SOME CONSERVATIVITY RESULTS IN REVERSE
MATHEMATICS OF INTEREST TO HILBERT’S PROGRAM
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ABSTRACT. In this paper, various formal proof systems from the subject
known as reverse mathematics in mathematical logic are introduced, includ-
ing the primitive recursive system PRA and various subsystems of second
order arithmetic. A proof that the system WKLy is conservative over PRA
for Hg sentences is presented, and an extension to the system WKLSr is
discussed. Along the way, relevance of these results to Hilbert’s Program in
the foundations and philosophy of mathematics is addressed.
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1. INTRODUCTION

In all areas of mathematics, we start with previous results and basic axioms
(perhaps set theory axioms, etc) to prove new theorems. Of course, the previous
results come originally from the axioms, so the axiomatic system itself is the foun-
dation of rigorous mathematics. We could potentially choose lots of statements
as axioms, and there are many schools of thought on why and how they should
be chosen. For instance, David Hilbert thought that the basic axioms should
consist of “finitistic” mathematics, essentially very simple statements which seem
indubitable. We will give a characterization of what finitism consists of, namely
the system known as PRA, in Section Hilbert hoped to show that all the-
orems of mathematics are provable from these basic axioms, and crucially, are
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provably consistent. Godel’s Incompleteness Theorem shattered hopes of realiz-
ing this program, known as Hilbert’s Program, and the question remained: what
axioms should be used to ground math?

The area of reverse mathematics asks a slightly different set of questions about
axiomatic systems: What are the weakest set of axioms needed to prove some given
result? And what axioms imply other axioms? Reverse mathematics considers
axiomatic subsystems of second order arithmetic, such as RCAy and WKLy,
which we will define in Section[2} This method allows us to ask, if Hilbert’s finitist
system PRA isn’t able to prove all of mathematics, what sorts of theorems is it
strong enough to prove?

The main result that will be discussed is that WKL is conservative over PRA
for TI9 sentences; that is the following theorem:

Theorem 1.1 (Conservativity). (1) WKLy is at least as strong as PRA.
That is, if PRA proves a sentence, then WKL proves that sentence.
(2) If ¢ is a 11§ sentence (i.c., of the form VxIyd(x,y) for a quantifier-free
formula 6) and WKLq proves ¢, then PRA also proves .

Part (1) of the theorem is relatively straightforward to show; it turns out that
even systems much weaker than WKL are stronger than PRA, and the primary
involvement of PRA here will be to show that the ordinary operations of arith-
metic can be coded into the nonstandard language of PRA. This result will be
shown in Section [l

Part (2) is rather surprising — it must exploit the nonstandard models of arith-
metic that WKLy must have, since it is not strong enough to guarantee enough
induction to eliminate them. This method will be shown in Section B where the
result is proved. This is the more interesting part of the theorem, not only because
it is more difficult, but also because it leaves open questions such as whether con-
servativity can be established for higher levels of quantifier complexity or stronger
subsystems.

In the Section [f] we will answer one of these questions in the affirmative,
showing that this conservativity result can be extended to the stronger system
WKL{.

Some familiarity with basic first order logic is presumed, such as the complete-
ness and compactness theorems. [I] or any other basic logic textbook should be
sufficient to fill in this background. Prior knowledge of reverse mathematics is not
presumed.

2. SECOND ORDER ARITHMETIC AND SOME OF ITS SUBSYSTEMS

Second order arithmetic is an axiomatic system designed to state and prove
results about the natural numbersﬂ The system has the following language:

I may seem perplexing, then, that second order arithmetic and its subsystems prove many
results which apparently have nothing to do with the natural numbers. For instance, certain
subsystems can prove theorems in real analysis and topology. This is true because it is possible
to encode real numbers, topological spaces, and other objects formally in systems of arithmetic.
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Definition 2.1 (Language for Second-Order Arithmetic, Lo). Several types of
symbols: +,-,0,1, < should be thought of as their usual interpretations as con-
stants, relations, and binary functions on the natural numbers.

Propositional logic symbols: A,V,—,— represent “and,” “or,” “negation of”
(or “not”), and “implies” (the existence of these basic logical symbols, as well as
“="_will be presumed in all languages).

Quantifiers V and 3. However, there are two sorts of both of these things,
numerical quantifiers (denoted Vz with lower case variables) and set quantifiers
(denoted 3X with upper case variables).

Finally, we have as many set and number variables as we need, which will be
countably many.

L

The language of First Order Arithmetic, L1, will also come up on occasion. It
is just Lo without set quantifiers or variables.

Reverse mathematics considers formal systems, i.e., a language along with a
list of axioms. In particular, it looks at subsystems of Zs, the formal system of
Second Order Arithmetic. It should be noted that this system is actually a two-
sorted first order system, not truly second order, because quantifiers range only
over some specified collection of “subsets” of any given model, not all subsets, as
a second order system would require; a two-sorted first order system can actually
be interpreted as an ordinary first order system, though it is easier to think of it
in the conventional way. The primary upshot is that all theorems for first order
logic, such as the completeness theorem, will apply here.

Notation 2.2 (Models of Second-Order Arithmetic). Models of second order
arithmetic involve a specification of subsets of the model’s universe set. This will
be denoted by Sjs for a model M. In full formality, a model M of second order
arithmetic is written

<M7SM3+M7'M,<M30M31]\/1>~

The axioms of Second Order Arithmetic, called Z,, are as follows:

(1) The “basic axioms” defining the symbols of Ly: for all numbers m and n,
em+1+#0

m+l=n+1l—-m=n

m+0=m

m+m+1)=(m+n)+1

m-0=0

m-(n+1)=(m-n)+m

—(m < 0)

m<n+ls (m<n)V(m=n)

(2) Induction Aziom (0 € X AVn(ne X - n+1€ X)) = Vn(ne X)

(3) Comprehension scheme 3XVn(n € X < ¢(n)), where ¢(n) is any Lo

formula in which X doesn’t occur freely.

Such codings will be discussed briefly in Section |4} and [2] contains many proofs of apparently
non-arithmetic facts in subsystems of second order arithmetic.
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It is an easy consequence of the Induction and Comprehension schemes that Z5
implies the full second order induction scheme

(1) (#(0) AVR(p(n) = @(n +1))) = Ynep(n)

for any Lo formula . These axioms are very strong, and the project of reverse
mathematics is roughly to see how much we can weaken them and still be able
to prove certain results in ordinary mathematics. We want to maintain the Ba-
sic Axioms, as these ensure we are really talking about something we could call
“arithmetic.” All subsystems of second order arithmetic will include these basic
axioms. So we instead restrict the induction and comprehension schemes in all
weaker subsystems of Zs. S

Before introducing RCA, and WKL, a quick note on the notation 7, I,
and AJ: These are labels for types of formulas. ¥ indicates a formula starting
with 3, IT a formula starting with ¥, and A a formula that can be written in either
way. The superscript indicates the order of the quantifier (first- vs. second-order
typically, confusingly denoted 0 and 1 respectively) while the subscript denotes,
in a particular sense, the complexity of the formula. Namely, a I19 formula is one
of the form Vnj3nsVns - - - Qnib(ny, - - -, nk), where @ is either V or 3, depending
on the parity of k, and @ is a quantifier-free formula or one with only bounded
quantification, that is, only with quantifiers of the form Vx < m for a fixed
number m. Eg formulas are of the analogous form, but beginning with a 3, and
again alternating the type of quantifier. Such formulas for first-order arithmetic
are said to live on the arithmetic hiemrchyﬂ The analytic hierarchy consists of
formulas with superscripts of 1, which have set quantifiers. These are of the
corresponding forms VX;3XoV X5 --- QX0, for instance, but this time, § can be
any formula with only first-order quantifiers (such formulas are called arithmetic).
Finally, it is common to refer to sets which are definable in a model by means of
a given level of quantifier complexity by the same name as that sort of formula;
e.g., if a set X is definable by means of a I13 formula, then X itself is called II9.

Now we introduce the systems RCAy and WKLy.

Informally, RCA corresponds to “computable mathematics.” The name stands
for “Recursive Comprehension Axiom.” In addition to the basic arithmetic axioms,
RCA| allows for ¥¢-induction and AY-comprehension; i.e., the induction schema
holds for % formulas ¢, and comprehension for formulas that can be written
both as ¥ and as I1Y. It is a basic result in computability theory that the AY-
definable sets are the computable ones, so we could equivalently say that RCA,
has comprehension for computable sets.

RCA, is generally used as the base theory in reverse mathematics, in the sense
that weaker systems are rarely considered (PRA being one exception), and when
two axioms are said to be equivalent, the implication is that this means “equivalent

2The hierarchy consists of 22 and Hg being incomparable, Ag encompassing both, and both
041 and I | including AY. Tt is truly a hierarchy because a XY sentence (for instance) is
equivalent to a sentence of any higher type by means of adding dummy quantifiers which range
over variables not otherwise appearing in the formula.
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over RCA .” Still, RCA is strong enough on its own to prove, among other
things, the intermediate value theorem, the completeness theorem for first-order
logic, the existence of algebraic closures of countable fields, and many other results
(see [2] for a more complete list).

To define the system WKLy, a bit of notation for binary trees must be es-
tablished. Using the conventional abbreviation {0,1} = 2, let 2<% denote the
collection of all finite binary strings, such as 011101010101. A subset of 2<% is
called a tree if it is closed under taking initial segments. Similarly, let 2“ be the
collection of infinite binary strings. A path through a tree is an infinite binary
sequence such that every finite initial segment is an element of the tree. It is
simple to code the finite binary strings as natural numbers and trees as sets, or
vice versa, by means of a binary representation, so Lo formulas may be thought
to quantify over and refer to binary strings as “numbers” and to trees as “sets.”

With these definitions, we can state:

Theorem 2.3 (Weak Koénig’s Lemma (WKL)). Every infinite binary tree has a
path.

Though WKL seems rather intuitively obvious, it is not provable in RCA,.
Adding WKL to RCA| yields a significantly stronger system; this system is pre-
cisely WKLj. That is, WKL is RCAy + WKL.

In addition to proving anything RCAg can prove, WKL is equivalent (over
RCA,) to the Bolzano—Weierstrass theorem in real analysis, that every countable
commutative ring has a maximal ideal, and many other results which can be found
in [2].

3. THE FINITIST SYSTEM, PRA

PRA is an axiomatic system based on a collection of functions known as prim-
itive recursive (sometimes we will abbreviate by p.r.). As with the subsystems
of second-order arithmetic we have considered, PRA is generally thought of as a
theory of the natural numbers.

First, what functions are considered primitive recursive?

e The zero function (for each z, Z(x) = 0)

e The successor function

e Projection functions, from any number of variables onto any coordinate
(P]?(xla""mn) = xk)

e Compositions of other p.r. functions

e Functions defined by primitive recursion on other p.r. functions, i.e., a
function f defined from p.r. functions g, h by: f(0,21, -+, 2n) = g(x1,- -+, Tn),
and f(y+ 173717"')3771) = h(y,f(y,xl,---,xn),ml,---,xn)-

The language of PRA, Lpra, consists of constant 0 and function symbols
corresponding to all the p.r. functions.

PRA is a system in this language. It consists of the following axioms:

(1) The typical successor axioms, such as Vz—S(z) = 0.
(2) The axiom VzZ(z) = 0 which defines the zero function.
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(3) The assertions that all symbols for projection functions in fact project
onto their corresponding variables.

(4) The assertions that the function symbols which are thought of as compo-
sitions and primitive recursions of other functions are to be interpreted as
such.

(5) The induction scheme for quantifier-free 6(z) in Lpra:

(0(0) AVz(0(x) — 6(S(x))) — Vzb(x).

In order to compare PRA with RCA,, WKL, and other subystems of Z5, it
is necessary to fix a canonical interpretation of the language L; in terms of Lpra .
This is straightforward; for instance, + can be defined as a binary p.r. function
by: £+ 0 =z, 2 + S(y) = S(z + y). The p.r. definitions of other L; symbols
may be found in Section IX.3 of [2]. This canonical coding allows for models of
PRA to also model some L; or Lo sentences, which allows us to say, for instance,
“RCA, is stronger than PRA.”

We conclude this section with a brief remark on the claim that PRA is what
Hilbert thought of as “finitism.” This claim is essentially a philosophical one, and
is known as “Tait’s Thesis,” after it was defended by William Tait in [3]. Tait
goes through the sorts of reasoning which might be regarded as finitistic, based in
Hilbert’s writings, and concludes that they are encapsulated in PRA. We note,
however, that this claim has been disputed, for instance in [4]. Yet most such
doubts have suggested that finitism is actually stronger than PRA, and so the
results presented in this paper, and perhaps stronger ones, would still hold if these
critiques are valid.

4. PRA 1s WEAKER THAN RCA,

The following definition is crucial to the model-theoretic arguments used in this
section and later in Section [6l

Definition 4.1 (w-submodel). An Ly model M is an w-submodel of another Ly
model M’ if M is a submodel of M’ and they have the same first-order part; that
is, the sets M = M’, and the interpretations of relations, functions, and constants
are identical. However, the collections of subsets Sj; and Sy, will be different in
general. This relation is denoted M C,, M'.

Lemma 4.2. Let M be any Lo-structure satisfying ¥9-PA, that is, the basic
arithmetic avioms and X9-induction. Then M is an w-submodel of some model of
RCA,.

Proof. For this proof, we will need the following useful formula, known as the
Bounding Principle: For a X9 formula (i, j) and natural number m, we have

(Vi <m)Fjp(i,5) = In(Vi <m)(Fj < n)p(s,J).
This formula essentially says that if for each of the finitely many values of i less
than m, some j; satisfies ¢(i, j;), there is a bound n on these j;. Formally, this
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follows from a simple application of ¥{-induction, since the scheme results from
only bounded quantification on a %9 formula.

For a given M as in the hypothesis, we say that X C M is a A definable
subset of M if it is definable in M by both a ¥¢ and a II{ formula.

Let M’ be the Ly model consisting of the same first-order part as M, and second
order part Sy = AJ-Def(M), that is, all A? definable subsets of M. Since M’ has
the same first-order part as M by definition, M is automatically an w-submodel.
It thus suffices to show that M’ is a model of RCA,.

We need to show two claims, which justify the equivalence of formulas with set
parameters in Sy with formulas with Sj; parameters.

Claim 1: For any %9 formula @ with parameters in M U Sy and no free set
variables, we can find formulas 6y and fp, which are X9 and IIY respectively,
which have the same free variables as 6, only parameters from M U Sy, and are
equivalent to 6 in M’.

This is shown by induction on the complexity of . If 6 is atomic of the forms
ty = to or t < ty for terms ty,to, then there are no parameters from Sy, so just
let 8 = Ox; = 0. If it is atomic of the form ¢t € X, where X € Sy, then X is
AY definable, meaning there is a IT{ formula 1 and a X formula ¢, both of which
define X over M, so we let Oy, = (t) and Oy = ¢(t). If € is of the form —6’, then
put O, = =0 and O = —6% (this works because V“ =”=3= and 3% =7-V-).

If 6 = ¢ AB”, then we can write Oy, = 65 A 0%. Writing 6/, = 3560((j) and
0%, = 3504 (j), we can see that Oy is, in fact, 29, as 05 A 0% = Im((Fi < m)6(i) A
(37" <m)6j(j)). Why is this equivalent? Well, if there exists something satisfying
6}, and something satisfying 6/, then we can bound these two elements to get the
above bounded quantification statement.

Moreover, we can write 0 = 057 A 0fy = V4 (0] A 67), where 01 = V36 (j), and
o1 = V6 ().

Finally, we must deal with the case where 8 = (Vi < t)¢’. If 0 = 356 and
05 = V561, we can write: 0y, = In(Vi < t)(3j < n)dj and Oy = Vj(Vi < t)6]. Here
the equivalence of 8 and 6y, formula follows from the bounding principle, while
we can form 6y by moving the Vj to the front, as we can reorder quantifiers of
the same type. Since all ¥ sentences can be built up from atomic formulas by
negation, conjunction, and bounded quantification (all of which have been shown),
Claim 1 has now been proved.

Claim 2: For any 2(1) formula ¢ with parameters from M U .Sy, and no free set
variables, there is an equivalent X9 formula ¢’ with the same free variables and
parameters from M U Sp;. An equivalent claim holds for 19 formulas which can
be shown by an analogous proof.

We can write ¢ = 336, for a X3 formula 6. By Claim 1, 6 is equivalent to some
fs, with only parameters from M U Sys. s, = Imby, and 0y is 3). So our desired
formula is ¢’ = Jj0x = FjImby, which is X9, and thus satisfies the claim.

Now, we can show that M’ is a model of RCAy. Clearly it satisfies the ba-
sic arithmetic axioms, so only X{-induction and AY-comprehension need to be
checked.
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Let ¢ be a X{ formula, and ¢’ be the equivalent formula from Claim 2. Then
since M = (¢'(0) AVn(¢'(n) = ¢'(n + 1)) = VYne'(n), we must also have
M’ E (0(0) AVn(p(n) = o(n+1))) — Ynp(n) as the formulas are equivalent.
Thus M’ satisfies ¥.9-induction.

For AY-comprehension, suppose M’ = Vn(p(n) <> ¥(n)) for 9 ¢ and I .
By Claim 2, we may replace these by %9 ¢’ and 19 ¢’ such that M’ = ¥n(p(n) <
¢'(n)), and the same with ¢. Thus, we have M = Vn(¢'(n) + ¢¥'(n)), and so
X={aeM:ME¢n)}={aec M:MIEy'(n)} SoX is A?Y definable, i.e.,
X € Sy, and hence we have M’ |= 3XVn(n € X < ¢(n)). O

Theorem 4.3. An Lq-structure is the first-order part of some model of RCAy if
and only if it is a model of ¥.9-PA.

Proof. Since the axioms of RCAj include those of X{-PA, it is clear that the
first-order part of any model of RCA satisfies ¥9-PA. Conversely, we can view
any model M of ¥9-PA as an L, model by specifying some (perhaps empty)
collection of sets to be Sy (which these are does not matter). Viewed in this way,
M satisfies the hypothesis of the previous Lemma, and hence is an w-submodel
of a model of RCA, that is, a submodel with the same first-order part. Thus
viewed again as an Li-structure, M is the first order part of a model of RCA,),
as desired. ]

The next result involves a coding of primitive recursive functions into RCA,.
Done rigorously, this involves certain tedious coding results, the details of which
may be found in Simpson, I1.3 especially, as well as [I], which uses these codings
to prove Godel’s Incompleteness Theorems and other related results. The most
basic step in coding is to fix a natural number for each symbol of our language (for
“7, 7, “=" etc.). Then we can code sequences of symbols in our language as
natural numbers by means of the following product: IL;enp;*, where p; are primes
in ascending order and n; is the number for the ith symbol in the sequence. The
natural numbers which are equal to such a product are “sequence numbers” and we
may speak of “Seq” as the set of sequence numbers. We can also rigorously define
a “function” as a kind of set in RCA. We will prove that one can define functions
by primitive recursion in RCA; similarly, all other kinds of p.r. functions can be
defined in RCA,.

Lemma 4.4. Any model of ¥9-PA can be expanded to a model of PRA in a way
respecting the canonical interpretation of Ly in the language of PRA.

Proof. By Theorem any given model of X9-PA is the first order part of some
model M of RCA,. Now, we can “expand” M to a model of PRA by defining
p.r. functions within RCA( and assigning them to the corresponding function
symbols of PRA in a way that respects the axioms of PRA.

For instance, if we have f:N*¥ — N and ¢:NF*t2 — N, there exists a unique
h:NFt1 — N defined by primitive recursion, i.e., defined by h(0,n,---,n) =
fny, -+ ng), and h(m 4+ 1,nq, -+, nk) = glm, h(y,ny, -, ng), N1, -+, k).



CONSERVATIVITY RESULTS AND HILBERT’S PROGRAM 9

This is explained by the following argument. Define a formula 0(s,m, (n1,---,ng))
which say that for each s € Seq, the sequence s has length m 4 1 characters,
s(0) = f(n1,---ng), and for i < m, s(i + 1) = g(s(i),i,n1, -+, ng). All of this is
definable in RCAg. The formula

3s0(s,m, (ny, -, ng))

is 229, since all the stipulations of # can be expressed with bounded quantification
(this can be checked from the definitions of sequence number and the other codings
used). Thus we can prove 3s0(s,m,(n1,---,ng)) for each fixed (nqi,---,ng), by
the obvious X{-induction on m. We can also prove, by induction on i < m + 1,
that if 6(s,m, (nq,---,ng)) and 6(s’,m, (nq,---,ng)), then s(i) = (7).

From these two facts, we can further prove that:

Is(0(s, m, (ny,---,nK))) As(m) =j) <> Vs(0(s,m, (ny,--,ng)) = s(m) = j).

Notice that this is the formula for a set to be A, so by A{-comprehension,
there exists h: N¥*1 — N such that h(m,ny,---,ny) = j if and only if

Is(0(s,m, (n1, -, nk))0(s,m, (ny,---,ng)) A s(m) = j).

It can easily be checked that h satisfies the properties of the recursive definition.

Notably, each interpretation of a new function fj; in our model (such as the
h defined above) will be an element of Sy, since functions are formally defined
as sets in RCAgq (specifically, sets of sequence numbers for ordered pairs, which
represent pairs (a,b) such that f(a) = b). All of the basic axioms for +,-,0,1, <
are theorems of RCAg, so clearly these symbols are interpreted “correctly” in
this model. And PRA induction follows from X{-induction (which is true in
M as a model of RCAy) since all functions are defined in a X{ way, and PRA
induction is for quantifier-free formulas built from these functions. This completes
the proof. |

Theorem 4.5. If 0 is an Ly formula provable in PRA, then 0 is provable in
$9-PA, and hence also in RCAy.

Proof. Suppose 6 is not provable in X{-PA. The completeness theorem implies
that there is an L; model M of ¥9-PA in which 6 is false. The previous lemma
allows us to expand M to a model for PRA in a way respecting the normal
interpretation of L. So we have a model of PRA in which 6 fails. Thus, the
soundness theorem (which is also provable in RCAyg) implies that PRA does not
prove 6.

|

5. PRA PROVES II3 SENTENCES WHICH WKLo PROVES

Definition 5.1. A formula in Lpra is said to be generalized 3 if it is built from
atomic formulas of the form ty = t; and to < t;, where the ¢; are terms, by means
of propositional connectives and bounded quantification, where the bound on the
quantification is a term ¢ in Lpra -
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The following is a technical lemma, allowing us to code simple formulas with
p.r. functions. It allows us to replace generalized X9 formulas with equivalent
simpler, atomic formulas.

Lemma 5.2. For any generalized X3 formula 0(z1,-- -, xy), there is a k-ary p.r.
function f := fg such that PRA proves f(xz1,-+-,xr) =1 < 0(x1, -+, xk) and
flr, o xp) =0 —0(21, -+, 7)

Proof. The proof is by induction on the complexity of . The variables zq, - - - xj
following # and the corresponding fy will be omitted for convenience. If = 6’ A0”,
then let fg = fg/ . f@//. If 6 = =0’ then let fg =1- fg/.

Finally, if 0 = (Vy < )8 (y), then let

fo =] forw).
y<t
It is straightforward to verify that all of these operations can be carried out in
PRA, so this concludes the proof. O

This lemma allows for the introduction of a k-ary p.r. predicate R defined by
R(zy,--,z) & fx1, -, 2,) = 1.

While we typically think of models for PRA as w, the models we need to prove
the conservativity result will have to be nonstandard, consisting of a copy of the
natural numbers, followed by some other elements. The successor axioms dictate
that every such nonstandard element must have a successor and a predecessor,
and thus lives on on “Z-chain,” or copy of Z. Since such Z-chains might exist in a
model M for PRA, a set might be bounded above (by an element on a Z-chain)
and defined by a p.r. relation, and yet still have infinite cardinality. This motivates
the following definition.

Definitions 5.3 (M-cardinality and M-finite sets). A set X C M, for a model
M, is M-finite if there is b € M and a p.r. relation R along with parameters
¢1, -+, ¢ such that X = {a € M:a <pr bA Rpy(a,cq,---,c)}. That is, X is a
p.r. definable bounded subset of M.

The M-cardinality of an M-finite set X is defined by card; (X, 0) = 0,

cardy(X,a)+1 ifae X
cardpy (X, a) ifag X’
where card s (X) = cards (X, b) for some bound b € M for X. It is clear from the

definition that card; (X, b) will be the maximum value of cards (X, ¢) when b is
a bound.

cardy (X, a4+ 1) = {

The M cardinality of a set X, cards(X), should be thought of as a counting of
elements of X within M, which is nontrivial in nonstandard models of arithmetic
(i.e., those with Z-chains).

It will also be necessary to know that the M-finite sets can be encoded as
single elements of the model, in a primitive recursive manner. For brevity we
omit this technical and fairly unenlightening argument, which is quite similar to
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other coding arguments in computability theory. Those interested can consult
Lemma IX.3.9 in [2]. The takeaway is that we can associate unique elements of
the model with M-finite sets, and do it in a primitive recursive way.

Definitions 5.4 (Cuts, Semiregular Cuts, etc.). (1) A cut isaset I C M
such that 15, € I # M, and with the property that if ¢ <p; b and b € I,
then c € 1.

(2) Foracut I in M, X C I is M-coded if there is an M-finite set X* such
that X* NI = X. The collection of all M-coded subsets of I is denoted
by coded s (1).

(3) A set X is bounded in a cut I if X C {a:a < b} for some b € I.

(4) A cut I is semiregular if, for all M-finite sets X such that cardy(X) € I,
X NI is bounded in I.

It should be noted that a set may be a subset of a cut and yet not be bounded
in it, for instance, the cut is not bounded in itself.

To illustrate how we can use the definition of a semiregular cut, suppose that
I is a semiregular cut in a model M for PRA, and that b,c € I. It is easy to see
that X = {a : b <pr a <pr b+ ¢} has M-cardinality ¢, and hence, since ¢ € 1,
we must have that X N I is bounded by some d € I. Clearly b+ps ¢ <as d, and
hence b+ ¢ € I (this is actually how we show that semiregular cuts are closed
under 4, in the proof of Key Lemma 2 below).

It should be noted that due to the presence of Z-chains, cuts in models of
PRA might not be finite initial segments, but rather initial segments ending on
some Z-chain, and thus infinite in size, and with infinite distance between some
elements. In fact, all semiregular cuts must be infinite, and thus of this form. If
not, the cut consists of the integers 0 through n. But in this case, the set {n+1},
which is clearly M-finite, with M-cardinality 1 € [0,n]. Yet {n + 1} is clearly not
bounded in the cut. So it is not semiregular.

The next definition provides a description of a kind of “space” between elements
of a model of PRA which will allow us to guarantee the existence of semiregular
cuts.

Definition 5.5 (<<js). For b,c € M, a model of PRA, we say that b <<y c if
faur(b) < ¢ for every l-ary p.r. function symbol f.

We note in passing that any non-w model of PRA will have b <<j; ¢ for some
b,c € M. Just take b and ¢ on different Z-chains, and since f(b) — b can only be
finite, we will have f(b) <us ¢ for any p.r. function f.

Lemma 5.6 (Key Lemma 1). Let M be a countable model of PRA, and b,c € M
such that b <<p; c¢. Then there exists a semiregular cut I in M which contains b
but not c.

Proof. We begin by recursively defining a notion of “n-bigness” for intervals [b, ¢).
Such an interval is 0-big if b < ¢, and (n + 1)-big if, for every finite set X of
cardinality < b, there are b, with b < b < ¢ < ¢, and [V/,') is n-big and
disjoint from X.
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We can formalize this notion with a primitive recursive predicate, say B(z,y, 2)
(indicating that [y, z) is z-big). This is done by recursion on z: We have B(0, y, z)
y < z,and B(S(z),y, 2) if and only if the corresponding definition is satisfied; note
that this involves quantifying over the finite sets, which is possible using a bounded
quantification by means of the coding lemma mentioned above.

Now, define the p.r. functions g,, by go(y) = y + 1, and

Inr1(y+1) =gngn--gn(y+1)+ 1L
———
y+1 times

For each n < w, it is provable in PRA that, for all y, z g,(y) < z = B(n,y, 2).

Now we have the tools to prove the lemma. Let M be a model of PRA as in
the hypothesis. Since fa;(b) < ¢ for all p.r. functions f, we have in particular that
gny (b) < ¢ for each m, so B(n,b,c) holds in M. It is clear from the definition of
n-bigness that [b, ¢) cannot be n-big for all n (though it might be for all n < w).
So take the greatest k € M such that M models B(k, b, c). Thus for all “standard”
natural numbers n, n < k.

Since M was assumed to be a countable model, there are countably many M-
finite sets. Thus they may be listed by (X,:n < w). We may also assume that
this listing contains each of the sets infinitely many times, such that at any point
in the enumeration, every set will appear again.

We now construct two sequences, one ascending and one descending, of the
form

b=by<m b1 <p - <mbn <y <men <y <mcr<mpco=c

where all of the b; are less than the c¢;. The construction goes as follows. Let
by = b, and ¢y = ¢. For a given n, suppose we have defined

bo <ar bi <ar - <pr b <aren < - <ur e <y Co.

Consider the M-finite set X, from our listing. If cardp/(X,) > b,, then set
bp+1 = b, + 1. Otherwise, cardp(X,) <m bn, and so since M = [b,,¢,) is
(k — n)-big, there are b,1,cn+1 such that b, <y bpt1 <mr Cnt1 <m Cn, and
M = [bpt1,¢nt1) is (K —n — 1)-big and disjoint from X,,.

Now, set I ={a € M : a <p b, for some n < w}. It is easy to see that this
satisfies the downward-closedness property and other properties of a cut. To see
it is also semiregular, suppose X is an M-finite set with cardy;(X) € I. Since
X appears arbitrarily late in the list of finite sets, we can find an n such that
X = X,, and cardp(X) <ps b,. By construction, M = [bp41,c¢ny1) is disjoint
from X, and so X NI C{a:a <p bypy1}, hence X NI is bounded in I. Thus I
is semiregular, and the proof is complete. O

Now that we have the existence of semiregular cuts, we make use of them.
The result that models of PRA restricted to semiregular cuts model WKL is
more surprising, quite technical, and strongly uses the definition of semiregularity.
It will employ the following lemma, which makes the connection between the
definition of WKL in terms of binary trees, and proof-theoretic properties of
models which are easier to work with.
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A brief notational note concerning binary strings: if o is a binary string, o~ (0)
is o with a 0 added at the end.

We also define the condition on a theory known as ¥9-separation, which means:
for g, p1 XY formulas, if =3z (pe(z) A ¢1()), then

AXVn((po(n) = n € X) A (p1(n) > n ¢ X)).

Lemma 5.7 (X} Separation). Over RCAq, 3V separation implies WKLg. (In
fact, they are equivalent over RCAg, though only this direction is relevant to this

paper.)
Proof. Take an infinite tree T' C 2<%. Let
O(n,o) =3r(lh(r) =nAT €T AT Do)

in English this says that there is a string 7 on the tree T' of length n which extends
o. Notice that this is really a bounded XY sentence, since it need only look at
the finitely many sequences of length n. Then, for i € {0,1}, let ¢;(c) be the %9
formula

In(@(n,o” (1)) A =0(n,c” (1 —1))).

These formulas say, “there is an n such that there is a 7 in T of length n which
extends o™ (7), but no such 7 which extends o~ (1 —4) in T'.” It is clear from this
definition that =30 (po(c) A ¢1(0)), so we may take these as the two disjoint X9
formulas for ¥9-separation. By assumption then, we have a set X such that

Vn((po(0) = 0 € X)A(p1(0) = 0 & X)).

Now, define a sequence of finite binary sequences oy C o7 C --- in the following
way: Let oy be the empty sequence, and oi41 = o}, (0) if 0, € X, otherwise let
Okt1 = 0y, (1).

We claim that 6(n, o) holds whenever k < n; this is easy to check from the
definitions by inducting on k < n for fixed n. In particular, this gives that 0(n, 0,,)
holds, and so each o, € T. But then, P = |J{o,} is a path through T'. Since T
was arbitrary, this proves Weak Konig’s Lemma. (|

Lemma 5.8 (Key Lemma 2). Let M be a model of PRA and I be a semiregular
cut in M. Then

(I, Codedpr (1), +ns [ 1, -pa T 1, <prl 1,001, 101)
is a model of WKLj.

Proof. We must first show that this model, I, is closed under +,; and - ;. We have
shown the +); case above, and the -;; case is similar. Towards a contradiction,
suppose b,c € I but b-prc ¢ I. Then the set X = {b-apa: a <p ¢} has M-
cardinality ¢, yet Y NI is unbounded in I, a contradiction. Hence I is closed under
M-

We must now show that I satisfies the X{-induction scheme. Using the p.r.
induction scheme, we have that every M-finite set has a <js-least element (if the
set is defined by a p.r. relation R(z), induct on —R(x) and seek a contradiction).
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Let ¢(z) be a X¢ formula with parameters from I Ucodedy;(I), and no additional
free variables besides . We must show that I satisfies the induction schema
for ¢. If I satisfies ¢(c) for every ¢ € I, then Vaxp(z) is true in I and there is
nothing to prove. Otherwise, there is some ¢ € I with I = —p(c). This allows us
to form the set Y = {a:a <pr ¢ and I |= ¢(a)}.

We claim that Y is M-finite. Since every set parameter X appearing in ¢ is
in codedp(I), by definition there is an M-finite set X’ with X' NI = X. We
can make the formula ¢'(x) = Jyb'(z,y) by replacing all such X in ¢ by the
corresponding X’. So ¢’(z,y) will be generalized XY with parameters only from
the set M.

Now, fix d ¢ I (this must exist, as it is a cut). Define the subset Z C I x M
by:

Z ={(a,b) : a <pr ¢,b <pr d,b is the <ps-least b’ such that M = 0'(a,b’)}

Let Z’ be the set formed by projecting Z onto its first coordinate. Lemma [5.2
gives that this Z’ is M-finite, since it is built up from the generalized X9 formula
0" in a straightforward way. Also, since there is only one pair (a,b) in Z for each
a < ¢, Z' has M-cardinality less than or equal to ¢ € I. By semiregularity of I,
Z' N1 is bounded in I. Thus Z’ NI is M-finite. Finally, observe that Y can be
written as Z' NI, and so Y is M-finite.

AsY is M-finite, we may use our above observation to find a <,;-least element
bof I\Y (since ¢ ¢ Y, this set is nonempty). If b = 0,7, then I = —¢(05s) and thus
I models the induction schema with ¢. Otherwise, there is some b’ with b = S(b'),
and since b was least in T\ Y, p(V') is true in I. Hence I = —Va(p(z) = p(z+1)),
and so I models the induction schema for ¢. Hence the schema is satisfied in all
cases.

We now show that I satisfies X2{ separation. Let g (x) and ¢1(z) be 39 formulas
with parameters from I U codedps(I), where x is the only free variable. Let
Ai={ael: Ik pia)}foriec{0,1}; assume that Ag N A; = 0. We must show
that these sets can be separated by an M-coded subset of I.

As above, write 7 (z) = Jyb; (x,y) by replacing all coded set parameters X in
©; by the corresponding X’ such that X’NI = X. So again, the 0} are generalized
). And finally, fix d € M \ I. Define

Y*={a:a<p dAEb<p d)(0(a,b) AV <pr b)=05(a,b)}.

We claim this Y* separates the A;. Why does the definition of Y™* imply
Al g Y* and AomY* :®7

Suppose a € A;. Then a € T and ¢1(a) = 3b0(a,b), where b € I since that
is the universe set over which quantifiers range. Then a < d, b < d, and since
a,b € I, 0% is effectively just 61, so 65(a,b) holds. If there was b’ violating the
second conjunct of Y*’s definition, it would clearly violate Ay N A; = (J, since
everything would be in I. Hence a € Y*.

Suppose a € Ag. Then a € I, and ¢(a) = Fbby(a, b) holds, in particular, there
is such a b € I. If| in addition, a € Y*, then the b < d making the first conjunct
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true must not be in I, otherwise that would violate A9 N A; = (), since everything
would be in I. Thus the second conjuct implies that every b’ € I, since it is
less than b, fails to satisfy 6(a,b’), and so =3bby(a,b) is true in I, so a ¢ Ag, a
contradiction.

So A1 CY* and Ag NY™* = . Moreover, since Y* is defined by p.r. relations
and is bounded above by d, Y* is an M-finite set. Putting Y = Y* NI, we get an
M-coded subset of I which separates Ay and A;. Thus the model I satisfies ©9
separation.

Now X¢ separation implies A{-comprehension. Suppose ¢(x) and v(x) are X9
and II{ respectively, and are equivalent. Then —¢(z) is 3, and

{z:0(z) A ()} =0,

so XY separation gives a set which separated them; this is preciely the set whose
existence is required for AY-comprehension.

Hence I models RCAy, and thus by our last lemma, since it also models 9
separation, it is a model for WKLy. O

Theorem 5.9. If a I1S sentence ¢ is provable in WKLq, then it is provable in
PRA.

Proof. We again prove the contraposative, supposing that PRA does not prove
1. So by the completeness theorem, there is a (countable) model M of PRA
where 1 is false. Since ¢ is I3, we can write ¢ = Va3yd(z,y), for a X formula
0. Then there is some b € M such that M = —=3yd(b,y).

We now introduce constants b and c, considering the theory T' consisting of
PRA plus =3yf(b,y) and f(b) < c for every one-ary p.r. function symbol f.

For any finite subset Ty C T, we can find a ¢g € M which is greater than
f(b) for the finitely many function symbols f mentioned in Ty. Then, interpreting
b= b and ¢y = ¢, we have M = Tj. Hence the compactness theorem implies that
T has a countable model, call it N.

Then N is a model of PRA with distinguished elements &’,¢’ € N such that
b << and N = —-3y0(V,y). By Key Lemma 1, there is a semiregular cut I C N
containing b’ but not ¢’. Then Key Lemma 2 allows us to get that

(I,Codednr (1), +ar [ I,-a T I, <arl 1,0n1,101)

is a model for WKLg. But since &’ € I, this model also satisfies =3y0(¥,y), and
hence satisfies —1). By the soundness theorem, —) is then consistent with WKLy,
and hence 1 is not provable in WKL, as desired. O

Now, we have proved the result we set out to. What does this get us? At the
least, it gives some indication of what PRA, and hence finitism, is strong enough
to prove. However, the ability to prove IS sentences (and hence, a fortiori, 119
sentences) is of particular interest for Hilbert’s Program. This is because proofs
of consistency were of special interest to Hilbert, and statements expressing con-
sistency are I19. They can be expressed by means of the sort of coding mentioned
in Section [d] since we can code not just formulas, but formal proofs in arithmetic
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languages such as PRA. And we can also code a provability predicate. Hence
consistency statements are of the form

Vz—((x is a sequence number for a sentence ¢) A ((¢» A =) is provable)),

which is a I1{ sentence. That consistency proofs must be finitistic implied a cer-
tain form of reliability to Hilbert. Thus, as Simpson explains in [6], “reducing to
finitism” means, for Hilbert, proving that stronger proof systems are II9 conser-
vative over PRA.

It is worth considering, if we are reducing to PRA for the sake of its greater
epistemic integrity, does our proof of this reduction itself possess this greater
certainty? Now, the proof presented here requires the completeness theorem,
among other things, which places us at the level of RCA(. However, as Simpson
writes in [6], others have shown that conservativity can in fact be proved in PRA,
albeit by a different, more proof-theoretic method. Thus the reduction of WKL
to finitism is as indubitable as finitism itself.

Now, we will conclude with a sketch of an extension of conservativity to a new
system, WKLS‘ .

6. UPGRADING CONSERVATIVITY TO WKLZ

The system RCA{ appears in Simpson’s study of the reverse mathematics of
the Baire Category Theorem (BCT) in [5]. It turns out that WKL is not strong
enough to prove BCT for separable metric spaces, but RCA( plus the new axiom
scheme (*) is enough. Suppose o, T are variables ranging over 2<¢ and X over 2“.
Let ¢ be any formula with only first order quantifiers. Then (*) is the following
formula:

(%) Vn¥o3r(r 2 o A p(n, 7)) = IXVnIk(e(n, X[k]))

where 7 O ¢ means that the string o is an initial segment of the string 7, and
X [k] indicates the string consisting of the first k& digits of the infinite sequence X.
The antecedent of the formula in the axiom indicates a dense collection of strings
in 2<%, namely all of the 7s. The consequent guarantees the existence of a path,
X, which intersects all such dense sets. RCA{ is RCA( plus the (*) schema,
and WKLJ is WKL plus the (*) schema. As might be guessed, WKLy and
RCAar are incomparable, and of course, WKLO+ is stronger than both.

We will give an outline of the extension of conservativity to WKLS‘ , listing
the requisite lemmas along with some explanation and proof sketches. Complete
proofs may mostly be found in [5] with a few from Section IX.2 of [2].

The new material presented in this section will be a proof that WKLJ is
conservative over RCA| for I} sentences. It is as simple matter to combine with
the results of the previous sectin to get 19 conservativity over PRA. The general
procedure for this proof will be to show that models of RCA( are w-submodels
of models with more stringent conditions.

We will need a couple of new definitions relating to binary trees in order to
complete this proof. Let 23 denote the collection of all M-finite binary sequences,
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and recall that a set is M-definable if it is definable by a formula with parameters
from M U S)y,.

Definition 6.1. (1) A collection D C 23/ is dense if, for each o € 237, there
is some 7 € D such that 7 2 o.
(2) A set G C M is M-generic if, for each M-definable dense set D, we have
DNG#0.

Lemma 6.2. Let M be a countable model of RCAy. Then there is a countable
model M’ such that Sy contains some M -generic set G.

This first lemma is both the most technical and the most interesting in the
extension to WKL{. We note that the argument is essentially forcing, in the sense
of Paul Cohen, so the proof is likely to seem familiar to those with a background
in set theory. The forcing conditions are trees, and the generic set is, well, the
M-generic set in the sense of trees. First, it must be shown that an M-generic set
G exists. We start with a model M" which is just the first-order part of M, with
Sy = Sy UG. The meat of the proof is to show that this model M satisfies
%Y induction. Once that has been shown, Lemma serves to extend to a model
M’ of RCAq such that M C, M"” C,, M’, which completes the proof.

Lemma 6.3. Let M be a countable model of RCAy. Then there is a countable
model M’ of WKLq such that M is an w-submodel of M'.

It is an easy corollary of Lemma|[6.2] that given a model M of RCA, and a tree
T definable in M, there is a path through 7', namely G. Then, we can apply this
corollary repeatedly to get an ascending chain of w-submodels

M:MOQlegw"’gwMigw"' (i<w)

such that each models that more trees have paths. Then, we let M’ be the union
of all the M; (really, we need only take the union of the second-order parts Syy,.)
Lastly, just check that M C,, M’ and M’ = WKLy.

Though we will not discuss this further, it is an immediate corollary of Lemma
[6.3] that WKLy is conservative over RCA, for I} sentences, and also that Z9-PA
is the first order part of WKLy, as it is for RCA( (these results can be found in
Section IX.3 of [2]).

Lemma 6.4. Let M be a countable model of RCAqy. Then there is a countable
model M' of WKL{ such that M is an w-submodel of M'.

To prove this last lemma, we must construct another chain of w-submodels
M =My Cy My Co -+ S M; S -+ (i <w),

this time satisfying the following conditions:

(1) My;y1 = RCAg+3X(DNX #0)), for all My;-definable dense sets D;
and
(2) Ms; = WKLy.
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This can be done by alternately applying Lemmas and Then check, as
Simpson does in [5], that the union of these M; satisfies WKL .

With these lemmas in hand, the desired theorem is an easy corollary, proved
almost exactly as Theorem [5.9] was.

Theorem 6.5. WKL is conservative over RCA, for I} sentences (and hence
for TIY sentences as well).

To prove this, assume RCAq doesn’t prove some I1} sentence ¢ = VX0(X);
so it proves 3X—-0(X). Take a model for RCAy + 3X—-0(X). Use the lemmas
to extend it to an w-supermodel which still contains this X and models WKL(T ,
and this gives the result.

Corollary 6.6. WKLSr is conservative over PRA for 119 sentences.

Proof. Clearly WKLEJ1r is stronger than PRA. Now, if 1 is a IIJ sentence provable
in WKLS‘ , then by Theorem 1) is provable in RCA  and thus in the stronger
WKILj. Since 9 is provable in WKL, then by Theorem [5.9] it is provable in
PRA, as desired. O

This completes the extension of II9 conservativity to WKLS‘ . It is interesting
to observe that the “bottleneck” in the power of the different systems appears to be
not between RCA( and stronger systems like WKLy and WKL, which permit
at least I} conservativity (and hence conservativity for all arithmetic sentences,
and more), but rather between RCAy and PRA, which cuts us down to a very
limited selection of arithmetic sentences. This gives some indication of just how
limiting Hilbert’s finitism is.

The last thing we note is that WKL{ is strong enough to prove some powerful
theorems of functional analysis, such as the open mapping theorem and the closed
graph theorem for separable Banach spaces. This makes the fact that this system is
finitistically reducible particularly surprising and interesting from the perspective
of the foundations of mathematics.
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