INTRODUCTION TO SCHRAMM-LOEWNER EVOLUTION

VICTOR GARDNER

ABSTRACT. This paper serves as an introduction to the theory of Schramm-
Loewner Evolution (SLE). The loop-erased random walk (LERW) is intro-
duced as a discrete analogue to SLE, and its properties are examined. We
then move to an explanation of the properties of compact H—hulls and their
mapping-out functions. Chordal Loewner theory is developed, and the paper
culminates in a brief characterization of SLE. The Appendix provides a sto-
chastic calculus based proof of the conformal invariance of Brownian motion.
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1. INTRODUCTION

Schramm-Loewner evolution was developed as a scaling limit for the loop-erased
random walk (LERW) and the uniform spanning tree, two related discrete proba-
bilistic processes [1]. Since then, it has been conjectured to be or proven to be the
scaling limit of a variety of discrete conformally invariant processes on the plane,
having deep implications for statistical physics and probability [2]. This paper pro-
vides a mostly self-contained introduction to the theory of SLE. The goal is to
provide the reader with both a technical understanding of the theory underlying
this process as well as an intuitive understanding of the process itself.

The remainder of this paper provides an introduction to the theory of SLE.
Section 2 provides an overview of the loop-erased random walk in order to provide
a discrete analogue of SLFE for the reader to keep in mind. Section 3 introduces
compact H—hulls and their mapping-out functions, presenting several of their prop-
erties. Section 4 provides an overview of Chordal Loewner theory independent of
SLE. Section 5 contains a brief characterization of SLE and provides references for
some major results in the field. Some of the proofs rely on the conformal invariance
of Brownian motion, a proof of which is presented in the appendix. Section 2 is
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2 VICTOR GARDNER

largely adapted from [3], while the remainder of this paper is largely adapted from
[4].

2. LooP-ERASED RANDOM WALKS

In this section, we present the Loop-erased random walk (LERW), a discrete
probabilistic process known to converge to a Schramm-Loewner Evolution. We will
find that this model satisfies a domain-Markov property essential to characterizing
SLE, which we will revisit in that context in section 5. The goal of this section
is to ground the theory of Schramm-Loewner Evolutions in an understanding of a
discrete process that converges to an SLFE, developing an intuition as to how SLE
arises as a random process in its own right.

Let D be a bounded region in R2. Set e € (0,0) and cover R? with a grid Z2.
Define §D as the set of points on £Z? which lie either on 8D or are within length §
of OD but are not inside D. In other words, 0D is the set of points “just outside”
D. This setting is illustrated in figure 1.

o0

Figure 1: The setting of a LERW on €Z? N D.

Fix ¢ € D NeZ and run a standard two dimensional random walk on €Z until
the walk exits D. Recall that a simple random walk exists a bounded domain in
finite time with probability 1 [5]. For any path x = (zy,...,Z,), where x,, € §D,
define the loop-erasure L = L(x) of x inductively as follows. Set Ly = xg, and for
all j > 0, define n; := max{n <m: z,, = L;}. We then inductively define

(2.1) Lj+1(x) = Tnj+1
until L, = z,,,. We have constructed the following definition.

Definition 2.2. Given a bounded domain D C R?, the loop-erasure L = L(x) of
some path path x in eZN D is known as the loop-erased random walk (LERW)
corresponding to x. The number ¢ such that L, = x,, is known as the number
of steps of the LERW .
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Figures 2 and 3 below illustrate this definition. It is important to note that in
figure 3, the loops from figure 2 have been erased in the order in which they were
formed.

lel

Figure 2: A planar simple random walk.

Lo

Figure 3: A loop-erased random walk (LERW ) derived from figure 2

So far, I have constructed a LERW exclusively in a grid overlaid on R2. This
context was primarily for illustrative purposes; it is not necessary to restrict our-
selves to this setting. Given any state space S and some x = (zq, ..., T;) € S™
we may define the loop-erasure L(x) exactly as in Equation (2.1) and Definition
2.2. We will now show that, given the assumption that a LERW is performed on
a recurrent Markov chain (X,,),>0 on a discrete state-space S, then the LERW
satisfies a domain Markov property that is central to the theory of SLE.

Before we define and prove the Domain Markov property for loop-erasures of
recurrent Markov chains, we first establish the context in which we are working.
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Let (X,)n>0 be a recurrent Markov chain on some state space S. Suppose that
A C S is non-empty and let 74 denote the hitting time of A by (X,)n>0. Set
X[0,74] = (Xo,...,X,,) and define the loop-erasure L = L(X[0,74]) up to the
hitting time 74. This is analogous to defining the LERW in the case of a two
dimensional simple random walk up to the time it hits the boundary of a bounded
domain. The loop-erased random walk L run up to the time it hits A C S is
referred to as L4 = LA(X[0,74]). Let o be the number of steps of L* and,
for z,w € S, let p(z,w) denote the transition probabilities for the Markov chain
(Xn)n>o0. Assume that that Xo =2 € S. For y € A such that L, = X;, =y with
positive probability, let L(x, y; A) be the law of the loop-erasure of the Markov chain
(Xn)n>o0 conditioned on the event {X;, = y}. We now arrive at the statement and
proof of the Domain Markov property in this context.

Proposition 2.3. (Domain Markov property of LERW on a recurrent
Markov chain) Take yo € A such that L3 = X, = yo with positive probability.
Consider y1,...,y; € S so that with positive probability for L(x,yo; A),

{LA =y, .. ,Lffj =y;}.
The conditional law of L]0, 0 — j] given this event is L(z,y;; AU {y1,...,y;}).

Proof. For each A C S and =z € A, denote by G(x, A) the expected number of
visits to x by the Markov chain (X),,>o before 74 if Xy = x. We claim that for all

n>1w=(wg,...,wy), with wp =z, w, € A, and wq,...,w,—1 € S\ A,
PIA=w)= >  P(X[0,74] =x)
x: L(x)=w
(2.4) {x: L(x)=w}

= G(wo, A)p(wo, w1)G (w1, AU {wo})p(wi,ws) - - -
G(wn—l,AU{wo,wl,..A,wnfz})p(wn—la wn)

This claim states that the probability that the loop-erasure of the Markov chain
(Xn)n>o0 equals the path w equals the product of the expected number of returns
of (Xp)n>0 to each step in w times the transition probabilities from one step to
the next. We prove this claim by induction on the length of w. For n = 1, we have
that

P(LA = (wo, wy)) = > P(LA(X[0,74]) = w | X[0,74] = x)x
{x: zo=Xo=z, J)TAEA}
P(X][0,74] = x)
= Y P(X[0,7a] =x)

{x: L(x)=w}
P(X[0,74] =x
= p(wo, w1) Z —( p([w ﬂ ) )
{x: L(x)=w} 0L
= G(wo, A)p(wo, w1).
The first line equals the second line because L(x) is a deterministic function.

Once we know the path x, we know L(x) with probability 1. This means that
P(LA(X[0,74]) = w | X[0,74] = x) equals 0 when X,, # w; and it equals 1 when
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X, = wy, and we are left with the sum on the second line. We can factor p(wg, w1)
out of the sum on the second line because p(wp,w1) is the final term in every path
in the sum. Once we do this, we are left with a sum that counts the number of
paths that return to wq at least once weighted by their probability.

For the induction step, assume that Equation (2.4) is true for paths with n — 1
steps and assume that w is a path with n steps. We have the following calculation:

PILA=w)= > P(X[0,74] = x)
{x: L(x)=w}
Z P(X[O,TA} :X)

= pWp—-1,W
( et n) p(wnflawn)

{x: L(x)=w}
=p(wn-—1,wx) Y P(X[0,7a—1] = (20,...,wn1))
{x: L(x)=w}
= p(wp—1, wn)P(LA = (wo,y .-, Wp—1))
= G(wo, A)p(wo, w1)G (w1, AU {wo})p(wr, ws) - -
G(Wn—1,AUfwo w1, 0m 2 })P(Wn—1, Wy).

This completes the proof of the claim.
It is natural at this point to define the function,

n—1
(2.5) F(wo,...,wn-1;A) = ] Glw;, AU {wo, ..., w;_1}).

3=0
We wish to show that F' is symmetric in its first n arguments, which will allow
some recombinations of the product of the G(w, -) in equation (2.4). I claim that

(2.6) Gy, A )Gy, A U{y}) = Gy, A)G(y, A" U {y'})

Equation (2.6) will demonstrate the symmetry of F in its first n arguments because,
once it is proven, the product on the right side of Equation (2.5) will be the same
no matter the order of the first n argument of F.

Observe that if NV, is the number times the Markov chain returns to y, then

EIN, | Xo=yl=> Ellix,—y | Xo=y] =) P{X,=y|Xo=y},
n=1 n=1

which justifies equality

(27) G(ya A/) = Z P(X[Oa TA/] = X)'

{x: zo=y}

We can categorize the left and right sides of (2.6) as follows. We will use the
notation y — A’ to denote the collection of paths that start at y and end at A’
without reaching 3’. Similarly, the notation y — 3’ — A’ denotes the collection of
paths that start at y, reach g’, and then hit A’. The notation for the right side of
(2.6) is identical. The following is an enumeration of the paths whose probabilities
of occurring constitute the sum in Equation (2.7) for each G(-,-).
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Y Y=y
Gy, A"U{y}) = {y, Ny
! /
G(y/,Al) _ {y, = A
y—y— A
Everything in the top row appears in the bottom row, which implies that there
is a one to one correspondence between the paths in the sums of the left side
of (2.6) and the right side of (2.6). In particular, we see that y — A’ appears in
G(y', A U{y}) (on the left) and in G(y, A’U{y'}) (on the right). Moreover, y' — A’
appears in G(y', A’ U {y}) (on the left) and in G(y’, A’) (on the right). Finally, the
multiplication of the probabilities of the paths (y — ¢y’ — A’) x (¢ — y) on the
left and the paths (y' — y — A’) X (y — y’) on the right are equal.
We can now find the law of L[0, o—j] conditioned on the event {L? =y, . . ., Lf_j =
y;}. Once more letting (X,,),>0 be a recurrent Markov chain, we have the following
equality:

/
G 7AIU ! — y'_>y
(y {¥'}) {yHA,

(2.8) P(L} =wo,..., L2 =w, | Ly = wny ..., Lo_j = Wp_j) =

P(Wn—j, Wn—jt1)G(Wn—j, A) ... p(Wr—1, W) G(Wy—1, AU{Wn—j,..., wWp_2}) y
P(Ly, =wp,...,Lo_j = wp_;)

1

n—j—
H p(wr, wry1)G(wy, AU {wn 1 U{wo, ..., wp_1}})
k=0
Observe from Equation (2.4) that

n—j—1

H p(wg, Wet+1)G (W, AU {wn—1 U{wo, ..., wr_1}}) =
k=0
P(LA =g (X0, TaG g, 1)) = (WO, -, Wi )
From Equation (2.4), we also see that

p(wnij wn7j+1)G(wnfja A) e 'p(wnflv wn)G(wnfla AU {wnfj; s 7wn72})
is the probability that an independent loop-erased random walk beginning at w,,_;

equals (wn—j,...,wy,). Putting these two observations together and letting L be
an independent LERW starting from w,_;, we see that Equation (2.8) is equal to

(2.9)
p(wnfjv wnfj+1)G(wn7jv A) .- 'p(wnfla wn)G(wnfla AU {wnfja cee 7wn72}) %
P(Lg = Wp,... ,La_j = wn_j)

P(LAu{wn,j,...,wnfl} = (wo, ... ,wnij)) —

P(LA = (wn_j, ..., wp))
P(Lg = Wnp,-.-- ,LO—,J‘ = wn,j)

P(LA =g} = (L wy, ) =



INTRODUCTION TO SCHRAMM-LOEWNER EVOLUTION 7

P(L(T = Wn, ..., Lo’—j = Wn—j | LAU{wn_j’m’wn_l} = (w07 v awn—j))
P(La' = wnaLo'—l = wn—l)

P(LA =gt} = (L wy, ) =

P(LAU{wn_j””’wn_l}(X[Oa TAU{w,L,j}]) = (w07 cee 7wn—j) | Lo’ = Wn,--- 7L0'—j = wn—j)

This proves the proposition.
O

We may contrast the domain Markov property from Proposition 2.3 with the
Markov property for a simple random walk (SRW). The following discussion is
inspired by [6] and [7]. In the case of the SRW, if we observe a path (¥},),>0 in a
domain D up to some stopping time 7, the remainder of the path (Y},),>, follows
the law of a SRW starting at Y;. In the case of the LERW, however, we build a
“slit” in the domain D backwards from L, (X, ) as follows. At time j we replace D
with D\ {Ly_1,...,Lo—;}. The law of the LERW conditioning on exiting at L,_;
becomes the law of a LERW on the domain D \ {Ls_1,...,Ls—;} conditioned on
exiting at L,_;.

As mentioned previously, for a bounded domain D C R?, as ¢ — 0 the LERW
on £Z%N D converges to a Schramm-Loewner Evolution. However, it is not obvious
how to construct this continuous version of a LERW . One idea for the construction
would be to run a two dimensional Brownian motion in D until it exits the domain
and then to “erase” the loops as they occur. This idea fails because the geometry of
planar Brownian motion is incredibly complicated. It has points of any multiplicity
(even infinite multiplicity) and loops at any scale (so there is no “first” loop to
erase). Moreover, decisions about which loops to erase first might propagate to
decisions about which macroscopic loops to erase.

The answer to these problems is SLE. The question remains: where might
we search for the scaling limit of LERW? As it turns out, the law of LERW is
also conformally invariant [8]. These two properties - conformal invariance and the
domain Markov property - turn out to characterize a family of continuous stochastic
processes known as SLE, which we now begin to characterize.

3. ComMmPACT H-HULLS AND THEIR MAPPING-OUT FUNCTIONS

The theory of Schramm-Loewner evolutions is based around the evolution of
subsets of the upper half plane, H, known as compact H—hulls. This section de-
scribes the properties of these subsets. For the purposes of this paper, R Z H, so
any compact H—hull must have nonzero Lebesgue measure. Closures of subsets of
H, however, are taken with respect to C; if K is a compact H—hull then RNK # (.

Definition 3.1. A subset K of the upper half plane is a compact H—hull if K
is bounded and H = H\ K is a simply connected domain.

Given a compact H—hull K, we can associate it with a canonical conformal iso-
morphism gy : H — H, known as the mapping-out function of K. Before we
construct the mapping-out function, however, we must first examine some proper-
ties of conformal isomorphisms from D C H to H.

Given a proper simply connected domain D C H, define
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D’ =DnNR, D*=DuDU{Z: z € D}.
For any open set U C DY, define

Dy =DUUU{z: z € D}.

Furthermore, we say that a function f*: D}, — C is reflection-invariant if

(3.2) 72 = F (), Vz € D).

Let f be a continuous function on D. If there exists a continuous, reflection-
invariant extension f* on Dy, it is necessarily real-valued on U and unique by
(3.2). We now show that, given some D C H, there exists a unique, reflection-
invariant conformal isomorphism from D to H that extends continuously to certain
subsets of the real line.

Proposition 3.3. (Reflection-invariant conformal isomorphism) Let D C
H be a simply connected domain such that D° contains an interval. Let I C D° be a
proper open subinterval of R and let x € 1. There exists a unique conformal isomor-
phism ¢ : D — H that extends to a homeomorphism DUI — HU (—1,1) and maps
x to 0. Furthermore, ¢ extends to a reflection-invariant conformal isomorphism
¢* D} — H?fl,l)'
Proof. Note that D7 and HZLM) are proper simply connected domains. By the
Riemann mapping theorem, there exists a unique conformal isomorphism ¢* : D} —
HY_, ;) with ¢*(xz) = 0 and arg((¢*)'(z)) = 0. Define p : D} — H_, 4y by p(z) =
¢*(Z). Then p is a conformal isomorphism with p(z) = 0 and arg(p’(z)) = 0. By
the uniqueness in the Riemann mapping theorem, p = ¢*, and so ¢* is reflection-
invariant. Reflection invariance implies that ¢*(I) C (—1,1) and (¢*)~(-1,1) C I,
so ¢*(I) =(—1,1).
Recall that arg((¢*)'(x)) = 0. Taking the derivative of ¢* at x, we see that

d . 0zt w)

FOC)| = lim SR
If ¢*(D) € H, by continuity and the fact that ¢*(I) = (—1,1), it would be the
case that ¢*(D) C H (the lower half-plane). If this were the case, then arg(¢*(z +
w)) € (m,2m) and arg(w) € (0,7). There is no way that arg((¢*)’(x)) = 0, which
contradicts the Riemann mapping theorem. We conclude that ¢*(D) C H, and it
follows that ¢(D) C H. On the other hand, if there were some z € H such that
(¢*)~Y(z) € H, it would follow that (¢*)~*(H)NR # ), contradicting the fact that
this map is an isomorphism. We conclude that ¢(D) = H.

Conversely, suppose that 1 : D — H is a conformal isomorphism that extends
to a homeomorphism from DU to HU (-1, 1), maps x to 0, and has a continuous
extension ¢* by reflection to Dj. We see that ¢* is a bijection to HLM), and that
it is holomorphic by the Schwarz reflection principle. Moreover, ¢*(x) = 0, and
arg(y*) (z) = 0 since ¥*(I) = (—1,1). It follows once more by the uniqueness from
the Riemann mapping theorem that ¢¥* = ¢*, so ¥ = ¢.

O
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Now that we have established that there exists a unique, reflection-invariant
conformal isomorphism from a domain D C H to H, it is time to use Proposition
3.3 to construct the mapping-out function from a compact H—hull K to the upper
half-plane. In Proposition 3.4 we will introduce a constant, ay, associated with the
mapping-out function for a compact H—hull. For now we will not investigate the
origins of ay, but later in this section we will define the half-plane capacity of a
compact H—hull hcap(K) (Definition 3.8) and show that ax is equal to hcap(K)
(Proposition 3.9).

Proposition 3.4. (The Mapping-out function) Let K be a compact H—hull
and set H =H\ K. There exists a unique conformal isomorphism gr : H\ K — H
such that g (z) —z — 0 as |z| = oco. Moreover, gk (z) — z is bounded uniformly in
z € H. Finally, for some ax € R, we have

(3.5) 9x(2) = 2+ “5 + O(12] ), |2] = oc.

Proof. Set

D={z: —zteH}
Then, D C H is a simply connected domain which is a neighborhood of 0 in H.
Choose a bounded open interval I C D° containing 0. By Proposition 2.2, there
is a conformal isomorphism ¢ : D — H which extends to a reflection-invariant
conformal isomorphism ¢* on D7, with ¢(0) = 0 and arg(¢*)’(0) = 0. Consider the
Taylor expansion of ¢* at 0. Since ¢* maps I into R, the coefficients must all be
real. As z — 0, we have

" (2) = az + bz + c2* + O(]2]Y)
for some a € (0,00) and b,c € R.

Define gx in H by gx(z) = —a¢(—z"') — b/a. This function is a conformal
isomorphism from H to H, and it has the required expansion at infinity with ax =
(b/a)? — c/a. We see from Equation (3.5) that g (z) — z is bounded near infinity.
Moreover, because ¢(0) = 0 and ¢ is an isomorphism, ¢* is a homeomorphism of
neighborhoods of 0. We see that gx can only take bounded sets to bounded sets,
and so gxg — z is uniformly bounded on H.

Finally, if g : H — H is a conformal isomorphism such that g(z) — z — 0 as
|2| — 0o, then f = go gy’ is a conformal automorphism of H with f(z) — 2z — 0 as
|z| = co. We see that f(o0) = 00, so f(z) = 0z + u for some p € R and o € (0, 00).
The condition that f(z) — 2z — 0 as |z| — oo forces the choices of ¢ = 1 and pu = 0,
and we conclude that gx is unique.

O

Now that we have constructed the mapping-out function gx, it is time to see
how gy changes in relation to a translation or a scaling of K. This information will
be used later in this section to establish continuity and differentiability estimates
for the mapping-out function.

Proposition 3.6. (Properties of the mapping-out function) Let K be a com-
pact H—hull. Let r € (0,00) and x € R. Set

rK ={rz: z€ K}, K+as={z+z:2€ K}



10 VICTOR GARDNER
Then rK and K + x are compact H—hulls with mapping out functions

ng(Z) :rgK(Z/T)v gK+m(Z) :gK(Z_l')+$
respectively.

Proof. The fact that both K and K + x are compact H—hulls is immediate from
the fact that they are bounded, connected, and their closures intersect the real
line. We now turn to calculating the mapping-out functions of K 4+ = and 7K,
respectively.

To compute the mapping-out function of K + z, we first recall

a
gr(z—z)+zx =2+ i +0(|2]72).
We now observe that

a a x
ap K K 2 02
z—x z 2(z — x)
It follows that gx(z — x) + z satisfies the requirements of a mapping-out func-
tion in Proposition 3.4, and the uniqueness of mapping-out functions implies that
9k +2(2) = gr(z —x) + z.
To compute the mapping-out function of r K, we first calculate

rgr(z/r) = r(i + r% + O(|z|_2)>
=z+ 7"2% +0(|z|72).

Just as in the case of a translation, it follows that rgx (z/r) satisfies the require-
ments of a mapping-out function in Proposition 3.4, and the uniqueness of mapping-
out functions implies that g,x = rgx(z/7).

O

Proposition 3.6 allows us to reduce many problems involving compact H—hulls
and their mapping-out functions to the often simpler case where K C DD, the unit
disk. We now turn to a composition property of mapping-out functions which
allows us to encode nested families of compact H—hulls as families of conformal
isomorphisms. This property will be invaluable when we consider nested families
of compact H—hulls in Section 4.

Proposition 3.7. (Properties of compact H—hulls) Let Ky and K, be compact
H—hulls. Set K = Ky UgI_(;(Kl). Then K is a compact H—hull containing Ko and
we have

9K = 9K, © YKo> ay = g, + 0K, -
Moreover, all compact H—hulls are obtained in this way.

Proof. Set Hy = H\ Ky and H = H\ K. We know that H is simply connected
because g;(i, as a conformal isomorphism, maps boundaries to boundaries. We
can define a conformal isomorphism g : H — H by g = gk, © gk,- Consider a
sequence of points (z,,) in Hy with |z,| — co. Then |gxk, (zn)| — oo and, specifically,
9K, (2n)/zn — 1. Hence there exists N such that for all n > N, gk, (z) € K1.
Then,
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2n(9(2n) = 2n) = 2n(9K, (9K0 (2n)) — Ko (20)) + 20 (9K (20) — 2n) = Ak, + Q.
It follows that g = gk and ax = ak, +ak,. Moreover, we know that K is bounded
because both g, and gg, are isomorphisms that take bounded sets to bounded
sets by Equation (3.5). We now know that K is a compact H—hull and gk is its
mapping-out function.

On the other hand, suppose that K is a compact H—hull containing K. Define
Ky = gr, (K \ Ko) and H; = gg,(H \ K). We see that K; is bounded. We also
see that K = K UgI}i(Kl) and H; = H\ K. Moreover, H; is a simply connected
domain because gx, maps Ko N (K \ Ko) to an interval in R. It follows that K; is
a compact H—hull, as required.

O

We now revisit the constant ax associated with the mapping out function of a
compact H—hull K. We will define the half-plane capacity of a compact H—hull,
hcap(K), and show that ax is equal to the half-plane capacity of K.

Definition 3.8. Let K be a compact H—hull and set H = H\ K. Define T(H) as
the exit time of a standard planar Brownian motion starting at some z € H. We
define the half-plane capacity of K as

(3.9) hcap(K) = ylgr()lo yE[Im(Brxy)]-

Proposition 3.10. (Half-plane capacity equals ax.) Given a compact H—hull
K, the half-plane capacity heap(K) exists and is equal to the constant ag in equation

(3.5).

Proof. To see that the limit in equation (3.9) exists, observe, by equation (3.5),
that as |z| = oo

(g (2) — %) Izlze, arx € R.
Let Gy = gx(By;). Set My = Gy — B;. By the conformal invariance of Brownian
motion (see Appendix), we see that (M;);«r(s) is a continuous local martingale.
Moreover, M; is bounded because Gy — By if |B| — oo in H. We also see that,
My — Gy — Bry as't /0 T(H). It follows by optional stopping that, if
By =z € H, then

(311) gK(z)—z:]Ez[GTfBT].

Taking z = iy, we have the following calculation, which completes the proof:

YEiy [Im(Br(m))] = —yIm(E.[Gr — Br])
= Re( (9K (2) — 2))
yEz[Gr — Br))
Im(i*y(gx (2) — 2))

Im(—
(i

m(@( (9 (2) = 2)))
(

|z] =00

= Re(z(gk(2) — 2)) —— ak.
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d

Now that we know that ax in Equation (3.5) equals the half-plane capacity, we
may deduce that hcap(K) exhibits the following properties under translation and
dilation. Corollary 3.12 is the result of a direct application of Propositions 3.6 and
3.10.

Corollary 3.12. (Scaling half-plane capacity) Let r € (0,00) and x € R. It
follows that

heap(rK) = r?heap(K), heap(K + x) = heap(K).

We may similarly apply Propositions 3.7 and 3.10 to deduce the behavior of ag
under the composition of mapping-out functions. Corollary 3.13 will be useful in
examining the properties of families of nested compact H—hulls in Section 4.

Corollary 3.13. (Half-plane capacity in nested compact H—hulls) Let K

and K' be compact H—hulls. Assume that K C K' and set K = gi(K'\ K). It
follows that

heap(K) < heap(K) + heap(K) = heap(K').

Now that we have introduced compact H—hulls, their mapping-out functions,
and half-plane capacity, we will end this section with four estimates on the behavior
of mapping-out functions. In Section 4, these estimates will allow us to examine
the behavior of nested collections of compact H—hulls.

Before we present these estimates, we must first introduce the concept of the
radius of a compact H—hull. First off, note that the mapping-out function for
K =DnNH, where D is the unit disk, is

(3.14) Iprm = 2+ 1/2.

We see from Corollary 3.12 that if K C rD, it follows that hcap(K) < hcap(rD N
H) = r2. This fact motivates the following definition.

Definition 3.15. The radius of a compact H—hull K is the following quantity:

rad(K) = inf{r > 0: there exists some x € R such that K CrD + x}.
It follows from this definition and Corollary 3.12 that

(3.16) heap(K) < rad(K)?.
Now that we have defined the radius of a compact H—hull, it is time to present a

boundary estimate for the mapping-out function.

Proposition 3.17. (Boundary estimate of mapping-out function) Let S C
H be measurable. Then

lim 7Tleeriy(B?T(H) €S) = Aygxk(9))

y—o00,z/y—0

where X\ is the Lebesgue measure on R.
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Proof. Let gk (x+1iy) = u+iv. Then, because g behaves like the identity as z goes
to infinity by Equation (3.5), we know that u/y — 0 and v/y — 1 as y — oo with
x/y — 0.

By the conformal invariance of Brownian motion (see Appendix), we have that

v
(3.18)  Puriy(Brm) € S) = Putiv(Bram € gk (S)) = /gK(S) A= urr o) @
where we have used the harmonic measure for the upper half-plane in the second
equality. See [9] for a derivation of the Harmonic measure.
At this point, multiply both sides of Equation (3.18) by 7wy and let y — oo
and x/y — 0. The numerator under the integral converges to v? which causes the

integrand to converge to 1.
]

Proposition 3.17 lets us see that

yl;r{:o Y Py (Bray € K) = yl;rr;o 7ryP,;y(BT(H) ¢ HO) — )\(R\QK(HO))

where the first equality is true because OH \ (K U HY) is at most countable and so
of Lebesgue measure 0. We now use proposition 3.17 to get the following estimate
of the value of the mapping-out function on the real line.

Proposition 3.19. (Estimate for the mapping-out fﬁnction onR) Let K be
a compact H—hull and let © € R. Suppose that [x,00) N K = 0. Then gk (x) > x.
If in addition K CD and x € (1,00), then g (x) < x+1/x.

Proof. For b > z and y > rad(K), note that

PM/(BT(H) (S (.’13, b)) = Pw(BT(]HI) (S (Z‘,b))—PM/(BT(H) hits K before R, BT(H) € (37, b))
We immediately see that

Multiply both sides of Equation (3.20) by 7y and then let y — oo. By Proposition
3.16, we obtain

(3.21) 9k (b) — gr(x) <b—z.

Subtract b from both sides of Equation (3.21) and let b — oo to see that gx (z) > z.
If we also have that K C D and z € (1,00), then

(3.22) Piy(Branp) € (¢,0)) < Piy(Brm) € (¢,b))

Multiply both sides of Equation (3.22) by 7y and let y — oo. Using the known
form of the mapping out function for D NH from Equation (3.14), we see that

(3.23) (b+1/b) — (z + 1/z) < gk (b) — gk (x).
Subtract b from both sides of Equation (3.23) and take b — oo to get the result.
O
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Having presented an estimate of the mapping-out function on the real line,
we now present a continuity estimate for the mapping-out function of a compact
H-hull K on H =H\ K.

Proposition 3.24. (Continuity estimate of the mapping-out function) Let
K be a compact H—hull. Then

lgx (2) — 2| < 3rad(K), Vze H

Proof. Using proposition 3.6, we can dilate and translate K to consider the case
where K C D and rad(K) = 1. Fix z € H and consider a complex Brownian
motion By starting from z. For ¢t < T =T (H), set Gy = gk (B:). By the conformal
invariance of Brownian motion, G; converges almost surely as ¢ T to a limit
Gr € R. Moreover, Gy € gx(H") if and only if By € H°, in which case Gy =
9k (Br).

Recall that gx(z) — z is a bounded holomorphic function on H. For t < T, set
M; = gk (Bt) — Bt = Gt — B;. Then (M;)i<r is a continuous and bounded local
martingale, and My — G — B as t /' T. Hence, by optional stopping:

(3.25) gK(Z> —Z = EZ(GT — BT)

Note that, by Proposition 3.19, {|z| > 1} € H? and {|z| > 2} C gx({|z| > 1}).
If |[Br| > 1, then By € H°. Once more using Proposition 3.19, we have that
|Gt — Br| = |Gk (Br) — Br| < 1/|Br| < 1. On the other hand, if |Br| < 1, then
Gt € gx({|z| > 1}), so |Gr| < 2. In any case |Gy — Br| < 3. We conclude that
l9x(2) — 2| < 3.

O

We end this section with a differentiability estimate for the mapping-out func-
tion. Equation (3.5) states that for every compact H—hull K, there are constants
Ck and Ry, depending on K, such that

C
< K. for all |2| > Rk.

|22
The following Proposition improves upon this estimate. It states that if K C D,
then we can take Cx = Cag, where C' does not depend on K, and Ry = 2.

aK

gx(2) — z — .

Proposition 3.26. (Differentiability estimate for the mapping-out func-
tion) There is an absolute constant C < oo with the follﬁwing properties. For all
r € (0,00) and all £ € R, for any compact H—hull K CrD + ¢,

ak Cray,
2=&[ 7 2=
Proof. We shall prove the case when 7 = 1 and ¢ = 0, when K C D. The general

case follows by scaling and translation using Proposition 3.6. Let D = H\ D =
{z € H: |z| > 1}. Write T = T(H) and define for 6 € [0, 7]

gk (2) — 2 — |z — €| >2r

a(0) = E o (Im(Br))
Using the strong Markov property and Equation (3.24), we have that
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tm= — g (2)) = B (tm(Br) = | (2, 0)a(0) db,

where hp is the harmonic measure on D. In order to find an expression for hp, let
g be the conformal isomorphism from D to H given by g(z) = z + z~! and note
that g(e?®) = 2cos@d. Then, for z € D and w = g(z), by the conformal invariance
of Brownian motion (see Appendix):

d o 1 25in 0
hp(z,0) = hH(w,2c0s0)@g(e ) = Im(2cos€ — w) -
Hence:
4 1 2sinf
Im(z—gK(z))—/o Im(2cos€—w) - a(0) do.
Set

a:/ 2sin0 ) do.
0 Vs

Now, consider the holomorphic functionf on H* \ {0} given by

f(2) = gi(2) =z —a/z
and set v(z) = Im(f(z)). Observe that there is a constant C' < oo such that, for
all |z| > 3/2 and 6 € [0, 7):

1 1) |2cosf — 27| <£
w—2cosf z| |z||lz4+ 271 —2cosf] T |2]2
Hence, for z € H with |z] > 3/2,
T 1 1|2sin@ Ca
= |E,(Im(Br) — 1 < - = 0)do < —
()] = 1B (tm(r) = 1/2)| < [ | o = 1| P a0y 0 <

Since v(Z) = —wv(2), the same bound holds for all z € C with |z| > 3/2. At this
point, we would like to obtain bounds on |0v/dz| and dv/dy. In order to do so, we
must use the fact that, if u is a harmonic function in a region R, then

ou

du 4 |ul|oo
%(Z)

Fy(z ~ ndist(z,0D)’
We refer the reader to [4] for a proof of this fact. We now see that for |z| > 2, we
can apply Equation (3.27) to the region D, = {w € C: |w| > (3/4)|z|} to obtain,
for a new constant C' < oo:

(3.27) for all z € R.

)

ov

ov
a(z)

Ca
874(2)

= w.
By the Cauchy-Riemann equations, the same bound holds for |f/(z)| for all |z| >
3/2, and it follows that f(z) — 0 as |z| — co. We now have for |z| > 2,

)

Ca

R

(3.28) F(2)] = \ | f’(tZ)zdt' <& [T
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It follows that zf(z) — 0 as |z| — oo. Using Equation (3.5), we calculate that, for
some constant D € R,

D C |z| =00

2f () < lak —al + = < — :
E{Ed

We conclude that a = a. It follows that Equation (3.28) is the desired estimate,

because we have rescaled to make r =1 and translated to make £ = 0.
O

4. CHORDAL LOEWNER THEORY

Having examined compact H—hulls and their mapping-out functions, it is time
to turn to Loewner theory. The goal is to establish a one-to-one correspondence
between continuous real-valued paths (& )¢>0 and increasing families (K;);>o of
compact H—hulls that have a certain local growth property. The term “chordal”
refers to the fact that the family of hulls (K;);>¢ evolve to the point co (that is,
sup{|z|: z € K;} — o0 as t — 00). In the alternative, closely related radial variant
of the theory, an interior point of the domain serves as the point to which the hulls
evolve. This paper will only present chordal Loewner theory. For an overview of
Radial SLE, we refer the reader to [4]. For a complete proof that the hulls evolve
to the point at co in Chordal SLE, we refer the reader to [10]. For now, we must
formalize the concept of an increasing family of compact H—hulls.

Definition 4.1. Let (K;);>0 be a family of compact H—hulls. We say that (K¢):>0
is an increasing collection of compact H—hulls if Ky C K; whenever s < t where
the inclusion is strict.

In Chordal SLFE, it is not enough to know that a family of hulls is increasing.
The hulls must satisfy the following growth property.

Definition 4.2. Set K+ =[),., K. For s <t, define K, ; = gk, (K; \ K,). We
say that the collection (K;);>( satisfies the local growth property if

K . .
rad(Ke t+n) 0, 0 uniformly on compacta in ¢.

Figure 4 illustrates K:. Below figure 4, we will show that the local growth
property is a type of continuity condition for an increasing collection of compact
H—hulls and proves the existence of the Loewner transform, a real-valued process
associated with (K)¢>o.
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ng
Kt

KS Ks,t

Figure 4: A representation of K

Proposition 4.3. (Local growth property and Loewner transform) Let (K;)i>o
be an increasing family of compact H—hulls with the local growth property. Then
K+ = Ky for allt and the map t — hcap(Ky) is continuous and strictly increasing
on [0,00). Moreover, for all t > 0, there is a unique & € R such that & € Ky iqp
for all h > 0, and the process (&;)i>0 is continuous.

Proof. Set K+ = gk, (K+ \ K¢). For all t > 0 and h > 0, by Corollary 3.13, we
have that

heap(Ky+n) = heap(K,) + heap(Ky i4p).

Equation (3.16) tell us that heap(K; ;+) < heap(Ky4n) < rad(Kegqn)? It now
follows from the local growth property that ¢ — hcap(K}) is continuous and that
heap(K ¢+) = 0.

Now that we have established that the map t — hcap(K}) is continuous, it is
time to show that K;+ = K;. Because gg, takes bounded sets to bounded sets
and boundaries to boundaries, we know that K; 4, is either a compact H—hull or
the empty set. By the local growth property, it follows that that K+ is either
the empty set of a single point. If a compact H—hull K were a single point, then
H = H\ K would not be simply connected, contradicting the fact that K is a
compact H—hull. We conclude that K;+ = Kj;.

We proceed to establish that the map ¢ — hcap(K}) is increasing. We know
that Ky ;15 # 0 and cannot be a single point. We may dilate and translate DNH
until r(D N H) + ¢ C Ki 4y for some 7, € R. By corollary 3.12, we see that
heap(Ky +n) > 0, and it follows that ¢ — hcap(K;) is strictly increasing on [0, co).

We now show that there is a unique & € R such that & € K; ¢4, for all h > 0,
and that the process (& )¢>0 is continuous. For fixed ¢ > 0, the sets Ky ;yp are
compact and decreasing in h > 0, By the local growth property, it follows that
this collection has a unique common element £ € R. For ¢ > 0 and h > 0, choose
2 € Kiyon \ Keyp and set w = gg,(2) and v’ = gk, ., (2). Then, w € Ky ;49, and
w' € Kiyh,42n. By Proposition 3.7, we see that w’ = gk, ., (w). It follows that
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|&—w| < 2rad(Ktiin), |Sern—w'| < 2rad(Kipnti2n), and [w—w'| < 3rad(Kt¢yn).

The first two inequalities are true because &, w € Ky +p and &yp, W' € Kytp i12n,
respectively, while the third inequality is true by proposition 3.24. We conclude
that

h—0
‘gt—i-h — £t| S 2rad(Kt+h,t+2h) + 3rad(Kt,t+h) + 2rad(Kt7t+h) ;> 0.

Definition 4.4. The process (& ):>0 is the Loewner transform of (K;);>o.

The Loewner transform is one of the most important concepts in the theory of
SLE. Later, we will see that an increasing family (K;);>¢ of compact H—hulls
satisfying the local growth property can be recovered from its Loewner transform
under some mild assumptions. Before we do so, however, we will show that the
parametrization of the compact H—hulls is largely arbitrary, which will allow us to
inroduce a natrual prametrization.

Proposition 4.5. (Parametrization of compact H—hulls) Let T,T" € (0, x]
and let 7 : [0,7") — [0,T) be a homeomorphism. Let (Kt)iepo,r) be an increas-
ing family of compact H—hulls with the local growth property and with Loewner
transform (§¢)ieo.r). Set Ky = Ky and & = ). Then (K{)ieo,1v) is an in-
creasing family of compact H—hulls with the local growth property and with Loewner
transform (€))cioir-

Proof. Note that the homeomorphism 7 is increasing. It follows immediately that
the re-parametrized collection of compact H—hulls is increasing as well. The conti-
nuity of 7 allows us to observe that ¢ +h — t implies 7(t+h) — 7(t), which implies
the local growth property. The Loewner transform is immediate from Definition
4.4 and .

O

We now introduce a natural parametrization of (K;);>o. By proposition 4.3 the
map 7 : 2t — hcap(K;) is a homeomorphism on [0,7). Let 7 : hcap(K;) — 2t be
the inverse homeomorphism. By Proposition 4.5, we obtain a collection (K{)¢c(o,77)
such that hecap(K7}) = 2t for all ¢. This leads us to Definition 4.6.

Definition 4.6. If (K;):>0 is an increasing family of compact H—hulls satisfying
the local growth property such that hcap(K}) = 2t for all ¢, we say that (K}):co,)
is parametrized by half-plane capacity.

As mentioned previously, we know that an increasing family (K;):>o of compact
H—hulls satisfying the local growth property can be recovered from its Loewner
transform. An important tool that allows this to happen is the Loewner dif-
ferential equation. We now show that if a family (K3):>¢ of compact H—hulls
satisfies the local growth property, then their mapping out functions (g;);>o satisfy
the Loewner differential equation.

Proposition 4.7. (Loewner differential equation) Let (K;):>o be an increasing
family of compact H—hulls, that satisfy the local growth property and are prametrized
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by half-plane capacity. Let (&)i>0 be the Loewner transform of (Ki)i>o. Set g, =
gk, and ((z) = inf{t > 0: z € K;}. Then, for all z € H, the function (g:(z): t €
[0,¢(2))) is differentiable and satisfies Loewner’s differential equation

2

4.8 1(2) = .

( ) gt( ) gt(z) N ft

Moreover, if {(z) < oo, then gi(z) — & — 0 as t — ((2).

Proof. Let 0 < s <t < ({(z), and set z; = g¢(z). By Corollary 3.13, we see that

heap(K,) + heap(K, ;) = heap(K,).

Because the hulls are parametrized by half-plane capacity, we see that hcap(K, ) =
2(t — s). Moreover, by Proposition 3.7 we have gg,,(zs) = 2. Because & € K,
we also see that K, C & + 2rad(Ks,)D. We now apply Proposition 3.24 to the
compact H—hull K, ; to obtain

(4.9) |2e — 2] < 3rad(K, ).
Applying Proposition 3.26, provided that |zs — &| > 4rad(K ), we have

_2(t—s) < 4Crad(Ks4)(t — s)

Zs_fs - |Zs_£s|2 '
We use equation (3.5) along with the local growth property to see that (2¢).c(o,¢(2))
is continuous, so we know that the map ¢ +— |z; — &;| is positive and continuous on
[0,{(2)). Equation (4.10) along with the local growth property show that (z;: t €
[0,((z))) is differentiable with 2 = 2/(z: — &).

Finally, if ((z) < oo, then for z < ((z) < t, we have that z € K;\ Ks. So
zs € K. It follows that |z5 — &| < 2rad(K, ), so, by the local growth property,
|zs — &s| = 0 as s — ((s).

(4. 10) 2t — s

O

We have shown that the mapping-out functions of an increasing family of com-
pact H—hulls with the local growth property satisfy the Loewner differential equa-
tion. If we are to recover a family of compact H—hulls from the Loewner differential
equation, however, we must characterize solutions of the equation. In order to do
so, we introduce, for ¢ > 0 and z € C\ &, the function

2 2(zZ-&)
(4.11) b(t,z) = Pyl P R

Observe that b(t,-) is holomorphic on C\ {&}. Moreover, for 2,2’ € C\ {&}, if
|z — &, 12" — &| > 1/n, then

Clz=al? Jz =&l

< 2n?|z -7

[b(t, z) — b(t, 2")| = 2-&) 22 —&)
(4.12)

=2n?%z — 2/|.
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It follows that b(t, z) is locally Lipschitz continuous in the second argument. We
may now characterize solutions to the Loewner differential equation. Proposition
4.13 is the result of some basic theory in Ordinary Differential Equations (see [11])
and the fact that b(¢, z) is locally Lipschitz in z.

Proposition 4.13. (Solution of the Loewner differential equation) Let (§;)¢>0
be a real-valued continuous process. For all z € C\ {&}, there is a unique ((z) €

(0,00] and a unique continuous map (g¢(z): t € [0,{(2))) in C such that, for all

t €10,¢(2)), we have g;(z) # & and

t
2
=+ | e

and such that |g.(z) — &| — 0 as t = ((z) whenever ((z) < co. Set ((&) =0 and
define Cy = {z € C: ((z) > t}. Then, for allt >0, C; is open, and g : Cy — C is

holomorphic.

Definitions 4.14. The process (g:(2))¢<¢(-) is the maximal solution starting
from z, and ((z) is the lifetime of the solution. The continuous real-valued process
(&)1>0 is the driving function, and the collection {(g¢)i>0(2): 2 € HUR)\ &} is
the Loewner flow in H with driving function (§;);>0-

We now show that, given a driving function (&;):>0, we can recover an increasing
family of compact H—hulls satisfying the local growth property from the Loewner
differential equation. Define the sets

(4.15) Ky ={z € H: {(z) < t}, H, =H\ K;.

We wish to show that g¢(H;) C H so we can work in the upper half plane when
defining SLE. Fix z € Hand s <t < {(z). Let ys = Im(gs(2)) and § = infs<y |25 —
&s]. Because t < ((z), we know that ¢ > 0, and so, using Equation (4.11), we see
that

. -2y
s > 525.

Solving this differential equation, we find the formula
Y > 672)5/62 > O7
which implies that ¢g;(H;) C H. This allows us to restrict the definitions of {(-)
and ¢;(+) to H as opposed to all of C, which is the natural setting of Chordal SLE.
Proposition 4.16 demonstrates that (K;):>o, as defined in Equation (4.15), is an
increasing collection of compact H—hulls with the local growth property.

Proposition 4.16. (Generating compact H—hulls from a continuous driv-
ing function) The family of sets (K;);>o as defined in Equation (4.15) is an
increasing family of compact H—hulls with the local growth property. Moreover,
heap(K;) = 2t and gx, = g for all t, and the driving function (&§)i>o is the
Loewner transform of (Ky)i>o0-

Proof. For t > 0 and w € H, we know that Im(b(¢,w)) < 0 by Equation (4.11). It
follows that Loewner’s differential equation has a unique solution (ws: s € [0,])
in H with given terminal value w; = w, and that w is the unique point in H
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with these properties. (This is a consequence of the invertability of g;, which is
a particular case of a more general result in ODE theory. See [11].) Because w
was arbitrary, it follows that g, : H; — H is a bijection. We already know, by
Proposition 4.13, that ¢; is holomorphic, so we have shown that ¢g; : H; — H is
a conformal isomorphism. This implies that H; is simply connected. To see why,
consider the inverse isomorphism from H — H;. It has to map a simply connected
region to another simply connected region because it maps the boundary of one to
the boundary of the other in a continuous manner.

Now, we work to obtain some basic estimates of the Loewner flow. Observe from
the definition of K, that go is the identity. Fix T > 0, set r = sup,«q |& — & |V VT.
Now, fix R > 4r, and take z € H with |z — | > R. Define -

(4.17) T=inf{t € [0,{(2)): |g:(z) — 2| =7} A T.
Note that 7 < ((z). Moreover, for all ¢t < 7,

196(2) = &l = 1(9:(2) = 2) + (2 = &0) + (S0 — &) = R —2r
because |(z — &)| > R and (g:(z) — 2), (§o — &) < r. We see that

N ¢ 2 _ tz—gs(z)+£s
gt(z)—Z—/o mds, and z(gt(z)—z)—Qt—2/O md&

It follows that

2t t
. < < Z
(418) () =2l € = <
and

(4r + 2|60 )t
. ) — < )
(419) [2(gu(2) — 2) — 2t] < S

If 7 < T, Equation (4.18) implies that |g-(z) — z| < 7/r < T/r < r, which is
a contradiction. We conclude that 7 = T. It now follows by Equation (4.17) that
T < ({(z), so z € Hp. Setting R = 4r, we see that

|z — &o| > 4r Vze Hp =H\ Kr

which implies

|z —&o| < 4r Vz € Kr.

It follows that K7 is bounded and hence is a compact H—hull. On the other hand,
by considering the limit R — oo in Equation (4.19), we see that z(g:(z) — z) — 2t
as |z| = oco. Moreover, gi(z) —z — 0 as |z| = 00, s0 g+ = gk, and hcap(K;) = 2¢
for all ¢.

It remains to prove the local growth property and identify the Loewner trans-
form. Fix s > 0. Define for ¢t > 0

& =bivsy Hy=gs(Heps), K =H\H, and G =gesi00;"
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We can differentiate g; in ¢ to see that (g;)¢>0 is the Loewner flow driven by (Et)tzo,
that H, is the domain of g;, and that K; = g5(Ks1¢ \ Ks) = K, s+¢. The estimate
|z — &o| < 4r for all z € K, applies to give

|Z—€s|§4< sup |§u—£s|\/\/¥) for all z € Ky 514

s<u<s+t
Taking ¢t — 0, we see that (K;);>0 has the local growth property and has Loewner

transform (&)¢>o0-
O

Thus far, we have shown that there is some family of increasing compact H—hulls
that satisfies the local growth property associated with a given continuous real-
valued process (&;):>0. We now show that there is actually a one to one corre-
spondence between the collection of all continuous real processes and the collection
of all families (K});>o of increasing compact H—hulls satisfying the local growth
property.

Let K be the collection of all compact H—hulls. This collection can be made into a
metric space as follows. Let d be the metric on L (C) defined by d(f, g) = ||f—9|| -
We can induce a metric on K by

dic (K1, K2) = d(gx, 9k, )-
Let £ be the collection of increasing families (K;);>o of compact H—hulls that have
the local growth property and that are parametrized by half-plane capacity. Then,
L C C([0,00),K). Fix a metric of uniform convergence on compact time intervals
on C([0,00),K). For example, we could use the metric

p(n,0) = sgpdist(z em\ b, w € 0\ n),

where p(n,0) = 0 if n = 8. We end this section by describing a homeomorphism
from C([0,00),R) to L, establishing the aforementioned one to one correspondence
between these sets.

Proposition 4.20. There is a homeomorphism L : C([0,00),R) — L given by

L((&)i>0) = (Kt)i>0,  where K, ={z € H: ((z) <t}
and where ((z) is the lifetime of the mazimal solution to Loewner’s differential
equation
2

B 2 — &

=2
starting from z.

Proof. Simply note that as p(&',&) — 0, it follows from Equation (4.11) that
b(t,z; &) — b(t,z;&) for all t. This implies that the solutions to Loewner’s dif-
ferential equation converge as &' — & uniformly, which in turn implies that the
compact H—hulls generated by the solutions converge as well.

On the other hand, assume that (K;)j%, — (K¢)¢>0 in the p metric. By Equation
(3.5), we see that -

agn —Q —
g () = gre,(2) = ==+ 0(12] 7).
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As (Ki)isg = (Ki)i>o, it follows that gxp — gr, uniformly in £. We see that
dic(K{', Ki) — 0 for all ¢, which means that the Loewner transforms of (K;)i%, and

(K)i>0 converge for all ¢ as well.
O

5. SCHRAMM-LOEWNER EVOLUTION

Thus far in the paper, we have given a continuous analogue to SLE, we have
examined the properties of compact H—hulls, and we have developed the basic
theory of Loewner evolution. We have not, however, talked about SLE. This
section will immediately introduce the definition of a Schramm-Loewner evolution,
and we will proceed to examine some of its basic properties.

Definition 5.1. A random variable (K});>0 is a Schramm-Loewner evolution, or
an SLE,, if its Loewner transform equals /kW;, where W, is a standard Brownian
motion and s € [0, 00).

Thanks to Proposition 3.10, we can construct an SLE,, as K; = {z € H: ((z) <
t}, where ((z) is the lifetime of the solution to Loewner’s differential equation

2

6:(2) 9:(2) — &
starting at z with & = /kW;.

Now that we know the definition of SLE,, we will characterize it in terms of a
scaling property and a domain Markov property. Definitions 5.2 and 5.3 introduce

these properties.

Definition 5.2. There is a natural scaling map on £. Let A € (0,00) and take
(Ki)i>o € L. Define K = MK,-2,. Because hcap(AK;) = A%hcap(K;), and
because (K;):>o is parametrized by half-plane capacity, we see that K} e L. We
say that a random variable (K;);>0 € L is scale invariant if K;' has the same
distribution as K for all A € (0, 00).

Definition 5.3. There is also a natural time shift on £. Let s € [0,00) and
(Ki)i>0 € L. Define Kt(s) = gr,(Kstit \ Ks) — & = Kqy1s — €. A random variable

(Kt)t>0 € L has the domain Markov property if Kfs) has the same distribution
as Ky for all s € [0,00) and is independent of Fy = o((&)r<s)-

The relationship between this (continuous) planar Markov property and the (dis-
crete) planar Markov property presented in Section 2 requires some explanation.
The discrete model can be thought of as follows. If we run a LERW at x(y condi-
tioned to end at x,,, the distribution of the initial j steps of the LERW remains
unchanged as we “cut” the final o — j steps from the domain. Essentially, “cutting”
the domain by a path does not affect the distribution of the first “uncut” steps
of the path. In this continuous variant, the mapping-out function serves as the
“cutting” mechanism. If we remove part of the domain (and then conformally map
the domain back to H), the distribution of the paths remains unchanged.

‘We now characterize SLE, in terms of scale invariance and the domain Markov
property.

Proposition 5.4. (Scale invariance and the domain markov property of
Schramm-Loewner evolutions) Let (K;);>o € L be a random variable. Then
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(Ki)i>0 ts an SLE if and only if it is scale invariant and has the domain Markov
property.

Proof. Let (&)i>0 be the Loewner transform of (K;)¢>o. Recall from Proposition
3.1 that (&)¢>0 is continuous. For A € (0,00) and s € [0,00), define & = \&y—2,

and gﬁs) = &41¢ — &. By proposition 4.3, we see that & is the Loewner transform

of K} and that f,gs) is the Loewner transform of Kt(s).

It follows that (K;);>¢ is scale invariant if and only if (§):>0 is scale invariant,
and, similarly, that (K;);>o has the domain Markov property if and only if (&):>0
has stationary independent increments. By the Lévy-Khinchin Theorem, we see
that (&)¢>0 is a Brownian motion of some diffusivity x € [0, co) with some constant
drift. The scaling invariance forces that drift to be 0.

O

A continuous path (7;);>0 is said to generate an increasing family of compact
H—hulls if H; = H\ K} is the unbounded component of H \ v([0,t]). The following
result, which is fundamental to the theory of SLE, was proven by Schramm and
Rohde in [12] for all k except for k = 8. The case of Kk = 8 was later proven by
Lawler, Schramm, and Werner in [8].

Proposition 5.5. (The compact H—hulls are generated by a curve) Let
(K1)i>0 be an SLE,, for some k € [0,00). Let (9¢)i>0 be the associated Loewner flow
and let (&)i>0 be the associated Loewner transform. The function g[l :H — H;
extends continuously to H for all t > 0 almost surely (with respect to the probability
space for the driving function). Furthermore, if we define vz = g;l(ft), it follows
that (v)i>0 s continuous and generates (K;)i>o almost surely.

Definition 5.6. The curve (v;)¢>0 is known as an SLE, path. It is often simply
referred to as an SLE,, letting the context signal that we refer to the path rather
than the compact H—hulls.

Schramm-Loewner evolutions exhibit several astounding properties that are be-
yond the scope of this paper. For example, as hinted at in Section 1, SLE, is
conformally invariant. Moreover, SLFE, exhibits remarkably different properties
for different values of k. Specifically, if 0 < xk < 4, then SLE, paths are simple
curves. For 4 < k < 8, SLF, paths exhibit a behavior known as “swallowing”,
in which every point in the domain is eventually inside the K; generated by ~;.
If kK > 8, then SLE, paths are space-filling curves. Furthermore, as mentioned in
Section 1, SLFE, paths are the scaling limits of several planar stochastic processes.
Specifically, SLE> is the scaling limit of the loop-erased random walk [8]. For an
extensive overview of SLE, we refer the reader to [10].

6. APPENDIX

In this appendix, I present a proof from [4] for the conformal invariance of
Brownian motion.

Proposition 6.1. (Conformal Invariance of Brownian Motion) Let D and
D' be domains in C, and let ¢ : D — D’ be a conformal isomorphism. Fix z € D,
and set 2/ = ¢(z). Let (Bi)i>0 and (Bf)i>o be complex Brownian motions starting
at z and 2, respectively. Define
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T=inf{t>0:B,¢D} and T =inf{t>0:B;¢D'}.
Set T = fOT ¢/ (By)|2 dt, and define, fort <T

() = /{5>0 /|¢ |2dr—t} and By = ¢(Br).

Then, (T ,(Bt)t<f) and (T",(By)i<1) have the same distribution.

Proof. Assume for now that D is bounded and that ¢ has a C' extension to D.
Then, T < oo almost surely. We work with the natural filtration of Brownian
motion unless otherwise specified. We may define the adapted process Z; (with
respect to which the It6 integral can be defined) and the adapted process A; as
follows:

Zy = ¢(Brat) + (By — Brat)

TNt
Atz/ |¢'(Bs)|?ds + (t — T At)
0

Note that, almost surely, A is an increasing homeomorphism of [0,00) with an
inverse that is an extension of 7. Denote this inverse homeomorphism also by 7.

Write ¢ = u + v, By = Xy +1Y;, and Z; = M; + iN;. Then, for t < T,
My = w(By) = u(X,Y:), and Ny = v(B;) = v(X,Y;). By Ito’s formula (the
second derivative terms disappear because all complex differentiable functions are
harmonic), we have

d du
dM, = d“ (Br)dXo+ (B dY;
and
d dv
AN, = d“ (B,) dX; + — 5 (By)dY;.
Thanks to the Cauchy-Riemann equations:
dM;dM, = |¢'(By)|? dt = dA; = dNdNy, dMdN; =0
Now, for t > T

dM, = dX,, dN,=dY,, dM,dM, = dt = dA, = dN,dxt, M,dN, =0

We see that (My)¢>o, (Nt)t>0, (M? — At)t>0, and (N2 — A;)¢>o are all continuous
local martingales. Let M = M, and N = N;(5)- By Doob’s opt1onal stopping
theorem (treating (s) as a stopping time) and by Itd calculus, My, Ny, (M2 — s),
and (N2 — - 5) are all local martingales.

Define Zt Mt —|—th By the above paragraph and by Levy’s characterization of
Brownian Motion (see [13]), Z; is a Brownian motion starting from 2’ = ¢(z). Note
that Et = Z for t < T. Because ¢ is a bijection, we see that T = inf{t > 0: B; ¢
Dy, }. Tt follows that (T, (Et)Kf) and (1", (Bj)i<1) have the same distribution as
claimed.
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When D is not bounded or when ¢ does not have a C' 1 extension to D, choose a
sequence of bounded open sets D,, /' D with D,, C D for all n. Set D] = ¢(D,,)
and set

T, =inf{t >0: B, ¢ D,}, and T, =inf{t>0: B, ¢ D.,}.
Let T, = fOT" |¢/(By)|?dt. We see that T, /T and T, / T’ almost surely as
n — 00, meaning that B; and Bj converge to some Bz and some B, respectively.
Since ¢ is C' on D,,, we know that (T}, (Et)t<ﬁ) and (1", (B}):<r; ) have the

same distribution for all n. Taking n — oo, we conclude that (7', (B;),_~) and

(T", (By)i<1) have the same distributions.

t<T
O
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