
THE PARAMETERIZED PLATEAU PROBLEM

DOUGLAS DOW

Abstract. In this paper we seek to present a detailed and relatively self-

contained proof that, given a closed smooth curve in R3, there exists an area

minimizing surface diffeomorphic to a disk that spans this curve. The proof
for the main theorem will require machinery from PDE theory and differential

geometry. This paper seeks to develop the basic tools needed, namely Sobolev

Spaces and basic Riemannian geometry, assuming knowledge of Lp spaces and
some entry level familiarity with differentiable 2-manifolds. The key steps

to solving this Plateau Problem will be: 1) identify the relationship between

the area and energy functionals, 2) prove existence and regularity of energy
minimizing functions with given boundary values, and 3) properly adjust the

boundary values of the minimizing sequence so as to extract a uniformly con-
vergent subsequence. Along the way we will prove some interesting and useful

facts about harmonic functions.
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1. Introduction

The Plateau Problem is named after Joseph Plateau, a 19th century physicist.
He was interested in equilibrium states of surfaces formed by liquids on the scale
where gravity played little role. He experimented with such surfaces by dipping a
wire frame in and out of soapy water, causing the soapy liquid to adhere to the
edge of the frame and create an interesting spanning surface. Planar wire frames are
spanned by a planar soapy surface, but more complicated curves produce interesting
and visually beautiful surfaces.

One can ask how we might mathematically describe such surfaces. One approach
is to look at area minimizing surfaces. Briefly, the physical intuition is that surface
tension will create an elastic force that leads the surface to locally minimize area. It
is then natural to wonder whether this physical intuition is realistic. For instance,
it could be that for some wire frame no area minimizing surface actually exists,
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or that such a surface will have sharp edges that we do not observe in natural
soap surfaces. If so, then this physical intuition would probably be misguided.
Also, physical intuition often leads us to believe that a stable system will somehow
minimize energy, like when a ball rolls downhill to minimize its energy. We will show
in this paper that these two intuitive considerations of area and energy minimization
actually have deep mathematical relations.

Specifically, the goal in this paper is to prove the following well know theorem.
We more or less follow the approach of [1] in Chapter 4 of “A Course in Minimal
Surfaces” by Minicozzi and Colding.

Theorem 1.1. For every piecewise C1 closed Jordan curve Γ ⊂ R3 there exists
a map u : D → R3, where D is the open disk in R2, that satisfies the following
conditions:

(1) u ∈ C0(D) ∩W 1,2(D),
(2) u(∂D) = Γ and u is monotonic on ∂D,
(3) For all maps w : D → R3 with w(∂D) = Γ and w monotonic, we have

Area(u(D)) ≤ Area(w(D)).

We will look for area minimizing maps from the disk in part for practical math-
ematical considerations and in part because we might expect many soapy surfaces
to be diffeomorphic to the disk.

One’s first approach to proving existence of area minimizing surfaces given by
maps from the disk might be to look at some sequence of functions approaching
the appropriate infinum. Namely, take a sequence of functions {uk} such that

Area(uk(D))
k→∞−→ inf{Area(u(D)) |u(∂D) = Γ},

and try to use some suitable compactness result to find a convergent subsequence
in the uk’s. However, this direct approach has some fundamental problems. For
one, while area is invariant under diffeomorphisms, the space of diffeomorphisms of
the disk is not compact in any reasonable sense. For example, take a sequence of
diffeomorphisms {φk}k∈N of the disk that pushes points smoothly in the direction
of (1, 0) and fixes the point (−1, 0), i.e. diffeomorphisms {φk}k∈N such that for
any x 6= (−1, 0) on the disk, lim

k→∞
φk(x) = (1, 0), but φk(−1, 0) = (−1, 0) for

all k. Then, there is no reasonable sense in which {u ◦ φk}k∈N converges, but
Area(u) = Area(u ◦ φk) for all k.

There also exists sequences of surfaces whose area converges but which converge
to a dense set in R3. We could do this by taking the disk and adding successively
thin tubes to the disk such that the area decreases to 2π. However, the tubes
will grow dense above the disk and so there is no reasonable sense of this surface
converging to any sort of surface.

These examples demonstrate the fundamental problems with the direct area
minimization approach. The first example can be characterized as a problem with
the symmetry of area with respect to diffeomorphisms. The second example shows
that relatively poorly behaved surfaces can have controlled area. Both of these
problems make it difficult to control area minimizing sequences.

It turns out that the right approach to circumvent these problems will be to
look at an energy functional instead. In the appropriate Sobolev space (to be de-
fined later) the Dirichlet energy functional will automatically control the allowable
variation in our functions by controlling the L2 norm of the gradient. This will
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allow us to extract appropriately convergent subsequences relatively easily. We
will see that energy is invariant under conformal diffeomorphisms (diffeomorphisms
that preserve angles) and to confront this problem we will have to ‘mod out’ these
symmetries while still maintaining control over the convergence of our sequence of
functions.

We will define the area of u(D) for u : D → R3 to be

(1.2) A(u) :=

ˆ
D

(|ux|2|uy|2 − 〈ux, uy〉2)1/2.

One way to look at this formula is as an analog to the standard change of variable
formula for integration. In general, when applying a transformation f to a set
U the number det(f ′(x)) tells us how much f infinitesimally enlarges or shrinks
volume around a point x ∈ U . Thus, we can find the volume of f(U) by integrating
det(f ′(x)) over U. Directly applying this idea for a two dimensional surface D will
give us zero three dimensional volume, but we are interested in two dimensional
surface area. Instead of the determinant of the Jacobian, we look at the norm of
the cross product, |ux × uy|, as the number telling us how u expands or shrinks
space at each point in D. The definition of the cross product shows us how this
number is a two dimensional surface area analog to the determinant. Then, we can
compute |ux × uy|2 + 〈ux, uy〉2 = |ux|2|uy|2 to obtain formula 1.2.

The energy of a map u is defined as

(1.3) E(u) :=
1

2

ˆ
D

|∇u|2,

where |∇u|2 = |∇u1|2 + |∇u2|2 + |∇u3|2 = |ux|2 + |uy|2. The notation ui will refer
to the i-th coordinate function, and so ui : D → R for i = 1, 2, 3. The notation ux,

uy, or more generally uxj , will refer to the vector field uxj = ∂u
∂x =

(
∂u1

∂x ,
∂u2

∂x ,
∂u3

∂x

)
.

The notation uixj combines the previous two notations and is similarly defined.

First, note that because |ux||uy| ≤ 1
2 (|ux|2 + |uy|2), we must have A(u) ≤ E(u).

We also have a stronger result: it turns out that minimizing energy over the appro-
priate class of functions is equivalent to minimizing area. The following section will
give us the language with which we can specify the exact relationship between the
two functionals. If the reader has knowledge of basic Riemannian geometry then
the following section can be skipped, though notation in this paper may be different
than in other texts. Readers who are also already familiar with Sobolev Spaces and
the Dirichlet problem can skip to Section 6 for the formal proof of Theorem 1.1.
However, Section 3 is also of interest because it contains an important proof that
precisely relates the area and energy functionals.

2. Geometric Preliminaries

We want to be able to talk precisely about surfaces in R3. To help us properly
investigate surfaces, the following section will build a rigorous set of tools to describe
the geometry of surfaces. We follow the notation in [7] and also borrow some ideas
from [2].

By a regular surface we always mean a 2-manifold embedded in Rn, i.e. a set
S ⊂ Rn such that for every point p ∈ S there is an open set in S, U , containing
p that is diffeomorphic to some open set V in R2. A manifold with boundary has
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essentially the same definition, except that the set V need only be an open set in
the upper half plane. The tangent space at a point p ∈ S, denoted Tp(S), will refer
to the vector space spanned by the partial derivative of any parameterization of a
neighborhood of p. This is also the set of all velocities of curves on S at p. We will
also need some facts about functions and metrics on surfaces.

Definition 2.1. A Riemannian metric g on a regular surface S is a map defined
at each point p ∈ S by gp : Tp(S)×Tp(S)→ R, where each gp is bilinear, symmetric,
and positive definite and such that gp varies smoothly with p (meaning that the
function p 7→ g(X(p), Y (p)) is smooth for all smooth vector fields X and Y on S).
The pair (S, g) is called a Riemannian 2-manifold embedded in Rn.

Because each gp defines an inner product on the tangent space Tp(S), we will
often denote gp(X,Y ) = 〈X,Y 〉gp , or just 〈X,Y 〉 when the subscripts are clear. In
this paper we might have “metrics” g on a regular surface that do not satisfy the
positive definite rule, meaning g(X,X) = 0 for some X 6= 0, and we will call such
metrics degenerate.

Definition 2.2. For two Riemannian metrics g and ĝ on S, we say g is conformal
to ĝ if g and ĝ agree up to multiplication by a positive scalar, i.e. gp(X,Y ) =
λ2(p)ĝp(X,Y ) for all p ∈ S and X,Y ∈ Tp(S), where λ2 is strictly positive on S.
Two metric are locally conformal if this is true for some open set in S.

Definition 2.3. If S is a regular surface, (Ŝ, ĝ) is a riemannian 2-manifold, and

ϕ : S → Ŝ is a diffeomorphism, then the pullback metric on S, denoted φ∗ĝ, is
defined for p ∈ S and X,Y ∈ Tp(S) by

〈X,Y 〉ϕ∗ĝp = 〈dpϕ(X), dpϕ(Y )〉ĝϕ(p)
,

where dpϕ is the differential map from Tp(S) to Tϕ(p)(Ŝ). Two riemannian 2-

manifolds (S, g) and (Ŝ, ĝ) are called conformal if there is a diffeomorphism ϕ :

S → Ŝ (called a conformal map) such that the metric ϕ∗g is conformal to the
metric g. Two surfaces are locally conformal if at each point a local diffeomorphism
exists where the pullback metric is locally conformal to the original metric.

At this point we will summarize the intuition behind the main ideas we have
developed. A metric on a surface gives a method to compute lengths and angles
on this surface as one regularly does in euclidean space. We denote the length of
a vector X in the tangent space as |X|g =

√
〈X,X〉

g
and the angle between two

vectors as cos θ =
〈X,Y 〉g
|X|g|Y |g . From these definitions we can see that conformal maps

preserve angles computed in the Riemannian 2-manifolds’ respective metrics, and
the converse is also true. A pullback metric can be thought of informally in the
following manner: to determine lengths or angles of tangent vectors in S, map the
relevant vectors to Ŝ and measure the lengths or angles there. Thus, intuitively,
two surfaces are conformal when the angles measured on one are the same as the
angles measured on the other after we apply a certain diffeomorphism.

If {e1(p), e2(p)} is a smoothly varying basis for each tangent space Tp(S) of S,
then if we know what g does to these basis vectors we should know what it does
to any vector by linearity. The matrix (gij) given by inputs gij = 〈ei, ej〉g is a
symmetric matrix giving us the information we need to do this. Specifically, if
X,Y ∈ Tp(S) are vectors written in the {e1, e2} basis, then we have
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〈X,Y 〉gp = X(gij(p))Y
T ,

which is the standard representation of a quadratic form. If ϕ is a diffeomorphism
of an open set U ⊂ R2 onto some open set V ⊂ S, then, due to linear independence,
{ϕx, ϕy} must be a local basis for the tangent space on V . The matrix given by
gij = 〈ϕx, ϕy〉g is the metric on S with respect to these local coordinates.

Example 2.4. When Rn is seen as a riemanian manifold equipped with the stan-
dard euclidean inner product, the metric with respect to the standard basis vectors
takes the form (δij), where δij is the indicator function for {i = j}. In this paper
we will often use δij as a shorthand for the standard euclidean metric on Rn.

The following theorem will be essential in relating energy to area.

Theorem 2.5. Every compact Riemannian 2-manifold with boundary that is home-
omorphic to the disk is conformal to the closed disk.

This is a significant result that we will not prove in this paper. However, we
note that one method of proof seen in [6] Chapter 3 uses similar techniques to
those used in this paper. It turns out that finding a minimizer to the Dirichlet
energy functional is closely related to finding conformal maps, and as a result
many of the same ideas from this paper can be used to prove Theorem 2.5. The
ideas behind Energy minimizers (which we will see are actually harmonic maps),
conformal maps, and minimal surfaces show interesting connections between PDE
theory, Complex Analysis, and Differential Geometry.

We will see two twists on the classical notion of a derivative in this paper, namely
the so-called weak derivatives outlined in Section 4 and gradients with respect to
local coordinates on a surface. Consider a differentiable function f : U → R from
some open set U in Rn. Then, dpf is a linear map from Rn into R. We can define
∇f(p) = (dpf(e1), dpf(e2), ..., dpf(en)), which gives us the precise vector in Rn so
that 〈∇f(p), v〉 = dpf(v) for all v ∈ Rn. To extend this to a more general context,
note that if (S, g) is a Riemannian 2-manifold embedded in Rn, and f : S → R is
smooth, then dpf is similarly defined as a linear map from Tp(S) to R. Then, we
can define for points p ∈ S the vector ∇f(p) to be the unique vector solving

(2.6) 〈∇gf(p), X〉g = dpf(X)

for all X ∈ Tp(S). Now, let {e1(p), e2(p)} be a smoothly varying local basis for
each tangent space and let (gij) be the metric with respect to this basis. We can
compute dpf(ei) = ∇f · ei. Also, 〈∇gf, ei〉 = ∇1

gfg1i +∇2
gfg2i. We get the linear

algebra problem

(gij)∇gf =

(
∇f · e1

∇f · e2

)
.

Write (gij) = (gij)
−1. Let ϕ : U → S be a parametrization of some open set in

S. Then, we get a local coordinate representation in terms of the basis {ϕx, ϕy} as

(2.7) ∇gf = (gij)

 ∂f
∂ϕx

∂f
∂ϕy

 .
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To talk about the energy we will need to computation

(2.8) |∇gf |2 = 〈∇gf,∇gf〉g = (∇gf)T (gij)(∇gf) = gij
∂f

∂φxi

∂f

∂φxj
,

where the summation over i and j is implied in the final statement. Finally we
denote the volume element dVg =

√
det(gij)dxdy.

Then, we define

(2.9) Eg(u) :=

ˆ
D

|∇gu|dV =

ˆ
D

gijuiuj

√
det(gij)dxdy.

Note if g = δij then this is the original definition of energy.

3. Area and Energy

Though we will use some terms in this section that we have not properly defined
(specifically the Sobolev Space W 1,2) this section gives us the proper motivation to
develop Sobolev Spaces, and so we will present it first. Specifically, this section will
allow us to switch from talking about area to being able to talk only about energy,
which is a much easier functional to work with using Sobolev Spaces.

Note if u : D → R3 is such that A(u) = E(u), then we must have 〈ux, uy〉 = 0
and |ux|2 = |uy|2. If u is also an immersion (i.e. its differential map is injective)
then u would be a conformal map from the disk to its image (when the image is
equipped with the euclidean metric it inherits as a submanifold of R3). We do not
know a priori that u will be an immersion, and so we will say that if A(u) = E(u)
then u is almost conformal.

In Theorem 1.1 we saw the term monotonic. By this we mean a function f :
∂D → Γ such that the pre-image of any connected set is connected. We will be
concerned with the set of functions

(3.1) XΓ := {u ∈ C(D) ∩W 1,2(D) |u is monotonic on ∂D and u(∂D) = Γ},
and the following constants:

(3.2) AΓ := inf
u∈XΓ

A(u) and EΓ := inf
u∈XΓ

E(u).

We will give a proof that these infinums are finite in Section 6 after developing the
necessary tools.

In the language of Riemannian geometry we have developed, we can restate the
area functional as

(3.3) A(u) =

ˆ
D

√
det(gij)dxdy,

where g = u∗δij is the possibly degenerate pullback metric of u on D. To recover
the original definition, we simply express g in the basis {ux, uy}.

Note, if u : D → S is a conformal map between the Riemannian 2-manifolds
(D, δij) and (S, δij), then by the definition of conformality we must have 〈du(X), du(Y )〉 =
λ2〈X,Y 〉 for all tangent vectors X,Y . Plugging in the basis {(0, 1), (1, 0)} for for
tangent space of D, we see 〈uxi , uxj 〉 = λ2δij for all i, j = 1, 2. Then, if u in a
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conformal map, we have that A(u) = E(u), which will be a key equality to the
proof below.

Lemma 3.4. We have AΓ = EΓ.

Proof. We have already shown in Section 1 that A(u) ≤ E(u), and so AΓ ≤ EΓ is
clear. Let ε > 0 and let u ∈ XΓ be such that

A(u) < AΓ + ε/2.

Let g = u∗δ be the possibly degenerate pullback metric on D under u. Note
that if g is not degenerate, then (D, g) is a compact Riemannian 2-manifold with
boundary, and so by theorem 2.5 we could find a conformal map φ from (D, δij) to
(D, g). Then, the map u ◦φ would be a conformal map from (D, δij) to (u(D), δij),
and u◦φ ∈ XΓ. We would have E(u◦φ) = A(u◦φ) and the result would be proved
because EΓ ≤ E(u ◦ φ) < AΓ + ε/2 for all ε > 0. However, we cannot assume that
u(D) indeed defines a regular surface. The formal proof is not so far off from this
idea, but instead we must modify u and then argue by approximation.

For s > 0 define us : D → R5 by the rule (x, y) 7→ (u(x, y), sx, sy). For now,
assume us is smooth. Then, the differential of u is a matrix with first column
(ux, s, 0)T and second column (uy, 0, s)

T . As these are linearly independent, us(D)
is a Riemannian 2-manifold with metric defined by the differential of us. Then,
let ĝ = (us)∗δij be the pullback metric associated with us on D and (ĝij) be the
matrix representation with respect to the basis (usx, u

s
y). Then, ĝij = gij +s2δij and

det(ĝij) = det
(
(gij) + s2(δij)

)
= det(gij) + s2 Tr(gij) + s4.

Note also that Tr(gij) = |ux|2 + |uy|2 = |∇u|2. Let φ be a conformal mapping of
the disk from the Riemannian 2-manifold (D, δij) to (D, ĝ) given by theorem 2.5.
Then, because us is by definition isometric between (D, ĝ) and the Riemannian 2-
manifold us(D), we have that us◦φ is a conformal map from (D, δij) to us(D) ⊂ R5.

We compute

A(us ◦ φ) = A(us) =

ˆ
D

√
det(ĝij) ≤

ˆ
D

(√
det(gji) + s|∇u|+ s2

)
= A(u) + s

ˆ
D

|∇u|+ s2|D|.
(3.5)

The first equality comes from invariance of A under diffeomorphisms of D. We
denote a set’s Lebesgue measure by | · |. Using Cauchy Schwartz on the middle
term,

ˆ
D

|∇u| ≤ |D|1/2
(
E(u)

)1/2
.

Because u has bounded energy we can choose an s such that the right hand side of
3.5 is less than A(u) + ε/2 < AΓ + ε. Also, from the conformality of us ◦ φ we have
equality between the area and energy, specifically:

E(u ◦ φ) ≤ E(us ◦ φ) = A(us ◦ φ).

Putting these inequalities together we then have that for any ε > 0,

EΓ ≤ E(u ◦ φ) < AΓ + ε.
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Together with AΓ ≤ EΓ this proves the lemma for us smooth.
The following trick to deal with non-smooth functions us relies on topics dis-

cussed in Section 4. Let δ > 0. If u ∈ W 1,2(D), then we can find a smooth
function usδ (by mollifying us, for instance) such that E(us) < E(usδ) + δ/2 and
A(usδ) < A(us) + δ/2. We also need to know that E(usδ ◦φ) = E(usδ), a general fact
proven in Section 6, Theorem 6.2. We can then produce a similar conformal map
φ as above using this usδ, i.e. a conformal map φ so that E(usδ ◦ φ) = A(usδ ◦ φ).
Because the energy and area of usδ are so close to us, the result follows. Specifically,
we have the string of inequalities

EΓ ≤ E(u ◦ φ) ≤ E(us ◦ φ) < E(usδ ◦ φ) + δ/2

= A(usδ ◦ φ) + δ/2

< A(usδ) + ε/2 + δ/2

< A(us) + ε/2 + δ

< AΓ + ε+ δ,

where in the first and fourth line we use the closeness of the energy and area of usδ
to the energy and area of us, respectively. The other parts of the above inequalities
are all identical to the previous portion of the proof. The intuitive point is that if
a function us is not differentiable at some points but has Sobolev regularity, then
we can smooth it out a bit and the area and energy will not change by much. �

The above lemma gives us the following crucial corollary that will shape our
approach when it comes to solving the Plateau Problem.

Corollary 3.6. Suppose u ∈ XΓ satisfies E(u) = EΓ. Then, A(u) = AΓ.

Proof. We have

AΓ ≤ A(u) ≤ E(u) = EΓ = AΓ,

where the second inequality comes from facts about area and energy functionals
and the second equality comes from Lemma 3.4. �

4. Sobolev Spaces

The functional E is the square of the L2 norm of the gradient of a function. In
this section we will develop the appropriate space of function for which this quantity
is defined in some weak sense and bounded. In the rest of this section the set U
always denotes a bounded, connected, open set in Rn with C1 boundary. For this
section and the next we will assume that functions have values in R, though it is
often not hard to imagine the same terms for functions with values in Rn.

Definition 4.1. We call a function g ∈ L2(U) a weak derivative of f ∈ L2(U) if
for all φ ∈ C∞c (U),

(4.2)

ˆ
U

f
∂φ

∂xi
= −

ˆ
U

gφ.

Formally we write ∂f
∂xi

= g. We will not distinguish notationally between classical
and weak derivatives, though it should always be clear from context what is meant.
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Definition 4.3. The Sobolev Space W 1,2(U) is defined as the subset of L2(U) of

functions such that for every coordinate xi, the weak derivative ∂f
∂xi

exists and has

bounded L2 norm.

If f is classically differentiable, then integration by parts (with boundary terms
disappearing due to the compact support of φ) shows that the classical derivative
agrees with the weak derivative. Weak derivatives can be thought of as ‘approximate
derivatives’, where the word approximate comes from the fact that they are defined
by an integral equation. While W 1,2 functions may not have classical derivatives,
the notion of a weak derivative allows us to ‘do calculus’ anyway. The general
idea is that the ability to integrate by parts gives us almost all of the tools we
wish to use in calculus anyway. For instance, the product rule and chain rule still
work. Specifically, we will use the fact that if f ∈ W 1,2(U) and g ∈ C1(R) with
g′ ∈ L∞(R) then g ◦ f ∈W 1,2(U) with weak derivative

(4.4) ∇(g ◦ f) = g′(f)∇f.
The proof for this is given in [3] pg. 247-248. The space W 1,2(U) has a natural

inner product

(4.5) 〈f, g〉W 1,2 = 〈f, g〉L2 +

n∑
i=1

〈
∂f

∂xi
,
∂g

∂xi

〉
L2

with associated norm

(4.6) ||f ||W 1,2 =
√
〈f, f〉W 1,2 .

This norm is equivalent to the sum of the L2 norms of the first partial derivatives
in the sense that if we can prove that the sequences {fk} and {∂fk∂xi

} converge in L2

for all i, then the sequence {fk} converges in W 1,2, and vice-versa. Also, note that
these definitions make sense for real valued functions and for vector valued functions
when | · | is interpreted as the euclidean norm of a vector valued function. Instead

of writing ∂f
∂xi

we will frequently write ∇f to mean the vector valued function of
all partial weak derivatives.

An important tool used throughout this paper is mollification. Let η be a smooth,
positive, and radially symmetric function with support contained in B(0, 1) such
that

´
η(x)dx = 1. Then, define ηε = ε−nη(x/ε) (where n is the dimension) so that

ηε has support in B(0, ε) and has unit integral. The mollification of f with ηε is
defined as fε := (f ∗ ηε)(x) =

´
f(y)ηε(x− y)dy. Importantly, if f ∈W 1,2(U) then

fε is smooth and fε → f in W 1,2
loc (U) as ε→ 0. Technical details aside, mollification

is the crucial tool in proving the following theorem.

Theorem 4.7. The closure of C∞(U) ∩W 1,2(U) under the Sobolev norm is
W 1,2(U). In other words, for every f ∈ W 1,2(U), there is a sequence of smooth
functions {fk} ⊂ C∞(U) ∩W 1,2(U) such that

fk → f in W 1,2(U).

Theorem 4.7 can give us some intuition about why Sobolev spaces are so often
used when studying PDE. One way to define the space W 1,2 is as the completion
of the space C∞ using the Sobolev norm (after excluding those C∞ functions with
infinite Sobolev norm). Then, we can draw an analogy to the definition of the real



10 DOUGLAS DOW

numbers as the completion of the rationals with the absolute value norm. In a
similar way that one works in R because sequences of numbers have better con-
vergence properties, one works in W 1,2 because sequences of functions have better
convergence properties. In PDE it often is useful to get a sequence of functions that
approximately solve some differential equation, and then prove that this sequence
converges to a function that in fact solves that differential equation.

We sometimes care about boundary value questions for Sobolev functions. How-
ever, because Sobolev functions are only defined up to a set of measure zero and the
boundary ∂U only has measure zero in Rn, we must take a little care in defining
what we mean by boundary values. The idea of a function’s trace accomplishes
this.

Theorem 4.8 (Trace Theorem). There exists a bounded linear operator
T : W 1,2(U)→ L2(U) such that the following conditions hold:

(1) ||T (f)||L2(∂U) ≤ C||f ||W 1,p(U),

(2) if f is continuous on U, then T (f) = f |∂U .

To construct this linear operator it suffices to construct the operator for smooth
functions on U. If we do this, then for an arbritrary f ∈ W 1,2(U), we can simply
define T (f) = lim

k→∞
T (fk) (where the limit is understood in the L2(∂U) sense) for

smooth functions {fk} ⊂ W 1,2(U) such that fk → f in W 1,2(U). We know such
a limit will exist for {T (fk)} because {T (fk)} is Cauchy in L2 whenever {fk} is
Cauchy in W 1,2(U) by requirement (1) and linearity of T. Also, using this definition,
requirement (1) will follow for Sobolev functions if it is true for smooth functions.
Thus, the key trouble is in obtaining the bound ||f |∂U ||L2(∂U) ≤ C||f ||W 1,2(U) for
smooth functions, which requires technical approximations of integrals that we will
not give.

We also introduce the space W 1,2
0 (U) as the subspace of W 1,2(U) of functions

with zero trace. It is a theorem that the space W 1,2
0 (U) is exactly those function

in W 1,2(U) that are in the closure of C∞c (U). The following proposition exhibits
some of the ideas we have talked about and will be used in Section 5 to prove the
maximum principle for weakly superharmonic functions.

Proposition 4.9. Let f ∈ W 1,2(U). Then, we have f+ := max(f, 0) ∈ W 1,2(U)
with weak derivative

(4.10) ∇f+ =

{
∇f, a.e. on {f > 0}
0, a.e. on {f ≤ 0}.

Proof. Define

Fε(z) =

{
(z2 + ε2)1/2 − ε, z > 0

0, z ≤ 0.

Then Fε satisfies the requirements for 4.4 and thus we have Fε ◦ f ∈W 1,2(U) with
weak derivative

D(Fε ◦ f) =

 u
(
∇u
)

(u(x)2+ε)1/2 , a.e. on {u > 0}
0, a.e. on {u ≤ 0}.
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Define

g =

{
∇f, a.e. on {f > 0}
0, a.e. on {f ≤ 0}

as in the conclusion of the proposition. Pointwise almost everywhere, we can com-
pute

Fε(f(x))→ f+(x) and Fε(f(x))∇f(x)→ g

as ε→ 0. Now, we can compute Fε(z) ≤ z and F ′ε(z) ≤ z, and so |Fε(f)| ≤ |f | and
|F ′ε(f)∇f | ≤ |Df | which allows us to apply the dominated convergence theorem.
Let φ ∈ C∞c (U). Then,

ˆ
f+∇φ =

ˆ
lim
ε→0

Fε(f)∇φ = lim
ε→0

ˆ
Fε(f)∇φ = − lim

ε→0

ˆ
F ′ε(f)∇fφ

= −
ˆ

lim
ε→0

F ′ε(f)∇fφ

= −
ˆ
gφ,

where the second inequality comes from dominated convergence theorem and the
third from the definition of the weak derivative. Note also that the formal notation
of an integral of a vector quantity (i.e.

´
∇φ) should be understood as a vector of

integrals. Thus, we conclude ∇f+ = g in the Sobolev sense. �

In the following theorem the constant C is a number not depending on the
specific function f.

Theorem 4.11. If f ∈W 1,2(U), then f ∈ L2(U) with the estimate

(4.12) ||f ||L2(U) ≤ C||f ||W 1,2(U).

Moreover, if f ∈W 1,2
0 (U), then we also have the bound

(4.13) ||f ||L2(U) ≤ C||Df ||L2(U).

The relevance of equation 4.13 comes from the fact that we can bound f in L2

by just knowing the norm of its gradient in L2. The proof, that this paper will not
give, relies on the realization that we can prove it for smooth functions first and
argue by approximation that it also holds for W 1,2 functions.

We will also need a couple basic facts from functional analysis. A Hilbert Space
is defined as complete inner product space.

Definition 4.14. Let F be a Hilbert space with inner product 〈·, ·〉F , and let
{fk} ⊂ F be a sequence of points in F. We say {fk} converges weakly to a
function f ∈ F, written fk ⇀ f , if for all g ∈ F,

〈fk, g〉F → 〈f, g〉F .

The Riez representation theorem allows us to identify bounded linear functionals
L on F with elements g in F , where L(f) = 〈f, g〉F . A linear functional is bounded

if its norm ||L|| := sup
x∈F

|L(x)|
||x||F is finite. Saying a Hilbert space is separable means

that there exists a countable dense subset. The following result taken from [5] is a
specific case of a more general theorem in functional analysis.
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Theorem 4.15. If {fk} ⊂ F is a bounded sequence in a separable Hilbert space F,
then there exists a subsequence {fk′} such that {fk′} converges weakly to a point
f ∈ F.

Proof. Let {vi} be a dense subset of F . The sequence {〈fk, vi〉}k∈N is bounded
in R because ||fk||F stays bounded. Then, we can find a subsequence {fk1

j
} such

that {〈fk, v1〉} converges. Continuing, for i ∈ N find a sequence {fkij} that is a

subsequence of {fk−1
j
} such that {〈fkij , vi〉} converges. Then, for the diagonalized

subsequence {fkjj}, {〈fkjj , vi} will converge for all i ∈ N. Let L(vi) denote the limit

of the sequence {〈fkjj , vi〉} in R. Then, L is a bounded linear functional on the

countable dense set {vi} in F. Because bounded linear functionals are Lipschitz
(with Lipschitz constant ||L||) and because F is a complete metric space we can
extend L to a bounded linear functional on all of F.

By the Riez representation theorem, for some v ∈ F and for every g ∈ F we
have 〈fk, g〉 → 〈v, g〉. �

Theorem 4.16. If a sequence {fk} ⊂ F weakly converges to f ∈ F, then

||f ||F ≤ lim inf ||fk||F .

The above theorem’s proof would require a little more development of functional
analysis, which for brevity is not presented in this paper.

It is a fact that L2(U) and W 1,2(U) are separable Hilbert spaces. The fact
that they are inner product spaces is not hard to see by their definition. The
completeness of W 1,2(U) follows from the completeness of L2(U). To prove that
W 1,2(U) is separable, note that smooth functions are dense in W 1,2(U).

5. The Dirichlet Problem

In this section we will find maps that minimize energy on D and that take on
prescribed boundary values on ∂D. Just because the actual shape or dimension of
D does not matter when proving existence of energy minimizing maps, we will stick
to the more general setting of an open, connected, and bounded domain U ⊂ Rn.

A twice differentiable function u is called harmonic if ∆u ≡ 0. We say a function
u ∈W 1,2(U) is weakly harmonic if for all functions v ∈W 1,2(U)

(5.1)

ˆ
U

∇u · ∇v = 0.

If u is smooth, then we can integrate by parts to findˆ
U

(∆u)v = 0,

for all smooth v, which implies that u is classically harmonic. Our plan of attack
will be as follows: 1) prove that energy minimizers are weakly harmonic, 2) prove
that weakly harmonic functions exist with ‘roughly’ the correct boundary values,
and 3) use properties of weak harmonicity to prove that this minimizer is actually
smooth on U and continuous on U.

Let w ∈ W 1,2(U). Then, define W 1,2
w (U) := {u ∈ W 1,2(U) |u − w ∈ W 1,2

0 (U)}.
Intuitively, this space is the Sobolev analog to the space of functions equal to w on
the boundary. This set is nonempty because w ∈W 1,2

w (U) trivially. Define
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(5.2) Ew = inf{E(u) |u ∈W 1,2
w (U)}.

We know that Ew < ∞ from the assumption w ∈ W 1,2(U). Note that this
assumption is actually necessary. One can construct a boundary function w which
is continuous on ∂U and a harmonic function u that agrees with w on the boundary,
is continuous on U , but whose energy is infinite, as described in [4]. This means
that some harmonic maps cannot be found by minimizing energy. This happens
because w cannot be extended to a finite energy function on all of U . Requiring
that our boundary function can be extended to a function on all of U that has
finite Sobolev norm controls how bad the derivatives of the boundary function can
be. For the following two proofs we will leave out reference to the domain in the
notation L2(U) and W 1,2(U) simply for ease of reading.

The following lemma shows the connection between weakly harmonic functions
and energy.

Lemma 5.3. Suppose u ∈ W 1,2
w is such that E(u) = Ew. Then, u is weakly har-

monic.

Proof. If u minimizes energy, then E(u+ tv) ≥ E(u) for all v ∈ C∞c (U) and t ∈ R
(note u + tv ∈ W 1,2

w ). Without loss of generality we can assume v ∈ C∞c is such
that E(v) > 0. Computing, we get

E(u+ tv) = E(u) + 2t

ˆ
D

∇u · ∇v + t2E(v).

This and minimality of E(u) implies

t(2

ˆ
U

∇u · ∇v + tE(v)) ≥ 0.

Viewing the above equation as a quadratic in t, there must be one root with
multiplicity two. Otherwise, because E(v) > 0 there would be some interval
where the quadratic would be negative: a contradiction. Thus, we must have´
U
∇u · ∇v = 0. �

Theorem 5.4. There exists a function u ∈ W 1,2
w (U) that is weakly harmonic on

U.

Proof. Define Ew = inf{E(u) |u ∈W 1,2
w } <∞ as in (5.2). Let {uk} ⊂W 1,2

w (U) be
a sequence such that

E(uk)→ Ew.

From this fact we will be able to control ||ul−uk||W 1,2 , proving that the sequence
is Cauchy in W 1,2. Take any two k, l > N integers, where we will specify the exact
N to be taken later. By the parallelogram law on the L2 norm we have

(5.5)

∣∣∣∣∣∣∣∣∇uk −∇ul2

∣∣∣∣∣∣∣∣2
L2

+

∣∣∣∣∣∣∣∣∇uk +∇ul
2

∣∣∣∣∣∣∣∣2
L2

=
1

2
||∇uk||2L2 +

1

2
||∇ul||2L2 .

Note that E(f) = ||∇f ||2L2 , and so we can write the above inequality in terms
of energy as well. This is the critical connection between energy minimization and
Sobolev norms that we alluded to earlier. We need 1

2

(
∇uk+∇ul

)
to be in W 1,2

w . To
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prove this recall the equivalence between functions with trace zero and functions in
W 1,2

0 , and the linearity of trace. Indeed,

T
(1

2

(
∇uk +∇ul

)
− w

)
=

1

2
T (uk − w) +

1

2
T (ul − w) = 0,

where we get the second equality from uk, ul ∈W 1,2
w (U). Then, by definition of Ew

we must have E
(

1
2 (uk + ul)

)
≥ Ew. Fix an ε > 0. Let N be a number such that if

k > N then E(uk) < Ew + ε/4. Then, manipulating 5.5 we have the bound

||∇uk −∇ul||L2 = 2E(uk) + 2E(ul)− 4E
(1

2
(uk + ul)

)
< 4Ew + ε− 4Ew

< ε.

Also, by linearity of trace, uk − ul ∈ W 1,2
0 , and so we can use Theorem 4.11 to

say ||uk−ul||L2 ≤ C||∇uk−∇ul||L2 < ε. Thus, we have proven that {uk} is Cauchy
in the W 1,2 norm, and thus converges to a u ∈W 1,2 as the space is complete. Also,
we know that uk −w → u−w in W 1,2, and so by continuity of the trace operator,
0 ≡ T (uk − w)→ T (u− w), and so u ∈W 1,2

w .
Immediately we have E(u) ≥ Ew. To go the other direction, note that we can

make k large enough so that

E(u) = ||∇u||2L2 ≤
(
||∇u−∇uk||L2 + ||∇uk||L2

)2

= ||∇u−∇uk||2L2 + 2||∇u−∇uk|| · ||∇uk||L2 + E(uk)

< Ew + ε.

We get the second inequality by taking ∇uk close to ∇u in the L2 norm and E(uk)
close to Ew (possible by construction of the sequence).

Thus, E(u) = Ew, and by theorem 5.3 we have that u is weakly harmonic on
U. �

To properly work with this function u, we will need it to be smoother than
the W 1,2 condition we have now. We will eventually prove smoothness on U and
continuity up to the boundary The following mean value property comes from [3]
Section 2.2. The slash through an integral here denotes the average integral, i.e. the
integral divided by the appropriate dimensional volume measure of the set being
integrated over.

Theorem 5.6 (Mean Value Property). Suppose u ∈ C2(U). Then, u satisfies the
mean value property stated below if and only if u is harmonic. The mean value
property says

u(x) =

 
∂Br(x)

u(y)dy =

 
Br(x)

u(y)dy

for any r > 0 and x so that the ball Br(x) is compactly contained in U.
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Proof. Assume u is harmonic. Let (u)S :=
ffl
S
u(y)dy be the average of u over the

set S. Then,

d

dr
(u)Br(x) =

d

dr

 
∂Br(x)

u(y)dy

=
d

dr

1

|∂Br(x)|

ˆ
∂B1(0)

u(x+ rz)rn−1dz

=
d

dr

 
∂B1(0)

u(x+ rz)dz

=

 
∂B1(0)

d

dr
u(x+ rz)dz

=

 
∂Br(x)

∇u(y) · y − x
r

dy

=

 
∂Br(x)

∇u · n(y)dy,

where n(y) is the outward pointing normal at y. From the divergence theorem, we
get the equality  

∂Br(x)

∇u · n(y)dy =
r

n

 
Br(x)

∆u(y)dy.

Thus, if u is harmonic, then d
dr (u)Br(x) = 0 for all r and (u)Br(x) is constant in r.

From continuity of u,

lim
r→0

(u)∂Br(x) = u(x).

We then have

(u)∂Br(x) = lim
r→0

(u)∂Br(x) = u(x),

completing the first part of the mean value property. For the second we compute

(u)Br(x) =
1

|Br(x)|

ˆ r

0

ˆ
∂Bt(x)

u(y)dydt

=
1

|Br(x)|

ˆ r

0

|∂Bt(x)|u(x)dt

= u(x).

Now assume u satisfies the mean value property. Then, because d
dr (u)Br(x) = 0

from the earlier computation we must have

ˆ
Br(x)

∆u(y)dy = 0

for all balls Br(x) ⊂⊂ U. As u ∈ C2(U) we know that ∆u is continuous, and so
∆u ≡ 0. �

What if u is only continuous and satisfies the mean value property? It turns out
we can use mollification to prove that u is in fact smooth and classically harmonic.

Theorem 5.7. Suppose u is continuous and satisfies the mean value property.
Then, u is harmonic and smooth.
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Proof. Fix a x ∈ U and let ε > 0 be small enough so that Bε(x) ⊂⊂ U. Let

uε(x) =

ˆ
Bε(0)

ηε(y)u(x− y)dy

be the standard mollification of u at x. We will prove that u(x) = uε(x) for all
x ∈ U. This will show that u is C∞(U) because the mollification of u is C∞(U).
Then, by Theorem 5.6 it will follow that u is harmonic.

We can express uε in radial coordinates as

uε(x) =

ˆ ε

0

(tn−1)

(ˆ
∂B1(0)

ηt(ts)u(x− ts)ds

)
dt.

We write s in bold to highlight that this represents a vector whereas t represents
a real number. Because ηε is constructed as a radially symmetric function we can
treat it as a constant inside of the middle integral. In particular, for a smooth
function η̂ we have ηε(ts) = η̂ε(t) for all s ∈ ∂Bt(0). Then, using the assumption
that u follows the mean value principle and that ηε has total mass 1, we have

ˆ ε

0

(tn−1)

(ˆ
∂B1(0)

ηt(ts)u(x− ts)ds

)
dt = |∂Bε(0)|

ˆ ε

0

(tn−1)

( 
∂B1(x)

u(s)ds

)
η̂(t)dt

= u(x)

ˆ ε

0

(tn−1)

ˆ
∂Bε(0)

η̂(t)dsdt

= u(x)

ˆ
Bε(0)

η(y)dy

= u(x).

Here note that |∂Bε(0)| implies the n− 1 dimensional surface area of ∂Bε. �

Now we can prove the following strong assertion using the previous two theorems.
The proof technique is as seen in [4].

Theorem 5.8. If u ∈W 1,2(U) is weakly harmonic, then u is classically harmonic
on U and, moreover, u ∈ C∞(U).

Proof. Let V be an open set compactly contained in U and let ε > 0 be such that
ε < dist(V, ∂U). Let uε be a mollification of u (well defined on V by choice of ε).
We use ∆x, etc. to denote that the derivatives are taken with respect to the x
variable. Recall that mollified functions are always C∞(V ). We will prove that uε
is in fact harmonic on V . We have

∆uε(x) = ∆x

(ˆ
V

ηε(x− y)u(y)dy

)
=

ˆ
V

∆xηε(x− y)u(y)dy

=

ˆ
V

∆yηε(x− y)u(y)dy

= −
ˆ
V

∇yηε(x− y) · ∇yu(y)dy

= 0.
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Note for the second equality we assume we can move the derivative underneath the
integral. This fact comes from Leibniz rule (proven in [4], Theorem 28) and uses the
fact that ηε(x−y) is continuous in x and the fact that uniformly in y we can bound
∂
∂xi

ηε(x − y)u(y) by an integrable function for each xi coordinate of the domain.
The fourth equality comes from integration by parts and the definition of the weak
derivative. The fifth equality comes from the definition of weak harmonicity of u.

Thus, each uε is C∞(V ) and harmonic in the classical sense. Also, from basic
facts about mollifiers, we have that uε → u in L1(K) as ε → 0. Write uεk for a
sequence such that εk → 0. Then {uεk} is Cauchy in L1. From theorem 5.6 we have
that for a ball contained in V,

|uεk(x)− uεl(x)| ≤ 1

|Br(x)|

ˆ
Br(x)

|uεk(x)− uεl(x)|dx

≤ 1

|Br|
||uεk − uεl ||L1 → 0.

Thus, {uεk} actually converges uniformly. The L1 limit and the uniform limit
must coincide (a.e.), and so we have uε → u uniformly. Immediately we get that
u must be continuous. Because each uε is harmonic, each uε must have the mean
value property. This follows from exchanging the limit with the mean value property
integral by dominated convergence theorem. Specifically,

u(x) = lim
ε→0

uε(x)

= lim
ε→0

ˆ
Br(x)

uε(y)dy

=

ˆ
Br(x)

lim
ε→0

uε(y)dy

=

ˆ
Br(x)

u(y)dy,

Then, by Theorem 5.7 we get that u is classically harmonic and C∞(V ) for all
V ⊂⊂ U . �

We still need to prove continuity of u up to the boundary. We will need a version
of the so-called maximum principle that has few regularity assumptions of u up to
the boundary. We call a function u weakly superharmonic if ∆u ≤ 0 in the sense
of distributions, i.e. for every v ∈W 1,2(U) we have

ˆ
U

∇u · ∇v ≤ 0.

We define u+ := max(u, 0). In the a weak sense we can define the boundary

supremum to be sup
∂U

u := inf{t ∈ R | (u − t)+ ∈ W 1,2
0 (U)}. For Sobolev functions,

sup
U
u always implies essential supremum, as we are really taking the supremum of a

representative of this equivalence class that may differ from any other representative
on a measure zero set.

Theorem 5.9. If u ∈W 1,2(U) is weakly superharmonic, then
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sup
U
u ≤ sup

∂U
u.

Proof. Let c = sup
∂U

u and set v = max(u− c, 0). If c =∞ then the conclusion of the

theorem is trivial, and so we will assume c <∞. Then, by Proposition 4.9 and by
definition of c, we know v ∈W 1,2

0 (U) where

∇v =

{
∇u, u > c

0, u ≤ c.
By construction we have

ˆ
U

∇u · ∇v =

ˆ
U

|∇v|2 ≥ 0.

But by the definition of weak superharmonicity we also have

ˆ
U

∇u · ∇v ≤ 0,

and so ||∇v||L2 = 0, i.e. ∇v ≡ 0 in the L2 sense. As v ∈ W 1,2
0 (U), it must be true

that v ≡ 0. Thus, u ≤ sup
∂U

u in U and the result follows. �

We have a similar statement about functions that are subharmonic (where ∆u ≥
0) which has essentially the same proof as above, with inequalities flipped. Note
if ∆u = 0 in the classical sense and is continuous on the boundary then u is
both superharmonic and subharmonic and thus u satisfies the classical maximum
principle, namely:

sup
U
u = max

∂U
u.

In our case we have not yet proved that u has the necessary regularity to say
this. To talk in more detail about boundary regularity it will be useful to focus in
on the open unit disk D = {x ∈ R2 | |x| < 1}.

Theorem 5.10. If u is harmonic on D and u − w ∈ W 1,2
0 (D) for a function

w ∈ C(D) ∩W 1,2(D), then u ∈ C(D) as well.

Proof. By Theorem 5.8 we only need to prove continuity on ∂D. We will prove
continuity at (1, 0) ∈ ∂D, but by symmetry the result will hold for the whole
boundary.

Fix an ε > 0. By continuity of w, let δ > 0 be a number such that for all
(x, y) ∈ Bδ(1, 0) ∩D,

|w(x, y)− w(1, 0)| < ε/2.

Define φ(x, y) = 1 − x. Then, φ(1, 0) = 0 and φ is positive and continuous on D.
Let k be a number such that

kφ(x, y) > 2 sup
D

|w|

for all (x, y) ∈ D \Bδ(1, 0). Then, define
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w+ = w(1, 0) + ε/2 + kφ,

w− = w(1, 0)− ε/2− kφ.
By construction we have

w− < w < w+

on all of D. From Theorem 5.9 we can deduce

w− ≤ u ≤ w+

on all of D. Note that we really do need the maximum principle for weakly
harmonic functions because we only know a priori that u−w ∈W 1,2

0 . Specifically,

we use Theorem 5.9 to say sup
D
u ≤ inf{t ∈ R | (u− t)+ ∈W 1,2

0 (U)} ≤ sup
D

w ≤ w+.

Then,

|u(x, y)− w(1, 0)| < ε/2 + kφ(x, y).

Because we can choose a ball Bδ′(1, 0) so that φ(x, y) < ε/2 inside D∩Bδ′(1, 0) we
know that u is continuous at (1, 0). �

6. Finding Area Minimizing Maps

We will first prove a technical detail.

Lemma 6.1. EΓ <∞.

Proof. From the requirements on Γ we get a piecewise C1 map γ : ∂D → R3 so that
γ(∂D) = Γ and γ is monotone. Then, let η : [0, 1] → [0, 1] be a smooth function
with η(x) = 0 when x < 1/2 and η(1) = 1. Let w : D → R3 be defined in polar
coordinates by

w(r, θ) = η(r)γ(1, θ).

Intuitively, we have connected Γ to the origin with a smooth cone. Because we have
multiplied two functions with bounded gradients (ignoring the measure zero set of
∂D where the gradient might not be defined), we know E(w) <∞ and w ∈ XΓ. �

From Lemma 6.1 we get an upper bound on AΓ. As area and energy are always
non-negative, we clearly get a lower bound.

Let’s summarize what we can do with the theorems we have proven so far. Take
a sequence {wk} ⊂ XΓ where XΓ is as defined in definition 3.1 such that

E(wk)→ EΓ.

Now, as we can take each coordinate function wik ∈W 1,2(D), for each k ∈ N, we
can solve the Dirichlet problem to find functions uik : D → R satisfying ∆uik = 0
on D and uik|∂D = wik|∂D. We also know E(uk) ≤ E(wk) and uk ∈ XΓ, and so

E(uk)→ EΓ.

We will eventually further modify each function uk to actually get uniform con-
vergence. Theorem 1.1 will then follow from Corollary 3.6.

One of the difficulties left is the conformal invariance of energy.
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Theorem 6.2. For all u ∈ W 1,2(D), if φ : D → D is a conformal map onto the
disk, then E(u ◦ φ) = E(u).

Proof. Let φ : D → D be a conformal map onto the disk. Let g be the pullback
metric on D given by φ. Then, by definition φ is an isometry between the Rie-
mannian 2-manifolds (D, g) and (D, δij), and so we must have Eg(u) = E(u ◦ φ).
By conformality of φ, (gij) = λ2(δij). Using equation 2.9.

Eg(u) =

ˆ
D

gijuiuj

√
det(gij)dxdy

=

ˆ
D

λ−2|∇u|2λ2dxdy

=

ˆ
D

|∇u|2dxdy = E(u).

�

We will record the following necessary result, and then we will proceed with the
final parts of the proof. Let Cr,p = {x ∈ D | |x − p| = r} be the circle of radius r

around p in D. We denote the diameter of a set by d(A) and the length of a curve
by `(γ).

Theorem 6.3 (Courant-Lebesgue Lemma). Let u : D → R3 be a continuous
function with E(u) < K for some K <∞. Then, for every δ > 0 with δ < 1 there

corresponds a r ∈ [δ,
√
δ] such that for all p ∈ D the following estimate holds:

(6.4) (d(u(Cr,p)))
2 <

4πK

− log(δ)
.

Proof. Note d(u(Cr,p)) ≤ `(u(Cr,p)) and so it suffices to bound `(u(cr,p)).
If φ : [0, 1]→ Cr,p parametrizes Cr,p then the definition of curve length is

`(u(Cr,p)) =

ˆ 1

0

|∇u ◦ φ′(t)|dt.

Thus,

(`(ur,p))
2 ≤

(ˆ
Cr,p

|∇u|
)2

≤ 2πr

ˆ
Cr,p

|∇u|2.

Now, regarding the right hand side as a function of r, let r ∈ [δ,
√
δ] be the

number given by the generalized mean value theorem that satisfies

(
r

ˆ
Cr,p

|∇u(s)|2ds
)( ˆ √δ

δ

1

r
dr

)
=

ˆ √δ
δ

(
r

ˆ
Cr,p

|∇u(s)|2ds
)

1

r
dr.

Then, we have
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`(u(Cr,p)) ≤ 2πr

ˆ
Cr,p

|∇u|2

= 2π

´√δ
δ

´
Cr,p
|∇u(s)|2dsdr

´√δ
δ

1
rdr

≤ 2π

´
D
|∇u|2´√δ

δ
1
rdr

≤ 4πK

− log(δ)
.

�

Intuitively, the Courant-Lebesgue lemma allows us to make d(u(Cr,p)) go to zero
by decreasing r, independent of the specifics of the function u.

Recall that we have constructed a sequence of harmonic functions {uk} on the
disk that converges in energy to EΓ. The conformal invariance of E means that
if {φk} is a non-compact sequence of conformal maps of the disk, then {u ◦ φk}
converges in energy to EΓ, but the functions themselves might not converge. This
means that convergence in energy will not automatically imply convergence of the
functions themselves. As we saw in the Dirichlet problem, when we fixed boundary
values we could prove that a sequence that converges in energy converges in W 1,2.
We will use a trick that turns out to accomplish the same result. Rather than fixing
all the boundary values, we will fix three boundary values through composition with
a conformal map. After fixing three points the Courant-Lebsegue Lemma will allow
us to get equicontinuity from our sequence.

The conformal maps of the disk that take the boundary of the disk to the bound-
ary of the disk are exactly the Mobius transformations. Mobius transformations are
uniquely determined by specifying action on three points, and, conversely, for any
three pairs of distinct points {(p1, p̂1), (p2, p̂3), (p3, p̂3)} there is a unique Mobius
transformation mapping pi to p̂i.

Choose three distinct points {q1, q2, q3} in the closed curve Γ. For a k ∈ N, let
φk be the Mobius transformation that takes the points u−1

k (q1), u−1
k (q2), u−1

k (q3) to
p1, p2, p3, respectively. This means (uk ◦ φk)(pi) = qi for every i and k. Note that
these maps are taken from the set XΓ, and so each uk is monotone on ∂D, which
means that u−1

k (qi) is well defined and consists of one point. It is a fact that we
will not prove that Mobius transformations are conformal maps. The intuitive idea
is that conformal maps preserve angles, which can be seen as preserving the shape
of tiny circles as the radius of the circle goes to zero. Mobius transformations take
literal round circles to round circles, and so they must satisfy circle preservation in
the limit as well and be thus are conformal. Assuming this, from Theorem 6.2 we
get that E(uk ◦ φk) = E(uk).

Let FΓ be the functions in XΓ that send pi ∈ ∂D to qi ∈ Γ for each i. Then, we
have just proven the following theorem:

Theorem 6.5. There is a sequence {fk} ⊂ FΓ of harmonic functions that are
continuous on D such that

E(fk)→ EΓ.
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The next theorem demonstrates the power of the Courant-Lebesgue Lemma.

Theorem 6.6. Suppose {fk} is a sequence of functions in FΓ with uniformly
bounded energy. Then, there exists a subsequence {fk′} that is uniformly convergent
on ∂D.

Proof. We will prove uniform convergence using Arzela-Ascoli. Let K be a number
such that E(fk) < K for all k. Let ε > 0 and without loss of generality take
ε < |qi−qj | for i 6= j and i, j = 1, 2, 3. Choose a δ > 0 with the following properties:

(1) 4πK
− log(δ) < ε2

(2)
√
δ < |pi − pj | for i 6= j, i, j = 1, 2, 3.

Then, let r <
√
δ be the number given by the Courant-Lebesgue Lemma. Let

p ∈ ∂D. The intersection points of Cr,p with ∂D split ∂D in two segments: s1

and s2. Let s1 be the segment that contains exactly one of the pi’s and s2 be the
segment that contains two of the pi’s (possible by condition (2)). Also, there are
two segments of Γ, which we will name S1 and S2, such that S1 contains one of the
qi’s and S2 contains two of the qi’s (possible because of our condition on ε). Each
fk must map s1 into a curve with distance at most ε by Courant-Lebesgue. By the
fact that fk(pi) = qi we know that s1 must be mapped within S1.

Let x ∈ ∂D be such that |x − p| < r. Then, we have |fk(x) − fk(p)| < ε for
all k. Then, the sequence {fk} is equicontinuous on ∂D and we get a uniformly
convergent subsequence from Arzela-Ascoli. �

We are now prepared to prove the original theorem.

Theorem 6.7. For every piecewise C1 closed Jordan curve Γ ⊂ R3, there exists a
map u : D → R3, where D is the open disk in R2, that satisfies the following:

(1) u ∈ C0(D) ∩W 1,2(D),
(2) u(∂D) = Γ and u is monotonic on ∂D,
(3) For all maps w : D → R3 with w(∂D) = Γ, we have Area(u(D)) ≤

Area(w(D)).

Proof. From earlier discussion in Theorem 6.5, let {fk} ⊂ FΓ be a sequence of
harmonic functions that are continuous on D such that

E(fk)→ EΓ.

As the sequence {fk} is bounded in the Hilbert space W 1,2, there is a weakly
convergent subsequence in W 1,2, which we will write as {fk}. Let f ∈W 1,2 be the
function such that

fk ⇀ f in W 1,2

Weak convergence in W 1,2 implies weak convergence of {∇fk} in L2. Energy is
the L2 norm squared, and so by properties of weak convergence we get

E(fk) ≤ lim inf(E(fk)) = EΓ.

By Theorem 6.6 we know that we can pass to a further subsequence {fk} that
converges uniformly on ∂D. As each fk is harmonic, the maximum principle tells
us

sup
x∈D
|fk(x)− fj(x)| = max

x∈∂D
|fk(x)− fj(x)|,



THE PARAMETERIZED PLATEAU PROBLEM 23

and so uniform convergence on ∂D implies uniform convergence on D. Then, f
(a.e.) must be the function to which {fk} uniformly converges. Uniform conver-
gent harmonic sequences converge to harmonic functions (we can prove the mean
value principle for f by passing the limit inside of the integral). Also, uniformly
convergent monotone sequences are monotone, and so we have f ∈ XΓ. Thus using
the weak convergence inequality we must have,

E(f) = EΓ.

From our discussion in Corollary 3.6 we have

A(f) = AΓ.

�

Because we have E(f) = A(f) we get that f is almost conformal. It turns out
that f is actually an immersion of D into R3, although it might not be an em-
bedding. Indeed, the surface f(D) might have self-intersections (one can imagine a
knot or other complicated curve creating this behavior) that one would not imagine
occurring in natural soapy surfaces. The problem of finding area minimizing sur-
faces that are actually embedded in R3 has lead to many interesting developments
in differential geometry and geometric measure theory in the 20th century. The
extension of this theorem to higher dimensions is not trivial, mostly because there
is no guarantee of conformal maps to the disk in higher dimensions, which was an
essential tool in this proof.
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