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Abstract

In this paper, I will begin by introducing two games to help illuminate
the ideas of stopping processes and their e↵ect on expected pay along with
the idea of a fair game. I will then introduce a more rigorous measure-
theoretic treatment of these topics focusing on martingales and stopping
times as methods of understanding fair games. I will finish this paper
by providing proofs of the Optional Stopping Theorem which will help
explain when it is impossible to beat a fair game.
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1 Two Stopping Games

The place I will begin is with a game to help introduce the idea of an optimal
stopping process. Imagine you have a fair six sided die. If you ever roll a 6 you
get 0 dollars and the game ends. Otherwise, you can either roll again or you
can choose to end the game. The game ends when you either choose to end it
or when you get a 6. If the last roll is not a 6, you get k dollars where k is your
last roll. Then, the question is, what strategy should be employed to maximize
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the expected pay? In simpler words, for what rolls should you stop the game,
and for what rolls should you roll again?

In this problem, we want to find the optimal stopping strategy to maximize
our expected pay. In order to solve this, it will be helpful to introduce three
functions. Let f(k) equal the pay of each roll if you stopped after that roll. For
example, f(3) = 3 and f(6) = 0. Let v(k) equal the expected pay if a player
plays optimally. Then we know that v(6) = 0 and v(5) = 5. Finally, let u(k)
for k  5 be the expected pay if one rolls again, and then proceeds to play
optimally.

To solve this problem, it is useful to note, that for this problem, u(k) is the
same for all k. More precisely, we get

u(k) = 1
6v(1) +

1
6v(2) +

1
6v(3) +

1
6v(4) +

1
6v(5) +

1
6v(6)

It should also be clear that v(k) = max{f(k), u(k)}. This is because the
optimal strategy should be whatever yields a higher pay between not rolling
again or rolling again and then playing optimally. This implies that for all k,
v(k) � f(k). Then,

u(k) � 1
6f(1) + ...+ 1

6f(6) =
1
6 (1 + 2 + 3 + 4 + 5) = 2.5

Then u(1) > f(1) so v(1) = u(1), and similarly, v(2) = u(2).
If we assume that under the optimal strategy, you would continue on a 4,

then the game would only end on a 5 or a 6. Then, if you roll a 4 first, you are
equally likely to reach a 5 or a 6 first. Therefore, your expected earning will be
1
25 +

1
26 = 2.5. Since 2.5 < 4 we can conclude that the optimal strategy would

be to not continue on a 4.
Finally, we will find v(3). We know that v(3) equals u(3) or f(3). If we

assume that v(3) = u(3), then we get that the game ends only when a 4, 5, or
6 or rolled. Then, the expected pay would be 1

34 + 1
35 + 1

30 = 3. If, instead
v(3) 6= u(3), then v(3) = f(3) = 3. Then we can conclude that v(3) = 3.

This game of dice is an example of an optimal stopping process where we are
trying to maximize our expected pay. We have shown that di↵erent strategies
can give us di↵erent expected pay, and thus, if we want to optimize our pay, the
strategy we choose to determine when to stop is critical. However, this is not
always the case.

My second game is on the surface less interesting than the first, but it will
help lead the way for some of the harder mathematics explored in this paper.
In the second game you are given a fair coin. You start with $0. Each time a
heads is rolled you gain a dollar, and each time a tails is rolled you lose a dollar.
You are allowed a maximum of 10 rolls, but can stop the game at any point
before that.

It turns out, and it will be proven later in this paper, that in this game there
is no strategy that gives you an expected pay not equal to $0.
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The second game is an example of a fair game. A fair game is a game in
which the expected pay does not change from round to round. In the second
game, you are equally likely to gain an amount of money as you are to lose that
same amount of money. Then, we can say the expected profit from round to
round is $0. In our fair game of example 2, any stopping process will give the
same expected pay. The remainder of this paper will answer for what categories
of fair games is it the case that every stopping strategy yields the same expected
pay. In other words, this paper will answer whether you can beat a fair game,
and if so under what conditions can it be done.

2 Formalizing a Fair Game

To better understand fair games and expected pay, it is now important to
provide some intuition along with more precise mathematical definitions to some
concepts in probability. We should generally think of a random variable which
we can call X as a value obtained through a random process. For example,
if I roll a fair die, I can create a random variable that represents the value
of the die. Then, we can think of the expected value of our random variable
denoted E(X) to be the average of all possible values. In the case of rolling a
die, E(X) = (1 + 2 + 3 + 4 + 5 + 6)/2 = 3.5.

These definitions can be helpful when trying to intuit certain processes.
However, to solve some problems, precision will often be necessary for these
definitions, and as such, we will give a more rigorous definition of random vari-
ables and expected value by understanding probability from a measure-theoretic
perspective. Then we can understand a probability space as (⌦,⌃, P ) where ⌦
is a set called the sample space, ⌃ is a �-algebra on ⌦ and P is the probability
measure satisfying P (⌦) = 1. Then, if we have an event E ⇢ ⌦, we may think
of the measure of E as the probability of E occurring.

We can think of a random variable as an event in a probability space that
can be assigned a numerical value. For example, if I roll a collection of dice to
find the sum of the values I roll, the event in my probability space is the rolling
of the dice, and the random variable can be the sum of the dice I roll. Then the
expected value of a random variable would be the sum of all possible values that
the random variable can take on multiplied by the probability of the random
variable equaling that value. Thinking of an integral as a method of summing
all possible random variables, this leads us to the first two precise definition.

Definition 2.1. A random variable is a measurable function X : ⌦ ! R.

Definition 2.2. The expected value of a random variable X, written E(X) is
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E(X) =

Z

⌦
X(!)dP (!)

We say that a random variable X is integrable if E(|X|) < 1

We will be using a lot of conditional expectation. However, the precise
definition is not necessary for this paper. For this reason, I will only provide
the general intuition for what it means. Then, given A is a sub-�-algebra of
⌃, we can read E(X|A) as the conditional expectation of X given A, and we
understand that to mean the expected value of X given all the information
contained in A has occurred.

Definition 2.3. A filtration F is defined by F = {Fn}1n=1 satisfying

F1 ⇢ F2 ⇢ ... ⇢ ⌃

where, for all n, Fn is a sub-�-algebra of ⌃. We say that {Xn}1n=1 is adapted

to F if Xn is measurable in Fn.

The minimal filtration is the smallest �-algebra where X1, ..., Xn are mea-

surable.

It may be helpful to think of the minimal filtration as the minimal amount
of information needed to know the values of X1, ..., Xn. In other words, if we are
given a filtration F, then we are given su�cient knowledge to know the values
of X1, ..., Xn, but we are not given any additional knowledge.

We are now ready to define a Martingale which will finally formalize the idea
of a fair game.

Definition 2.4. We say that X = {Xn} is a martingale relative to F if

• Xis adapted to F

• E(|Xn|) < 1 for all n

• E(Xn+1|Fn) = Xn

Proposition 2.5. From the definition of martingale, it follows that for all

natural numbers n,

E(Xn) = E(X0)

Using the condition that a martingale satisfies E(Xn+1|Fn) = E(Xn), it is
easy to show inductively that

E(Xn) = E(Xn�1) = ... = E(X0)

The final definitions of this section will be relating to stopping processes.
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Definition 2.6. We say that T : ⌦ ! {1, 2, ...,1} is a stopping time if

{T = n} = {! 2 ⌦|T (!) = n} 2 Fn

We define (T ^ n)(!) by (T ^ n)(!) = min{T (!), n}
We define XT

n = X(T^n)(!) and we call XT = {XT
n } a stopped process.

This matches how we think of a stopping process. If we have a random
process, X = {Xn}, and a stopping time T , then XT

n = Xn for all n  T .
Therefore, our stopped process XT is una↵ected for all XT

n 2 XT where n  T
because we haven’t yet stopped the process. However, for all n > T , XT

n = XT .
In other words, once we stop the process, our random variables stop changing.

Proposition 2.7. If {Xn} is a martingale relative to a filtration F, then X(T^n)(!)

is also a martingale relative to F. It also follows that E(XT^n) = E(X0) for all
natural numbers n.

This can be shown by looking at all n  T , and then looking at all n > T .
For all n  T , XT^n = Xn, so for all n  T , our stopped process behaves like
a martingale relative to our filtration F. Likewise, for all n > T , Xn = Xn�1

so E(Xn|Fn) = E(Xn�1), and thus, for all n > T our stopped process also
behaves like a martingale. Then, by proposition 2.5, we can conclude that
E(XT^n) = E(X0) for all natural numbers n.

Finally, while not critical it is helpful to use the term almost surely true to
refer to anything that is true with a probability of 1. This is helpful because
throughout this paper and when dealing with stopping processes in general,
there are many examples of stopping times that are almost surely finite.

3 Martingale Betting Strategy

I will now introduce the martingale betting strategy. In this game we are
given random variables X1, X2, ... where, for all i, P{Xi = 1} = 1

2 and P{Xi =
�1} = 1

2 . We can think of Xi as the outcome from rolling a two-sided coin.
There are two outcomes, each with equal probability. Then we let Wn represent
our money after n flips setting W0 = 0. Without loss of generality, we can
assume that we lose money when a tails is rolled and win money when a heads
is rolled. Our strategy is to bet $1 on the first roll. On each subsequent roll, we
double our bet. We stop the process once we roll a head.

If the first n flips are tails, then Wn = �(1 + 2 + ... + 2n�1) = �(2n � 1)
where the negative value indicates that we have lost money. Then Wn+1 can
only take on the values of Wn+1 = �(2n � 1)� 2n = �(2n+1 � 1) and Wn = 1
each with probability of 1

2 . Then
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E(Wn+1|Fn) = �(2n � 1) · P{Wn+1 = 2n}+ 1 · P{Wn+1 = 1}

= 2n · 1
2
+ 1 · 1

2
+ 1 · 1

2
= �2n�1 + 1

From this, we can conclude that E(Wn+1|Fn) = Wn, and therefore {Wn} is
a martingale. However, we will certainly eventually roll heads for some n, and
when this happens E(Wn) = 1, and thus we have made a dollar of profit.

What should be clear from this is that the statement that you cannot beat
a fair game is not always true. However, I will now start showing when this
statement does hold. When we can’t beat a fair game using a stopping process
T , then we can say that given the stopped process T , E(XT ) = E(X0), and the
remainder of the paper will focus on the optional stopping theorem which o↵ers
insight regarding what conditions guarantee that E(XT ) = E(X0).

4 Optional Stopping Theorem for Uniform In-
tegrability

I will now introduce a lemma that will help clarify when E(XT ) = E(X0).
This will be done by finding a di↵erent expression that is equivalent to E(XT ).

Lemma 4.1. Given a random process {XT } and a stopping time T with T ^n =
min{T, n},

E(XT ) = E(XT^n) + E(XT I{T > n})� E(XnI{T > n})

Proof. In order to solve this, we need to look at two cases. If T  n, then
XT^n = XT , and I{T > n} = 0.
Then XT = XT^n +XT I{T > n}�XnI{T > n}.

If instead, T > n, then XT^n +XT I{T > n}�XnI{T > n} = Xn +XT �
Xn = XT .
Either way, we get

XT = XT^n +XT I{T > n}�XnI{T > n}

Then, E(XT ) = E(XT^n +XT I{T > n} �XnI{T > n}). From definition 2.2
we get
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E(XT ) =

Z

⌦
XT dP (!)

=

Z

⌦
(XT^n +XT I{T > n}�XnI{T > n})dP (!)

=

Z

⌦
XT^ndP (!) +

Z

⌦
XT I{T > n}dP (!)�

Z

⌦
XnI{T > n}dP (!)

= E(XT^n) + E(XT I{T > n})� E(XnI{T > n})

Proposition 4.2. E(XT^n) = E(X0) for all natural numbers n.

First note that for all natural numbers n, T^n is a natural number regardless
of the stopping time T . Then, by Proposition 2.5, E(XT^n) = E(X0).

Then, it follows from Lemma 4.1 and Proposition 4.2 that E(XT ) = E(X0)
if and only if

E(XT I{T > n})� E(XnI{T > n}) = 0

Then when T is almost surely finite and E(|XT |) < 1, it can be shown
that E(XT I{T > n}) ! 0. However, in many cases, it tends to be much more
di�cult to show that E(XnI{T > n}) = 0. For this reason, while Lemma
4.1 can be helpful, during the remainder of the paper, we will search for more
e↵ective methods to determine for a martingale X and stopping time T , when
E(XT ) = E(X0).

Definition 4.3. Given a sequence of random variables X1, X2, ..., we say that

our sequence is uniformly integrable if for every " > 0 there exists some K such

that for every n

E(|Xn|I{|X| > K}) < ".

We can think of this to mean that either there are very few |X| large enough
such that |X| > K or that for any |X| large enough such that |X| > k, the
expected value of |Xn| is small enough that we can bound it by ".

In order to prove the Optional Stopping Theorem for Uniformly Integrable
Martingales, we first need to understand an indicator function. Given an event
A, we define IA to equal 1 if A occurs and 0 if A doesn’t occur.

Theorem 4.4. (Optional Stopping Theorem for Uniformly Integrable Martin-
gales). If X1, X2, ... is a uniformly integrable Martingale with respect to Fn,

T is a stopping time which is almsot surely finite, and E(|XT |) < 1, then

E(XT ) = E(X0).
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Proof. First, we will show that if X1, ..., Xn are uniformly integrable, then, for
every " > 0, there is some � > 0 such that if P (A) < � then E(|Xn|IA) < ". Let
" > 0. Then "

2 > 0 so by uniform integrability, there exists some K such that
E(|Xn|I{|Xn| > K} < "

2 for all n. Let � = "
2K Then also note that

E(|Xn|—|Xn|  K) =

Z

|Xn|K
|Xn|IAdP 

Z

⌦
KIAdP = KP (A)

Thus, if P (A) < � then

E(|Xn|IA) =
Z

⌦
|Xn|IAdP


Z

|Xn|K
|Xn|IAdP +

Z

|Xn|>k
|Xn|dP

= E(|Xn|IA—|Xn|  K) + E(|Xn|—|Xn| > K)

< KP (A) +
"

2
< "

Then, if X1, ..., Xn is a uniformly integrable martingale, and T is almost
surely finite,

lim
n!1

P{T > n} = 0

Then

lim
n!1

E(|Xn|I{T > n}) = 0.

Then, since T is almost surely finite, we know that as n ! 1,
E(XT I{T > n}) ! 0. So, applying Lemma 4.1, we can conclude that

E(XT ) = E(XT^n) = E(X0).

5 Optional Stopping Theorem Part 2

We have already seen that given an almost surely finite stopping time and
a uniformly integrable martingale that E(XT ) = E(X0). We have also already
seen that using the Martingale Betting Strategy, one can beat a fair game.
However, in that game, there was no upper bound to how much was being bet.

In a real-world betting game, there is a set amount of money in the world,
and you can’t bet over that amount. There is also a finite amount of time in
which a person can play a betting game. In the final section of my paper, I will
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provide a proof of the Optional Stopping Theorem that essentially states that
you can’t beat a real-world betting game.

Checking if a sequence of random variables is uniformly integrable is not
always intuitive. For this reason, I will provide a second version of the optional
stopping theorem, where I o↵er conditions that all resemble a real-world game.
Namely, our three conditions are that either our stopping time is bounded,
or if it isn’t bounded then it is almost surely finite and our expected pay is
bounded, and if neither of those are true, then the amount we are able to bet
is bounded. Since all three of these conditions closely resemble conditions of
a real-world game, the Optional Stopping Theorem is often more useful when
stated with these three conditions rather than when stated with the condition
of uniform integrability. Thus, the second part of the proof of the optional
stopping theorem states that any game that resembles a real-world bet cannot
be beaten.

Theorem 5.1. (Optional Stopping Theorem Part 2). Let (⌦,⌃, P ) be a prob-

ability space and let F be a filtration on ⌦ such that X = {Xn} is a martingale

with respect to F. Let T be a stopping time. Then let at least one of the following

three conditions hold.

• There is some positive integer N satisfying T (!) < N for all ! 2 ⌦

• There is some positive real number k such that |Xn(!)| < k for all n,! 2 ⌦
and the stopping time T is almost surely finite.

• E(T ) < 1 and there exists some positive real number K such that |Xn(!)�
Xn�1(!)| < K for all n,! 2 ⌦.

Then XT is integrable and E(XT ) = E(X0).

Proof. In all 3 cases T is almost surely finite. Then we know that T^n converges
pointwise to n almost surely. Then, as we have shown in Proposition 4.2, XT^n

is integrable for all n and E(XT^n) = E(X0).
In the first case where T is bounded by some N , we know that for all n � N ,

T ^ n(!) = T (!). Then, for all n � N XT^n = XT . Therefore, E(XT ) =
E(XT^n) = E(X0)

In the second case |XT^n(!)| < k. Similarly, in the third case

XT^n(!) = X0(!) +

T^n(!)X

m=1

Xm(!)�Xm�1(!) for all ! 2 ⌦

This is true because the series on the left hand of the inequality telescopes nicely.
Then, by the triangle inequality we get

|XT^n(!)|  |X0(!)|+KT (!)| since Xm �Xm�1 < K
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Then since E(T ) < 1, we get

E(KT ) =

Z

⌦
KT (!)dP (!) = K

Z

⌦
T (!)dP (!) = KE(T ) < 1

Therefore E(KT ) is integrable. Likewise, X0 is integrable since E(X0) ex-
ists.

Then in both case 2 and case 3, XT^n is bounded by an integrable function.
Therefore, by the dominated convergence theorem, we get

lim
n!1

Z

⌦
XT^n(!dP (!) =

Z

!
XT (!)dP (!)

Therefore lim
n!1

E(XT^n) = E(XT ). Therefore E(XT ) = E(X0).
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