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Abstract. Although already proven, the Rogers–Ramanujan Identities re-
main nearly impenetrable today. This is due, in part, to the lack of what

Richard Stanley refers to as a “direct bijection whose inverse is easy to de-

scribe.” This paper sets out to move the literature on the first of these identi-
ties towards such a bijection by using two methods. First, the paper establishes

simple “intermediate bijections” that rephrase one side of the identity. Sec-

ond, the paper attempts to create a novel approach in which the partitions are
separated into classes that may be mapped onto each other.
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1. Introduction

In 1894, English mathematician Leonard James Rogers introduced a pair of
peculiar identities related to basic hypergeometric series. In the early 1910s, the
mathematical wunderkind Srinivasa Ramanujan rediscovered these identities. And
in 1919, Rogers and Ramanujan joined together to author an analytic proof.

The Rogers–Ramanujan Identities fall under the subset of number theory that
deals with the partitions of an integer. A partition of an integer is a non-decreasing
sequence of natural numbers that sum to the given integer. For example, there are
five partitions of 4: (1, 1, 1, 1), (1, 1, 2), (1, 3), (2, 2), (4).

Each partition is made up of constituent parts. For example, (1, 1, 2) is a
partition of 4 with 3 parts: 1, 1, and 2. We often represent partitions with a set
of dots known as Ferrers Diagrams. For example, the Ferrers Diagram for (1, 1, 2)
would be:
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When dealing with the partitions of integers, Ferrers diagrams can prove to be
indispensable tools of visualization. Indeed, transformations that would otherwise
be difficult to compute may be rendered trivial through diagrammatic manipula-
tions. For example, conjugation is an automorphism of the set of partitions of
an integer easiest understood through visual representations like Ferrers diagrams.
The conjugate of a partition is a reflection across the diagonal y = x. To understand
this, take the example of (1, 1, 2):

We see that the conjugate of (1, 1, 2) is (1, 3).

2. Why Finding a Simple Bijection is Difficult

The analytic proofs of the first Rogers–Ramanujan Identity that exist rely upon
the Jacobi Triple Product, a complicated operation relating a particular infinite
sum to a particular infinite product. Examples of such proofs can be found starting
on page 55 in [1] and in [2], the latter of which is an REU paper from 2007. The
Jacobi Triple Product states that for complex numbers x and y, with |x| < 1 and
y 6= 0:

∞∏
m=1

(1 + x2m−1/y2)(1 + x2m−1y2)(1− x2m) =

∞∑
n=−∞

xn
2

y2n.

Unfortunately, the bijective proofs that exist also tend to rely upon the Jacobi
Triple Product due to the use of the Garsia–Milne Involution Principle. The Garsia–
Milne Involution Principle takes two involutions on the same set satisfying certain
requirements and uses them to construct a bijection between the fixed point sets
of the two involutions. In 1980, A. Garsia and S. Milne developed their involution
principle specifically to produce bijective proofs of the Rogers–Ramanujan Identities
[3]. Unfortunately, the bijections they produced are quite complex, with their proof
for the first Rogers–Ramanujan Identity comprising the majority of their 51 page
paper on the topic [4]. The bijective proofs that have been produced since all
rely upon the Garsi–Milne Involution Principle with one of the two involutions
being some variation of the Jacobi Triple Product. For example, D. Bressoud and
D. Zeilberger [5] use the Garsia–Milne Involution Principle and the Jacobi Triple
Product to produce a bijection that is considerably shorter than Garsia and Milne’s
bijection.

The difficulty of proving the Rogers–Ramanujan Identities without invoking the
Jacobi Triple Product was highlighted by Zeilberger at the 1985 Colloque de Combi-
natoire Énumérative–U.Q.A.M who questioned whether such a task is possible. In
1987, George E. Andrews [6] published proofs of the Rogers–Ramanujan Identities
in a paper titled “The Rogers–Ramanujan Identities Without Jacobi’s Triple Prod-
uct.” Andrews argued that such a proof would be a major step towards producing
a bijective proof that does not rely upon the Garsia–Milne Involution Principle.
Unfortunately, Andrews acknowledges that although he did not technically use the
Jacobi Triple Product, he did use a Lemma that is a generalization of the Jacobi
Triple Product.
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Instead of focusing on constructing a bijection modeled after complex analytic
proofs, this paper aims to pave the way for a bijection by establishing some easy-
to-understand reconfigurations of the first Rogers–Ramanujan Identity.

3. Reformulating the Identity

In this section, I introduce the identity and reformulate it.

Definition 3.1. The number of partitions of n where each of the parts differ by
at least x is Dx(n). We define Dx(0) = 1.

Example 3.2. I provide here clarifying examples for Definition 3.1. For n = 8,
there are three partitions satisfying the requirement that each of the parts differ
by at least 3. As a result, D3(8) = 3. The three partitions are (8), (1,7), (2,6). We
see that (3,5) is not included as the difference between 3 and 5 is 2, which is less
than 3. Pictorially:

Definition 3.3. The number of partitions of n into exactly k parts where each of
the parts differ by at least x is Dx,k(n).

Example 3.4. I provide here a clarifying example for Definition 3.3. Recall that
there are three partitions of 8 such that the difference between each of the parts is
at least 3. Of these three partitions, only two have exactly 2 parts: (1,7), (2,6). As
a result, D3,2(8) = 2. Pictorially:

Definition 3.5. The kth triangular number is Tk. We define T0 = 1.

Remark 3.6. Triangular numbers are numbers that can be arranged into equilateral
triangles. Pictorially, the first six triangular numbers are shown at the top of the
next page.
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Figure 1. The first six triangular numbers, taken from the
Wikipedia page on the topic.

Theorem 3.7. The infinite sum:
∞∑
k=0

Dx−1,k+1(n− Tk)

is equal to the number of partitions of n where each of the parts differ by at least x,
Dx(n).

Proof. I prove this theorem by creating a simple bijection. Take a partition of n
that satisfies the right side. Assume that this partition has k + 1 parts. As each
of the parts differ by at least x, we can subtract one from the second part, two
from the third part, three from the fourth part, ..., k from the k + 1th part. Since

Tk =
∑k

d=0 d, we are left with a unique partition satisfying the requirements of
Dx−1,k+1(n− Tk). This mapping is clearly injective.

Beginning with a partition that satisfies the requirements of the left side and
adding to each of the parts in a similar fashion demonstrates the surjectivity of the
mapping. �

Example 3.8. I provide here an elucidatory example for Theorem 3.7. Take the
partitions of 16 with differences of at least 3, D3(16). For example, (1, 5, 10).
Following the procedure outlined in the proof of Theorem 3.7, we subtract one
from 5 and two from 10. We are left with (1, 4, 8), a partition of 16− 3 = 13 with
differences of at least 2:

Similarly, if we began with (6, 10), we would be left with (6, 9). If we began
with (2, 5, 9), we would be left with (2, 4, 7).

The following theorem is the First Rogers–Ramanujan Identity.

Theorem 3.9. The number of partitions of n where each of the parts differ by at
least 2, D2(n), is equal to the number of partitions of n where each of the parts is
congruent to 1 or 4 (mod 5).
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Corollary 3.10. The left side of the First Rogers–Ramanujan Identity, D2(n),
equals the infinite sum:

∑∞
k=0D1,k+1(n− Tk).

Proof. This is a simple application of Theorem 3.7. This is an important step in the
direction of a bijective proof of the First Rogers–Ramanujan Identity as the number
of distinct partitions of n of length k, D1,k(n), is better studied than partitions with
difference of 2. In fact, Theorem 3.12 is derived by applying an existing theorem
on distinct partitions to Corollary 3.10. �

Definition 3.11. The number of partitions of n such that the greatest part is at
most x is Mx(n). We define Mx(0) = 1.

Theorem 3.12. The left side of the First Rogers–Ramanujan Identity, D2(n),
equals the infinite sum:

∑∞
k=0Mk+1(n− (k + 1)2).

Proof. We begin with Corollary 3.10 and conjugate every partition on the right
side. When we conjugate a distinct partition of n of length k+1, we get a partition
of n with at least one 1, one 2, ... , one k+1. Additionally, because the partitions in
Corollary 3.10 are of length k+1, the greatest part in our conjugated partition will
be equal to k+1. To get partitions of the form defined in Definition 3.9, we subtract
one 1, one 2, ..., one k+ 1. In other words, we subtract (1 + 2 + ...+k+ 1) = Tk + 1
from each (n− Tk), giving us Mk+1(n− (k + 1)2). �

Example 3.13. I provide here an elucidatory example for the proof of Theorem
3.12.

We begin with a partition of 16 satisfying the left side of the Rogers–Ramanujan
identity. For example, we might begin with (1, 4, 11). We apply the logic in
Corollary 3.10 and are left with (1, 3, 9), a partition of 13. We conjugate this
partition and are left with (1, 1, 1, 1, 1, 1, 2, 2, 3), a partition of 13 with at least
one of each 1, 2, and 3. When we subtract out one 1, one 2, and one 3, we are left
with (1, 1, 1, 1, 1, 2), a partition of 16− 32 = 7, as expected.

If we begin with (1, 3, 5, 7), we apply the logic in Corollary 3.10 and are left
with (1, 2, 3, 4). Conjugating, we get (1, 2, 3, 4), as this partition is self-conjugate.
Finally, we subtract one 1, one 2, one 3, and one 4 and we are left with the empty
partition. We defined the number of partitions of zero to equal 1 in definition 3.1
so this is considered a valid partition.

Remark 3.14. Theorem 3.12 suggests that there is a relationship between the right
side of the First Rogers–Ramanujan Identity and square numbers. This relationship
may be tied to the fact that every square number is congruent to 1 or 4 (mod 5), or
the number being squared is a multiple of 5, in which case the square is congruent
to 0 (mod 5).

4. A Cool Conjecture

While trying to find a simple bijective proof of the first Rogers–Ramanujan
Identity, I attempted to separate each side into sets of partitions that I hoped would
map to each other. Through this line of reasoning, I stumbled upon a conjecture
that appears to be true up to at least n = 20. I present this conjecture without
proof.

Definition 4.1. We say that a given partition, π, is zeroth order if π satisfies the
requirements of both sides of the first Rogers–Ramanujan Identity (see Theorem
3.9).
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Clearly, for a given n, there are an equal number of zeroth order partitions on
either side of the first Rogers–Ramanujan Identity. For n = 20, the zeroth order
partitions are (1,4,6,9), (9,11), (6,14), (4,16), (1,19).

To discover my conjecture, I began with the hope that a simple bijection would
have these as fixed points. I further hoped that the bijection would map partitions
that are “nearby” to these zeroth-order partitions to partitions that are “nearby”
to these zeroth-order partitions.

Before I explain what I mean by “nearby,” it is crucial that the rationale behind
this hypothesis is abundantly clear. Consider perhaps the simplest bijection possi-
ble: the identity mapping. The identity mapping does not distort the domain space
at all. Alternatively, consider some bijection with dozens of steps. Under such a
complex bijection, seemingly similar elements in the domain could potentially map
to very dissimilar elements in the codomain. Under this rationale, if a simple bi-
jection between the two sides of the first Rogers–Ramanujan Identity exists, there
must exist a definition of “closeness” that divides the two sides of the identity into
similarly-sized sets.

Pictorially, the hope is that there exists a definition of proximity such that there
is a bijection proving the first Rogers–Ramanujan Identity that is approximated by
the following diagram:

The goal is then to give some idea of proximity. Definition 4.2 defines proximity
on the left side of the first Rogers–Ramanujan Identity. Definition 4.4 defines
proximity on the right side of the first Rogers–Ramanujan Identity.

Definition 4.2. We say that a given partition is first order on the left side of the
first Rogers–Ramanujan Identity if it is possible to transfer either one or two (or
zero) dots from one part to another and be left with a zeroth order partition. If two
dots are transferred, the dots must both come from the same part. Additionally,
both dots must end at the same part.

As Definition 4.2 allows for the transfer of zero dots, all zeroth order partitions
are also first order. This is done as otherwise some zeroth order partitions would
be first order whereas other zeroth order partitions would not be first order.

Example 4.3. To clarify Definition 4.2, we return to the case of n = 20. The first
order partitions on the left are:1 (1,3,6,10), (1,3,7,9), (1,4,6,9), (2,4,6,8), (1,3,16),
(1,4,15), (1,5,14), (1,6,13), (1,8,11), (2,4,14), (2,6,12), (2,7,11), (4,6,10), (4,7,9),
(1,19), (2,18), (3,17), (4,16), (5,15), (6,14), (7,13), (8,12), (9,11), and (20).

1The zeroth order partitions are bolded.
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(1,3,6,10) is first order because one dot can be transferred from 10 to 3 to get
(1,4,6,9).

(7,13) is first order because two dots can be transferred from 13 to 7 to get
(9,11).

(2,6,12) is first order because two dots can be transferred from 2 to 12 to get
(6,14)

(1,3,5,11) is not first order because although two dots can be transferred away
from 11, distributing one to 3 and one to 5 is not allowed under Definition 4.2
as both dots must be given to the same part. As a result, (1,3,5,11) is not near
(1,4,6,9).

Definition 4.4. We say that a given partition is first order on the right side of the
first Rogers–Ramanujan Identity if it is possible to obtain a zeroth order partition
by combining some number of 1s together, creating a new part or adding onto an
already existing part. Additionally, 1s may not be distributed to different parts.

As Definition 4.4 allows for the transfer of zero one’s, all zeroth order partitions
are also first order.

Example 4.5. To clarify Definition 4.4, we return to the case of n = 20. For
brevity’s sake, I abstain from writing the 1s from each partition, except for the case
of zeroth order partitions. The first order partitions on the right are: (4), (4,4),
(4,6), (4,4,6), (4,6,6), (1,4,6,9), (4,9), (4,11), (4,14), (4,16), (4,4,9), (6), (6,6),
(6,9), (6,11), (6,14), (9), (9,9), (9,11), (11), (14), (16), (1,19), and ()

(4,4) is first order because 12 1s can be combined and added to either of the 4s
to get (4,16).

(14) is first order because 6 1s can be combined to create a new part, resulting
in (6,14).

(4,6,6) is first order because 3 1s can be combined and added to either of the 6s
to get (1,4,6,9). Note that the 1 was already present as I abstained from writing
the 1s in (4,6,6). If I had included the 1s, (4,6,6) would instead be written as
(1,1,1,1,4,6,6).

(4,4,4) is not first order because although 7 of the 8 invisible 1s could be dis-
tributed between two of the 4s to give us (1,4,6,9), doing so would violate the
stipulation in Definition 4.4 that 1s may not be distributed to different parts.

Conjecture 4.6. For a given integer, n, the number of first order partitions on
the left side equals the number of first order partitions on the right side.

I have verified conjecture 4.6 up to and including n = 20. For example, for
n = 20, 24 of the 31 partitions satisfying the first Rogers–Ramanujan Identity are
first order. For n = 15, 12 of the 14 partitions are first order. For n = 6, all 3 are
first order. Unfortunately, a proof of Conjecture 4.6 eludes me at this time.
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