OFFLINE POLICY EVALUATION IN A CONTEXTUAL BANDIT
PROBLEM

SANG HOON KIM

ABSTRACT. Many real-world problems can be described as a contextual ban-
dit problem, which is an important branch of machine learning. Since online
evaluation in a contextual bandit problem is expensive, effective offline evalu-
ation is necessary. This paper provides the formal definition of a contextual
bandit problem and a way to do offline evaluation with an unbiased estimate
with low variance.
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1. INTRODUCTION

A contextual bandit problem is a specific case of reinforcement learning, which
plays an important role in machine learning. In a contextual bandit problem,
an agent has a policy to choose an action based on a given context in order to
maximize the reward from the action. Many real-world problems can be modeled
as a contextual bandit problem. Internet advertising is a good example. A search
engine (agent) should choose a proper advertisement (action) for a user (context) to
increase the probability that the user clicks the advertisement. In this case, we can
think of the reward as 1 if the user clicks and 0 if not. What makes contextual bandit
problem distinguished from others is that the reward is partially observed; we only
know the reward from the action chosen. The search engine only knows if the user
clicked the advertisement it gave, but does not know if any other advertisement
would have been clicked if given.
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To maximize the reward, it is of utmost importance to have a good policy.
However, it is very expensive to test a policy online; if the search engine tests a
policy which gives only a terrible advertisement by actually using it online, users
would no longer use the search engine. Therefore, we want to do offline policy
evaluation: evaluating a new policy from the data logged by a deployed policy.
Offline policy evaluation could sound counter-intuitive because if the new policy
chooses an action that the deployed policy did not choose for a given context, there
is no way to find the reward from the action chosen by the new policy. With
several assumptions, this paper introduces a way to get an unbiased estimate with
low variance of the expected reward of a policy we want to evaluate.

2. PROBLEM DEFINITION

Given a space of contexts X and a finite space of actions A, the contextual bandit
setting is as follows: on each round,

(1) The agent checks a vector of a context z € X.

(2) An action (or arm) a is chosen from .A.

(3) A reward r € [0, 1] for the action a is shown. However, the rewards of the
other actions are not.

We assume that contexts are IID from an unknown distribution D(x). Also, the
distribution over rewards D(r|a, z) does not change but is unknown. For each round
k, a triple (xg, ak, k) is generated.

A stationary policy is a function from X" to the collection of probability distribu-
tions over A; it chooses an action depending only on a given context. At the time
step m, a non-stationary policy is a function from X and the historical information,
which is {(x1,a1,71),...,(Tp_1,a0n-1,7n—1)}, to the probability distribution over
A; if the reward of a for a given context x was bad, it can choose a different ac-
tion for the same context later. Every policy we consider here is stationary. We
assume that for a given stream of n contexts, triples (zy,ar, ;) for k =1,....n
are generated by a policy, which we call the exploration policy or old policy. The
exploration history up to round k is denoted by z = (z1,a1,71, ..., Tk, ak, k). The
value p(a|z) is defined to be the conditional probability of the old policy choosing
action a for context x. The old policy is assumed to be stochastic, rather than
deterministic, i.e. p(alz) <1 for every a and x.

Given the input data z,, what we want to do is “evaluating” another policy,
which we call the target policy or new policy; we want to estimate the expected
reward of the new policy. Similarly, v(a|z) is defined to be the conditional proba-
bility of the new policy choosing action a for context x. The expected reward is as
follows:

V(v) = EznDBanv(|2) EraD(|z,a) [T]-

For unbiased estimate of V, we assume that if v(a|z) > 0, then p(alz) > 0; this
is true if p(alz) > 0 for every a and x. The reason why this assumption is needed
can be easily shown with an example; suppose the old policy chooses only action
A for any context whereas the new policy chooses only action B. Then, the policy
evaluation is hopeless. Because v is fixed in this study, we denote V (v) by V.
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3. BASIC APPROACHES

What makes the policy evaluation of a contextual bandit problem very difficult
compared to other problems is that rewards are partially observed; the agent could
only know the rewards of the actions chosen by the old policy. The rewards of the
other actions are unknown. Thus, for a given context, we cannot know the reward
of the new policy if it chooses an action different from the action chosen by the
old policy for that context. There are two existing approaches to overcome this
limitation.

3.1. DM (Direct Method). The first one is called the direct method (DM). It
makes a reward estimate 7(z,a) conditioned on the context and action. Then, the
policy value is estimated by

Vou = %Z Z v(alzg)F(zk, a).

k=1acA

This estimator obviously works well if the estimate 7(xz,a) is accurate. However,
it is likely that #(x,a) is formed without the knowledge of v, so 7#(xz,a) can be
inaccurate in the fields significant for v. Also, it is often difficult to accurately
estimate expected rewards; even if we know someone very much, we cannot always
know if he likes what we would give to him.

3.2. IPS (Inverse Propensity Score). The second one is the inverse propensity
score (IPS); it forms an estimate fi(a|z) of the conditional probability u(a|x) of the
old policy and thus accounts for the bias in the input data made by the old policy.

1 &< v(ag|xr)

5 k|Tk

Vips = Ly danlzn)
n = fi(ax|zy)

If fi(a|x) ~ p(alx), the IPS is an, approximately, unbiased estimate of V', which is
shown below.

Lemma 3.1. (Unbiasedness of IPS) For any x and a, if p(alz) € (0,1) as v(a|z) >
0, IPS is an unbiased estimate of V(v), which means the expected value of IPS is
the same with V (v).

Proof. Let r(x,a) := E[r|x,a] and #1ps(z;,a) =7; - ;IL((ZZ\__;; Then,

E[irps(xi,a)lzi,a] = Y p(d|[2:)Elfps(2i, )|, a,a; = a]

a’eA
= a’x»r:cam:raca
—a%/v‘( |2)(a )M(a,|xi) (7 )
Therefore,
B{Vips) = BIE S 20 g LSS ) (e a)
n o iakler) "= ’

=V(v).
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As IPS is unbiased, it works better than any other biased estimator in general.
However, IPS suffers a high variance if the random variable :EZ‘@; in the denomi-
nator is very big as v(a|z) is big while ji(a|z) is small. Because we can estimate V'
only once as we have one sample, the high variance makes our estimate far from the
true value, which could make a little bit biased estimator with low variance better

than IPS.

4. DOUBLY ROBUST ESTIMATOR

Doubly robust estimator Vbr (DR) exploits both estimators; as its name shows,
if at least one of the estimators 7 and /i is accurate, the doubly robust estimator is
unbiased while having less variance than the other estimators.

¥ —l (xp, vV Lakmk)-r — Mz, a
Vpr = n/;[ (T, )+ﬂ(ak|xk) (re — Pk, ar))];
where 7(z,v) = Z v(a|z)?(z|a).
acA

Both DM and IPS are special cases of DR with i = co and 7 = 0, respectively.
In reality, it is likely that neither # nor f is accurate (However, it should be noted
that [ is usually much easier to estimate than 7 because in many situations, the
agent has almost full knowledge of the old policy that he deployed). Therefore, the
most important question: when 7 and fi deviate from truth values, how does Vbr
perform?

5. THEORETICAL ANALYSIS
5.1. Assumptions and first consequences. There are several assumptions for
our theoretical analysis:

(1) r(z,a) € [0,1] and p(alz) € (0, o0].
(2) r is independent of z,.
(3) p is conditionally independent of {(x;, a;,7)}i>k conditioned on zx_1.

The second assumptions means that r is fixed and thus any past history does not
affect future rewards. The third assumptions means that g does not depend on
future.
Analogous to #(z,a) and #(x,v), we define
7”*(33, CL) = ED[T|’J), a]a
r*(z,v) = E,[r|z].
‘We can think those values represent the true rewards.
We define the error terms of 7 and /i as follows:

A(z,a) = 7#(z,a) — r*(z,a),
o(z,a) = plalz)/ialz).
We also assume that for some M > 0, with probability one under u:

v(ag|zy)

- <M.
fi(ak|e)
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This can be always satisfied with i > 1/M, which is possible if A is finite and
M| > |A]. A
To bound the error of Vpg, we analyze a single term first:
v(ag|zy)
filar|wr)
We bound its range, bias, and conditional variance with the three following
lemmas(1].

Vi = #(ap, v) + (rk — Pz, ax)).

Lemma 5.1. The range of Vi is bounded as

Vil <1+ M.
Proof.
N R V(ak|mk) R
Vi| = -
9] = (o) + A (1 = o)
o Q| T o
< Pz, V)| + 7} lew) i — (g, ar)]
fi(ak|zr)
<1+ M.
The last inequality follows from the assumption that 7,7 € [0, 1]. O

Lemma 5.2. The expectation of the term Vi is
E.[Vi] = By [ (2, 0) + (1 — oz, a)) A(z, a)].

Proof.
B 14] = By ) 4 2 (=)
= E,.p[f(z,v)] + E”’ND[Z u(a\x)ETND(.‘I,a)[M o (r—7)]
acA M(a‘x
= Eop[f(2,0)] + Eon ) v(a|2)Ernp(poalo- (r—7)]]
acA
= E(;c,a)Ny[ﬂ + E(x,a,r)wv[@ ( 72)]
(5:3) =Byl + (= 1) 00 (7 = 7)]

= E(z’a)N,,[r* + (1 — Q)A]
U

Lemma 5.4. The variance of the term Vie can be decomposed and bounded as
follows:

(1)
V,ulVil
= V:L’ND[E(LNI/(‘|1) ['I"*((E, a‘) + (1 - Q($7 (l)) ( )]]
—E;vp [EaNV('lI) [Q(ZC, a)A(x a)]2]
+E(w,a)wu[gm : Q(ZL‘, CL) : V7'~D(~|x,a) [TH

FE s e o,) - A,
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(2)

V;t [Vk]

< Vaup[r™ (2, )] + 2E(z 0)0 [|(1 = o(@, a)) Az, a)]

+M - E(z,a)wu[@(ggv a) ! Er~D(~\w,a)[(r - "A’(Iv a))2]]

Proof. (1)

B V7] = Baroalie,) + 500 0 (r = )
= Bl (0.7 4 2 Bl (o) 20 0 (=)
viale) valz)
el Ay 0
(55) - ErND[f( )2] +2- E(a:,a,r) V[,f(x7 V) t0 (T - 72)]
+E(ac,a,r)~u[lfgz||i; o (T r)2]
(5 6) - E(x a)NV[(TA(J: V) - QA) ] E(w a) Nl/[ 2A2] +E
where E = E(y g0l (‘C’;'lg (r— )2

We want to get an expression for the variance of Vj. By (5.3),
(5.7) Eu[Vi] = E(y,a) [z, ) — 0A].
We combine this equation with (5.6) and get
V.[Vi] = Vi oy [F(2,v) = 0A] = Ey oy [02A%] + E
= VD [Eanw (o) [F(2, V) — 0A]] + Bz D [Vamw (o) [F(2, V) — QA]]

_Eaz~D[Va~V(-\:v) [QA]] - I~D[Ea~u(-|m) [QA} }
= VzwD[any(~\w) [T* - (1 - Q)A]] - Eme[anwa) [QA]Q] +E

By decomposing F,

E= ‘W’”””[AEZB (r r*)2]+E<z,a)~V[;EZ||z; o (=)
v(alz) v(alx)

= E(z,a)Nu[ﬂ(a|x) 0 VouD(|z,a)["]] +E(z,a)~u[‘a( ) 0+ A7),
Thus, we get the first part of Lemma 5.4.
(2)
(2, v)? = (r*(z,v) + Eqnu (|0 [A(z, 0)])
= 1% (2,1)* + 27" (2, V) Bam (o) [A (2, 0)] + Eqn(a) [A (2, 0)]
= r"(z,v)? + 2¢(z, V) arv(-|z) [A (2, ) [A(x, a)]

r*(2,0)? + 27 (2, V) Egrn (o) [A (7, @)

] E,.w (:|z)
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We plug this inequality into (5.5):
E,[Vi]
< EwND[T* (xa V)Z] + 2Ew~D[7ﬁ(xa V)Ea~1/(~|:r) [AH
+213(7;,(1)«/11[7:(1'7 V) ! (1 - Q) ! A} +FE
=E,p[r(z,v)?] + 2E ;. 0)~v [P (2, ) - (1 = 0) - Al + E.
Combine the above inequality with (5.6) as

E, [Vi] = E@ o)~ (z,v) = (1 = 0)A],

we have
Vu[Vk]
< Vaup[r*(z,v)] + 2E(,, a)Nz/[ Flz,v) — (1 - 0)A]
—2E,p[r*(z,v)|E (z, a)~u[(1 —0)A] - (z a)NV[(l - Q)A]2 +FE

< Vaup[r™ (2, )] + 2E (4 0y [(F(2,v) = 1/2)(1 = 0)A]
*2Em~D[ (Ia V) - 1/2] (z,a)wl/[( Q)A] +F
< Vuup[r*(z,v)] + E(m,a)wuH(l —0)All+ |E(m,a)~t/[(1 —0)A]| + E,

where the last inequality follows from Hélder’s inequality and the observa-
tions that |7 —1/2| < 1/2 and |r* —1/2| < 1/2. The second part of Lemma
5.4 follows by the bound

E < M - E(z,a)wu[QEer(<|x,a)[(r - TA)z]]
U

Lemma 5.2 shows that the range of V4 is controlled by v(ag |y )/fi(ar|zx). Lemma
5.3 shows that as A and p get more accurate (the estimates 7 and /i get more ac-
curate), the bias of Vi gets smaller.

Lemma 5.4(1) shows that various factors control the variance of Vi. The first
term in Lemma 5.4(1) shows the variance due to the randomness over z. The
second term can decrease the variance as it has a negative value. The third and
fourth terms are due to IPS as both of them have v(a|z)/i(alx).

Lemma 5.4(2) gives an upper bound to the variance. The first term is the
variance of the estimated variable over z. The second term is due to the error in
the estimates 7 and fi; if either of them is accurate, the second term is 0. The last
term is due to IPS, so if we do not use IPS, ¢ = 0 and the term is 0. With non-zero
0, it decreases with better 7.

5.2. Bias analysis. Lemma 5.3 gives a bound to the bias of DR estimator, which
is

[Eu[Vor] - V| = %|E#[Z E.aml(1 = oz, a)) Az, a)l]].

k=1
Because we are only dealing with stationary policies, the next theorem immediately
follows.
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Theorem 5.8. If the exploration policy u is stationary so that its estimator [i is
also stationary, the expression above is simplified to

B, [Vor] = [E[(1 = oz, a)) Az, a)]]

Proof.
|EM[VDR} - V| = %|E#[Z E(wva)N,}[(l — Q(z,a))A(aj,a)m
k=1
= 2B a1 = 0(z,0) Az, )]
= [Ev[(1 - o(z,a)) Az, a)]].
d
Also,

EulVou] = V| = B [A(z,a)]
[EulVips] = V| = |E,[r* (2, a)(1 — o(z,a))]]

as DM and IPS are special cases of DR with i = oo and 7 = 0, respectively.

In general, both i and 7 do not dominate each other. However, as we can see in
the equations above, if either of the estimators is accurate, the expected value of
DR is close to the truth value V. Moreover, if |p — 1| is much smaller than 1, DR
will perform better than DM. Also, if o ~ 1 and |A| is much smaller than |r*|, DR
will perform better than IPS. Therefore, DR performs better than the others while
taking advantage of both of them.

5.3. Variance analysis. In the previous section, we saw that the expected value
of DR is closer to the truth value V than that of DM or IPS. Having lower variance
means that as the sample size increases, the estimate converges fast to the truth
value. Thus, it is worth investigating the variance of the estimators. For a simple
comparison between the estimators, we assume that the new policy v is determin-
istic, i.e. given a context, the new policy deterministically chooses an action.

Theorem 5.9. If the old policy i is stationary and the new policy v is determin-
istic, the variance of DR estimator is

ValVom] = (V[ (2, 0) + (1 = o, ) Az, )

+E(x,a)wv[ﬂ(%‘x) : Q($7 a) ' VTNDHQ:,CL) [TH
B[O o)A )
’ fialz)
Proof. Taking v(a|x) = 1 for the chosen action a and p as stationary, the theorem
immediately follows from Lemma 2.4(1). O

The theorem above shows that the variance can be viewed as being controlled by
three terms. The first term is due to the randomness over z. The other two terms
are due to the importance weighting in IPS, which means that they disappear in
DM.
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We also get the variance of IPS
N 1 .
Vp [VIPS'] = E(V(z,a)Nu[Q(mv a)r (LL', a’)]

1
+Ewa~VA7'Q:E7a'VT’~ a,a) [T
@l gy 0@ a) Vienepnlrl]

alz
+E<m,a>~y[m - o(ar, a)A(z, 0)?)).

Assuming that ¢ ~ 1, the first term of the variance of IPS would be similar with
that of DR. The second term is the same for both of them. However, the third
term can get much bigger for IPS if p(a|z) is much smaller than 1 and |A(z,a)| is
smaller than 7*(z,a) for the actions chosen by v.

Also, the variance of DM is

X 1 §
VulVips] = EV(I,G)W[T (z,a) + Az, a))].

Since the variance of DM does not depend on the factors that control the variance
of DR or IPS, it is usually significantly lower than that of DR or IPS. However,
we know that it is likely that the agent has almost full knowledge of the old policy
and have g ~ 1 with a good estimate /i. In that case, the large bias of DM causes
a larger error than relatively bigger variance of DR.

6. CONCLUSION

We showed that theoretically, doubly robust estimator is unbiased and has almost
always lower variance than widely used inverse propensity score method. Because
it gives a more accurate estimate than the basic approaches introduced, we expect
that it can be a common method for offline policy evaluation for contextual bandit
problem.
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