ELEMENTARY MORSE HOMOLOGY

CHRISTOPHER CEBRA

ABSTRACT. This paper establishes a foundation for computing the Morse ho-
mology of a manifold by means of CW-complexes, and covers the elementary
examples of S™ and T?2.
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1. INTRODUCTION: ANALYTICAL TOOLS

Differential topology is the study of the topological properties of smooth man-
ifolds. This paper focuses on Morse theory, a branch within differential topology
in which we use tools developed in calculus and analysis, such as the gradient of a
function and the second derivative test, to better understand these manifolds.

Here, we develop the key definitions concerning functions on these manifolds.

Definition 1.1. Let X and Y be smooth manifolds. A map f: X — Y is called a
diffeomorphism if f carries X homeomorphically onto Y and if both f and f~!
are smooth functions.

Definition 1.2. Let U C R*¥ and V C R! be open sets. A map f: U — V is called

smooth if all of the partial derivatives % exist and are continuous.
21 n

Definition 1.3. Let M be a manifold and let p be a point in M. A smooth path
through p in M is a smooth map v : U — M where U C R is a connected subset
of R containing 0, and v(0) = p.

Definition 1.4. The tangent space of M at p is the set T, M of equivalence
classes of smooth paths v : U — M through p, given by the equivalence relation

Y1~ ifand only if  41(0) = ~5(0)

for some choice of local coordinates in M. This equivalence class turns out to be
independent of the choice of local coordinates around p. These equivalence classes
form a vector space whose dimension coincides with that of M. The elements of
Tp,M are called tangent vectors at p.
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Definition 1.5. Let f: M — N be a smooth map between manifolds M and N.
The differential of f at p is the induced linear map

dfp : TyM — Ty, N

Ofs
Buj

given by the Jacobian matrix ( (p)) _in local coordinates {u;} in M.
ij

Definition 1.6. Let M be a manifold and let f : M — R be a smooth map. A
point p € M is called a critical point of f if df, = 0. Moreover, such a point p is
called non-degenerate if the Hessian matrix in local coordinates

0% f
H =
ij
is non-singular. This definition turns out to be independent of the choice of local
coordinates. Furthermore, the point f(p) € R is called a critical value of f.

Definition 1.7. Every ¢ € M which is not a critical point of f is called a regular
point of f and similarly, every f(¢q) € R which is not a critical value of f is called
a regular value of f.

The Inverse Function Theorem shows that regularity can be used to fully char-
acterize the behavior of a function.

Theorem 1.8. (Inverse Function Theorem) Let f : M — N be a smooth map
of n-dimensional manifolds M and N and let x € M be a point of M. Then, if
the differential df, : R™ — R™ is non-singular, f maps any sufficiently small open
neighbourhood U C M of x diffeomorphically onto another open set, f(U) C N.

Definition 1.9. Let M be a manifold. A smooth, real-valued function f on M is
Morse if all of its critical points are non-degenerate.

Definition 1.10. Let M be an n-dimensional manifold and let f : M — R be
a smooth map. The index of a non-degenerate critical point p is the maximum
dimension of a subspace of R™ on which the bilinear form associated to the Hessian
H(f)p is negative definite.

One way of visualizing the index of a critical point can be seen in terms of vector
fields. We can create an example of a critical point in R™ at the origin with index
n with the polynomial function —2% — -+ — 22 + 22 | +---22,.

For the index to be useful in analysis of the critical points of a function, we need
to ensure that there exist only a small number of critical points on any manifold.

This statement follows from:

Proposition 1.11. (Sard’s Lemma): Let f : M — N be a smooth map of mani-
folds. Then, the set of critical values of f has Lebesgue measure 0.

The statement that critical values have Lebesgue measure 0 is mathematically
equivalent to that the set of regular values is everywhere dense in manifold N.
Therefore, the critical values are isolated.

Proof. Let Z be the set of critical values of f. Let ¢ > 0 and let U C M be a closed
rectangle with sides of length [, computed using the euclidean metric on a choice of
local coordinates. Divide U into smaller rectangles, each with sides of length 1/pu.
We will have a total of u™ smaller rectangles, and we can always choose u to be
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large enough such that, if we select one such rectangle R C U and a point z € R,
then, for all y € R we have

ldfe(y —2) = f(y) — f(2)| <elz—y| <evn(l/p)

Lemma 1.12. Let R € R™ be an open rectangle, and let f : R — R™ be a continu-
ously differentiable function. If there is a Q € R such that |Djf(i) (x)| < Q for all
x € R, then |f(z) — f(y)| < n?Q |z —y| for all x,y € R.

The proof of this lemma follows from the mean value theorem, as well as the
assumptions. Using this lemma, we have that

[f(2) = F(Y)l < Qlz —yl.

If we then consider some critical point z € Z, then the image of D f(z) must be
contained inside a hyperplane H. Then, for some constant C,

d(f(x), H) < |f(x) = (f(z) + Df(2)(x = 2)| < z|w — 2

for all x by Taylor’s Theorem.

Because we now have that, for all 2 at least ¢ away from z, f(z) is Ce? away
from H and Qe away from f(z). Therefore, f(z) is always inside a parallelipiped
with a volume of (2Ce?)(2Q¢e)" 1.

We can make this volume arbitrarily small by dividing the manifold into smaller
and smaller rectangles. This is because, for each rectangle that contains a critical
point, we can carry out the same process. However, the distance |z — z| decreases
each time we divide the surface, meaning that we can arbitrarily decrease the
volume. Because these rectangles cover our manifold, it follows that the set of
critical values has measure 0. O

Theorem 1.13. (Implicit Function Theorem) Let f : M — R be a smooth function,
and let (xo,21,...,2Tn) be a point in manifold M such that f(xg,x1,...,2,) =71. If
%(wo, X1y-.-,%n) # 0, there is a neighborhood of (xg,x1,. .., %y) such that, if some

point (Yo, Y1, -, Yn—1) 18 close to (xo,T1,...,Tn—1), then f(Yo,Y1,.--,Yn) =T i
true for unique y, .

2. CELL COMPLEXES AND HoMoOLOGY GROUPS

One canonical method of constructing manifolds is recursive, with a construction
based on "handles”. Essentially, we start with some portion of the final manifold,
with dimension n. Attaching a "handle” of some other dimension to the original
manifold, we can construct a more complicated manifold.

Example 2.1. We can construct T2 via a handle attaching procedure considering
the following four steps:
e First, for some sphere S2? and height function h, we include a set of points
{x € S*| h(z) < a}

That is, all points in a sphere with height less than one value. This is
homotopically equivalent to a 0-cell (which will be defined later).

e The second step is attaching a "handle” to the top of our structure from
step 1. This is homotopically equivalent to attaching a 1-cell.
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<

FIGURE 1. Step 1.

<

FIGURE 2. Step 2.

e The third step attaches a second handle to our existing structure, again
homotopically equivalent to attaching a 1-cell.

FIGURE 3. Step 3.

e The fourth and last step is similar to the first one, except the points added
are
{z € S% | h(z) > b}.
This is homotopically equivalent to a 2-cell, and closes the hole in the top
of the torus.

To approach this rigorously, we begin with a discussion of distinct homology
theories in order to arrive to Morse homology. Our approach here will be to use
Morse functions to construct CW complexes on our manifold.

The singular homology groups of a topological space X are abelian groups
with elements called homology classes. To construct homology groups, we use
n-chains, which are formal sums ) n,0, of characteristic maps o : A, — X
from closed m-simplices to X. One central feature of chain complexes is that the
boundary of their boundary is empty, a fact that can be found by first defining a
boundary homomorphism

6”(0(1) = Z(_l)iaa|[v0,...,ﬁi7...,v7l]
i
Lemma 2.2. The composition of boundary homomorphisms from a k-complex to
a k — 2-complez is 0.
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Proof. We have
On(0a) = Z(_I)ZUQ|['UO,~~~;1;i7~~~;'Un]

Thus,
0n0n—1(0) :Z(—l)Z(_l) T fwoseesy ooy soeeon] T
i<i
Z(_l)i( 1)J_10|[v0 O yee sV sy Un]
j>i
Switching ¢ and j terms, these terms cancel out, meaning their sum is 0. ]

Then our chain complex is of the form:

On On, 1) 1 [
i Cpl SO B0 S 0 2 0.

We call elements of the group Ker(d,) cycles, and elements of Im(d,+1) bound-
aries. The nth singular homology group is the quotient group

H,(X) =Ker(d,)/Im(dy41)-
In the case when X is a simplicial complex, this homology theory can be reduced to
the simpler simplicial homology, where our n-chains simply become n-simplices
within X. Another type of homology is cellular homology, where the n-chains
in our complex are given by n-cells, defined as follows:

Definition 2.3. A k-cell e is defined as
er = {z e RF : ||z| < 1}.
The boundary of a k-cell, ey, = {x € R¥ : ||z|| = 1} is a (k — 1)-sphere S*~1.
For a CW-complex X, we have X*, the k-skeleton, is the CW-complex formed
by the cells of dimension at most k. Using relative pairs (X*, X*~1) and their

associated long exact sequence, which we will not discuss in this paper, we obtain
an induced complex

s o (X, X7 2 g (xr, X O (XL X2

where H, (X", X" 1) is the free abelian groups of n-cells of X, since once X* is
retracted in X**+1, only the (k + 1)-cells remain. The differential maps in cellular
homology are as follows:

dn (e) = Y deg (x27) en_s
5

where %7 is a characteristic map y2? : 9e¢ — X"~! — 9ef and the last map is
given by collapsing X"~ 1\ e to a point.

Example 2.4. The cellular homology groups for the n-sphere S™ are

Ho(S™) = {Z 1fk—('),n.

0 otherwise
We can find this because an n-sphere can be formed with an n-cell and a 0-cell. The
boundary maps in cellular homology go between i-cells and (i — 1)-cells. For n > 2,
this means that the boundary maps should all be trivial, because the n-sphere has
no (n — 1)-cells as components. For n = 1, the boundary map sends the 1-cell to
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the same 0-cell in different orientations, and thus vanishes. Hence, §; = 0. In either
case, 0, = 0 for all n, and
H,(S")=Z/0=Z.

While singular, simplical, and cell homology each are constructed slightly differ-
ently, all three are isomorphic to one another. The fact that an isomorphism exists
between the homology groups in simplical homology and in singular homology is
proven in Hatcher, p. 128-130. The existence of an isomorphism between groups
in singular homology and cell homology, the latter being of our interest, is proven
in Hatcher, p. 139-140.

Morse homology takes a slightly different approach towards developing cell com-
plexes. Constructing a complicated manifold using Morse homology is more akin to
the example of constructing the torus from the beginning of this section, starting
with a O-cell and then adding handles to that cell. We will show later that Morse
homology and cell homology are isomorphic.

Definition 2.5. Let M be a manifold, let f be a function, and let p be a critical
point of that function. The descending manifold is the set

D(p) = {m € M | Integral lines of V[ take m to p}
and the ascending manifold is the set

A(p) = {m € M | Integral lines of — V f take m to p}

A requisite condition for analysis of the Morse chain complex is that our function
f and metric g are Morse-Smale. We say that (f,g) is Morse-Smale if, for two
critical points p and ¢, A(q) and D(p) intersect transversely (i.e. they are not
tangent to one another).

To compute the Morse chain complex, we consider flow lines between critical
points in the manifold. Given some orientation for our manifold, these flow lines
should have either a positive or a negative sign, with #M (p,q) denoting the net
number of flow lines between the two critical points. We then define C; to be
the free Abelian group of all critical points of index ¢ and the boundary §;(p) =

> gec,_, #M(p,q)q.
Lemma 2.6. The composition § o6 = 0.

Proof. Let p, q be critical points, with p having index 7 and ¢ having index i — 2.
Then

(Bod)p= > #Mpr#Mr,qqa=# |J MprzM(r,qq.
reC,_1 reC;_1
This is equivalent to #0M(p, q)q, but, since M(p,q) has no signed boundary
points as a complete 1-manifold, this coefficient is 0. (]

To show that Morse homology and cell homology are isomorphic, we consider
a critical point p of index m in our manifold, and consider a handle attached to
that critical point as an m-cell in cell homology. The two correspond because the
boundary maps contain the same points, with the boundary map in Morse homology
including the oriented flow lines between this p and the critical points of index n—1.
The boundary map in cell homology, which is:

d () = deg (x3%) el
B
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holds since each (n — 1)-cell € _ is equivalent to our critical points of index n — 1.

3. EXAMPLE: MORSE HOMOLOGY OF S™

The sphere is essentially the simplest example of a manifold with which to com-
pute Morse homology. The equation for a sphere in n dimensions is:

S"™ = {(xg,..,xn) ER"™ |22 + ... 422 =1}
. We define the projection, which is a Morse function
f:8" =R
(Toy .- Tpn) = Xo.

To find the critical points, we compute the gradient of our function and for this, we
use a local approximation of the sphere function at different heights of the sphere:

o \/1—(95%—1—...4—1‘”)2 if xzg >0
0 —/1—= (22 +... +2,)2 if zy <0

Then the gradient becomes

—T1

Vi-z?—.—a22
V-4 :

2 2
V1-—zi—...—x2

and the zeroes of the gradient function are equal to the critical points of S™. The
gradient vanishes at all points in the set:

{(wo,x1,...,2y) €S" |21 =22 = ... =3, = 0}

so the critical points are (+1,0,...0) € S™. To compute the Hessian, consider

’f 0 i
Ox;0x;  Ox, VA —]

fori,j =1,2,...,n, which evaluates to
1 ( T;T;
— 0y + ! )
\/1_35%_..._%% Yl -2
Evaluating this expression at our two critical points, (£1,0,...,0), we obtain

Hfapo,..0=-1d
Hf 10,0 =1

thus obtaining that our critical points are of indices n and 0. This means that,
computing the homology of our chain complex, we obtain:

7Z ifi=0,n

0 otherwise

H;(5") = {
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4. EXAMPLE: MORSE HOMOLOGY OF T2

For the parametrically-defined torus, we define a projection function in a similar
way to the circle. Here, our Morse function is given by

f:T? >R
(z,y) — sin(27z) + sin(27y).

Computing the gradient and Hessian of this function requires only direct com-
putation, with the gradient being

v (27rcos(27rm))

27 cos(2my)
This gives four critical points within (0,1) x (0,1) C T2, which are

(0)- (o) (1) (63

Taking the derivatives, the Hessian becomes

H(f) = 4n° ( Sinézm) _ Sin(zzwy)>

and thus we obtain

-1 0
472 for (z,y) = (3.3) =p
0 -1
-1 0
47? 01 for (z,y) = (3,2):=s
472 for (z,y) = (3,1) =7
0 -1
1 0 0
42 0 1) for (z,y) = (i, i) =gq

and therefore p is of index 2, r, s are of index 1 and ¢ is of index 0. Note that
the indexes of these critical points corroborate our earlier construction of the torus
by first attaching the 0-cell, then two one-cells in succession, and then a 2-cell.

There are two flow lines of the gradient vector field between point ¢ and the
points r and s, pointing in opposite directions. Since the chain complex is the
oriented sum of flow lines, we have that do = 0. Similarly, the flow lines between p
and the points r and s should also point in opposite directions, so J; = 0.

and computing the homology of our chain complex we obtain:

Z ifi=0,2
H(T?)={Z&Z ifi=1
0 otherwise
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