P-ADICS, HENSEL’S LEMMA AND STRASSMAN’S THEOREM

YUCHEN CHEN

ABSTRACT. This is an expository paper on an introduction to p-adic numbers.
We will start by constructing Q, by completing the rational numbers with
respect to the p-adic norm. Following construction, we will prove Hensel’s
Lemma, construct a base p power series representation of QQ,, and discuss the
connection between the two. We will also discuss formal power series in Qp,
including p-adic logarithms/ exponentials and Strassman’s Theorem.
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1. CONSTRUCTION OF p-ADICS

The field of p-adic numbers, @Q,, is a completion of the rational numbers with
respect to the p-adic norm, much like how the real numbers are the completion of
the rational numbers with respect to the canonical absolute value. We will begin
constructing Q, by defining the p-adic norm and completing the rational numbers
using Cauchy sequences. Let us first define the p-adic valuation.

Definition 1.1. Let z be a non-zero integer and p be a prime number. The p-adic
valuation of z, denoted ord,(z), is defined to be the largest positive integer r such
that p” divides z. If x = 0, define ord,(z) = cc.

Definition 1.2. Suppose z is a rational number. We can write z = 3, where s,

are integers and t is non-zero. The p-adic valuation of x is then defined as
ordy(z) = ord,(s) — ord,(t).

This is well-defined since a different fractional representation of x yields the same
p-adic valuation.

Example 1.3. The following are a few examples of the 3-adic valuation.
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ord3(19) =0
ords(18) = 2
ords(12) = ords(19) — ords(18) = —2.

We will now define a few properties of the p-adic valuation.

Proposition 1.4. Let x,y be rational numbers. Then
(1) ord,(z) = oo if and only if x = 0.
(2) ordy(zy) = ordy(x) + ordy(y).
(3) ordy(xz+y) > min{ordy(z), ordy(y)}.

Proof.
(2)

(1) This follows from Definition 1.1.
First suppose that both x,y are non-zero integers. By the definition of the
p-adic valuation, we see that = p°%(*)q and y = p°"% Wb, where a, b are
integers not divisible by p. Then

py = pPre(®) gordy W)y — pordy()tordy () g,

and notice that ab is not divisible by p. This shows that ord,(zy) =
ordy(z) + ord,(y).

Now suppose that both z,y # 0 and z,y € Q. Then we can write x = ¢
and y = <. We can then apply the integer case. The case where z and y
are 0 is clear.

We again start with the case where x and y are non-zero integers. We see
that z = po" @) g and y = p"@®p, where a,b are integers not divisible
by p. Then

r+y= pordp(z)a + pordp(y)b.
We have multiple cases in the computation of ord,(x +y). In the first case,
consider ordy,(z) = ord,(y). Then

r+y= pOpo(I)(a + b)’

so ordy(x + y) > ordy(z) = min{ordy,(z),ord,(y)}. For the other case,
without loss of generality, assume that ord,(z) > ord,(y). Then

T+ Yy = pm"dp(y) (pordp(r)—ordp(y)a + b)

It follows that ordy,(z+vy) = ord,(y) = min{ordy,(z), ordy(y)}. This proves
the integer case.

Similar to part 2, the rational case follows from the integer case and the
case where x and y are 0 is clear.
O

We will now introduce the concept of a norm and then define the p-adic norm.

Definition 1.5. Let R be a ring. A function N : R — [0, 00) is a norm if it satisfies
the following properties. For any =,y € R,

(1)
(2)

N(z) =0 if and only if z = 0.
N(zy) = N(z)N(y).

(3) N(z+y) < N(z)+ N(y).
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Definition 1.6. The p-adic norm is a function N : Q — [0, 00) defined by
N(a) =,
where p~°° = 0. From now on we will denote N(z) as |z|,.

Example 1.7. Here are some examples of the 3-adic norm which will follow from
Example 1.3.
(1) 19|35 =379 =
(2) [18]s = 372 =
(3) [l =32=0.

ol =

We will now prove a few properties of the p-adic norm.

Theorem 1.8. Let z,y be rational numbers. The following properties hold.
(1) |z|p =0 if and only if x = 0.
(2) |zylp = |zlplylp-
(3) |z +ylp < max{[z]p, |ylp}

Proof. (1) This follows clearly from Proposition 1.4(a).
(2) By definition, |zy|, = p~° %) which is equal to p~(7dr(@)Fordr¥) by
Proposition 1.4(b). Then

p—(ordp(ﬂc)Jrordp(y) — p—ordp(af)p—ordp(y) = ||, |ylp-

(3) By definition,

‘.T + y|p — p—OT’dp(I"ry) <p” min{ordy(z),ord,(y)}

by Proposition 1.4(c). It follows that |x + y|, < max{|z|p, |y|p}
O

Remark 1.9. Theorem 1.8 shows us that the p-adic norm satisfies the definition
of a norm given in Definition 1.5. Moreover, the third property of Theorem 1.8,
|z 4+ y|p, < max{|z|p, |ylp}, is a stronger property than the triangle inequality given
in Definition 1.5(c). The property given in Theorem 1.8(c) is called the ultrametric
inequality property. Norms with this property are called non-Archimedian norms.
It then follows that the p-adic norm is a non-Archimedian norm. This is an impor-
tant difference from norms such as the canonical absolute value on the real numbers,
which does not satisfy the ultrametric inequality property.

The field Q, will now be defined as the completion of Q with respect to the p-
adic norm. A canonical representation of elements in the completion is via Cauchy
sequences which we will now describe.

Definition 1.10. A sequence {a,}22, is Cauchy with respect to | - |, if for every
€ > 0, there exists a positive integer N, such that for all positive integers m,n >
N, |am — anlp < €.

Definition 1.11. Let {a,}2; and {b,,}°; be two Cauchy sequences in the ratio-
nal numbers. Then define {a, }22; ~, {b,}22, if lim |a, —b,|p, = 0.
n—oQ

Proposition 1.12. The relation =, defined in Definition 1.12 is an equivalence
relation.
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Proof. The reflexive and symmetric properties are easy to verify. We will show the
transitive property. Suppose {a,}52; ~p {bn}52; and {b,}22, ~, {cn}22,. Let
€ > 0. There exists N’ such that if n > N’ then |a,, — b,|, < §. There also exists
N" such that if n > N” then |b, — c,|, < §. Let N = max{N',N”}. Then if
n > N, we have that |a, — ¢,lp < |an — bn| + |bp — culp < €. Thus, we get that
{an}oiy =p {en}its O

Definition 1.13. We define Q, to be the set of equivalence classes of Cauchy

sequences of rational numbers given by the equivalence relation ~,.

Definition 1.14. Define Ng, : Q, — [0,00) by Ng,(X) = lim |z,[,, where
n—oo

{zn}5Z, is a Cauchy sequence representation of X. From now on, we denote Ng,,

the extension of |- |, to Q,, by |- |, as well.

Proposition 1.15. The norm |- |, is well-defined.

Proof. We need to show that the limit exists and is independent of which repre-
sentation that we choose. Let X € Q, and {z,}?2, be a representation of X. To
show that the limit exists, let € > 0. There exists N’ such that if n,m > N then
|, — zn|p < €. Then for any m,n > N, we have that

‘xn|p - |17m‘17 < ‘xn - mm‘p
and
[Zmlp = |Znlp < @0 — Tmlp-
It follows that
[Znlp = [Zmlp| < |Tn — Zmlp <e.

Thus, | X|, is a Cauchy sequence in the real numbers so the limit exists.
Now to show that | - |, is independent of the choice of representatives, assume
that {y,}52, is a different representation of the same equivalence class. Then

lim |y, < nlinolo Yn — Tnlp + 7}1_>H010 |Znlp = nh_fgo |0 p-

n—oo
Similarly,
nh_?;o |Znlp < nh_)néo Zn — Ynlp + nh_{%o Ynlp = nh_)ngo (Y lp-
Thus, lim |z,], = lm |y,]p. O
n—oo n—oo

Remark 1.16. Given z,y in Q,, let {z,}°2; and {y,}32; be representations of
x,y respectively. Then z + y is the equivalence class represented by the sequence,
{Zn + yn}22, and zy is the equivalence class given by sequence {2,y,}52,. With
these operations, it can be checked that | - |, extended to Q, satisfies the definition
of a norm given in Definition 1.5.

Definition 1.17. A space X is complete with respect to norm N if every Cauchy
sequence in X converges to an element of X with respect to norm V.

Theorem 1.18. The space Q, is complete.

Proof. Let {a,}>2,; be a Cauchy sequence in Q,. We know that each term a,
can be identified by a Cauchy sequence {bnm}o0_; in Q by construction. For each
positive integer k we can find a positive integer N such that for any m,n > Ny,
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we have [bgn, — bgnlp < % Let k1, ko, k3, ... be positive integers with the property
that k1 < ky < ks < ..., and k; > N; for all 4. Define sequence {c,}22; by

Cp = bnkn~

We first show that {c,}52; is a Cauchy sequence. Let e > 0. Since {a,}>2, is a

Cauchy sequence, there exists N such that if mq,mg > N then |am,, — am,|p < €.

Thus, by definition, lim |bp,,s — bimynlp < €. Therefore there exists N’ such that
oo

n—
if n > N’ then |by,n — bmon| < €. Now let m,n > max{N, N'}. We see that
[em = enlp = [bmky = buk, [p < €

Thus, {c,}52; is a Cauchy sequence in Q with respect to | - |,. Let C' denote the
element of Q, represented by the Cauchy sequence {c, }52 ;.
Finally, we have to show that lim a,, = C. Let € > 0. We have that

n—oo

|C — an|p <|C - Blp +[B — an‘p = lim |bp,, — bnkn|p + lim |buk, — bnk,, p:
m— 00 m—00

where B is the element of @, represented by the sequence where every term is
buk, . There exists positive integer N’ such that - < £ and N” such that for any
m,n > N", |am, an|, < §. Therefore, klim bk — buklp < 5.

—00

Now let N = max{N’, N”}. Then for any n > N, for large enough m, we have
‘bmkm — bnkn|p < % and |bnkn — bnk‘m|p < % Thus7

|C = anlp < lm |bpk,, = buk, [p + Hm |bpk, — bug,, |p <€
m—roo m—o0
This shows that lim a,, = C. Thus, Q, is complete. O
n—oo

Definition 1.19. Let X be a space. Suppose that Y C X. Then Y is dense in X
with respect to norm N if every element of X is the limit of a sequence in Y.

Theorem 1.20. The set of rational numbers is dense in Q.

Proof. We can embed Q in Q,, since for every x € Q, we can map it to the
equivalence class represented by the Cauchy sequence (z,z,...). Let y € Q,. Then
y can be written as a Cauchy sequence of rational numbers. This sequence converges
to y. ([l

Theorem 1.21. The space Q, is a field.
Proof. This can be checked and is left to the reader. O

This completes our construction.

2. REPRESENTATION AS POWER SERIES

In the construction of the p-adic field, the elements of QQ, are represented by
Cauchy sequences. While this is important for the construction of Q,, it is difficult
to work with @, as Cauchy sequences. As an example, since the real numbers
are also a completion of the rational numbers, we can also represent real numbers
by Cauchy sequences, but we rarely think about them in that way. One way to
represent elements of @, is by using power series expansions of base p. This is
analogous to the decimal expansion of real numbers.
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Definition 2.1. We define Z,, the set of p-adic integers, to be the set of elements
of Q, with norm less than or equal to 1. In other words,

Zp={x €Qp|lzf, <1}
It is not hard to see that Z,, is a subring of Q,.
We will start by representing elements of Z,, as a power series.

Lemma 2.2. Let a be a p-adic integer. Then there exists Cauchy sequence {a,}22 4
in the integers which converges to o such that
0<a; <p'—1 and ajr1 = a; mod p*

for all positive integer i.

Proof. Let n be a positive integer. We know that the rationals are dense in Q, so
there exists rational ¢ such that |a —q|, < p™". We can write ¢ = 7 where s, are
both integers and coprime. Since ||, <1, |g|, < 1. We then know that p does not
divide t. Then ¢ is a unit in Z \ pZ. Thus, there exists integer x such that tx = s
mod p". Let z = a, mod p™. Then 0 < a,, < p™ — 1. We also see that o = ¢ mod
p", and a, = ¢ mod p", S0 a,, = « mod p". This shows that {a,}52; converges to
a. It also follows from this that a;11 = a; mod p* for all positive integer <. O

Proposition 2.3. Let « be a p-adic integer, then

o =oap+o1p+ a2p2 + ..
where 0 < o; < p—1.
Proof. By Lemma 2.2, we have a sequence {a, }22; which converges to a such that

0<a; <p'—1and a;+1 = a; mod p.
From these conditions, we see that we can rewrite {a,}52, as
ap = Qo,
az = oo + ap,

a3 = g +o1p + a2p2,

We have then defined the coefficients for the power series representation of a. It is

clear that this power series converges to «, since {a, 52 ; is the sequence of partial
sums and we know that it converges to a. O

Theorem 2.4. The power series representation in Proposition 2.8 is unique.

Proof. Let a = afy + a4p + ... be another power series representation of «. Let n

be the first positive integer where, «,, # o/,. Without loss of generality, we assume
g n g Yy

that a,, < a),. Define j,, as

Brn =ao+a1p+ ...+ app”,

and define ], similarly with a} as the notation for the coefficients. We see that
Bl — Bn = (a), — ap)p™. Thus, |8, — Bnlp = ﬁ. However, by the ultrametric
inequality property, we also have that |3], — Bnlp, = [(B), — @) + (@ — Bn)|p < p%.

We then have a contradiction so the power series representation is unique. (Il

Remark 2.5. This is not true for decimal expansion since 0.9999... = 1.00000....
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Theorem 2.6. Let a be a p-adic rational number, then
A= gD " F a1 "t aiip i a4 aap Fasp® + .,

where 0 < o; < p—1.

Proof. If « is a p-adic integer, then we are done. If not, then we know that ||, > 1,
so by definition of p-adic norm, |a|, = p™, for some positive integer m. We then
notice that [p™a|, = 1, so there exists power series expansion p™a = ag + aqp +
aop? + .... We can then write

—m—+1

a=ap "+ ap + ot A 1p o F Qg p F

O

Example 2.7. Suppose we wish to find the base 5 expansion of 7. We can see that
7 =24 1(5). In general, the p-adic expansions for integers are finite.

[ee]
Theorem 2.8. Suppose x is a p-adic integer with |z|, < 1, then ) zF converges

. k=0
to iz
Proof. This proof is the same as in R. O
Example 2.9. We will find —1 € Q5. From Theorem 2.8, we see that ). 5% = -1,
k=0
Thus, -1 =4 5F = Y 4.5k,
k=0 k=0

We will now define addition and multiplication with p-adic power series expan-
sions. These are analogous to addition and multiplication in the decimal system.

Addition. Let > axp® and > byp® be elements in Q,. To add, we start in the pY

place and add ag + bg. We define ¢ by ¢g = (ag + bg) mod p. If (ag + by) > p, we

“carry” the multiple of p to the p! place. We repeat the process and the sum is

3" cerp®. This is analogous to the vertical addition algorithm in the decimal system.

Example 2.10. We know that the p-adic expansion for 1 € Q5 is 1+0-5+0-25+...,
o0

and we have shown that —1 = _ 4- 5% in Q5. We will now verify that —1+1 =0

k=0
in Q5.

1 1
.. 4 4 4
+ 1
0 0 0

Multiplication. Let Y app* and 3 bp”* be elements in Qp. To multiply we need
to “match” up powers of p. For example, to find the ¢y term, we need to find all
terms that multiply to have a p? term. Thus, we have ¢y = agbs +asby+a, b1, where
we carry accordingly when adding. Similar to addition, an easier way to visualize
multiplication is with the vertical method we are familiar with for integers.
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Example 2.11. Later on in Example 3.4, we will show that \/—1 exists in Q5.
Suppose we wish to find a p-adic expansion of /—1. We note that /—1-v/—1 = —1.

az a ao
X . Q9 aq ap

apaz apay a(2)

a1as a%

a3

4 4 4

From this, we see that we want a3 = 4 mod 5. One option is that ap = 3. We
need to carry a 1. We then see that we want 3a; + a? + 1 = 4 mod 5. We see
that a; = 3 works. We need to carry a 3 over. For ay, we see that we want
2as + 4as + a% 4+ 3 =4 mod 5. Notice that as = 2 works here. Continuing like this
we can get more coefficients. Note that if we chose ag = 2, we would get a different
power series representation.

3. HENSEL'S LEMMA
In this section, we will introduce Hensel’s Lemma.

Definition 3.1. Let f(X) be a polynomial with integer coeflicients, and p be a
prime number. Suppose we have a solution f(z1) = 0 mod p. Then a solution
f(zn) =0 mod p™ where x,, = x; mod p is called a lift of z; modulo p™ for some
given n > 0.

Example 3.2. Let f(X) = X2+ 1. We can see that f(2) =0 mod 5 and f(3) =0
mod 5. Suppose we want to find a lift of 2 and 3 mod 25. We need z = 2 mod 5,
so x = 5t + 2 for some integer . We then want that (5¢ + 2)? + 1 = 0 mod 25, so
t = 1. This gives us that x = 7. A similar calculation shows us that 18 is a lift of
3 modulo 25.

The idea of lifts is important in regards to Hensel’s lemma. More specifically,
Hensel’s lemma will tell us under what conditions further lifts can be obtained
and more importantly will extend the idea of lifts to finding p-adic solutions of a
polynomial in Z,,.

Theorem 3.3. (Hensel’s Lemma). If f(X) is a polynomial with coefficients in the
p-adic integers and a € Z, satisfies

f(a) =0 mod p and f'(a) # 0 mod p,
then there exists a unique o € Zy, such that f(a) =0 and o = a mod p.

Proof. The idea of the proof revolves around finding « by inductively constructing
a Cauchy sequence, {a,}5°;, such that for any n, f(a,) = 0 mod p™ and a,, = a
mod p. This will be done by subsequently lifting from n to n + 1.

The base case is clear. We take a; to be a which satisfies the properties stated
above.

For the inductive step, suppose there exists an a,, that satisfies the above prop-
erties. To find an a,41 with the desired properties, we only need that a,11 = a,
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mod p" and that f(a,.1) =0 mod p"*!. Since a, 11 = a, mod p”, a,+1 = tp" +ay,
for some integer t. By Taylor series expansion centered on a,,
i
a
£+ an) = Slan) + S oyt + S0z

o)

ftp" + an) = flan) + f'(an)p™t mod p™ Tt
Then set f(tp™ + a,,) to 0 resulting in,

0= f(an) + f'(an)p™t mod p™+.
This can be solved for ¢ and we get that

tzﬂmodp.

f'(an)p™

As a result, we have found the unique a,; term.

We have now constructed the Cauchy sequence {a, }22,. Denote its limit as «.
We must show that o = @ mod p and also that f(«) = 0.

We will first show that for any positive integer n > 1, a, = a; mod p, with
induction. The base case is clear from construction of {a,}22,. For the inductive
step, suppose that a,, = a; mod p. Since a,+1 = a,, mod p”, a,11 = a1 mod p.

By letting n go to infinity, it follows that & = a; mod p. Thus, & = a mod p.

To show that f(a) = 0, It is sufficient to show that |f(a)|, = 0. By what we
found above, |f(an)|, < pin for every positive integer n, since f(a,) = 0 mod p".
Taking n to infinity shows us that |f(«)|, <0, so |f(a)|, = 0 must hold since the
p-adic norm cannot be negative. This implies that f(«) = 0.

O

Example 3.4. We will now show that v/—1 exists in Zs. Let f(X) = X2+1. We
see that f(2) =0 mod 5 and f/(2) # 0 mod 5, so by Hensel’s Lemma, there exists
a root of f in Zs. Similarly, f(3) = 0 mod 5, and f/(3) # 0 mod 5. We then have
another root of f. This makes sense, since f is a polynomial of degree two, so we
would expect f to have two roots, unless one is a double root.

Remark 3.5. The p-adic expansion seems similar to Hensel’s Lemma, especially
with regards to lifting. The proof of Hensel’s Lemma shows us that each lift gives
us a closer approximation to the p-adic solution. For example, take f(X) = X2 +1
again in Q5. In Example 2.2, we showed that 3 is a lift mod 5, 18 is a lift mod 25
and continuing the process it follows that 68 is a lift mod 125. We can write these
lifts as follows

3=3
18=3+3-5
68=3+3-5+2-25.

As we can see, each lift gives us the next term in the partial sum, resulting in a
closer and closer approximation of the power series representation.
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4. LOGARITHMS AND EXPONENTIALS

We begin our discussion on logarithms and exponentials by deriving a few more
facts about p-adic power series. Many of these rely on the ultrametric inequality
property and thus do not hold in R.

o0

Theorem 4.1. A series > a, in Q, converges if and only if the sequence {a,}>%,
n=0

converges to 0.

Proof. By definition, the sequence of partial sums {5, }22, must converge. Then
{Sn}52, must be a Cauchy sequence. Let € > 0. There exists positive integer
N such that for any m,n > N, |S,, — Sulp < €. Let M > N. Then |ap|, =
|Sv+1 — Smlp < €. Thus, {a,}5%; converges to 0.

For the converse, we know that {a,}52; converges to 0. Let ¢ > 0. There exists
positive integer IV such that if n > N then |a,|, < . Now let m,n > N. Without
loss of generality assume that m > n. Then |S,, —S,|p, < max{ant1,...,am} < € by
the ultrametric inequality property. Thus, {S,}52, is Cauchy so it converges. O

Remark 4.2. In the real numbers, the second part of Theorem 4.1 does not hold,
for example the sum of the harmonic sequence. The backwards direction is a
consequence of the ultrametric inequality property which is not satisfied by the
absolute value in the real numbers.

oo

Theorem 4.3. If Y aj converges, then any reordering must also converge. More-
k=0

over, any reordering must converge to the same sum.

o0 o0
Proof. This is the result of ) a; being absolutely convergent. Let > aj be a
k=0 k=0
reordering. Let ¢ > 0. We know that {a,}>2, converges to 0, since the sum of

an } , converges, so we can find positive integer N, such that if n > en

0 ges, find positive integer N h that if n > N th
oo

lanlp < € lallp < e and | > ax — Splp < €, where S, is the n-th partial sum
k=0

of the original series. Let n > N. Define S as the sum of terms a;, i < n,
where |a;|, > €, and S” as the sum of a}, ¢ < n where |a}|, > e. Notice that
S = 5’. By the ultrametric inequality property, we deduce that |S, — S|, < € and
|S], — S'|, < ¢, since we subtracted out the terms in each case that have p-adic
norm greater than e. Then using ultrametric inequality property again, we see that
|Sn — Shlp = |Sn — S+ 5" — S|, < e. Using the ultrametric inequality property
again, we get that

1> =Sl =1 ar— S+ S0 — Shlp <.
k=0 k=0

O

Definition 4.4. Let f(X) be a formal power series with coefficients in a ring
R. Then r € RU {oo} is the radius of convergence of f if for any = in the disc
D={ze€R||z|<r}, f(z) converges.

Remark 4.5. Suppose that f(X) = > a,X™ is a power series in Q,[[X]]. By

n=0
Theorem 4.1, we know that if f(z) converges then a,z"™ — 0. We then write the
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radius of convergence r as

r = sup{|z|, | anz, — 0}.

Theorem 4.6. Let f(X) = > a,X™ be a power series in Q,[[X]]. Then the
n=0

radius of convergence is

_ 1
"= - R
lim sup,,_, o |anlp
Proof. This proof is the same as the proof in R. ([

We will now introduce logarithims and exponentials in Q,.

Definition 4.7. We define p-adic log and exponential as follows

oo

log, (X) = 3 (- L
n=0

and
o0

X’n

exp, (X) = E .

n!
n=0

Theorem 4.8. The p-adic logarithm, log,, is defined for all x such that |z—1|, < 1.

_1\yn+1
Proof. We will compute the radius of convergence. Observe that |%|p =
| £]p = pr¥e (). Thus,

: . ordp(n)
lim sup \an|11)/” = limsupp  » = 1.
n—oo n— oo
By Theorem 4.6, we get that the radius of convergence is 1. (]

To compute the domain of exp,, we will first show a lemma.

Lemma 4.9. Let n be a positive integer. We know that n has a finite p-adic
expansion

m
n= E a;p’.
i=0

We define
Sn = Z a;.
i=0
Then
n—5S,
ordy(nl) = 1

Proof. For each 1 < i < m, we notice that the number of integers between 1 and n
that are divisible by p' is LﬁJ . We can then see that

ordy(n!) = Zm: {”J .

1
i=1 p
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Observe that

m
> axp”
. _ k=0

m i—1 m
—_—= = Zakpkfi = Zakpkfi + Zakpk*i.
k=0 k=i

P’ P’ .

>
Il

m .
It is clear that Y axp®~* is an integer. From our construction of the p-adic expan-

k=1
sion, ay < p — 1 for all k. This shows that

k=0 k=0
It follows that
n m i
| = et
k=i
‘We now have that
ordy(n!) = Zakpk_z
1=1 k=1
_ ai(p—1)+az(p?> = 1)+ ... + am(p™ —1)
p—1
(ap+ . anp™) = (a1 + ..+ ap)
= -
(aO + aip + ...+ ampm) - (ao +ay+ ...+ am) o n— Sn
- p—1 op—1-

O
Theorem 4.10. The exponential exp, is defined for all  such that |z, < p%.

Proof. We again compute the radius of convergence. Using our lemma, we see that

1 (=) 1-5n
_|n — prp-1) — p—1

P p p .
n!

It follows that
1 2
lim sup | — |7 :pp%l.
n—oo T

Thus, the radius of convergence by Theorem 4.6 is pzjfll.
O

The p-adic logarithm and exponential share properties with the logarithm and
exponential in real numbers.

Theorem 4.11. If z,y are p-adic numbers such that |z — 1|, <1 and |y —1|, < 1,
then

log, (zy) = log,(x) + log,,(y).
Proof. We can evaluate the expression, log, () +log,(y) —log,(zy) by rearranging

the terms of the sequence by Theorem 4.3. They can be rearranged so that each
term is 0. The theorem then follows. O
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Theorem 4.12. If z,y are p-adic numbers such that ||, < pr:fll and |y|p, < pp;—ll,
then

exp, (z + y) = exp,(x) exp, ().
Proof. This proof is similar to the proof of Theorem 4.11. ([

Theorem 4.13. Define D ={z € Q, | |z|, < pﬁ} The exponential exp,, : D —
1L+ D and logarithm log,, : 1 + D — D are inverses. That is

(4.14) log,(exp,(z)) = x and exp,(log,(z)) = z.

Proof. We must show that these series converge. First we see that

| exp,(2) 1|p*|z |p— |-
Similarly,

n "
|log, (z ‘p:‘z Jr17|p§|5‘c*1|p-

The expressions in (4.14) follow from the space of formal power series expansions.
|

5. STRASSMAN’S THEOREM

We will continue to discuss p-adic power series. In this section, we will introduce
Strassman’s Theorem which relates to the zeros of a power series. In particular,
Strassman’s Theorem will give us the maximum number of zeros of a power series
in the p-adic integers under certain conditions. We will then conclude with a few
corollaries. This section follows closely from Hutter, Szedldk, Wirth [4].

Theorem 5.1. (Strassman’s Theorem) Let f : Z, — Q, be such that f(X) =

> anX™ is a non-zero power series in Q,[[X]], and le an, = 0. Define N as
n=0 n—00
follows,
(1) lanlp = max|anl,
(2) lanlp < |lan|p for alln > N.
Then f has at most N zeros.

Proof. We will prove Strassman’s Theorem using induction.
In the base N = 0 case, we will use contradiction by assuming that there exists a
zero, that is there exists a such that

o0
(o) = Z ana™.
n=0
So
o0
—ag = Z anpa”
n=1

which gives us that

o0
jaoly =1 ana”
n=1
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It follows that

oo
|Z ana™|p, < maX|an0z lp < max \an\p
n=1
The second inequality comes from the fact that |a, < 1, since « is a p-adic integer.
This contradicts the second condition we set on N, so we see that in the N = 0
case, f cannot have a zero.

For the inductive step, we assume this theorem holds for some N — 1 and we will
show that the NV case holds. This will be done by factoring out a zero and then
using our inductive assumption. If f has no zeros then we are done. Otherwise we
denote the zero as «. Notice that

e’} oo n+1l
f(x)zf(x)—f(a)zzan(x”—a”)_x_a ZZ@ Pl
n=0 n=0 j=0

Rearranging, we get that

(o] o0
fl@)=(z—a) E E anzla™ 1 = (z —a) E E ajy1pprda®

J=0n=j5+1 7=0 k=0
00 0 .
where k = n — 1 — j. Define b; = Y aj11110" and g(z) = Y bjz7. Doing so
k=0 §=0

allows us to write

f(z) = (z = a)g(x).
We will now show that we can use our inductive assumption on g(z). We will first
show that lim b; = 0. From previous result, we see that

j*}OO

k
1bjlp < I]gl§a<|aj+1+k04 p < I}€1§3<|Gj+1+k|p~
Since |a,|p, — 0, it follows that max |aj+14k|p — 0, so lim b; = 0.
k>0 joro0

Observe that for any j > 0, we have that

bil, <m ; < .
1bjlp < k§8‘1|a]+1+k|p < lanlp
Furthermore,

lon-1lp = |ZGN+kak|p = lan|p.
k=0
This shows that N — 1 satisfies the first condition. Now let j > N — 1. Then

1bilp < max|a;i1sklp < lanp-
Then we see that g(z) satisfies the conditions in our inductive assumption, so g(z)
has at most N — 1 zeros. It follows that f(z) has at most N zeros. O
We will finish by discussing a few corollaries of Strassman’s Theorem.

Corollary 5.2. Let f(X) = > a,X™ be a power series in Zy|[X]] such that it
converges on Z, and it has zeros ax, ..., Gty € Zy. Then there exists g(X) € Z,[[X]]
which converges on Z, and has no zeros in Z, such that

F(X) = (X = a1)..(X — am)g(X).
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Proof. This corollary follows from the factoring process in the inductive step in the
proof of Strassman’s Theorem. First, we can factor oy and get that

f(X) = (X = a1)g:(X),
where g1 (X) has at most m — 1 zeros. Continuing this process, we get that
J(X) = (X —a1)..(X — am)gm(X)
where g,,(X) has no zeros. Then let g(X) = g, (X). O

Corollary 5.3. Let f(X) be a non-zero power series in Z[[X]] converging in p™Z,
for some m € Z. Then f(X) has finitely many zeros in p"Z,.

Proof. Define g(X) = f(p™X). Since f(X) converges on p"Z,, g(X) converges
on Z,. Suppose « is a zero of f(X), then p~™« is a zero of g(X). By applying
Strassman’s Theorem to g(X), we see that g(X) has finitely many zeros, so f(X)
must also have finitely many zeros. ([l

Corollary 5.4. Let f(X), g(X) be power series in Z,[[X]], such that both are non-
zero and converge on p™Z, for some integer m. Suppose there exists infinitely many
a € pmZ, such that f(a) = g(a). Then f(X) = g(X).

Proof. Define h(X) such that h(X) = f(X) — g(X). Suppose h(X) is nonzero. By
Corollary 5.3, h(X) has finitely many zeros. However, for each «, h(a) = 0. This
is a contradiction, so h(X) = 0. O

Corollary 5.5. Let f(X) be a power series in Zpy[[X]] such that f(X) is nonzero,
converges in p"Z, and is periodic with period T € p™Z,. Then f(X) is constant.

Proof. Since f is periodic, f(mn) = f(0) for all integer n. Notice also that Tn €
p™Z,. By corollary 5.4, f(X) = f(0) showing that f(X) is constant. O
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