OSAKI REDUCTION OF FINITE 7,-SPACES

ELLE BOWER

ABSTRACT. This paper presents the methods of open and closed Osaki reduc-
tion, processes that decrease the number of points of a given finite topological
To space without changing its homotopy groups. The paper also introduces
the topic of finite spaces, as well as the intuition and limitations of Osaki
reduction.

CONTENTS

Introduction

Methods of Osaki Reduction
Further Intuition
Limitations

Significance

Bibliography

B AN ol o S
U

1. INTRODUCTION

In the reduction of finite spaces, it’s often valuable to preserve certain informa-
tion. In the case of Osaki reduction, the information preserved is the homotopy
groups of the space. Generally speaking, homotopy groups give information about
the basic shape of a topological space. Reducing a space to its core also preserves
homotopy groups. In order to understand cores fully, we’ll begin first with the
concept of a deformation retract.

Definition 1.1. Let Y be a subspace of a space X, with inclusion denoted by
1:Y — X. We say that Y is a deformation retract of X if thereismapr: X — Y
such that r o 7 is the identity map of Y and there is a homotopy h : X x I — X
from the identity map of X to ¢ o r such that h(y,t) =y forally € Y and t € I.

Informally, a deformation retract continuously shrinks a space into a subspace
of the original.

For the entirety of the paper, by "finite space” we shall mean finite Ty space,
which is where for every distinct pair of points, there exists an open set containing
one but not the other. Thus, finite Ty spaces are equivalent to finite partially
ordered sets [1].

Therefore, homotopy type classifications on a poset are outlined as follows.

Definition 1.2. Let F' be a finite space.
(a) x € F is upbeat if there is a y > = such that z > = implies z > y.
(b) € F is downbeat if there is a y < x such that z < x implies z < y.
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Now, finally:

Definition 1.3. A core of a finite space X is a subspace X, that has neither upbeat
nor downbeat points and that is a deformation retract of X.

Theorem 1.4. Any finite space X has a core.

After reducing a space X to its core, X, Osaki’s method of reduction allows
for even further simplification; the process reduces the number of points in a core
while still maintaining the homotopy groups of the space.

2. METHODS OF OSAKI REDUCTION

Osaki presents two methods that allow one to find the quotient of a space so
that the quotient map is a weak homotopy equivalence. [3]

Definition 2.1. The map f: X — Y is a weak homotopy equivalence if for every
choice of basepoint x € X and every n > 0, the induced map f : 7, (X, z) —
(Y, f(2)) is an isomorphism (of sets if n = 0, of groups if n = 1, and of abelian
groups if n > 2) [1].

While every homotopy equivalence is a weak homotopy equivalence, the converse
is not always true in the case of finite spaces. The following theorem concerning
the identification of weak homotopy equivalences will be stated below and later
incorporated in the proof of Osaki reduction.

Definition 2.2. A basis for a topology on a set X is a set Z of subsets of X such
that:

(i) For each z € X, there is at least one B € % such that z € B.

(ii) If z € B’ N B where B’, B” € % then there is at least one B € % such that
x € B C B'N B”. The topology % generated by the basis & is the set of subsets
U such that, for every point « € U, there is a B € % such that x € B C U.
Equivalently, a set U is in % if and only if it is a union of sets in %.

Theorem 2.3. Let X and Y be topological spaces and let f: X — Y be a contin-
wous map. Suppose that there exists an open cover % of Y so that % is a basis of
Y and each restriction f: f~Y(U) — U is a weak homotopy equivalence for every
Uew. Then f: X =Y is a weak homotopy equivalence.

For the next definition, conceptually speaking, a quotient space is the result of
“gluing” together different points of the topological space based on an equivalence
relation.

Definition 2.4. Suppose X is a space and A is a subspace of X. One can identify
all points in A to a single equivalence class and leave points outside of A equivalent
only to themselves. The resulting quotient space is denoted X/A. For example,
[0,1]/{0,1} is homeomorphic to the circle S*.

One last relevant definition follows.

Definition 2.5. Let X be a finite topological space. For each z € X, let U, be the
intersection of all open sets of X containing x, and let C, be the closure of X. By
definition, the order on X is defined such that:

(@) y<zifyel,

b)y>zify € C,.
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Theorem 2.6. Let X be a finite topological space. Let x € X be a point such that
the intersection of U, and Uy is either empty or homotopically trivial for ally € X.
Then the identification p : X — X /U, is a weak homotopy equivalence. The process
of making X /U, from X is called open reduction and described by or(x).

Proof. Lety € X. It U,NU, = @, p~*(Uypy) = (Uy). In the other case, p~*(U,,) =
Uy UUy. In order to apply Theorem 2.2 above to the minimal basis of X/U,, we
only have to prove that if U, N U, is homotopically trivial, then so is U, U U,. If
U, NU, is homotopically trivial, since U, and U, are contractible, we obtain from
the Mayer-Vietris sequence for reduced homology that I «(Uy UU,) = 0 for every
n > 0 and from the Theorem of van Kampen that U, UU,, is simply connected. By
Hurewicz’s Theorem, it is homotopically trivial. Therefore, the theorem applies,
and p is a weak homotopy equivalence. ([l

Theorem 2.7. Let X be a finite topological space. Let x € X be a point such that
the intersection of Cy, and C,, is either empty or homotopically trivial for ally € X.
Then the identification p : X — X/C,, is a weak homotopy equivalence. The process
of making z/C,, from X is called closed reduction and is described by cr(x).

3. FURTHER INTUITION

Another useful way to think about Osaki Reduction involves the concept of a
cofibration.

Definition 3.1. A map ¢ : A — X is a cofibration if it satisfies the homotopy
extension property. This means that if hoig = f o in the diagram

A— AxT

! o\
/ o
X — s XxI

then there there exists i that makes the diagram commute.

Theorem 3.2. If A — X is a cofibration and A is contractible, then the map
X — X/A is a homotopy equivalence.

An additional fact is that there is an equivalence in homotopy groups between
finite topological spaces and their associated finite simplicial complexes. Specifi-
cally, for J£(X), the finite simplicial complex with vertices the points of X and
simplices the totally ordered finite subsets of X, £ (X) — X is a weak homotopy
equivalence [1].

In this light, # (A) is a subcomplex of £ (X). The inclusion of a subcomplex
in a CW-complex is a cofibration.

Now if A — X is an inclusion of T;y Alexandroff spaces, spaces where the set % is
closed under arbitrary intersections and not just finite ones, then ¢ (A) — J#(X)
is an inclusion of simplicial complexes and therefore also a cofibration.

Of course £ (X) in this context refers to the geometric realization |# (X)| where
the geometric realization is, simply put, a functor that takes simplicial sets to
topological spaces.
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We can obtain an induced map of the inclusion: ¢ : #(X)/# (A) — A (X/A).

Therefore, if J# (A) is contractible, then ¢ (X) — 2 (X)/ % (A) is a homotopy
equivalence. Since U, and C, are both contractible, this gives intuition about why
Osaki reduction should hold [1].

4. LIMITATIONS

Barmak [3] refutes Osaki’s claim that by a sequence of open and closed reduc-
tions, each finite space can be reduced to the smallest space with the same homotopy
groups, citing the following example as evidence.

aie be ase

I

As shown, f: X — Y preserves the order, and as such is continuous.

The sets U, form a cover of Y that is a basis. f~!(U,) is contractible and so the
map f: f~1(U,) — U, is a weak homotopy equivalence for each y € Y. Therefore,
spaces X and Y have isomorphic homotopy groups.

However, by closer inspection it is clear that Osaki’s reduction methods cannot
be applied to the space X.

5. SIGNIFICANCE

Because of the relationship between finite topological spaces and their associated
finite simplicial complexes, finite spaces are particularly interesting and can be used
interchangably with finite simplicial complexes in the study of homotopy theory.

Within the field of finite spaces, Osaki reduction is notable because it suggests
that there are other analogous reductions. Furthermore, a complete understanding
of such reductions might solve the open problem of enumerating weak homotopy
types of finite spaces or, equivalently, finite simplicial complexes.

6. BIBLIOGRAPHY

[1] May, J.P.,(1999), A Concise Course in Algebraic Topology, University of
Chicago Press.

[2] J. P. May. Finite Spaces and Larger Contexts. University of Chicago Press.

[3] Barmak, Jonathan A. Algebraic Topology of Finite Topological Spaces and
Applications. SpringerLink, 2019, link.springer.com/book/10.1007/978-3-642-22003-
6.

[4] McCord, M.C., (1966), Singular homology groups and homotopy groups of
finite topological spaces, Duke Math. J., 33: 465-474.

[5] Stong, R.E., (1966), Finite topological spaces. Trans. of Amer. Math. Soc.,
123: 325-340.



