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Abstract. This study of population dynamics presents a model for the time

evolution of tribal populations as they undergo both individual-level events
(such as birth or death of individuals) and group-level events (such as the

extinction of a tribe of individuals or the fissioning of one large tribe into

two smaller tribes). Combining multilevel selection theory and evolutionary
game theory, this paper aims to model and understand how cooperation is sus-

tained within populations and how multilevel selection influences population

dynamics.
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Introduction

This paper is motivated in part by a desire to study multilevel selection, a
concept in Darwinian evolutionary theory that has been developing since the 1960s.
Multilevel selection theory posits that the forces of natural selection act not only
upon individual organisms (i.e. the survival of the fittest individuals), but also upon
groups of individuals. In fact, multilevel selection theory proposes that selection
also occurs beyond the individual or group level, as it claims that even genes and
cells can be selected for or against. Ultimately, this theory argues that natural
selection occurs in a hierarchical fashion, acting upon various, nested focal points
within nature. The gene, the cell, the organism, the group, the species, and even
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the genus can be selected for or against in the “struggle for existence,” and selection
at a level with a wider scope will take precedence over selection at finer levels.

One of the most interesting implications of this theory is that it could help to
explain the presence of altruistic and cooperative behavior in highly social animals.
Viewed only at the level of individual selection, it might be difficult to understand
how a self-sacrificing behavior could manifest within a population − any behavior
that comes at a cost to the individual in terms of reproduction or survival should
be weeded out by natural selection. Yet we still observe cooperative behavior
in humans and other social animals. When we broaden our scope of analysis to
the group, we may hypothesize that tribes that have cooperative members might
outcompete tribes with selfish members, and thus cooperation is selected for at the
group level, although the trait comes at a cost to the individual. The key idea is
this: what it means to be fit as an individual might not coincide with what it means
to be fit as a group.

My study aims to explore this theory in a two-level system by modeling group-
level and individual-level selection on a population. At each level of selection, this
study considers both a continuous-state, continuous-time environment using ordi-
nary differential equations and partial differential equations, and a discrete-state,
discrete-time environment using computer simulations on Matlab. This hypothet-
ical population is full of groups (from now on, I will call these groups tribes), and
each tribe is full of individuals. Individuals in this population will be either “co-
operators” or “defectors.” For this study, I make three central assumptions, taken
directly from a model presented in (Simon 2012):

1) Defectors have higher birth rates than cooperators in every tribe.
2) Larger tribes, and tribes with a larger proportion of defectors, are more likely
to fission.
3) Smaller tribes, and tribes with a larger proportion of defectors, are more likely
to die of extinction.

The first part of this paper focuses solely on individual events (birth and death
rates) within a single tribe. This model draws on evolutionary game theory to
provide a framework for an individual’s reproductive success. The second part of
this paper broadens its focus to study not just one tribe, but a population full of
tribes of individuals. This section introduces group level actions − like extinction
and fission− and studies how this extra level of selection might affect the population
dynamics.

1. Individual-Level Events

For the first part of this study, I analyze intra-tribe dynamics and limit my scope
of focus to the individuals within one tribe.

1.1. Cooperators and Defectors. Each individual has an identity of either “co-
operator” or “defector,” which dictates that individual’s strategy in a game that
tribe members repeatedly play with one another. Throughout an individual’s life,
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its identity (and therefore strategy) does not change. We may interpret “cooper-
ators” as the individuals that exhibit more altruistic behavior and “defectors” as
those who exhibit more selfish behavior.

Following previous population simulations (Markvoort 2014), the payoff matrix
for an individual i playing against individual j resembles that of the Prisoner’s
Dilemma:

individual j

cooperate defect

individual i
cooperate b− c −c

defect b 0

where b and c are benefit and cost with b > c > 0. It is assumed that there is
perfect mixing within tribes, meaning that for each individual in the tribe, the
probabilities that it plays the game with each of the other tribe members are equal.
Suppose that the payoffs of this game are predictors of reproductive success; that
is, the individuals with the highest payoffs are the most likely to reproduce. Thus,
from the payoff matrix, we can represent an individual’s fitness (its reproductive
success) as a function of the average payoff it will receive by playing the game with
its fellow tribe members. For a cleaner formula, let’s also assume that it is possible
for an individual to play the game with himself.

From the payoff matrix, the fitness of a cooperator and of a defector in a group
with X cooperators and Y defectors is given by

(1)
Fc(X,Y ) =

(b− c)X − cY
X + Y

Fd(X,Y ) =
bX

X + Y
.

First, note that all cooperators will have the same individual fitness, as will all
defectors. Also, note that

Fc(X,Y ) =
bX − cX − cY

X + Y
<

bX

X + Y
= Fd(X,Y ),

so in any nonempty tribe, regardless of the ratio of cooperators to defectors, all
defectors will have higher fitnesses than all cooperators. Finally, note that fitnesses
are not fixed throughout time. As tribe dynamics change with birth and death, so
do the individuals’ fitnesses.

1.2. Birth, Death, and Mutation. Now we introduce a model for birth rate
using the fitness function. The birth rate of cooperators at time t, βct (X,Y )dt, and
of defectors, βdt (X,Y )dt, is the proportion of cooperators and defectors that will
give birth during the interval [t, t + dt]. Again, following past studies which have
set birth rate to be exponentially related to fitness (Simon 2010), we define the
functions for birth rate:

(2)
βct (X,Y ) = λeψFc(X,Y )

βdt (X,Y ) = λeψFd(X,Y )
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where λ > 0 and ψ > 0 are adjustable parameters. Therefore, for a tribe with
X cooperators and Y defectors, by the definition of birth rate, we can expect that
βct (X,Y )·Xdt cooperators and βdt (X,Y )·Y dt defectors will give birth in the interval
[t, t + dt]. Since we know Fd(X,Y ) > Fc(X,Y ) in any non-empty tribe, we have
that βdt (X,Y )dt > βct (X,Y )dt, fulfilling our first central assumption.

In our discrete-state, discrete-time simulation (where dt = 1), βct (X,Y ) and
βdt (X,Y ) also serve as the probabilities that a given cooperator or defector will
give birth (and we can adjust λ and ψ to ensure that these values are less than 1).
By the sum rule of probability, we also expect that in the simulation, βct (X,Y ) ·X
cooperators and βdt (X,Y ) · Y defectors will give birth in each time step.

For the sake of simplicity, I assume that individuals reproduce asexually. An
individual’s offspring takes the identity of its parent − that is, cooperators give
birth to cooperators and defectors give birth to defectors. However, there is a
chance that a mutation will occur (a cooperator gives birth to a defector and vice
versa), and this occurs with probability µ, the mutation rate.

We also introduce a model for the death rate, δ dt, or the proportion of individuals
expected to die in the interval [t, t + dt]. We assume δ to be constant throughout
time and throughout all individuals (death is equally likely between cooperators
and defectors). Thus, we expect that δ ·Xdt cooperators and δ · Y dt defectors will
die in the interval [t, t+ dt]. Again, in the discrete-state stochastic model, δ is the
probability that an individual will die, and so we expect that δ ·X cooperators and
δ · Y defectors will die each discrete time step.

From our models for birth, death, and mutation, we can form a system of non-
linear, autonomous, ordinary differential equations to model change in cooperators
and defectors over time:

dX

dt
(X,Y ) = (1− µ)βct (X,Y ) ·X + µβdt (X,Y ) · Y − δX

dY

dt
(X,Y ) = (1− µ)βdt (X,Y ) · Y + µβct (X,Y ) ·X − δY.

Substituting the equations for birth rate yields:

(3)

dX

dt
(X,Y ) = (1− µ)λeψ

(b−c)X−cY
X+Y ·X + µλeψ

bX
X+Y · Y − δX

dY

dt
(X,Y ) = (1− µ)λeψ

bX
X+Y · Y + µλeψ

(b−c)X−cY
X+Y ·X − δY.

1.3. ODE Analysis. The goal for this section is to describe the solutions to the
system of ODEs. How does a tribe that experiences only individual births and
deaths change over time? For the sake of simplicity, we suppose in this section that
µ = 0, so the system we will analyze is:

dX

dt
(X,Y ) = λeψ

(b−c)X−cY
X+Y ·X − δX

dY

dt
(X,Y ) = λeψ

bX
X+Y · Y − δY.

Since the system is somewhat complicated and nonlinear, we are unable to solve for
a general solution to the initial value problem. However, this section will provide
an interesting theorem about the global behavior of the system.

First, we find the nullclines of the system, the lines along which dX
dt = 0 or

dY
dt = 0. From the system of ODEs, we find that
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•dXdt = 0 at lines X = 0 and Y =

(
ψb−ψc−ln( δλ )

ln( δλ )+ψc

)
·X.

•dYdt = 0 at lines Y = 0 and Y =

(
ψb−ln( δλ )

ln( δλ )

)
·X.

To ensure that both nullclines pass through the first quadrant (we are only con-
cerned about the first quadrant because X and Y represent nonnegative values),
set the following restrictions on the parameters:

λ < δ < λeψ(b−c).

This is a simplifying assumption since there are other possibilities for nullcline be-
havior, but this paper will focus on the case where both nullclines pass through the
first quadrant. This assumption (that λ < δ) also reflects the truism in nature of
constant flux, or of death and rebirth, because with λ > δ, tribes could, unrealisti-
cally, grow and live forever. To learn more about the global behavior of the system,
we let the nullclines partition the first quadrant into three open regions: 1©, 2©,
and 3©.

Suppose a tribe has X cooperators and Y defectors so that it is located in 3©.
Then

Y >

(
ψb− ln( δλ )

ln( δλ )

)
·X

ln(
δ

λ
)Y > ψbX − ln(

δ

λ
)X

(X + Y ) ln(
δ

λ
) > ψbX

δ

λ
> e

ψbX
X+Y

δ > λe
ψbX
X+Y .

Therefore,
dY

dt
(X,Y ) < λe

ψbX
X+Y Y −

(
λe

ψbX
X+Y

)
Y = 0,

so in region 3©, dY
dt (X,Y ) < 0 (there are more defectors that will die than than

those that will be born). By the same argument, substituting > for <, we find that
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in regions 2© and 1©, dY
dt (X,Y ) > 0 (there are more defectors that will be born

than those that will die).
Now, analyzing the second nullcline, we suppose a tribe is located in 1©. Then

Y <

(
ψb− ψc− ln( δλ )

ln( δλ ) + ψc

)
·X

ln(
δ

λ
)Y + ψcY < ψbX − ψcX − ln(

δ

λ
)X

(X + Y ) ln(
δ

λ
) < ψ(bX − cX − cY )

δ

λ
< e

ψ((b−c)X−cY )
X+Y

δ < λe
ψ((b−c)X−cY )

X+Y .

Therefore,

dX

dt
(X,Y ) > λe

ψ((b−c)X−cY )
X+Y X −

(
λe

ψ((b−c)X−cY )
X+Y

)
X = 0,

so in region 1©, dX
dt (X,Y ) > 0 (there are more cooperators that will be born than

those that will die). By the same argument, substituting < for >, we find that in
regions 2© and 3©, dX

dt (X,Y ) < 0 (there more cooperators will die than those that
will be born). Thus, the population dynamics of tribes governed by the ODEs will
resemble the following diagram:

The nullclines are labeled in blue, and the green arrows represent
the direction of the flow on the nullclines, which results from the
above calculations

By our analysis of the varying behavior in the regions, we see that, as in many
ordinary differential equations, the initial values of the tribe (X0 and Y0) play a
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large role in determining the tribe’s trajectory. However, this particular system
reveals an interesting tribal behavior that is true across regions:

Theorem. Any tribe with an initial population of (X0, Y0) with X0, Y0 > 0 will
eventually go extinct. That is, the solution f(t) = (fX(t), fY (t)) that satisfies
fX(0) = X0 and fY (0) = Y0 will eventually converge to the origin: limt→∞ f(t) =
(0, 0).

Proof. To prove this, I will show that all points in 3© converge to the origin, all
points in 2© eventually flow to section 3©, and all points in 1© will eventually flow
to section 2©.

Claim 1: all points in 3© converge to the origin.

First, I will show that any points on the first nullcline (between 2© and 3©) will
move to section 3©, and that all points in section 3© will converge to the origin.

Suppose a point (X,Y ) representing a tribe is located on the line Y =
(ψb−ln( δλ )

ln( δλ )

)
·X.

From previous work, we know that dY
dt (X,Y ) = 0 and dX

dt (X,Y ) = −w for some

w > 0. This means that for a solution fX(t), such that f ′X(t) = dX
dt (X,Y )

lim
dt→0

fX(t+ dt)− fX(t)

dt
= −w

fX(t+ dt)− fX(t) = −wdt

fX(t+ dt) = fX(t)− wdt
For a small enough dt, in the interval [t, t + dt], a tribe located at (X,Y ) =
(fX(t), fY (t)) would move to (fX(t)− wdt, fY (t)) = (X − wdt, Y ), in region 3©.

Now suppose a point lies on the y-axis (it is composed of only defectors). Then

dX

dt
(X,Y ) = 0

dY

dt
(X,Y ) = λeψ

0
Y · Y − δY

= (λe0 − δ) · Y
= (λ− δ) · Y

and since we assumed that δ > λ and Y > 0, we have that dY
dt (X,Y ) < 0. Therefore,

a pure-defector tribe will converge to the origin.
Thus, if there is a tribe in 3©, we may conclude that it eventually will converge

to the origin. If the point moves to the y-axis, it converges to zero, as we have
shown. The point may not enter 2© since points on the nullcline are forced into 3©.
X and Y are strictly decreasing in this region, which forces the solution for a tribe
located in 3© to converge to the origin, as desired.

Claim 2: all points in 2© will eventually flow to 3©.

I will show that all points on the second nullcline (between 1© and 2©) will move
to section 2©, and that all points in section 2© will flow to section 3©. First, suppose

a point (X,Y ) representing a tribe is located on the line Y =
(ψb−ψc−ln( δλ )

ln( δλ )+ψc

)
· X.
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From previous work, we know that dX
dt (X,Y ) = 0 and dY

dt (X,Y ) = w for some

w > 0. This means that for a solution fY (t), such that f ′Y (t) = dY
dt (X,Y )

lim
dt→0

fY (t+ dt)− fY (t)

dt
= w

fY (t+ dt)− fY (t) = wdt

fY (t+ dt) = fY (t) + wdt

For a small enough dt, in the interval [t, t + dt], a tribe located at (X,Y ) =
(fX(t), fY (t)) would move to (fX(t), fY (t) + wdt) = (X,Y + wdt), in region 2©.

For a tribe (X,Y ) located in 2©, since we have that Y is strictly increasing and X
is strictly decreasing in this region, and since the first nullcline is positively sloped
and lies above the point (X,Y ), eventually the tribe’s path will intersect with the
first nullcline and be forced into 3©.

Claim 3: all points in 1© will eventually flow to 2©.

In section 1©, dX
dt (X,Y ),dYdt (X,Y ) > 0. We cannot show based on the mere

geometry of this region that all tribes in 1© will converge to 2©. Instead, we will
have to study the ratio of defectors to cooperators ( YX ) as a function of time to see
that the proportion of defectors will grow quickly and force the tribe to converge
to region 2©. To begin, we take the time derivative of Y

X :

d

dt
(
Y

X
) =

X dY
dt − Y

dX
dt

X2

=
X(λeψ

bX
X+Y · Y − δY )− Y (λeψ

(b−c)X−cY
X+Y ·X − δX)

X2

=
λeψ

bX
X+Y ·XY − δXY − λeψ

(b−c)X−cY
X+Y ·XY + δXY

X2

=
XY (λeψ

bX
X+Y − λeψ

(b−c)X−cY
X+Y )

X2

=
Y

X

(
λeψ

bX
X+Y − λeψ

(b−c)X−cY
X+Y

)
.

I let

z(X,Y ) = λeψ
bX
X+Y − λeψ

(b−c)X−cY
X+Y

and aim to show that z(X,Y ) is bounded below by a positive constant. Observe
that z(X,Y ) denotes the difference of fitness between defectors and cooperators.
We have already shown that z(X,Y ) > 0 (this is from the first central assumption),
but my goal is to find some a such that z(X,Y ) > a > 0. First I solve for the partial
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derivative of z(X,Y ) with respect to X:

∂z

∂X
(X,Y ) =

(X + Y )ψb− ψbX
(X + Y )2

λeψ
bX
X+Y

− (X + Y )(ψb− ψc)− (ψbX − ψcX − ψcY )

(X + Y )2
λeψ

(b−c)X−cY
X+Y

=
ψbY

(X + Y )2
z(X,Y )

> 0.

Thus, when a tribe gains more cooperators, the difference between the defectors’
fitness and the cooperators’ fitness widens. On the other hand,

∂z

∂Y
(X,Y ) =

−ψbX
(X + Y )2

λeψ
bX
X+Y

− (X + Y )(−ψc)− (ψbX − ψcX − ψcY )

(X + Y )2
λeψ

(b−c)X−cY
X+Y

=
−ψbX

(X + Y )2
z(X,Y )

< 0.

Therefore, when a tribe gains more defectors, the difference between the defectors’
fitness and the cooperators’ fitness becomes smaller (though it will still be positive).

Now, I wish to solve for z(X,Y ) on the lower nullcline. Suppose

Y =

(
ψb− ψc− ln( δλ )

ln( δλ ) + ψc

)
·X

and set

(∗) =

(
ψb− ψc− ln( δλ )

ln( δλ ) + ψc

)
.

Then,

z(X,Y ) = λeψ
bX

X+(∗)X − λeψ
(b−c)X−c(∗)X

X+(∗)X

= λeψ
b

1+(∗) − λeψ
b−c−c(∗)

1+(∗) ,

which is a positive constant that we will set equal to k. Thus, z(X,Y ) is constant
along the nullcline. I now claim that for any tribe (X0, Y0) ∈ 1©,

z(X0, Y0) > k.

This is due to the fact that for any (X0, Y0) ∈ 1©, ∃d > 0 such that (X0, Y0 + d)
lies on the nullcline.

Because of our discovery that ∂z
∂Y (X,Y ) < 0, we conclude

z(X0, Y0) > z(X0, Y0 + d) = λeψ
b

1+(∗) − λeψ
b−c−c(∗)

1+(∗) = k.
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Now, we can return to our consideration of the time-derivative of Y
X . We had

previously figured out that for tribes in 1©,

d

dt
(
Y

X
) =

Y

X

(
λeψ

bX
X+Y − λeψ

(b−c)X−cY
X+Y

)
=
Y

X
· z(X,Y )

>
Y

X
· k.

For a generic function g(t), if g′(t) = k · g(t), we know that the general solution to
this ODE is

g(t) = Cekt,

for some constant C. Similarly, we can consider Y
X to be a function analogous to

the example. If we know that

d

dt
(
Y

X
) > k · Y

X
,

then we can conclude that the ratio of defectors to cooperators, as a function of
time, is greater than an exponential function.

To conclude, since X and Y are strictly increasing in 1© and the ratio Y
X as a

function of time is greater than an exponential function, at some time, the tribe’s
path will be bounded below by a line which will intersect with the nullcline and
force the tribe to eventually enter 2©.

�

What are the implications of this theorem? Well, first, this theorem demon-
strates the tendency of defector-heavy tribes, or tribes in 3©, to quickly self-destruct.
This is shown by the first claim. With few cooperators in the group, the defectors
have no one to cheat, and their fitnesses plummet to the point that the birth rate
of defectors falls below the death rate. Another way to think about this is that a
community of thieves won’t last very long. A thief’s strategy does not work in an
environment where his neighbors are unproductive and have produced nothing for
him to steal.

Furthermore, this theorem demonstrates the power of having a higher fitness
than one’s fellow tribe members. Even with just one defector in the group, by his
reproductive advantage, the defector and his future kin will out-reproduce the co-
operators in the tribe and eventually dominate the gene pool. This is demonstrated
by how rapidly Y

X increases for tribes in 1©.
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We may also infer that the initial presence of defectors is negatively correlated to
the tribe’s lifespan. If a tribe is full of cooperators and only contains a few defectors,
it will take longer for that tribe to be diluted by its defectors and “descend into
chaos,” compared to its defector-heavy counterparts. That is, comparing tribes of
equal size, the tribes that begin in region 1© will live longer than those that begin
in regions 2© or 3©.

In a phrase, all tribes with X0, Y0 > 0 become defector-heavy, and then die.
Note that we must specify that Y0 > 0 because if a tribe is purely cooperators and
the mutation rate µ = 0, then it will grow and live forever. To prevent this in our
simulation, we will use a nonnegative µ.

Now, that we have an understanding of the deterministic model, let’s begin to
look at its stochastic analog.

1.4. Simulation Results. The Matlab simulation is a discrete-time model, with
t = 0, 1, 2, . . . 1000. With every time step, the program iterates through each indi-
vidual, generates a random number, and with a probability equal to βct (X,Y ) or
βdt (X,Y ) (depending on that individual’s identity), the individual reproduces. If
the individual reproduces, another random number is generated and compared to
the mutation rate so that the daughter will have the same identity as the parent
with probability (1− µ) and will mutate with probability µ. Then the program it-
erates through each individual and with a probability δ, that individual dies. After
each time step, the program records the total population, along with the proportion
of cooperators in the group.

These following graphs show the total population (on the y-axis) as a function
of time (on the x-axis) given a initial tribe of 24 members. In this simulation, b =
4, c=1, δ = .105, and µ = 0. I used Wolfram Mathematica to generate a numerical
solution to the ODEs (in blue). Superposed over the numerical solution are the
results from the simulation, averaged over 50 trials (in red). The five scenarios
represent tribes with different initial proportions of cooperators.

X0 = 8, Y0 = 16 X0 = 10, Y0 = 12

X0 = 12, Y0 = 12
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X0 = 14, Y0 = 10 X0 = 16, Y0 = 8

Total Population, with Varying Initial Proportions of Cooperators

Again, from these simulations, we observe the sensitivity to the initial proportion
of cooperators. The maximum population reached by each of the tribes correlates to
the initial proportion of cooperators. As we have shown in the deterministic model,
all tribes will eventually converge to (0,0), yet the initial value of cooperators and
defectors determines how the tribe gets there (and how quickly). The fact that
cooperative-heavy tribes reach higher maximum populations will become important
in the next part when we discuss fissioning.

The other thing that is important to note once more is that the proportion of
cooperators in a tribe converges to 0 fairly quickly as a result of the reproductive
advantage (or higher fitnesses) that the defectors have over the cooperators. The
presence of just one defector will dilute the tribe, and within little time, tribes
become quite defector-heavy. Another simulation with X0 = 12 and Y0 = 12
demonstrates this phenomenon:

Tribal Population (X + Y )
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Proportion of Cooperators
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2. Group-level Events

The second part of this study now widens its focus to study a population full
of tribes full of individuals. Not only does each tribe in the population experience
the flux of cooperators and defectors due to the individual birth and death of its
members, but we introduce models for group-level events of fission (the asexual
splitting of one group into two smaller groups) and extinction (the simultaneous
death of all members in one tribe). This section uses a 2010 article by Burton Simon
as guidance for constructing the group-level models. Like the first part, we first
outline the continuous-state, continuous-time dynamical system (assuming that X
and Y are continuous variables), and then move to the discrete-state, discrete-time
simulation and results.

2.1. Population. Now, we are no longer just looking at one tribe full of X Coop-
erators and Y defectors. Instead we look at a population full of tribes, which we
will index by i = 1, 2, . . . N . From now on, we call a tribe with X cooperators and
Y defectors an (X,Y )-tribe, and we represent the population using a population
density function θt(X,Y ), which returns the number of tribes in the total popula-
tion that are (X,Y )-tribes at time t. From this function, we can extrapolate the
total number of cooperators or defectors in a population at time t, X∗t , fairly easily:

X∗t =

∫ ∞
X=0

∫ ∞
Y=0

X · θt(X,Y ) dY dX

Y ∗t =

∫ ∞
X=0

∫ ∞
Y=0

Y · θt(X,Y ) dY dX.

2.2. Fission and Extinction. This section introduces a model for tribal fission,
or the splitting of a tribe into two smaller tribes. Fission may be thought of as
the group-level analog to birth. A tribe might fission because it grows too large or
perhaps because of intra-tribe conflict. When a tribe fissions, two new tribes are
formed, each member of the original tribe will end up in one of the two daughter
tribes, and the original tribe ‘dies.’ Let’s suppose that a member from the original
tribe moves to the first daughter tribe with a 50% chance (and thus gets sent to
the second with equal probability).

Let ft(X,Y ) be the probability that an (X,Y )-tribe will fission at time t. We
take a model from (Simon 2010) and let

(4) ft(X,Y ) = αeβ(X+3Y−50)

where α and β are parameters chosen after experimenting with the simulation.
With (X + 3Y − 50) in the exponent, defector-heavy tribes −and tribes with more
members overall− will have a higher chance of fissioning, satisfying our second
central assumption made at the beginning of the paper.

Now, we can also consider the group-level analogue to death: extinction. Ex-
tinction is the simultaneous death of every member in a tribe, and we can think of
extinction occurring in nature as a result of natural disasters, tribal warfare, or even
intra-tribe violence. To model extinction, I introduce the concept of group-fitness.
Group-fitness can be thought of as a measure of how successfully a tribe might fare
against another tribe in warfare, or the ability of a tribe to act together and avoid
extinction when disaster strikes. At a given time t, in a population of N tribes, we
define the group-fitness of a tribe i ∈

{
1, 2, ..., N

}
to be:
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(5) F gt (i) = 3X(i) + Y (i).

I have chosen this function for group fitness to reflect how larger tribes and tribes
with more cooperators would fare better during war or a natural disaster than a
smaller tribe or a tribe full of self-interested defectors (this will help to satisfy the
third central assumption). The key idea of this paper is that fitness at the group
level (favoring cooperation) conflicts with fitness at the individual level (favoring
defection). Since group fitness is modeling how a tribe might perform against the
other tribes in the population during warfare, we introduce F̄ gt (i), the relative group
fitness of tribe i against the N−1 other tribes, to be the average difference of group
fitness between tribe i and the other tribes in the population:

F̄ gt (i) =
1

N

( ∑
j∈
{

1,...,N
}
,j 6=i

(
F gt (i)− F gt (j)

))

= F gt (i)− 1

N

( ∑
j∈
{

1,...,N
}F gt (j)

)
.

As we see, F̄ gt (i) ends up being the difference between the group fitness of tribe
i and the average group fitness in the whole population. Finally, we let et(i) denote
the probability that tribe i goes extinct at time t and set

(6) et(i) =
N

200
ηeκ(−F̄ gt (i)).

As before, η and κ are parameters chosen after some experimentation with the
simulation. From now on, we will use et(X,Y ) to refer to et(i), where the i-th tribe
is an (X,Y )-tribe.

The larger a tribe’s relative group fitness is, the less likely that it will go extinct.
The ( N

200 ) term keeps the number of tribes from growing wildly: suppose that there
is a limited amount of habitable land, and that when more tribes inhabit the land,
there is a higher likelihood of tribal warfare. Now it is time to use our new functions,
ft(X,Y ) and et(X,Y ), along with our models of birth and death rate from Part
1 to construct a partial differential equation to model the population density over
time.

2.3. Building the PDE model. Following work done in (Simon 2010), we let
R(X,Y ) be the rectangle with a lower-left corner at (X,Y ) and an upper-right corner
at (X + dX, Y + dY ). Ultimately, we wish to represent the change in number of
tribes in R(X,Y ) between time t and t+ dt:(

θt+dt(X,Y )− θt(X,Y )
)
dXdY =

∂θt
∂t

(X,Y )dXdY dt+ o(dt)

We know that this change will be a factor of three different events − fission,
extinction, and intra-tribe population dynamics. First, let’s consider the intra-
tribe population dynamics (which occur as a result of individual birth and death).
Like in Part 1, it will be easier to consider the change of cooperators and defectors
separately.
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For this section, we rename our two differential equations from Part 1, so as not
to get confused about whether X and Y are dependent or independent variables:

γct (X,Y ) =
dX

dt
(X,Y ) = (1− µ)λeψ

(b−c)X−cY
X+Y ·X + µλeψ

bX
X+Y · Y − δX

γdt (X,Y ) =
dY

dt
(X,Y ) = (1− µ)λeψ

bX
X+Y · Y + µλeψ

(b−c)X−cY
X+Y ·X − δY.

To find the net change of tribes in R(X,Y ) due to a change in cooperators within
a tribe, we need to consider the right and left boundary of R(X,Y ). What does it
take for a tribe to cross the left boundary into R(X,Y )? Well, a (U, V )-tribe must
be positioned to the left of R(X,Y ) by a distance of at most γct (U, V ) · dt. Let k be
equal to the distance between a (U, V )-tribe and the left boundary of R(X,Y ), and
we can find the tribes that will cross the boundary by the following integral:

∫ γct dt

k=0

θt(X − k, Y )dkdXdY = θt(X,Y )dXdY · γct dt(X,Y )dt+ o(dt)

=
[
θt · γct

]
(X,Y )dXdY dt+ o(dt).

and this equality holds because we can assume that up to a lower order term,
θt(X − k, Y )dXdY is constant along k. Therefore we have that the flux of tribes
passing through the left boundary is[

θt · γct
]
(X,Y )dXdY,

and this expression will be positive when more tribes crossing the left boundary are
traveling to the right than to the left. Likewise, the flux of tribes passing through
the right boundary is [

θt · γct
]
(X + dX, Y )dXdY.

Since movement from left to right is positive, we have that the total flux of
groups flowing into R(X,Y ) is[

θt · γct
]
(X,Y )dXdY −

[
θt · γct

]
(X + dX, Y )dXdY

= −
∂
[
θt · γct

]
∂X

(X,Y )dXdY,

and thus the number of groups flowing into R(X,Y ) from time t to t+ dt is

(7) ∆c(X,Y, t) = −
∂
[
θt · γct

]
∂X

(X,Y )dXdY dt.

An analysis on the change of groups in R(X,Y ) due to a changing number of defectors
in a tribe (analyzing the upper and lower boundary of R(X,Y )) will yield

(8) ∆d(X,Y, t) = −
∂
[
θt · γdt

]
∂Y

(X,Y )dXdY dt.

Now, we can consider the change of tribes in R(X,Y ) due to extinction, which is
simply

(9) ∆e(X,Y, t) = −θt(X,Y ) · et(X,Y )dXdY dt.
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Likewise, we know that, due to fissioning, R(X,Y ) is expected to lose a certain
number of tribes in the interval [t, t+ dt], specifically it will lose

θt(X,Y ) · ft(X,Y )dXdY dt

tribes. However, we also know that two tribes are born during the fission process,
and members are likely to join the first daughter tribe with probability 1

2 . Thus
we can expect that if there are many tribes that are twice the size of a tribe in
R(X,Y ) tribe and of equal proportion cooperators, new tribes are likely be born into

R(X,Y ). To articulate this mathematically, we model h
(
(X,Y ), (U, V )

)
the fission

density of a population, which gives the expected number of (U, V ) daughter tribes
resulting from an (X,Y )-tribe fissioning. Based on the chosen probabilities for our
model, the fission density is

h
(
(X,Y ), (U, V )

)
≈ 4

π
√
XY

e
−2(X−U)2

X e
−2(Y−V )2

Y

where 0 ≤ U ≤ X, 0 ≤ V ≤ Y . For the sake of brevity, I will not cover the
derivation of this formula. I direct those interested in the statistical framework
behind this function to equations (13) and (17) in (Simon 2010), which give a nice
explanation of where the expression comes from.

Thus we can now write an expression for the change of tribes in R(X,Y ) due to
fission:

(10)

∆f (X,Y, t) =

(
− θt(X,Y ) · ft(X,Y )

+

∫ ∞
U=X

∫ ∞
V=Y

θt(U, V ) · h
(
(X,Y ), (U, V )

)
· ft(U, V )dV dU

)
dXdY dt

where the first term on the right hand side represents the death of tribes in R(X,Y )

due to fission and the second term represents new tribes born in R(X,Y ) due to
fission of larger tribes.

Finally, adding ∆c(X,Y, t),∆d(X,Y, t),∆e,∆f and dividing by dXdY dt pro-
vides us with the partial differential equation for the time-derivative of population
density:

(11)

∂θt
∂t

(X,Y ) = −
∂
[
θt · γct

]
∂X

(X,Y )−
∂
[
θt · γdt

]
∂Y

(X,Y )

− θt(X,Y ) · et(X,Y )− θt(X,Y ) · ft(X,Y )

+

∫ ∞
U=X

∫ ∞
V=Y

θt(U, V ) · h
(
(X,Y ), (U, V )

)
· ft(U, V )dV dU.

2.4. Simulation and Results. This discrete-state, discrete-time stochastic simu-
lation models a population that begins with 8 tribes of 25 members each, a total of
200 members. 100 cooperators and 100 defectors comprise the 8 tribes, and within
each tribe, the initial proportion of cooperators is approximately .5. To quickly
recap our model, in each time step, the population undergoes a wave of birth and
death which iterates through each of the tribes and, based on the fitness of cooper-
ators and defectors, new members are born to the tribes and some old members die.
With regards to equations (3) we set b = 4, c = 1, δ = .105, µ = .1 λ = .1, ψ = .05.
In each time step, a function fissionWave() is also called, which iterates through each
of the (X,Y )-tribes, generates a random number, and with probability ft(X,Y ),



18 ANDREW COHEN

commands that tribe to fission. Also called in each time step is the function ex-
tinctionWave() which, like fissionWave(), parses through each of the (X,Y)-tribes,
generates a random number, and with probability et(X,Y ), commands that tribe
to go extinct (the tribe is removed from the array of tribes stored in the population
object). With regards to equations (4) and (6), we set α = .1 , β = .05 ,η = .1, and
κ = .05. We run this procedure (birth and death, fission, extinction) for 2000 time
steps, at each step recording total population, the population-wide proportion of
cooperators, and the population density, and that procedure constitutes one run-
through. The Matlab program performs 50 run-throughs and then averages the
results:

Total Population

The first thing to observe about the total population is that although the pop-
ulation is composed of tribes which (as we have shown in Part 1) will eventually
go extinct due to dilution by defectors, the whole population seems to be able to
maintain itself and converge to a size of 210 members. This means that despite
the tendency towards chaos and extinction present within each tribe, the overall
population, through fission and extinction, is somehow able to sustain itself. We
see that initially there is a significant dip in the population (and this is averaged
over 50 simulations, so this is not a fluke), and then the population grows again
and stabilizes at around 210 total members. Our next figure might be helpful in
explaining this initial drop in population:
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Proportion of Cooperators

Unlike our simulation in Part 1, the proportion of cooperators does not drop to 0;
rather, it rises and converges to around .75. At the time that the population is ex-
periencing its initial drop (times 0-600) there is a simultaneous rise in cooperators.
It also appears that once the proportion of cooperators reaches and stabilizes at .75,
the total population reaches 210, the number around which it will oscillate for the
rest of the run-through. We may infer that the drop in population, accompanied
by the rise in cooperators, is a result of the fissioning and extinction of defector-
heavy tribes. Defector-heavy tribes have a higher likelihood of fission and extinc-
tion, compared to their cooperator-heavy counterparts. Likewise, cooperator-heavy
tribes grow faster and to larger numbers than their defector-heavy counterparts,
thus increasing their chance to fission when the tribe is large and produce more
successful cooperator-heavy tribes.

This phenomenon is more clearly discernible in the visualizations of the popu-
lation density as a function of time (found on the next page). These graphs show
snapshots of the population density throughout the simulation, with a large focus
on the first 500 time steps. The x-axis represents the number of cooperators (rang-
ing from 0 to 30) and the y-axis shows defectors (also ranging form 0 to 30). The
colored boxes represent the number of tribes at position (X,Y ), and the lighter the
color is, the larger the number of (X,Y )-tribes in the population at that time.

In the first 150 time steps, we can see the shrinking population represented by
the decreasing light color among the first three figures. Notably, we see that the
most numerous (X,Y ) tribes in the beginning tend to be very small, defector-heavy
tribes − presumably these tribes are about to go extinct due to their size and pres-
ence of defectors. Slowly over time, we see more and more tribes with a higher
number of cooperators and few to no defectors. Over time, we see the population
tends to hug the x-axis as it grows in numbers and reaches its stable population.
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t = 50 t = 100 t = 150

t = 200 t = 250 t = 300

t = 350 t = 400 t = 450

t = 500 t = 1000 t = 2000

Population Density

Ultimately, this simulation demonstrates how it could be possible for a behavior
like cooperation to propagate throughout a population. In fact, we can run the same
simulation, but instead of beginning with an initial population of half cooperators
and half defectors, we suppose that the ultra-majority of the population, say 90%,
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is composed of selfish defectors and a small 10% of the population has mutated to
develop the odd condition of being cooperative.

Evolution of Cooperation

Even with a small initial proportion of 10%, cooperation is so favored in this pop-
ulation (due to the group-level events) that it is selected for, and the population
evolves to be majority-cooperative. From the population model and our simulation
results, we can begin to understand how behavior like altruism, sacrifice, and co-
operation can manifest in social beings. Certainly, the model constructed for this
project has fairly low resolution and could be refined in a few ways. That said,
the point still stands: when we introduce group-level phenomena which favor traits
that are not favored by individual-level selection, selection at the higher level has
priority. Since humans are deeply tribal animals (and have been for a very, very
long time), the theory of multilevel selection may be instrumental in understanding
the origins of human social behavior, morality, and perhaps even religion.
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