (&) = {A1, Aa, ...Ar}. The
entropy of &, or of £(&), is

k
H(o/) = H(E()) = =D p(As) log p(As)
i=1

H(<7) is always positive. Suppose &7 is the trivial o-algebra {0, X'}, then H (<)
= 0. If a random variable has one definitive outcome, then no new information is
required to describe that variable. In comparison, if a partition has &k elements,
every element has measure %, it has the maximum possible entropy of log k.

Similarly, the conditional entropy can be understood as the amount of informa-
tion needed to describe one random variable given the knowledge of another.

Definition 3.4. Let & and ¥ be finite sub-c-algebras of £, and let {(&f) =
{A1, Ay, .. A}, £(€) = {C1,C5,...Cp}. Then, the conditional entropy of </ given
€ is

» k

- - I HANG)  p(AinGy)

HEIE) = H@/16) = =3 pC) 32y o= e
= _ lzj:,u(Ai N Cj)log Mizig])cj)

omitting terms where p(C;) = 0.

The convexity of the following auxiliary function is useful in determining prop-
erties of conditional entropy.

Lemma 3.5. The function ¢ : [0,00) — R defined by
0, =0
o) = {xlogx, x#0

is strictly convex.

Therefore ¢(tz + (1 — t)y) < té(x) + (1 — t)P(y) for all x,y > 0, and ¢t € (0,1).
The equality holds only when z = y.

Theorem 3.6. Let (X, B, ) be probability space. Suppose o/, €, and D are finite
sub-algebras of . Then,

(o) HANE|2)=H(AD)+ H(EC\o NV D)

(b) of C% = H(c/|2) < H(%|P)

(c) € C9 = H(SE)> H(A|D)

P’/”OOf. Let 5(&2{) = {Al,...,Ai}7 and 5(%) = {Cl,...,Cj}, 5(.@) = {Dl,...,Dk}.
From Definition 3.4, we can assume all elements in these partitions have strictly
positive measure.
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(a) By definition,
W(A,NC,ND,)
w(Dr)

If u(Ap, N D,) = 0, the left side will be 0, and omitted from total sum. For
u(A, N D) #0,

Ay N CqNDy) (AN Cq N Dy) u(Ap N Dy)

H(/ N E|2) =~ p(A,NCyN D;)log

p,q,T

(D) - wAnDy) (D)
Therefore:
H(e/ vV €|D)
w(A,NCyN D,) w(A,NCyN D)

=— w(A,NC,ND, <log + log

2 140G, 0 D) (g = S u(Ds)
= S w4y Gy D) log M NG OD) | gy )

o w(Dr)

w4, N D,)

=— A,ND)log"——=+ H(C|F VP

:H(;;{\@) + H(E| oV D)
(b) A NVE =%, HE|P) = H(/ V€|2). From (a),
H(/ vV €|2) = H(|D) + H(C|A Vv D) > H(A|D).
(c) For fixed p, q, Let

1(Dr N Cy) r _ WDy N Ap)
wCq) T u(Dy)

Notice Zle t, = 1. Consider the function ¢ defined in Theorem 3.5,

k k
¢<Z tr$r> < Z tr(b(xr)
r=1 r=1
that is

wu(D, OC w(Dy . D ﬁC’ w(Dr N Ap)
<Z :U > EZ: ( :U(Dr) )

Because ¥ C 2, Cy = D, for some ' € [1, k] N N. Therefore

t, =

zk: n(Dr N Cq) p(Dr NAp) _ 1(Cq N Ap)
w(Dy) 1(Co)

and

u(CyNAy) | p(CynAy) MWDy NCy) | Dy A)
AR RED S M%)¢( w07”)
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Multipling both sides by u(C,) and summing over p and ¢ gives

_ 1(Cq N Ap)
—H(|?) = %q: p(Cq N Ap) log T@;)

u(D,N4y) | (D, Ay)

<§ DOC ( ) log ,U(Dr)
DﬂA) u(D, N A,)

‘Z“ @) % 4D,

=- H(W@)
Therefore, H(/|€) > H(|2).
]

These properties all have intuitive probabilistic meanings. &/ C ¢ means ./ has
less entropy than %, and so requires less information to describe. The join & V &
is the combined outcomes of both random variables. It requires the knowledge of
both & and € given & to properly describe the entropy of the join.

From the definition, it is also clear that if T" is measure-preserving, H(T~(&/)) =
H(a/) and H(T Y ()|T~*(¥¢)) = H(|%). So measure-preserving maps also
preserve entropy and conditional entropy.

Sometimes calculating conditional entropy can be simplified.

Theorem 3.7. Let (X, A, u) be probability space, and suppose &/ and € are finite
sub-algebras of A, then:
(1) H(|€) = 0 if and only if for all A € o, there exists C € € such that
HWAANC) = 0.
(2) H(|€) = H() if and only if & and € are independent, that is for all
Aed,Ce€, W(ANC) = pu(A)u(C).
Proof. Let {(o/) = {A1,...,A;} and {(%) = {C4,...,C;}. Also, assume all elements
of these partitions have strictly positive measure.
(a)  Suppose for all A € &7, there exists C' € € such that u(AAC) = 0. Then, for

any p, g, either p(A, NCy) =0 or u(A, NCyq) = u(Cy). Therefore by definition
H(|%)=0.If H|¥) =0,

_Z“ A,NCy) M -0
e 1(Cq)
because (4,1C.)
p(Ap NCy
—u(A,NCy)log—— >0
P 1 M(Cq)
Therefore, ¥p, q such that 1 <p <14, 1< q <7,
w(A, N Cy)
—u(A,NCy)log ————>=0
? ! M(Cq)

So, either p(A, N Cy) =0 or p(A, NCy) = pu(Cy).
(b) If o/ and ¥ are independent, from definition H(«/|¢) = H(</). If H(</|€) =
H(),

Zu(ApﬁCq)logM(M Zu )log (Ap)

p,q
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Fix p and consider
1(Ap N Cy)
1(Cq)
Notice Zézl ty = 1. Let the function ¢ be defined as Theorem 3.5. Then,

tg = u(Cq), T4 =

d A mC :
ZM(AP neCy) log th¢ Tq) > @ thxq = u(Ay)log nu(Ay)
qg=1

The equality

th¢ Zq) Zt Zq)

holds only when z, is Constant for all q. ThlS means (A, N Cy) = Kpu(Cy).
Summing over all ¢ gives u(A,) = K,. Therefore, u(4, N Cq) = pu(A4,)1(Cy),
&/ and € are independent.

(]

These statements also have intuitive meaning from a probabilistic viewpoint.
If @ and ¥ are independent, knowing one random variable does not affect the
knowledge of the other.

3.3. Entropy of Measure Preserving Maps. The second stage of Kolmogorov’s
definition of entropy is to define the entropy of measure preserving map relative to
a finite sub-algebra.

Definition 3.8. Suppose T': X — X is a measure preserving map of a probability
space, (X, A, u), and that 7 is a finite sub-o-algebra of Z. Then, the entropy of
T given & is

n—oo N

n—1
(3.9) WT,&(2)) = h(T, /) = lim et (( \/ Tﬂ'(d))
=0

The entropy of T is h(T) = sup h(T, «7), where the supremum is taken over all
finite sub-algebras 7 of A.

The definition does not imply the existence of limit (3.9). The following theorems
and corollary provide a proof based on sequences of real numbers.

Theorem 3.10. If {a,} is a sequence of real numbers such that for every m,n € R,
mtn < G + ap, then
. Qn . L Gn
lim — =inf —
n—oo N n - n
Proof. Fix p > 0. For all n > 0, n can be expressed asn = kp+i, k € N, 0 < i < p.
Therefore
n _ Qkpti
n kp+i~ kp ~ kp kp kp p
When n — oo and k£ — oo,

ai +akp _ kap _ a;i | ap

a a
limsup — < -2
n—oo N p

Taking the infimum over all p gives

. a . . Q
limsup — < inf -2
n—oo N P P
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But,
.o a . ..ca
inf £ < liminf =
p P n—oo N
Therefore,
. anp .. ap . anp . (79
limsup — = liminf — = lim =inf —
n—oo N n—oo N n—oo N n n

(]

Corollary 3.11. IfT : X — X is a measure preserving map of a probability space,
(X, B, ), and o is a finite sub-c-algebra of B, then,

n—1

1 i
S G H OV TH)
exists.
Proof. Let
n—1
an=H (\/ T‘i(,;z%)>
i=0
Therefore,
n+p—1 .
Uni4p = H ( TZ(JZf)>
=0
n—1 4 n+p—1 n—1 4
—H ( T"(%)) +H < \V 177« |/ T‘%d))
i=0 i=n =0
n—1 A n+p—1
<H ( T%ﬂ’)) +H < \V T’(gf))
=0 =n
p—1
:an+H (\/ T_Z(,!Z{>> :an+ap
=0
Then apply Theorem 3.10 to show the corollary is true. [

There are some basic properties of h(T, <7).

Theorem 3.12. Suppose o/ and € are finite sub-algebras of B, and T is a measure
preserving map of the probability space (X, B, 1), then:

(a) W(T, o) < H()

() (T, ZVE)<hT, )+ h(T,€)

(c) & C€ = h(T, o) <h(T,¥).

(d) MT, o) < W(T, %)+ H(A|?)

(e) If k>1,

k—1
h(T, ) =h (T, \V T‘%@f))
1=0

Proof. Most of these statements are immediate corollaries of Theorem 3.6, so only
a sketch of proof is provided. The complete proof is on Page 89 of [2].
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(a)

! (\/ Ti(d)) = 1 (VT )y VT ) < 5 HE )
i=0 port

n—1 n—1 n—1
=H (\/ T“(%)) +H (\/ ()| \/ T‘%%))
=0 =0 i=0
H (\_/ T (o) \_/ T%%)) < Z_: H (T («)|T7(¥¢)) =nH (%)
=0 1=0 1=0

O

Theorem 3.13. Let T be a measure-preserving map of a probability space, (X, B, ).
(a) For k>0, h(T*) = kh(T).

(b) If T is invertible, then h(T*) = |k|h(T), k € Z.

Proof. This is also direct corollary of Theorem 3.12. A sketch of proof is provided,
and the complete proof is on Page 90 of [2]

(a) For any finite sub-o-algebra

k—1 n—1 k—1
h(T*, o) =h (T"’, \ TZ@{)) = lim %H (\/ Tk (\/ Ti(,w)))

i=0 §=0 i=0

n—oo nk

nk—1
—k lim H ( \ Tj(,qf)) = kh(T, o)
j=0
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(b) From (a), the statement is equivalent to h(T~!) = h(T). Since T is measure-
preserving, for every finite sub-o-algebra <7,

H (71\_/1 T’(,;z%)) =H (T"—l (Tl\_/1 T‘%d))) =H (n\_/1 T‘i(gz%)>

The theorem above provides a convenient way to compute the entropy of some

special transformations. Let T : S — S! be the rotation of angle o = %7‘(‘ on a

circle, ¢ € Z. Then, T is the identity map, and
1 n—1
h(Id) = lim —H (\/0 42%) =0
i=

Therefore a rotation of S* also has 0 entropy.

O

3.4. Kolmogorov-Sinai Theorem. At the end of last subsection, we gave a very
simple example of an entropy calculation. Yet these calculations can sometimes
be difficult. In most cases, it is hard to take the supremum of every finite sub-
algebra. The Kolmogorov-Sinai theorem states if the sub-algebra o7 satisfies certain
conditions, then h(T) = h(T, o). This will make calculation of entropy much easier.

Theorem 3.14. (Kolmogorov-Sinai Theorem) Let T be an invertible measure-
preserving map of a probability space (X, B, ), and let &7 be a finite sub-algebra
of B such that \/;o___ T (/) = PB. Then, h(T) = h(T, ).

i=—00

Some lemmas are required before we can prove this theorem. The lemma below
states that two very similar partitions have very small conditional entropy. The
same is also true for two similar sub-algebras.

Lemma 3.15. Fiz r > 1. For every € > 0, there exists § > 0 such that if £ =
{Ay, Ay, ..., A} and n = {C4,Cs,...,C.} are any two partitions of (X, P, u) with
Y1 M(AAC) <6, then H(Eln) + H(nl€) < e.

Theorem 3.16. Let (X, %, u) be a probability space. Let By be an algebra such
that the o-algebra generated by Bo, B(RBo), satisfies B(Bo) = B. Let € be a finite
sub-algebra of B. Then for every e > 0, there exists a finite algebra 2 C PBy such
that H(€|2) + H(2|%) < e.

The proofs of Lemma 3.15 and Theorem 3.16 are on page 94 by of [2]. The main
idea is to let § < § and —r(r —1)dlogd — (1 — 8)log(1 — ) < £ so that the entropy
is sufficiently small.

Finally, given an increasing sequence of finite sub-o-algebras, Theorem 3.16 can
be used to show convergence in conditional entropy. Some notations about se-
quences of sub-o-algebras are necessary in the following theorems. Suppose {7, }
is a sequence of sub-o-algebras of %, then \/,, <7, denotes the sub-o-algebra gen-
erated by {47,}, that is the intersection of all sub-c-algebras that contain every
. |, @, is the collection of sets that belong to some ,. If {<7,} an increasing
sequence of sub-o-algebras, | J,, 4, is an algebra since it is closed under comple-
ments, finite unions and intersections. However, it is not necessarily a o-algebra,
and counter-examples are easy to construct.
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Corollary 3.17. If {<,} is an increasing sequence of finite sub-algebras of #, and
% is a finite sub-algebra with € C \/, ,, then H(€|g,) — 0 as n — oo.

Proof. Let By = s, . Then % is an algebra, and ¢ C B(%,). Let € > 0. By
Theorem 3.16, there exists a finite sub-algebra 7. of %y such that H(¢|%.) < e.
Since Z. is finite, there exists N such that 2. C /. For all n > N, from Theorem
3.12.c

H(% ) < H(% ) < H(%|2,) < e
Since ¢ is arbitrary, H(%|<,) — 0. O

The corollary is the final piece in the proof of Theorem 3.14.

Proof. (Kolmogorov-Sinai) The theorem is equivalent to the statement that for
every finite € C &, h(T,€¢) < h(T,</). By Theorem 3.12,

(T, %) <h (T, \n/ T%z%)) +H (% \n/ T’(d))

i=—n i=—n

V Tl’(d))

i=—n

— (T, )+ H (%

Vi__ Ti(). By Corollary 3.17, H(%€|<,) — 0 as n — oo. Then

|
For T not necessarily invertible, a similar result to Kolmogorov-Sinai still holds.

Theorem 3.18. If T is a measure-preserving map of a probability space, (X, B, ),
and < is a finite sub-algebra of B such that \/;o, T~(&/) = B, then h(T) =
hT, o).

3.5. Example: Entropy of Shifts. The Bernoulli shift is an important example
of a measure-preserving map. Calculation of its entropy is a direct application of
the Kolmogorov-Sinai theorem. Understanding the entropy of shifts can be useful
in understanding entropy in general. The Bernoulli shift is a discrete stochastic
process, each random variable may have k different states (k > 2), and each state

1 occurs with probability p;, Zle p; = 1.

Definition 3.19. Let Y = {1,2,...,k} be the state space, and put a measure on
Y that gives each point i measure p;. Let (Y,2Y,v) denote the measure space.
Let (X, %, u) =17, (Y, 2Y v). The o-algebra % is the product o-algebra. The
two-sided shift is T : X — X, T({xn}) = {yn} where y, = 2,11 for all n € Z. This
is also denoted as the two-sided (p1,...px) shift.

Theorem 3.20. The two-sided (p1,...pr) shifts are measure-preserving and have
k

entropy — >, pilogp;.

Proof. Tt is easy to show shifts are measure preserving. Let A; = {{xx}|zo = i},

1 < i <k Then £ = {A1,..A;} is a partition of X. Let o/ = &7/(£) be the

sub-o-algebra generated by £. By the definition of %, every element B € 2 can be

represented as
oo

B = n TZ(An(z))

i=—00
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where A,,(;) € £ Therefore,

oo

\ T'(«)=2.

By Theorem 3.14,

h(T) = WT, <) = lim Ly (Tl\_/ T"(;z%))

n—oo M
1=0

In the partition &(&/ VT~ (/) V...vT~ (=1 (7)), every element can be represented
as
Ay NT YA )N ..NT~ " YA = ({z,}ao =g, ooy Tt = in_1.}
which has measure p;,p;, ...pi, ,. Therefore
n—1 k
H (\/ TZW)) — > (PioPirPin ) 108(PigPi i)
i=0

10,8100yt —1=1

k
=— > (Pipirpin)llogpi, +logpi, + .. +logps, ]

10,81 5--yin—1=1

k
=-n sz' log ps
i=1

So,
k
WT) =T, ) == p;logp;
=1
(I

Consider the two sided shifts Ty = (3, 3)-shift and T» = (3, 1, 3)-shift. By
Theorem 3.36, h(Ty) = log2, and h(T3) = log3. Therefore, T; and T are not

equivalent to each other.

3.6. Boltzmann’s Entropy. In physics, entropy measures the level of disorder
and chaos in a system. Specifically in statistical mechanics, entropy measures the
uncertainty that remains in the system after the observable macroscopic properties
are observed. Boltzmann came up with the formula for the entropy of a physical
system.

(3.21) S =kplogW

where kp = 1.38065 x 10723 Joules/Kelvin is the Boltzmann constant, and W is
number of microstates corresponding to the macrostate. Therefore, an increase in
possible microstates implies increase in uncertainty about the system.

The definition of entropy in statistical mechanics is connected to Kolmogorov’s
definition of entropy. Recall from Definition 3.3, given a finite partition £ =
{44,...,Ax} with probability measure p(A4;) = p;, the entropy of the partition
is

N
H() == pilogp;
=1
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Then for a system with a discrete set of microstates, if E; is the energy of microstate
i, and p; is the probability that it occurs , then the entropy of the system is

w
(3.22) S=—kp Zpi log p;
i=1

This entropy is called the Gibbs entropy formula. This formula only differs from
the entropy of a partition by a constant. It can also be concluded that Kolmogorov’s
entropy generates an upper bound for the entropy of an arbitrary thermodynamical
system.

A fundamental postulate in statistical mechanics states that for an isolated
system with an exact macrostate, every microstate that is consistent with the
macrostate should be found with equal probability. Therefore if p; = W~1! for
all 4, then (3.22) becomes

S k%ll kg logW
= —kp ) =log = = kplog
W W

which is exactly (3.21) by Boltzmann.

4. GiBBS ENSEMBLES

Gibbs proposed three Gibbs ensembles in 1902, the microcanonical, the canon-
ical and grandcanonical ensemble. These ensembles can be viewed as probability
measures on a subset phase space with a specified density with respect to Lebesgue
measure. From Lemma 2.2, all Hamiltonian flows are measure-preserving maps
with respect to the ensembles.

The reason to study Gibbs ensembles rather than general phase spaces is that
some thermodynamics quantities are conserved for each ensemble. Phase spaces
are general and introduce too much complexity in the study the system. The
restrictions on conserved quantity can provide some geometric properties that are
useful in calculations. The example in Section 4.4 is a perfect example of this.

A micro-canonical ensemble is the statistical ensemble that is used to represent
the possible states of the system with an exactly specified total energy. The system
is isolated from the outer environment, and the energy remains the same. It is also
called a NV E ensemble, since the number of particles, IV, the volume, V', and the
energy, E, are conserved.

A canonical ensemble is the statistical ensemble that represents the possible
states at a fixed temperature. The system can exchange energy with the outer
environment, so the states of the system will differ in total energy, but the tem-
perature stays the same. It is also called a NVT ensemble, since the number of
particle, NV, the volume, V' and the temperature, T" are conserved.

A grand canonical ensemble is the statistical ensemble that is used to represent
the possible states that are open in the sense that the system can exchange energy
and particles with the outer environment. This ensemble is therefore sometimes
called the uV'T ensemble, since the chemical potential, i, the temperature, T', and
volume, V, are conserved.
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A. Microcanonical ensemble B. Canonical ensemble C. Grandcanonical ensemble

FIGURE 2. Visual representation of three Gibbs ensembles

4.1. Microcanonical Ensemble. The energy in the microcanonical ensemble is
fixed. For a system with Hamiltonian H and energy fixed at E,

Definition 4.1. For any E € R, the energy surface ¥ for a given Hamiltonian
H is defined as

Yg={(¢,p) €T | H(q,p) = E}

Y is a hypersurface in the phase space. If H is continuous, then Y =
H~1({E}) is closed. Also, since H o ¢y = H, ¢;(Xp) = Zg.

Theorem 4.2. (Riesz-Markov Representation Theorem) For any positive linear
functional I, there is a unique Borel measure pu on I' such that

100 = [
Let {g(f) be defined as
l = lim d
s =l [ s

From the Riesz-Markov theorem, there exists a unique p; such that
1e() = [ Syt

Definition 4.3. If w(E) = p5(I") < oo, then p’; can be normalized as
K
w(E)
which is a probability measure on (I', #r). The probability measure ug is called the

microcanonical measure, or microcanonical ensemble. The function w(FE) is called
the microcanonical partition function.

HE =

The microcanonical measure can also be defined explicitly using curvilinear co-
ordinates. Let dog be the surface area element of ¥ g, then

dUE dUE
(4.4) dy'y = ——=, and w(F) :/
PIVH] s IVH||

This fact is useful for calculations in Section 4.5. From the definition above,
w(F) is the number of microstates on the energy surface, so W = w(E). From
Boltzmann’s formula (3.21), the microcanonical entropy is

S =kplogw(E)
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4.2. Canonical Ensemble. In the canonical ensemble, the temperature T is fixed,
and so is the inverse temperature § = ,CI%T

Definition 4.5. For fixed 3, the canonical Gibbs ensemble is the probability mea-
sure ’yﬁ N With density

) = O

AN ZA (/Ba N)

with respect to the Lebesgue measure. The partition function Zx(8,N), or nor-
malisation, is defined as

,x €l'p

ZA(B.N) = / e P @) g
T'a

Given fixed values of thermodynamic quantities, the Gibbs ensembles always
maximize the Gibbs entropy. This is called the mazimum principle for entropy.
The following theorem is the canonical version of the principle.

Theorem 4.6. (Mazimum Principle for Entropy) Let 8 >0, A C R? and N € N.
The canonical Gibbs ensemble 'y/‘i,N mazximaizes the entropy

S(v) = —ks / p(x)log p(z)dx
T'a
for any v having a Lebesque density p, subject to the constraint
U= / p(a:)H,(\N) (x)dx
T'a
Moreover, the temperature, T', and the partition function are determined by

0 1
U:_%long(ﬁ7N)a ﬁ_kB—T

The proof is on page 22 of[3]. It uses the fact that for a,b € (0, 00),
aloga —blogb < (a — b)(1 + loga)

Let a = Plﬁ“,m the density of 71?1\1 with respect to Lebesgue measure and let b = p.
From the theorem above, the entropy of the canonical ensemble can be written
as

SA(/BaN) - kBlogZA(B,N) +%

where the internal energy U is the expectation of Hjy,
N
U= /1‘ H/(\ )Pﬁ,z\r(l’)dﬂ3
1

4.3. Grandcanonical Ensemble. In the grandcanonical ensemble, the number
of particles is no longer fixed. From Definition 1.1, the phase space for exactly NV
particles in box A C R? can be written as

Lo = {w C (Ax R w = {(q,pg)lq € &}, |&] = N}

where @ is the set of positions occupied by the particles, which is a finite subset of
A. The momentum of the particle at position ¢ is denoted as p,.
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Definition 4.7. If the number of particles N is not fixed, the phase space is

Pa= U Taw = {0 € (A x BRY)| w = {(a.p,)lg € &}, |&] finite)
N=1

Definition 4.8. Let A C R, 8> 0 and p € R. The grandcanonical ensemble for
fixed inverse temperature 8 and chemical potential y is the probability measure
" of Ty that satisfies "}/[BX’#‘F&N and has density

75<H<A”><m>fuzv>

PpulT

The partition function is

DS [
N=0"TanN

The observables for the grandcanonical ensemble are a sequence of functions
f = (fo, fr,...) where fn : Ta n — R are functions on the N-particle phase space,
and fo € R. So the expectation in grandcanonical ensemble is

ZZO:() EB#NZA(By ,U)
ZA(ﬁa.u) Ta,N

Suppose .4 is the particle number observable, the expected number of particles in
the system is

E pu(f) = e (@)pfy) (da)

Evf“(ﬁq ﬂa IOgZA(B, )

The principle of maximum entropy introduced in canonical ensemble is still valid
in grandcanonical ensemble.

Theorem 4.9. (Principle of Mazimum Entropy) Let P be a probability measure
on 'y such that its restriction Pxy = Plr,  is absolutely continuous with respect

to the Lebesgue measure. That is for any A € QJ(\N) :

PN(A):/ApN(x)dx

Define the entropy of probability measure P as

S(P) = —kppolog po — ki Z / 2) log(Nlpy (2))dz
Ta,n
Then the grandcanonical measure Wf’”; where B and p are determined by Eﬁ,u (Hp) =

E and E s (A) = Ny, mazimizes the entropy.
A

The proof is on page 29 of [3].

Let U = Evff’”(HA) be the internal energy, and let Ny = Evf‘“ (A) be the ex-
pected number of particles in the system. The entropy of grandcanonical ensemble
is

1
S =klog Zx(B, p) + T(U — 1No)
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4.4. Example: Ideal Gas in the Microcanonical Ensemble. One of the most
basic examples in thermodynamics is the ideal gas, an abstraction of gas particles
in an insulated box. Using the microcanonical ensemble, it is possible to construct
the thermodynamic functions that are consistent with the empirical observations,
namely the ideal gas law:

(4.10) PV = NkgT

Consider a gas of N identical particles of mass m in d-dimensions contained
in box A. The volume of the box is |[A| = V. In an ideal setting, the particles
are not affected by external forces and do not interact with one another. So, the
Hamiltonian from Definition 1.4 can be reduced to

no 9
i

2m
i=1

HA(x) =

and the gradient of Hamiltonian for this system is

1
Ha(x) = —(0,...,0,p1, e, P
\Y% A(.’L’) m( y ey Uy D1, ap)
Observe that

For all z € ¥, H(z) = E and

2F
IVHA[ =1/ —
m

|(p13' apn)| = m|VHA( )‘ =V2mE
Since the norm of p is constant, the energy surface X can be expressed as

E = AN X Sn(v2mE)

where S;(r) is the hyper sphere of radius r in dimension d. The surface area of a
hypersphere with dimension d is

Notice that

A= cgri?

where ¢; is constant. Therefore from (4.4

)
w(B) = EE o \/;/ d“E\/;VNC"(“—W

= mVNcNd(ZmE) ZNd 1
From Boltzman’s entropy formula (3.21),
S
S =kplogw(E), — = log (mV ena(2mE)z N 1)
B

Since all energy is conserved in the box, the internal energy is exactly the energy

E of the system
2/(Nd—2)

U=F 1 75/]63
B B % (mVNCNd>
From the thermodynamics identity,

dU =TdS — PdV
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Suppose N is sufficiently large. The temperature of the ideal gas is
T= ou = 1 2 U~ 2U
0S8 ), kpNd-2 kgNd
and the pressure is

P _ ou\ _ 2N U 2U NkgT
~ \9V )y Nd-2V dav .V
This relation is exactly the empirical ideal gas law (4.10). This shows that the

Gibbs ensembles are useful and accurate for describing the microscopic behavior of
particles in a way that is consistent with the macroscopic properties.
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