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ABSTRACT. The aim of this paper is to present algebraic and topo-
logical approaches to prove two fundamental theorems in the study
of free groups and free products - The Nielsen - Schreier Theorem
and the Kurosh Theorem.
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1. INTRODUCTION

The study of group theory provides structures and tools with which
we observe the mathematical world. Our understanding of topology, ge-
ometry and logic is built upon several fundamental algebraic structures,
one of which is the free group. This paper explores two fundamental
results in the study of free groups: The Nielsen-Schreier Theorem and
The Kurosh Theorem. Both make claims about subgroups - the for-
mer states that subgroups of free groups are themselves free, while
the latter argues that subgroups of free products can be presented as
free products of related groups. This paper will outline a topological
and then algebraic proof of the Nielsen-Schreier theorem, followed by a
topological case for the Kurosh theorem. Sections 2 and 3 will lay the
groundwork for the topological arguments for both the theorems, pre-
senting important results with regards to covering spaces, fundamental
groups and trees. Section 4 will compile theorems and arguments from

sections 2 and 3 to present a proof of the Nielsen-Schreier theorem.
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Section 5, which provides an algebraic alternative to the topological
proof, is a stand alone section that utilizes group actions to prove
Nielsen-Schreier. Finally, Section 6 introduces arguments about free
products, which are utilized in a proof of the Kurosh theorem. The
topological proofs are mostly a mix of theorems and arguments pre-
sented in Rotman ([1]) and Hatcher ([2]), while the algebraic proof of
Nielsen-Schreier draws from a cited paper ([3]). This paper assumes a
basic understanding of free groups and (simplicial/CW) complexes ([2]
Section 1 or [1] Chapter 11.1) and homotopy theoretic notions such as
fundamental groups and covering spaces.

2. COVERING COMPLEXES AND FUNDAMENTAL GROUPS

The following sections of the paper explore a topological proof of the
Nielsen-Schreier theorem. Most arguments in sections 2-4 follow from
[1] and [2], and the individual theorems are marked accordingly.

The Nielsen-Schreier theorem states that any subgroup of a free
group is also free. In order to understand this theorem in a topological
context, we must be able to find some representation of a subgroup in
terms of spaces. This is where we make use of a fundamental result in
the covering space theory, the Galois correspondence of covering spaces
and subgroups:

Theorem 2.1. ([2]) Given a space X with basepoint xo that is path
connected, locally path connected and semi-locally simply-connected, for
any subgroup H of m (X, xg), there is a covering complexp : Xy — X,
such that the induced map py : m(Xg,xy) — G is an isomorphism
onto H < G.

This paper shall make arguments using CW complexes, and there-
fore it is necessary to show that a connected CW complex satisfies the
criteria stated in Theorem 2.1. It follows from [2] (pg 519) that a con-
nected CW complex has these required properties.

3. THE FUNDAMENTAL GROUP OF A GRAPH

A graph is a 1 dimensional CW complex and a tree is a graph with
no cycles. Equivalently, any two points in a tree are connected by a
unique path. As we shall see, graphs are rather useful to us as they act
as a topological presentation of a free group.

However, before making such arguments, we must first prove the
following result which is referenced several times in this paper.
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Theorem 3.1. Fvery graph X has a mazimal tree.

Proof. If X is a finite graph, then we can inductively show that there
must be a maximal tree. If X is connected, then we can remove edges
from every cycle in X until there are no cycles left. This leaves a
connected graph with no cycles - by definition a tree. This tree is
maximal as it contains every vertex in X. If X is not connected, it can
be partitioned into disjoint, connected subgraphs, {X;}, and a subgraph
with the most vertices contains a maximal tree.

For an infinite tree, a Zorn’s lemma argument must be used. Given
a graph X, we can define a set T' of trees in, X. This set is partially
ordered by the subgraph relation. Every chain in this poset consists of
a sequence of trees, each a subgraph of the next. Each tree is contained
in the next, so if there exists some finite loop in the union, it exists
in every tree T;,T; ;... for some finite ¢, which is a contradiction as
a tree contains no loop by definition. The union of all such trees is
contained in 7. Therefore, by Zorn’s lemma, the poset contains a
maximal element and X contains a maximal tree.

O

A very interesting property of trees is the fact that they are con-
tractible (homotopy equivqlent to a point). This means that the fun-
damental group of a graph X can be generated by the edge set X /T,
where T is a maximal tree in X.

Theorem 3.2. Trees are contractible.

Proof. For the case of a finite tree, a simple induction argument is
sufficient. Informally, consider the leaves of a tree in a complex. A
leaf is an edge, one end of which is not connected to any other point.
This means that the leaf can be contracted. Once every leaf of the
tree has been contracted, the tree has a new set of leaves. This is
repeated inductively until the tree is contracted to a single point. The
argument for infinite trees is based on the fact that in a tree, there is
a unique path between any two points and we can use these paths in
our deformation retraction. However, this process must be continuous
for every point in the tree. By properties of CW complexes, such a
contraction is possible, as outlined in [2](pg 84). O

We finally come to a complex that represents a free group. It can be
shown that the wedge sum of indexed circles (i.e. a bouquet of circles)
has a free fundamental group.

Corollary 3.3. ([2]) Given a bouquet of circles B = v;S*, m(B,b) is
a free group of rank |I|, where b is the intersection point of the circles.
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Proof. We use Van Kampen’s Theorem. Consider U;, an open neigh-
bourhood of S;, a circle in the bouquet. This open neighbourhood
consists of S; along with every other circle with one point missing from
each such that the missing point is not the intersection point b of the
bouquet. A circle missing a point is homotopic to a point, and all
Sier intersect at a single point b. Therefore, these "broken’ circles all
deformation retract to the singular point b, leaving S; as the defor-
mation retract of its own open neighbourhood U;. Given two open
neighbourhoods U; and U; where 7 # j, U; n U; contains no complete
circles, allowing us to deformation retract it to the intersection point
b. Thus, by the Van Kampen Theorem, p : sk (S1,b) — m1(B,b) is an
isomorphism. Thus 7 (B, b) is isomorphic to sk;Z, which is free. O

This notion can now be generalized to graphs by combining the two
previous arguments.

Theorem 3.4. The fundamental group of a connected graph is free

Proof. Let T be a maximal tree in X. By Theorem 3.2, T is con-
tractible. This implies that the spaces X and X /T are homotopy equiv-
alent. By definition of homotopy equivalent, these two spaces have the
same fundamental group, so w1 (X, xg) = m1(X /T, x¢). But X /T is the
bouquet of |I] circles where |I| is the number of edges in X that are not
in T' (all vertices of X are in T hence are identified together, and the
edges not in T" become circles). Therefore, by Corollary 3.3, w1 (X, z¢)
is free. 0

4. THE NIELSEN-SCHREIER THEOREM

Now we have all the tools we need to prove the Nielsen-Schreier
Theorem.

Theorem 4.1. ([1]) Every subgroup of H of a free group F is free.

Proof. If F is a free group with rank |I| and X is a bouquet of I
circles, then by the previous corollary, m (X, x¢) is a free group and
m(X,z9) = F. We know that H < m(X,z), so by Theorem 2.1,
there exists a covering space p : Xy — X such that p is an isomorphism
m(Xy,zy) — H. Tt is a known fact that the covering space of a graph
is itself a graph (see [2] pg 85). By Theorem 3.4, m(Xp,zy) is a free
group. Therefore H is free. U

5. AN ALGEBRAIC APPROACH TO NIELSEN-SCHREIER

This section will look at an alternate proof of the Nielsen-Schreier
theorem, a proof more rooted in fundamental concepts of group theory
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rather than topology. This section assumes a basic understanding of
group actions.

In order to study free groups in the context of group actions, we need
to rewrite the universal property of a free group.

Theorem 5.1. ([3]) A group F is free generated by X < F' if and only
if given any set A and any map o : X — Sy, there exists a unique right
action of F' on A such that for x e X € F,

ar = o(x)(a)
where Sy is the group of bijections on A.

The universal property of free groups states that a group F is free
on a set X if given any group G with map ¢ : X — G, there exists a
unique homomorphism ® : F' — G extending ¢ (definition as stated in
1))

Informally, we can intuit the above theorem as follows. An action of
a group F' on A is given by a homomorphism ® : F' — S,4. The action
ar = o(z)(a) can be viewed as an extension of the map o : X — Sy.
Therefore S, acts as the group G in the universal definition of free
groups.

Consider a subgroup H of a group G, where H acts on a set A. We
can then define a right action of H on A x G by (a,g)h = (ah,h™g).
The following notation will be useful in the proof of Nielsen-Schreier.

Notation 5.2. Given a tranversal T' of G/H (a set of representatives
of the orbits), g denotes the representative of the coset Hg in T, for
geG.

We shall need the following:

Proposition 5.3. Let H be a subgroup of G, T a transversal of G/H
and A a set. Then any action of H on A determines an action of G
on A x G/H through the rule:

(5.4) (a, Hg)g' = (agg'(99')"", Hyg')
The action of H on A is recovered from this by restricting to H and
projecting to the first coordinate:

(5.5) (a, H)h = (ah, H)
Proof. A straightforward computation. O

In order to show that a subgroup H < F'is free using the universal
property, we must construct a generating set for H. The Schreier
transversal is used to construct such a set.
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Definition 5.6. Given a free group F' and a subgroup H < F, a
Schreier transversal 7' is a transversal on H in F such that the set T
is closed under the operation of taking prefixes. So if a word wyws....w,
is an element of 7', then so are e, wy, wiws.... and wiws...w,_1.

The existence of Schreier transversals follows from a Zorn’s lemma
argument. Consider all the prefix closed sets of reduced words gen-
erated by X U X!, We will define a collection of such sets P such
that every element of P intersects each coset of H at most once. It
is clear that P is non empty as it at least contains {1}. We can let
the binary relation of inclusion partially order P (Given sets A and
B, they are ordered by inclusion if A € B). This means that given a
totally ordered subset of P, the union of the elements of this subset
lie in P, so by Zorn’s Lemma, P contains a maximal element 7", which
we call the Schreier transversal. To show T is a transversal, it must be
shown that each coset of H has a singular representative in 7. A com-
putational argument is presented in [3]. Given the existence of Schreier
transversals, we can now construct a generating set for H.

Theorem 5.7. ([3]) Given a free group F on X with subgroup H
and a Schreier transversal T of H, the set B = {tx(tx) !t € T,z €
X, tx(tz)™ # 1} freely generates H

Proof. First we need to check that B < H. For any tz(tz)~! in B, tx is
by definition the representative of coset Htx in T, so tx = htx, where
h € H. Therefore, tz(tz)™ = tzz 't 'h™' =h~'e H.

Following from Theorem 5.1, it suffices to show that given any set
A and map o : B — S4, there is a unique action of H on A such that
ab = o(b)(a) for b € B. We must show that such an action a) is unique
and b) exists. Note that uniqueness is proved first as it provides a
template for an action that is used in the existence argument.

a Uniqueness: Assume we have two different actions of H on
A. Then Proposition 5.3 gives two different actions of F' on

A x F/H via

(5.8) (a, Hw)w' = (aww' (ww')™!, Hww')
However if we take x € X we see that x acts identically in both
actions:

(5.9) (a, Hw)z = (o(wz(wz) ") (a), Hwz)

But since X generates F', the two actions agreeing on X implies
that they must agree on F', contradiction.

b Existence: Given o : B — Sy, equation (5.9) specifies a map
X — Saxp/a which by Theorem 5.1 is the same as an action of
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F on A x F/H. Finally, by Proposition 5.3 we get an action of
H on A and we need to check that given b € B

(5.10) (a, H)b = (o(b)(a), H)
i.e. that
(5.11) (a, H)tz(tz)™' = (o(tz(tz) ") (a), H)
for any z € X. But from (5.9) we already know that
(a, H)tz = (o(tz(tz)~")(a), H)(tz) ™"

If we apply to both sides of this equation the next Lemma 5.12
we get (5.11).

Lemma 5.12. ([3]) Givent e T, (a, H)t = (a, Ht)

Proof. We use induction to prove this lemma. If ¢ is the trivial word,
then it is clear that the lemma is true. Given t = ux, where x is a
reduced word, u € T as it is a prefix of t. By the inductive hypothesis,
(a, H)t = (a, H)ux = (a, Hu)x. By definition of the action of F' on
Ax F/H, (a, Hu)z = (o(uz(uz) ') (a), Huz). Given u,ux € T, ut =
ux = ux. Therefore (a, Hu)x = (o(e)(a), Ht) = (a, Ht). O

O

6. THE KUROSH THEOREM

While the Nielsen-Schreier theorem is concerned with subsets of free
groups, one can ask the same question with regards to the free product
of groups. The Kurosh theorem answers this question and we shall
present a topological proof of it. This section assumes a basic under-
standing of free products.

We must first determine a way to represent a group as a free product,
and the fundamental group provides a convenient means to do so.

Theorem 6.1. ([1]) Given a 2 dimensional CW complex X that is the
union of connected subcomplexes X;, if there exists a tree T' such that
T =X;nX; for all i # j, then m (X, zo) = *erm (Xi, z;).

Proof. From every subcomplex X;, we can choose a maximal tree T;.
By Lemma 6.2, T' = UT; is a maximal tree, as U7} contains all points
in X. Let the fundamental group (X}, ;) have a presentation of the
form (G;|R;), where the generating set G; is the set of all edges in X;
not in 7; and R; the set of relations, one for every 2 dimensional cell in
X;. Informally, a 2 dimensional cell in a complex determines a relation
as follows: Its boundary is a loop in our complex, say ¢; - - - g, where
the g; are the edges in the loop, and since we are filling in the interior
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of the loop we can contract it to a point and thus have g, ---¢g, = 1 in
m1; see [2] (pg 84) for a more formal description.

The complex X has presentation (G|R), where G is the set of all
edges in X not in T and R is the set of 2 dimensional cells in X. It is
clear that G = |J G, as [JT; = T, so the set of all edges in X not in
T is the union of the set of all edges in each X; not in T} for all ¢ € I.
A 2 dimensional cell in X must be a 2 dimensional cell in some X,
resulting in R = UR;. Therefore (G|R) = (UG;| U R;) is a presentation
of *ielﬂ-l(Xiaxi)- ]

Lemma 6.2. Given a family of trees {T;} in a complex, if the inter-
section of any two trees is also a tree, then UT; is a tree.

Proof. To show that L = UT; is a tree, one must show that it is con-
nected graph with no cycles. Clearly L is a graph and since the in-
tersection of two trees is a tree, UT; is connected. Assume the union
of two distinct trees 7; and T} contains a cycle. Given a finite cycle,
inductively we can find a smallest subcycle, which we shall consider
for this proof. Such a subcycle cannot be completely contained in 7T;
or Tj, as both are trees. Given two points xy and z; in this subcycle,
there exist distinct paths o € T; and 8 € T; from ¢ to x; such that
a ¢ T;and B ¢ T;. It follows that xy and =z, are contained in 7; N Tj,
however there is no path connecting the two in the intersection. This
contradicts the assumption that the intersection is a tree. Inductively,
we can extend this argument to L. U

Theorem 6.3. ([1]) If H < ki1 A;, then H = Fx(kperc Hy), where F'
s a free group and each Hy is a conjugate of a subgroup of some A;.

Proof. By Corollary 1.28 in [2], any group can be presented as the
fundamental group of some connected 2-dimensional CW complex, so
A; = m (X, z;), where X; is a connected 2 dimensional complex and
the basepoints are 0 cells. Take another 0 cell zy, form the space
zo | [ [ [; Xi and further connect z to the basepoint x; of every complex
X; by an edge (z,x;). This forms a connected CW complex X.

Let T be the tree generated by the added edges {(zo, x;)|i € I}. Since
the X, are disjoint we have (X; uT) n (X; uT) =T for i # j so by
Theorem 6.1,

7T1(X, J}O) = *ielﬂ-l(Xi V) jﬁ7 I‘Z)

By Theorem 3.2 m(X; v T, x;) = m(X;,x;) = A;. Consider a sub-
group H < ;s A;. By Theorem 2.1, X has a cover p : Xy — X
such that py is an isomorphism m(Xg,zy) — H. p: Xy — X is a
covering complex, therefore by definition p~!(X;) is the disjoint union
of components Xij in X.
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Consider a maximal tree of this subcomplex, T:] Let L be the tree
L =T, (T))). Notice that the union of the subcomplexes L and
(X, uT]z € ] ,j € J} is the covering complex Xy, while the intersection
of any two of these subcomplexes is T, as sz e T.This allows us to use
Theorem 6.1 to present a free product of the fundamental groups of
these subcomplexes.

7T1(XH,{L‘H> = Wl(z,fo)*(*ﬂl()@j ) T, INZ]))

Recall that L is a tree, and therefore by Theorem 3.4 m (L, ) s a
free group. By Theorem 3.2 trees are contractible, so m; (X~ij uT, i) =
7T1(Xij, $~Z])

Observe that by restricting p to the complex X~ij we get that covering
complex p : X~,~j — X; such that the induced homomorphism between
the two fundamental groups, px, is injective (follows from [1], Theorem
11.36). Thus 7, (X, 77;) is isomorphic to a subgroup of m;( Xy, ;) = A;.
This means that p(«7;) = z; for all j € J. Thus it follows from Theorem
6.4 that this subgroup is conjugate to another subgroup in that A;. [

Theorem 6.4. ([1]) Let p - X — X be a cover of X with basepoint
Zo € X with p(4o) = 0. If p(5o) = xo, then the groups pu(m (X, 7))
and py(m (X, 90)) are conjugate subgroups of m (X, xo).

Proof. We know that X is a connected complex, therefore there exists
a path, &, between 7y and . Given that p(zy) and p(yp) are both z,
p(@) is a closed path [a] in the fundamental group of X. We can say
that

&ﬂ-l (Xu f(J)&il =TT (X7 g())
Applying the map p, we get

[alps(m1(X, 70)) [ '] = pa(mi(X, 50))-
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