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Abstract. In this paper, we present proofs of Smith theory and the Conner

conjecture, two statements which relate the nonequivariant cohomology of a
G-space with that of the fixed point or orbit spaces, respectively. To do this,
we construct Bredon cohomology, the analogue of ordinary cohomology for

equivariant spaces. We follow the general structure of [9], filling in proofs
omitted there.
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1. Introduction

Broadly stated, one of the major goals of algebraic topology is to measure the
set [X,Y ] of continuous maps between topological spaces X,Y up to homotopy.
In equivariant algebraic topology, we take X,Y to be G-spaces – spaces where
a compact Lie group G acts by continuous maps – and study the set [X,Y ]G of
continuous equivariant maps up to homotopies through equivariant maps.

Now that equivariant maps are front-and-center, we should make a remark about
them, which, although informal, will be central to our work in the following section:

Remark 1.1. Equivariant phenomena treat orbits similarly to the way their ordinary
counterparts treat points.

There is nothing particularly topological about this observation, and it works
even on the level of G-sets. If we want to specify an ordinary function between sets
X and Y , then we must determine where each individual point in X is sent. If, on
the other hand, X and Y are G-sets, then to specify an equivariant map from X to
Y we need only dictate the value of the map on a single representative of each orbit.

In section 2, we define G-CW complexes and Bredon cohomology. The definition
of G-CW complexes, it turns out, naturally provides another example of our remark.
In the definition of Bredon cohomology, we take the remark quite seriously. We
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replace the standard dimension axiom – which we think about as defining the
behavior of ordinary cohomology on a point – with one that defines the behavior of
Bredon cohomology on the full subcategory of G-spaces consisting of orbits G/H.
We call the functor that specifies this information a coefficient system.

Once we have established some tools of equivariant algebraic topology, we will be
able to offer a very clean proof of Smith theory:

Theorem 3.1 (P.A. Smith, 1939). Let G be a p-group, and X be a finite G-CW
complex that is a mod p cohomology n-sphere. Then, XG is either empty or a
cohomology m-sphere, for some m ≤ n. If p odd, then we have that n−m is even,
and if further n is even, XG is non-empty.

In the third section, we use Bredon cohomology to immediately obtain relations
between the Betti numbers of X and XG, from which the statements of Smith
theory follow.

In the next section, we turn our attention to the Conner conjecture:

Theorem 4.1 (Conner conjecture). Let G be a compact Lie group, and let X have
the homotopy type of a finite dimensional G-CW complex with finitely many orbit
types. Then,

H̃∗(X;A) = 0 =⇒ H̃∗(X/G;A) = 0

If G is a finite group, we use the relations of Betti numbers obtained in the proof
of Smith Theory to prove the result. With a little work, the finite case extends to
the case G = T, and from there to the case where G is a finite extension of a torus.
From here, we show that the proof of the theorem for general compact Lie groups
reduces to the following statement:

Theorem 6.6 (Oliver Transfer). Let π : X/H → X/K be the projection map induced
by the map on orbits G/H → G/K. This induces a map on cohomology:

H̃∗(X/K;A)
π∗−→ H̃∗(X/H;A)

There is a transfer map τ : H̃∗(X/H;A) → H̃∗(X/K;A) (known as the Oliver
transfer) such that τ ◦ π∗ is multiplication by χ(K/H)

This theorem was proved by Oliver in 1976, using the methods of sheaf cohomology.
The proof we present in the final two sections instead follows that of Lewis, May,
and McClure in 1981. In section 5, we define a special extension of a coefficient
system called a Mackey functor, and show that any constant coefficient system
extends to a Mackey functor. In section 6, we sketch the proof given in [6] that
Bredon cohomology whose coefficient system extends to a Mackey functor itself
extends to a theory graded on the real representation ring RO(G). With this, we
construct the Oliver transfer.

Before we begin properly, we shall establish certain prerequisites, and clarify some
bits of notation. We assume familiarity with basic nonequivariant algebraic topology,
and with the representation theory of finite and compact groups. Throughout, G
is a compact Lie group. Often, we restrict interest to finite G. The circle thought
of as the Lie group U(1) is always denoted T (for coherence with the use of Tn
to denote an n-torus), while the circle thought of as a space is denoted S1. The
category of G-spaces and equivariant maps is G-Top, and for the respective based
category G-Top∗, we require the basepoint to be fixed by the action of G. Given an
action ρ : G→ Aut(X), we will everywhere identify g ∈ G with the corresponding
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automorphism ρ(g) ∈ Aut(X). The orbit category (with objects the transitive G-
spaces, thought of as a full subcategory of G-Top) is denoted OG, and its homotopy
category is hOG. If X ∈ G-Set, x ∈ X, then Gx is the stabiliser of x, xG is the
orbit of x, and XG denotes the fixed point set.

2. G-CW complexes and Bredon Cohomology

The first thing we want to do is to define a notion of a CW complex. These
serve many of the same purposes served by CW complexes nonequivariantly. First,
they provide cellular chains, so that we can, in principle at least, do computations.
Secondly, we have Whitehead and cellular approximation theorems, so that the
homotopy category of G-CW complexes is equivalent to the weak homotopy category
of G-spaces. Thus, it suffices to define Bredon cohomology on G-CW complexes.
We arrive at our first definition of G-CW complexes by restricting to finite G and
writing down the first thing that makes sense:

Definition 2.1. Let G be a finite group. A G-CW complex is a CW complex X
equipped with an action of G such that the following axioms are satisfied:

• G acts by cellular maps.
• Every point in the interior of a cell has the same stabilizer.

Essentially, all we are requiring is that the action of G be compatible with the
cellular structure of X, in a very intuitive way. Note the following consequence of
the definition:

Proposition 2.2. Let D be an n-cell in a G-CW complex X, and g ∈ G. Exactly
one of the following holds:

• g fixes every point of D
• There is a distinct n-cell D′ in X so that g restricts to a homeomorphism
D ∼= D′.

Proof. The second condition implies that if H is a subgroup of G, then XH is
a subcomplex of X. Since G acts cellularly, the image g(D) must be in the n-
skeleton of X, and since g−1 is a continuous inverse of g, there cannot be any lower
dimensional cells in the interior of g(D). Thus, g(D) must be an n-cell, with g
providing a homeomorphism. If further g(D) = D, Brouwer’s fixed point theorem
then implies that g has a fixed point in D. Since X〈g〉 is a subcomplex of X, if g
fixes a single point of D, then it must fix all of D. �

Corollary 2.3. If X is a G-CW complex, the G-action induces an action on the
set of n-cells of X.

Corollary 2.4. If X is a G-CW complex, each n-cell belongs to a unique orbit of
n-cells.

So, if we have a G-CW complex, we automatically think of cells as coming in
predetermined orbits. This inspires us to rebuild our definition of G-CW complexes
in such a way that will let us generalize to arbitrary groups:
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Definition 2.5. Let G be a group. A G-CW complex X is defined inductively by
the following:

• X0 is a disjoint union of orbits G/H.
• Xn+1 is formed from Xn by choosing a collection of maps φHi : G/H×Sn →
Xn and forming the pushout:

∐
i,H

(G/H × Sn)

∐
i,H

φHi

//

� _

��

Xn

��∐
i,H

(
G/H ×Dn+1

)
// Xn+1

• X := lim
−→

Xn

Thus, we are building the G-action directly into the structure of the G-CW
complex.

Warning 2.6. When G is finite, G/H ×Dn is homeomorphic to a disjoint union
of copies of Dn. In general, this is not the case. For instance, G may be a Lie
group, and G/H may be a manifold with nonzero dimension, so that G/H ×Dn

has topological dimension greater than n. Nevertheless, when we speak of an n-cell
of X, we always refer to G/H ×Dn, whatever the topology of this space may be.

We have seen that, restricted to finite groups, our original definition is equivalent
to the new definition. To see that they are not equivalent for infinite G, consider
the following illustrative example:

Example 2.7. Let G = T be the circle group, with its natural topology, and let
X be T with the product action. There is no CW structure on T such that each
product map is cellular, since if there were at least one point would be a 0-cell –
but then by cellularity all points must be 0-cells, which is impossible. But T is very
clearly a T-CW complex, with one 0-cell T× ∗.

So clearly the second definition is the way to go. This definition also highlights
the observation we made at the beginning: in the construction of a G-CW complex,
orbits play the same role that discrete points do nonequivariantly. Likewise, any
notion of cellular chains, using our definition of cells, must treat orbits and points
on equal footing.

We make quick note of the following theorems about G-CW complexes, as we
will rely on them implicitly – the proofs are in [9].

Theorem 2.8 (Whitehead). Let v be a map from (conjugacy classes of) subgroups
of G to Z≥−1, and f : X → Y , where X,Y are G-CW complexes. If for all H ≤ G,
πif

H : πiX
H → πiY

H is an isomorphism for i ≤ v(H) (here, v(H) = −1 means
π0f is not an isomorphism), and each cell of XH , Y H has dimension less than v(H)
(here, ∅ has dimension −1), then f is a G-homotopy equivalence. In particular, if
f is a weak equivalence of G-CW complexes (so that π∗f : π∗X

H → π∗Y
H is an

isomorphism for all H ≤ G), f has a homotopy inverse.
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Theorem 2.9 (Cellular Approximation). Let X,Y be G-CW complexes, and f :
X → Y be a G-map. Then, f is homotopic to a cellular map. If g, h : X → Y are
homotopic cellular maps, they are cellularly homotopic.

Theorem 2.10 (G-CW Approximation). For any G-space X, there is a G-CW
complex ΓX and a weak equivalence ΓX → X.

Before we define Bredon cohomology, we need to decide what exactly our coeffi-
cients are. Essentially, we want to have a theory that satisfies the Eilenberg-Steenrod
axioms, but where the nonequivariant dimension axiom fixes the cohomology of a
point, the equivariant dimension axiom takes Remark 1.1 seriously and defines the
cohomology of all orbits. We have motivated the following definition:

Definition 2.11. A coefficient system is a contravariant functor C : hOG → Ab

We should, perhaps, say a few words about the category of coefficient systems.
This is a standard functor category, where natural transformations provide the
morphisms. It is additionally an abelian category, where kernels, cokernels, and
biproducts are defined orbitwise.

Without further ado, we shall define Bredon cohomology. We give the axioms for
the reduced theory, which determines the unreduced theory in the usual way:

Theorem 2.12. Let G be a topological group, and C be a coefficient system. There
exist (unique) functors

H̃n
G(−;C) : hG-Topop

∗ → Ab

(where n ∈ Z) satisfying the following:

• (Additivity) The inclusions Xi ↪→
∨
iXi induce an isomorphism:

H̃n
G(
∨
i

Xi;C) ∼=
∏
i

H̃n
G(Xi;C)

• (Suspension) There exists a suspension isomorphism H̃n
G(X;C) ∼= H̃n+1

G (ΣX;C)

• (Cofiber Exactness) If X
f−→ Y ↪→ Cf is a cofiber sequence, then the

sequence

H̃n
G(Cf ;C)→ H̃n

G(Y ;C)
f∗−→ H̃n

G(X;C)

is exact.
• (Weak Equivalence) Hn

G sends weak equivalences to isomorphisms.
• (Dimension) If G/H is an orbit, then:

Hn
G(G/H+;C) =

{
0 n 6= 0

C(G/H) n = 0

We shall not prove uniqueness here, but we shall construct cellular Bredon
cohomology, and compute one simple example.
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Definition 2.13. Let X be a G-CW complex, C be a coefficient system. Define a
chain complex in the category of coefficient systems as follows:

Cn(X)(G/H) = Hn((Xn)H , (Xn−1)H ;Z)

The connecting homomorphism associated to the triple ((Xn)H , (Xn−1)H , (Xn−2)H)
provides a map d : Cn(X) → Cn−1(X). We define a cochain complex of abelian
groups as

CnG = homCoeff(Cn(X), C)

The homology of this complex is the Bredon cohomology.

Example 2.14. Consider C2 ySn, where the generator g acts by the antipodal
map, and let M be a coefficient system – we shall specialize to a few specific systems
of interest later on.

We give Sn a G-CW structure (using Definition 2.1) with two cells in each
dimension up to n; where g acts by switching the cells. We then have the following
chain complex:

Ck(Sn)(G/H) =

{
Z2 k ≤ n and G/H = G

0 else

where G acts by permuting coordinates of Z2. Since Ck(Sn)(∗) = 0, with k ≤ n we
have:

CkG(Sn) = homCoeff(Ck(Sn),M) ∼= homG(Z2,M(C2))

and the group M(∗) is irrelevant. If M(C2) = 0, then H∗G(X;M) = 0. In the
following section, we will see that this computes the cohomology of the fixed point
space – which is, of course, empty in this case.

Now, let M(C2) = Z. Then, since Z is a trivial G-module, we know that the
generators of Z2 are sent to the same element of M(C2), so then:

CkG(Sn) =

{
Z k ≤ n
0 else

To compute the codifferential, note that if φ1 is the attaching map for one k-cell
(which we may assume has degree 1), the other attaching map must satisfy φ2 = gφ1

– and so has degree (−1)k+1. Then, we compute:

δk : CkG → Ck+1
G = (x 7→ (1 + (−1)k+1)x)

and obtain the following cohomology groups:

Hk
G(Sn;M) =


Z k = 0 or k = n if n odd

0 k odd or k > n

C2 k even and k ≤ n

This is recognizable as the integral cohomology of RPn = Sn/C2. Had we used
M(C2) = F2 instead, all the codifferentials would vanish and we would compute the
cohomology of RPn in F2 coefficients.

We chose quite possibly the simplest nontrivial example: C2 is simple, abelian,
and acts freely on Sn. This is by design: in general, Bredon cohomology is quite
difficult to compute, and often is simply impossible.
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3. Smith Theory

Now that we have constructed Bredon cohomology, we would like to present an
application to a theorem about nonequivariant cohomology. We have the following
theorem:

Theorem 3.1 (P.A. Smith, 1939). Let G be a p-group, and X be a finite G-CW
complex that is a mod p cohomology n-sphere. Then, XG is either empty or a
cohomology m-sphere, for some m ≤ n. If p odd, then we have that n−m is even,
and if further n is even, XG is non-empty.

This result is rather surprising; however, with the machinery of Bredon cohomol-
ogy, the proof is quite easy.

First, we need the following remark:

Remark 3.2. If H /G, XH becomes a natural G/H-space. Further, XG = (XH)G/H .

Since G is a p-group, it is solvable. So if we prove the theorem for G = Cp,
then given an arbitrary p-group G, there is H /G with G/H ∼= Cp. Then XH is
a natural Cp-space, and by induction, is either empty (so XG must be empty) or
a cohomology sphere (satisfying the hypotheses of the theorem). So we need only
consider the case G = Cp.

Proposition 3.3. Let G = Cp. There are coefficient systems A,B,C so that:

H∗G(X,A) ∼= H∗(X,Fp)

H∗G(X,B) ∼= H∗(XG,Fp)

H∗G(X,C) ∼= H̃∗((X+/X
G)/G,Fp)

Proof. We define:

A(G) = Fp[G] A(∗) = Fp
B(G) = 0 B(∗) = Fp
C(G) = Fp C(∗) = 0

To verify the stated equalities, the interested reader need only verify the first four
axioms of Bredon cohomology for the functors on the right, and then simply restrict
these functors to the orbit category to compute A,B,C. �

Remark 3.4. For the remainder of this section, all nonequivariant cohomology is
taken in Fp coefficients.

Lemma 3.5. Let I be the functor sending G to the augmentation ideal of Fp[G],
and ∗ to 0. Then Ip−1 = C, and we have exact sequences:

0→ I → A→ B ⊕ C → 0

0→ C → A→ B ⊕ I → 0

and, for each 1 ≤ n < p− 1,

0→ In+1 → In → C → 0

We omit the verification of exactness, but it is not difficult. The following theorem
is the core of the proof.
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Theorem 3.6. We have the following equations:

•
∑
q

dimHq(XG) ≤
∑
q

dimHq(X)

• χ(X) = χ(XG) + pχ̃((X+/X
G)/G)

Proof. From the first two sequences of Lemma 3.5, we have the following long exact
sequences:

. . . Hq
G(X; I)

α−→ Hq(X)
β−→ Hq(XG)⊕ H̃q((X+/X

G)/G)
γ−→ Hq+1

G (X; I) . . .

. . . H̃q((X+/X
G)/G)

α′−→ Hq(X)
β′−→ Hq(XG)⊕Hq

G(X; I)
γ′−→ H̃q+1((X+/X

G)/G) . . .

We write:

aq = dimHq(X) bq = dimHq(XG) cq = dim H̃q((X+/X
G)/G) iq = dimHq

G(X; I)

From the first sequence, we write:

iq+1 ≥ dim im γ = bq + cq − dim im β = bq + cq − aq + dim im α ≥ bq + cq − aq

=⇒ bq + cq ≤ aq + iq+1

From the second, we identically have:

bq + iq ≤ aq + cq+1

Adding these together, we have:

2bq + cq + iq ≤ 2aq + cq+1 + iq+1

Summing over 0 ≤ q ≤ r − 1, and choosing r larger than the dimension of X (so
that all cohomology at degree r or higher vanishes), we obtain:

2
∑
q

bq ≤ c0 + b0 + 2
∑
q

bq ≤ 2
∑
q

aq

as required.
To obtain the second equality, we quickly prove the following algebraic fact:

Proposition 3.7. Consider the long exact sequence of vector spaces:

· · · → Ck−1 γk−1−→ Ak
αk−→ Bk

βk−→ Ck
γk−→ Ak+1 → . . .

Whenever all three are defined, we have χ(B) = χ(A) + χ(C)

Proof. By the Rank-Nullity Theorem, dimAk = dim im αk + dim kerαk, and simi-
larly for B,C. Using exactness, we write:

χ(B) =
∑
k

(−1)k dim kerβk +
∑
k

(−1)k dim ker γk

χ(C) =
∑
k

(−1)k dim ker γk +
∑
k

(−1)k dim kerαk+1

χ(A) =
∑
k

(−1)k dim kerαk +
∑
k

(−1)k dim kerβk
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By rapid calculation,

χ(B)− χ(C) =
∑
k

(−1)k dim kerβk −
∑
k

(−1)k dim kerαk+1

=
∑
k

(−1)k dim kerβk +
∑
k

(−1)k dim kerαk = χ(A)

as required. �

Returning to the proof of Theorem 3.6, we use either the first or second long
exact sequence to write:

χ(X) = χI(X) + χ(XG) + χ̃((X+/X
G)/G)

Using the third family of sequences in Lemma 3.5, we write:

χIn(X) = χ
In+1(X) + χ̃((X+/X

G)/G)

Summing over 1 ≤ n < p− 1, we have:

χI(X) = χ
Ip−1(X) + (p− 2)χ̃((X+/X

G)/G)

= (p− 1)χ̃((X+/X
G)/G)

Combining these expressions, we obtain:

χ(X) = χ(XG) + pχ̃((X+/X
G)/G)

�

We would like to emphasize that the proof of the previous theorem – in fact, of
all statements in this section – is entirely elementary algebra. As promised, the
proof of Theorem 3.1 is immediate.

Proof of Theorem 3.1. If X is a cohomology sphere, then
∑
q

dimHq(X) = 2. Then,

by the first part of Theorem 3.6,
∑
q

dimHq(XG) can be 0, 1, or 2; by the second

part, we can rule out 1, since the Euler characteristic of a cohomology sphere is

either 0 or 2, and χ(X) ≡ χ(XG) mod p. If
∑
q

dimHq(XG) = 0, then XG is

empty. If
∑
q dimHq(XG) = 2, then XG is another cohomology sphere. If p > 2,

then χ(Sn) ≡ χ(Sm) mod p iff χ(Sn) = χ(Sm), so n −m is even. If further n is
even, then χ(XG) ≡ 2 mod p, and so XG 6= ∅. �

4. The Conner Conjecture

Now, we would like to present a second, more involved application of Bredon
cohomology. We have the following theorem, first conjectured by Conner in 1960
and proved by Oliver in 1976:

Theorem 4.1 (Conner conjecture). Let G be a compact Lie group, and let X have
the homotopy type of a finite dimensional G-CW complex with finitely many orbit
types. Then,

H̃∗(X;A) = 0 =⇒ H̃∗(X/G;A) = 0
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The finite dimensionality of X is absolutely essential. Note that the free G-space
EG is contractible, but an interesting theory of characteristic classes requires its
orbit space BG to have nonzero cohomology.

We first make a remark very similar to Remark 3.2:

Remark 4.2. If H /G, then X/G ∼= (X/H)/(G/H).

Using Smith theory, we will first prove the Conner conjecture when G is a finite
group. If G = T, we will use the finite case to reduce to the case where the action
of G is free away from the basepoint, and apply a localization result. Then, by the
observation, we will have proved the conjecture whenever G can be written as a
finite group extension of a torus.

Lemma 4.3. If G is finite, the statement of the Conner conjecture holds.

Proof. First, we prove this with G a p-group, and A = Fp. First, we assume XG is
nonempty – if it is empty, we work with ΣX instead, since X is acyclic iff ΣX is.
By Theorem 3.6, if X is acyclic, then∑

q

dimHq(XG) ≤
∑
q

dimHq(X) = 1

χ(XG) ≡ χ(X) = 1 mod p

So XG is acyclic. Using the inequality of Betti numbers we constructed in the proof
of Theorem 3.6, we have

cq + iq + 2

r∑
i=q

bi ≤ 2

r∑
i=q

ai

where r is taken large enough that higher degree cohomology is identically zero.
With q > 0, we have

∑r
i=q bi =

∑r
i=q ai = 0, so cq + iq = 0; if q = 0 we have∑r

i=0 bi =
∑r
i=0 ai = 1 so once again c0 + i0 = 0. Thus, (X/XG)/G is acyclic. This

is enough to show that X/G is acyclic as well, since the following cofiber sequence
becomes exact in cohomology:

XG ↪→ X/G→ (X/XG)/G

Now, let G be an arbitrary finite group, still considering A = Fp. Let P be
a p-Sylow subgroup of G. There is a covering map p : X/P → X/G. Using the
transfer map1 τ , we have the following composition:

H̃∗(X/G;A)
p∗−→ H̃∗(X/P ;A)

τ−→ H̃∗(X/G;A)

This composition is multiplication by |G/P |, which is an isomorphism since it is

prime to p. But H̃∗(X/P ;A) = 0 by the above arguments. So H̃∗(X/G;A) = 0.
Next, let A = Q. We have the composition:

H̃∗(X/G;A)
p∗−→ H̃∗(X;A)

τ−→ H̃∗(X/G;A)

This composition is multiplication by |G|, which is an isomorphism, so H̃∗(X/G;A) =
0.

If X is Z-acyclic, by universal coefficients it is F-acyclic for each of the above
fields. By the above arguments X/G is F-acyclic for each field, and so by another

1Either the Oliver Transfer of Theorem 6.6, or the more classical transfer map described in
Chapter 16, Exercise 3 of [8].
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application of universal coefficients is Z-acyclic. Likewise, we use the universal
coefficient theorem to extend to arbitrary coefficients. �

Lemma 4.4. If G = T, the statement of the Conner conjecture holds.

Proof. All proper subgroups of G are cyclic. Thus, by the finite orbit type hypothesis,
there is a large cyclic group C such that C contains all proper stabilizers. Passing
to orbits by C preserves acyclicity by the previous lemma, and X/C is semifree.
Thus, we may assume X is a semifree G-complex. Considering the Cp-subgroup
action on X, we have that XG = XCp , so by Smith theory XG is Fp-acyclic.

To see that XG is Q-acyclic, we cite a version of Smith theory from [4]:

Lemma 4.5. Let X be a semi-free finite dimensional T-CW complex. Then, for
i = 0, 1: ∑

q≡i (mod 2)

dimHq(XG;Q) ≤
∑

q≡i (mod 2)

dimHq(X;Q)

Writing E for the free contractible G-space and B for its quotient (S∞ and CP∞,
respectively), we form the space (E×X)/G, where G acts diagonally on the product.
Consider the projection α : (E ×X)/G→ X/G. If x ∈ X/G is the image of a free
point of X, then α−1(x) ∼= E. If instead x ∈ XG, then α−1(x) ∼= B. By the Vietoris
mapping theorem, we have:

H∗(X/G,XG) ∼= H∗((E ×X)/G, (E ×XG)/G)

To compute the group on the right, consider the following map φ corresponding to
inclusion of fibers:

XG

��

// X

��
(E ×XG)/G

��

φ // (E ×X)/G

��
B B

where the map to B is the other projection map. Since both X,XG are acyclic, we
see that φ induces an isomorphism on the E2 page of the Serre spectral sequence,
and so it induces an isomorphism on cohomology. So then

H∗(X/G,XG) ∼= H∗((E ×X)/G, (E ×XG)/G) = 0,

and H∗(X/G) ∼= H∗(XG).
�

Corollary 4.6. If G is a finite extension of a torus, the statement of the Conner
conjecture holds.

To prove the Conner conjecture for arbitrary compact Lie groups, we would like
to use the results we already have. As it turns out, any compact Lie group contains
a subgroup isomorphic to a torus, whose normalizer is a finite extension of it. We
define:

Definition 4.7. A maximal torus of a Lie group G is a closed subgroup T ≤ G
such that T ∼= Tn and T is not contained in any other such group.
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The following theorem both clarifies the existence of maximal tori, and provides
an equivalent definition that we shall use.

Theorem 4.8. Any compact connected abelian Lie group is isomorphic to Tn.

Proof. See Theorem 3.6 in Chapter 1 of [2]. �

So we can think of a maximal torus as a maximal connected abelian subgroup.

Lemma 4.9. Let G be a compact Lie group, T be a maximal torus in G, and N be
its normalizer. Then the Weyl group N/T is finite, so that N is a finite extension
of a torus.

Proof. Let N0 be the connected component of the origin. There is a continuous map

φ : N → Aut(T ) := (n 7→ (x 7→ nxn−1))

Note that Aut(Tn) is the invertible elements of End(Tn) := hom(Tn,Tn). Since Tn
is both a product and coproduct in the category of locally compact abelian groups,
these are induced and classified by the maps between factors. Since hom(T,T) ∼= Z,
we see that End(Tn) is in bijective correspondence with Mn(Z), where the ijth
entry of a matrix corresponds to the degree of the map from the ith factor to the jth
factor. By multiplicativity of degree, we see that matrix multiplication corresponds
to function composition, so that End(Tn) and Mn(Z) are isomorphic as monoids.
Thus, Aut(Tn) ∼= GLn(Z).

In particular, Aut(Tn) is discrete, so φ(N0) = id. Then, for each homomorphism
α : R→ N0, the internal product α(R)T is a connected abelian Lie group containing
T , and so equal to T . But these generate N0, so N0 = T .

The quotient W = N/N0 is a compact, totally disconnected manifold. Since the
only manifolds that are totally disconnected are 0-manifolds, N/N0 is discrete, and
therefore finite. �

We have found a subgroup of G to which our earlier work applies – so that X/N
must be acyclic if X is. From here, we’d hope to be able to extend this to all of G.
To do this, we need the following theorem of Oliver:

Theorem 6.6 (Oliver Transfer). Let π : X/H → X/K be the projection map induced
by the map on orbits G/H → G/K. This induces a map on cohomology:

H̃∗(X/K;A)
π∗−→ H̃∗(X/H;A)

There is a transfer map τ : H̃∗(X/H;A) → H̃∗(X/K;A) (known as the Oliver
transfer) such that τ ◦ π∗ is multiplication by the Euler characteristic χ(K/H).

Oliver’s original proof of this used Čech cohomology. In the following two sections,
we will present a wholly different proof using stable G-maps. Using this statement,
we need only compute the Euler characteristic of G/N . If G is connected, we have
the following:

Lemma 4.9. Let G be a connected compact Lie group, and T be a maximal torus
in G. Then the Euler characteristic χ(G/NG(T )) = 1

Proof. There is a covering map W → G/T → G/N . Since the action of π1(G/N) on
the fibers is trivial, we may apply the Serre spectral sequence. We use the Künneth
Theorem, and have

E2
p,q = Hp(W ;F2)⊗Hq(G/N ;F2)
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W is discrete, so its homology is concentrated in degree 0, so E2
p,q = 0 if p 6= 0.

Thus, there are no nontrivial differentials, and E2 = E∞, so

Hp(G/T ;F2) = H0(W ;F2)⊗Hp(G/N ;F2)

We have the following formula:2

χ(W )χ(G/N) = χ(G/T )

We know χ(W ) = |W |, we now need to compute χ(G/T ). To do this, we use
the Lefschetz–Hopf Theorem. Let g be an element of T with dense orbit, and let
f = (xT 7→ gxT ). Since T connected, f ' id, so

χ(G/T ) = λ(id) = λ(f) =
∑

xT fixed

I(xT, f)

Since g has dense orbit, xT is fixed iff x ∈ NG(T ), so there are |W | fixed points.
Each fixed point is thus fixed by the entirety of T , so the homotopy f ' id can
be chosen relative to each fixed point. Thus, for a sphere around a fixed point,
x
‖x‖ '

x−f(x)
‖x−f(x)‖ , and so the index at each fixed point is 1. We see that χ(G/T ) = |W |.

We now have

|W |χ(G/N) = |W |
and so χ(G/N) = 1. �

Now, we can prove the Conner conjecture:

Proof of Theorem 4.1. Let G0 be the component of the identity in G; this is a
normal subgroup since conjugation is a continuous map fixing the identity. Let T
be the maximal torus of G0, and N be its normalizer. Then, by Lemma 4.9, N
is a finite extension of a torus. By Corollary 4.6, H∗(X/N ;A) = 0. We have the
composition

H∗(X/G0;A)
π∗−→ H∗(X/N ;A)

τ−→ H∗(X/G0;A)

where τ is the Oliver transfer. By Lemma 4.9, this composition is the identity, so
we have H∗(X/G0;A) = 0. Since G is a finite extension of G0, we likewise have
H∗(X/G;A) = 0. �

5. Stability and Mackey Functors

All that remains is to provide a construction of the Oliver transfer. Our strategy
is to define a categorical notion of Euler characteristic, which will be a stable map of
spheres. We will use this construction to define a stable transfer map, which upon
passage to cohomology becomes the Oliver transfer. This construction will be the
subject of the next section. In this section, we introduce the notion of stability, and
define Mackey functors, which will allow us to interpret stable maps of orbits as
honest maps of cohomology groups. As a reminder, from now on G will always be a
compact Lie group.

Definition 5.1. A G-universe U is a real G-representation with countably in-
finite dimension, such that U ∼=

⊕
i V
∞
i , where Vi ranges over real irreducible

representations of G, and at least one Vi is the trivial representation.

2This result generalizes: Given any fibration over a path connected base space, we have
χ(F )χ(B) = χ(E); see Theorem 9.3.1 in [11].
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Remark 5.2. If G is finite, U = Z[G]∞ is considered the canonical choice of G-
universe.

From here on, representations are always considered to be finite-dimensional
subspaces of some chosen, fixed G-universe. Given such a representation V , we
define SV as the point compactification of V , and ΣVX = X ∧ SV . Note that
if V is an n-dimensional trivial representation, then SV = Sn and ΣV = Σn, so
that we have defined a proper extension of the nonequivariant notion of suspension.
When we consider stable equivariant maps, we want to use this stronger notion of
suspension:

Definition 5.3. Let X,Y in G-Top∗, where X is a finite G-CW complex. Define
the set of stable maps:

{X,Y }G := lim
→

[ΣVX,ΣV Y ]

where V runs through finite-dimensional subrepresentations of U .

Note that {X,Y }G is in fact an abelian group. There is a generalization to the
case where X is an arbitrary G-space, but we will not need it here. The interested
reader can find it in [7] or [9].

Definition 5.4. The Burnside category BG is the category of orbits, with morphisms
being the stable maps between orbits.

Now, we can define Mackey functors. These are a stable equivalent of coefficient
systems.

Definition 5.5. A Mackey functor is a contravariant functor BG → Ab

If G is finite, there is a more algebraic description of these functors, which can
be found in Chapter 19 of [9].

Note that there is a map homG(X,Y )→ {X,Y }G, so by identifying each map of
hOG with its stabilization we see that a Mackey functor induces a coefficient system.
If, for a given coefficient system C, there exists a Mackey functor that induces C, we
say that C extends to a Mackey functor. In this way, we think of Mackey functors
as coefficient systems with additional data.

Theorem 5.6. Consider the constant coefficient system Z, which sends all orbits
to Z and all equivariant maps of orbits to the identity. Then, Z extends to a Mackey
functor Z.

Proof. We have a functor A(G/H) = {G/H+, S
0}G ∼= {S0;S0}H . It is clear that

this is a Mackey functor.
Since each element of {S0, S0}H is a map of spheres, we have a homomorphism

A(G/H)→ Z sending a map to its nonequivariant degree. This is well-defined, since
suspension preserves degree. It is also surjective, as follows: In section 6, we will use
G-manifolds construct an element of {S0, S0}G whose nonequivariant degree is the
Euler characteristic of the manifold. Lemma 4.9 then supplies a map with degree 1.

Let I(G/H) send an orbit to the kernel of this homomorphism, and let each
morphism f be sent to the restriction of the morphism Af . To see that these
restrictions produce well-defined maps between the kernels, simply note that given a
map f : G/K ∧ SV → SV that is nonequivariantly nullhomotopic, any composition

G/H ∧ SV → G/K ∧ SV f−→ SV
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will also be nonequivariantly nullhomotopic.
We may now form the quotient functor A/I. To see that this is an extension of

Z, we first note that A/I sends each orbit to Z. Each map of orbits G/H → G/K is
induced by a conjugate inclusion of subgroups: gHg−1 ⊆ K. These maps also induce
conjugate inclusions of stable maps of spheres. Since the K-map of nonequivariant
degree 1 will still have degree 1 when thought of as a H-map, this inclusion passes
to an identity on quotients. �

Remark 5.7. It is a theorem of Segal that for finite G, {S0;S0}G is isomorphic to the
Burnside ring generated from isomorphism classes of finite G-sets with the operations
of disjoint union and Cartesian product. Tom Dieck extended the definition of
the Burnside ring to compact Lie groups; this extension remains isomorphic to
{S0;S0}G. Although this connection is quite interesting and we use tom Dieck’s
definition implicitly, in the interest of length we have chosen to omit it.

Corollary 5.8. Let A be an abelian group. The constant coefficient system sending
all orbits to A extends to a Mackey functor A.

Proof. Take the Mackey functor Z defined in Theorem 5.6, and tensor everything
in sight by A. �

Proposition 5.9. With the Mackey functor A as above,

Hq
G(X;A) ∼= Hq(X/G;A)

Proof. This is proved exactly as Proposition 3.3. �

6. RO(G)-graded Cohomology and the Oliver Transfer

We’ve defined the notion of a Mackey functor, and shown how the constant
coefficient system extends to a Mackey functor. We now want to use this fact to
construct a transfer map. Our primary tool will be the following:

Definition 6.1. Let C be a coefficient system. Then, we say H∗G(−, C) extends to
an RO(G)-graded theory if there exist functors

HV
G : hG-Top∗ → Ab

(where V is a finite dimensional subspace of U) satisfying the following:

• If V is the n-dimensional trivial representation, HV
G (−, C) agrees with

degree-n Bredon cohomology.
• For each representation V , HV

G satisfies the additivity, weak equivalence,
and cofiber exactness axioms.
• The suspension maps give isomorphisms H̃V

G (X;C) ∼= H̃V⊕W
G (ΣWX;C)

We can completely classify when this extension occurs:

Theorem 6.2 (Lewis–May–McClure, 1981). Let C be a coefficient system, and
H∗G(−, C) be the associated (Z-graded) Bredon cohomology theory. Then, H∗G(−, C)
extends to an RO(G)-graded theory if and only if C extends to a Mackey functor.

We can offer one direction of the proof immediately.
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Proof of Theorem 6.2, first direction. Let C be a coefficient system such thatH∗G(−, C)
extends to an RO(G)-graded theory. Let f ∈ {G/K,G/H}G. Then, there is some
G-representation Vf so that f : SVf ∧G/K → SVf ∧G/H. We have:

H̃0(G/H+, C) ∼= H̃Vf (SVf ∧G/H+, C)
f∗−→ H̃Vf (SVf ∧G/K+, C) ∼= H̃0(G/K+, C)

By the dimension axiom, there is a map C(G/H)
Cf−→ C(G/K), and so C extends

to a Mackey functor. �

To write the other direction of the proof, we would first have to work up a
suitable category of equivariant spectra. This construction is far too involved for
our purposes – an interested reader should look to Chapter 1 of [7] or Chapter 12
of [9]. However, once we are in this category, the proof is fairly clean, so we can
provide a conceptual sketch.

We claim the existence of a symmetric monoidal category GS of creatures called G-
spectra. Each G-spectrum is a collection of spaces EV – graded by subrepresentations
of U – equipped with homeomorphisms EV ∼= ΩWEV⊕W . The homotopy category
hGS is thought of as the stable G-homotopy category; a workable intuition that
this is the category obtained from G-Top by stabilizing spaces so that ΣV is
an equivalence of categories. This category comes equipped with a spectrification
functor Σ∞ : hG-Top→ hGS which sends a G-space to a corresponding G-spectrum,
and sends each map in [X,Y ]G to its stabilization in {X,Y }G.

There is a notion of G-CW spectra, complete with Whitehead and approximation
theorems, as well as a notion of cellular chains. We can think of BG as a full
subcategory of GS, so using Mackey functors exactly as we used coefficient systems
in the construction of Bredon cohomology, we construct an integer-graded cellular
cohomology theory on GS. The proof of Brown representability goes through on
GS, so that the zeroth cohomology functor is represented by a spectrum HM . This
G-spectrum represents an RO(G)-graded cohomology theory on G-Top:

H∗HM (X) = [X,HM∗]

It turns out that this is an extension of H∗G(X;M).
This theorem lets us interpret stable maps in Bredon cohomology, so long as

the coefficient system extends to a Mackey functor. Now, we need to construct the
Oliver transfer. The following abstract duality principle will provide the tools we
need:

Definition 6.3 (Categorical Duality). Let C be a symmetric monoidal category,
with identity object S and product ∧. Let X,Y ∈ C . If there are maps:

η : S → X ∧ Y

ε : Y ∧X → S

such that the composites:

X ∼= S ∧X η∧id−→ X ∧ Y ∧X id∧ε−→ X ∧ S ∼= X

Y ∼= Y ∧ S id∧η−→ Y ∧X ∧ Y ε∧id−→ S ∧ Y ∼= Y

are identities, we say X,Y are dual. For a dualizable object X, we define the Euler
characteristic as the map:

S
η→ X ∧ Y twist−→ Y ∧X ε→ S
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Proposition 6.4.

• If X,Y ∈ Vectk then categorical duality coincides with the standard defini-
tion of duality for finite dimensional vector spaces. The Euler characteristic
map is multiplication by the dimension of X.
• If a compact manifold M embeds in Rq with normal bundle ν, then M+

and Tν satisfy a related notion called q-duality, where the smash product
supplies a symmetric product and Sq is used in place of an identity object,
but all other requirements of duality hold up to homotopy.3 The degree of
the Euler characteristic map is in fact the Euler characteristic.

Proof. We will provide η and ε, but not check the stated dualities. The interested
reader is referred to the section on duality in [7].

• Let X be a finite-dimensional vector space, Y = hom(X, k). ε is the
evaluation map. Given a basis xi of X, we choose the dual basis x∗i of Y .
We define

η :=

(
a 7→ a

∑
i

xi ⊗ x∗i

)
The statement about the Euler characteristic is immediate.
• We have the Pontryagin-Thom map Sq → Tν and the Thom diagonal
Tν →M+ ∧ Tν; their composition provides η.

To construct ε, note that Tν ∧M+ contains a copy of ν ×M embedded
away from infinity. There is a diagonal embedding of M into the zero section
of ν×M . To compute the normal bundle of this embedding, we first identify
the tangent bundle of M ×M with π∗1(τM)⊕ π∗2(τM), pull this back along
the diagonal to obtain τM ⊕ τM . The tangent bundle τM is a subbundle
of τM ⊕ τM , embedded diagonally, so taking the quotient we see that the
normal bundle of this embedding is again isomorphic to τM . Thus, the
embedding in ν×M has normal bundle ν⊕ τM , and is therefore trivial. So,
its Thom space is M+ ∧ Sq. We compose the Pontryagin-Thom mapping
Tν ∧M+ →M+ ∧ Sq with the collapse map M+ ∧ Sq → Sq to find ε.

To examine the Euler characteristic map, note that the naturality of
categorical duality implies that any functor that preserves monoidal products
preserves duality. Thus, (eliding considerations of the degree of H̃∗(S

q))

H̃∗(M+;Q) and H̃∗(Tν;Q) are dual as graded Q-vector spaces. Recalling
that the twist map in this category is (a⊗ b 7→ (−1)jb⊗ a) in degree j, we
use the previous case in each dimension:

deg(ε ◦ γ ◦ η) =
∑
i

(−1)i dim(Hi(M)) = χ(M)

�

Remark 6.5. If we work equivariantly, we are guaranteed an embedding of a G-
manifold into some representation V , and can construct V -duality exactly as above.

As promised, we can now easily construct the Oliver transfer:

3Note that since Rq is just a large enough vector space, the maps defined here are all stable –
and on passage to spectra, q-duality becomes honest categorical duality.
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Theorem 6.6 (Oliver Transfer). Let π : X/H → X/K be the projection map induced
by the map on orbits G/H → G/K. This induces a map on cohomology:

H̃∗(X/K;A)
π∗−→ H̃∗(X/H;A)

There is a transfer map τ : H̃∗(X/H;A) → H̃∗(X/K;A) (known as the Oliver
transfer) such that τ ◦ π∗ is multiplication by χ(K/H)

Proof. Consider the second part of Proposition 6.4 with M = K/H. Define τ ′ as
the composite of η, the twist map, and the first map used in the construction of ε.
We have

SV
τ ′−→ K/H+ ∧ SV

π′−→ SV

where π′ is the V -fold suspension of the collapse map. It is clear that this composition
is the Euler characteristic. We smash everything in sight by G/K:

G/K+ ∧ SV
τ−→ G/H+ ∧ SV

π−→ G/K+ ∧ SV

First, we note that:

H̃n(X/H;A) ∼= H̃n
H(X;A|H) ∼= H̃n

G(G/H ∧X;A) ∼= H̃n+V
G (SV ∧G/H ∧X;A)

Then, we write

H̃n+V
G (SV ∧G/H ∧X;A)

τ∗−→ H̃n+V
G (SV ∧G/K ∧X;A)

By composing with the stated isomorphisms, we have the required map.
�
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