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Abstract. In this expository paper, we introduce the classification of crys-

tallographic root systems and Coxeter systems. We then discuss the Catalan
numbers, and develop motivation for the definition of a cluster algebra. Fi-

nally, we introduce a theorem that allows us to count the number of clusters

in a cluster algebra, and discuss an enumerative problem.
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1. Reflection groups and Root Systems

Throughout this paper, we let V be a vector space in Rn.

Definition 1.1. A finite reflection group W is a finite group that is generated by
some set of reflections in V . A Coxeter arrangement H is the set of all reflecting
hyperplanes in a reflection group W .

Example 1.2. Let W be the group of symmetries of the square ABCD shown in
Fig 1. That is, an isometry φ is in W if and only if φ sends vertices of ABCD to ver-
tices of ABCD. Let E,F,G,H denote the midpoints of AB,BC,CD and AD, re-
spectively. Let s1, s2, s3, s4 be the reflections about the line segments AB,BC,CD
and AD, respectively. Observe that W is a reflection group with Coxeter arrange-
ment H = {AC,BD,EG,FH}. Any element of W can be written as some combi-
nation of the reflections s2 and s4, as shown in the table below (although there are
other sets of reflections that generate W ), where Rθ represents a rotation counter-
clockwise around the center of the square by θ degrees.

1 s1 s2 s3 s4 R90 R180 R270

1 s4s2s4 s2 s2s4s2 s4 s2s4 s2s4s2s4 s4s2

A coxeter arrangement will cut V into regions, each of which may be associated
with an element of its corresponding reflection group, W . We will fix an arbitrary
region, R1, to correspond to the identity element so that we can introduce the
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Figure 1. The regions corresponding to Coxeter arrangement of
the group of symmetries of the square.

following theorem. Note that in Figure 1, we have labeled every region with the
corresponding isometry mapping R1 to that region.

Theorem 1.3. The map w 7→ w(R1) = Rw is a bijection between any reflection
group W and the set of regions corresponding to its Coxeter arrangement.

A root system is a set of vectors that can be obtained from a reflection group
by replacing each reflecting hyperplane in the coxeter arrangement with a pair of
opposite vectors of suitable lengths perpendicular to that hyperplane. A definition
that will become relevant shortly is the facet hyperplanes of R1. These are the
hyperplanes in the Coxeter arrangement of a reflection group W whose intersection
with the closure of R1 has dimension n−1, essentially the hyperplanes ”bordering”
R1. In the diagram above, the facet hyperplanes are s2 and s4. We will now more
formally introduce root systems and their classification.

Definition 1.4. A finite root system is a finite non-empty set of vectors, Φ, in V ,
called roots, satisfying the following properties:

(1) Each one-dimensional subspace of V contains either no roots, or two roots,
±α;

(2) For all α in Φ, if σα is the reflection obtained by reflecting across the
hyperplane perpendicular to α, then σα permutes Φ.

Theorem 1.5. For a finite root system, Φ the group generated by the reflections
{σα | α ∈ Φ} is finite. The corresponding reflecting hyperplanes form a Coxeter
arrangement. Conversely, for any reflection group W, there is a root system, Φ,
such that the orthogonal reflections {σα}α∈Φ are precisely reflections in W .

Definition 1.6. The simple roots of a root system are the roots perpendicular to
the facet hyperplanes of R1, and pointing into the half space containing R1. The
rank n of a root system is the cardinality of the set of simple roots, Π. For the sake
of convenience, from here on we will label the simple roots by elements of the fixed
indexing set I = {1, . . . n}, so that we have Π = {αi}i∈I .



ROOT SYSTEMS AND A GENERALIZATION OF CATALAN NUMBERS 3

For the purposes of this paper, we are concerned with root systems which satisfy
one additional axiom, known as crystallographic root systems. Specifically,

(3) for any α, β ∈ Φ, we have σα(β) = β − aαβα for some aαβ ∈ Z.

From here on, unless otherwise specified, it can be assumed that when we refer
to a root system, we mean a crystallographic root system.

It turns out that all finite crystallographic root systems can be classified, but we
will first need a notion of isomorphism between root systems to understand this.
Two root systems are isomorphic if there is an isometric linear map from the span
of Φ to the span of Φ′ that sends Φ to some dilation cΦ′ of Φ′.

Definition 1.7. The Cartan matrix of a Root System is [aij ]i,j∈I , where I is the
set indexing the simple roots and aij is the integer satisfying the crystallographic
axiom for αi and αj .

Theorem 1.8. Finite Crystallographic root systems Φ and Φ′ are isomorphic if
and only if they have the same cartan matrix, up to simultaneous rearrangement of
rows and columns.

Theorem 1.9. An n× n integer matrix [aij ] is a Cartan matrix of a root system
if and only if

(1) aii = 2 for every i;
(2) aij ≤ 0 for any i 6= j, with aij = 0 if and only if aji = 0;
(3) there exists a diagonal matrix D with positive diagonal entires such that

DAD−1 is symmetric and positive definite.

It follows from theorem 1.9 that for distinct i, j in I, the only possible pairs
of values of aij and aji are (0,0) (-1,-1), (-1,-2), and (-1,-3). Because of this,
root systems can be encoded according to their Cartan matrices by certain graphs
called Dynkin diagrams. These are graphs where each vertex is labeled by a distinct
element in the indexing set I (and thus corresponds to a simple root) and edges
are drawn between vertices i and j (respectively corresponding to simple roots αi
and αj) depending on the values of the aij and aji entries of the Cartan Matrix, as
shown in Figure 2. The direction of an edge in a Dynkin diagram (or lack there of)
also indicate something about the relative lengths of the two vectors. Specifically,
if the edge has direction going from αi to αj then |αi| > |αj |.

A root system Φ is said to be reducible if it is the disjoint union of two root
systems, Φ1 and Φ2, such that every root in Φ1 is orthogonal to every root in
Φ2. If Φ is not the disjoint union of two such root systems, then Φ is said to
be irreducible. A complete classification of finite irreducible crystallographic root
systems was obtained by W. Killing and E. Cartan, as shown in Figure 3.

Theorem 1.10. The Dynkin diagram of every finite irreducible crystallographic
root system is presented in Fxigure 3.

2. Coxeter Systems

We will now introduce the notion of a Coxeter system, which will become of
future use when discussing the combinatorics of a root system.

Definition 2.1. A Coxeter system is a pair (W,S) consisting of a group W called
a Coxeter group and a finite subset S ⊂W satisfying the following conditions.
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•i •j aij = aji = 0

•i •j aij = aji = −1

•i +3 •j aij = −1, aji = −2

•i *4 •j aij = −1, aji = −3

Figure 2. Encoded edges in Dynkin Diagrams

(1) Each s ∈ S is an involution: s2 = 1;
(2) some pairs {s, t} ⊂ S satisfy a relations of the form (st)mst = 1 where

mst ≥ 2;
(3) the relations (1) and (2) form a presentation of the group W .

Theorem 2.2. Any finite Coxeter group is isomorphic to a reflection group.

Proof. Let (W,S) be a finite Coxeter system. Since S is finite, we will let S =
{s1, s2, . . . , sn}. Note that because W is finite, all pairs si, sj ∈ S must satisfy
a relation of the form (sisj)

mij for some integer mij , because otherwise the set
{(sisj)1, (sisj)

2, . . . } is infinite, so W would be infinite.
In the euclidean vector space V , it is possible to construct n hyperplanes,

H1, . . . Hn, passing through the origin, such that the angle between any two hyper
planes, Hi, Hj , is π

mij
, where mij is the integer that corresponds to condition (2)

in Definition 1.11. We denote the reflection about the hyperplane Hk by σk. Note
that the product of the reflection of two hyperplanes is a rotation by two times the
angle between them. Then for all i, j where such an mij exists, the product σiσj
will be a rotation by 2π

mij
radians and thus have order mij just as the product sisj .

Since each σk, being a reflection, is also an involution, the set of isometries gener-
ated by all possible products of the reflections {σ1, . . . , σn} must be isomorphic to
W . �

Theorem 2.3. Let Φ be a crystallographic root system, W be the group generated
by the set of reflections {σβ | β ∈ Φ} and S = {σα | α ∈ Π}, that is the set of
reflections corresponding to the simple roots of Φ. Then the pair (W,S) forms a
Coxeter system.

Theorems 1.5, 2.2, and 2.3 together show that the classifications of root systems,
Coxeter systems, and reflection groups are all the same. Similarly to root systems,
a Coxeter system can be encoded by its Coxeter Diagram, a graph whose vertices
correspond to the elements of S. An edge is drawn between two vertices s and t if
mst ≥ 3, and if mst > 3, the edge is labeled by mst. However, the list of irreducible
crystallographic Dynkin diagrams is not exactly the same as that of the list of
corresponding Coxeter diagrams, because the root systems Bn and Cn correspond
to the same Coxeter system, Bn. Below are the Coxeter diagrams of An and Bn.
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An(n ≥ 1) • • • · · · •

Bn(n ≥ 2) • •ks • · · · •

Cn(n ≥ 3) • +3 • • · · · •

•

Dn(n ≥ 4) • • · · · •

•

E6 • • • • •

•

E7 • • • • • •

•

E8 • • • • • • •

•

F4 • • +3 • •

G2 • •jt

Figure 3. Complete list of Dynkin diagrams of finite irreducible
crystallographic root systems
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An(n ≥ 1) • • • · · · •

Bn(n ≥ 2) • •4 • · · · •

Example 2.4. The group W of the Coxeter system An is isomorphic to the sym-
metry group, Sn+1.

Proof. Let S = {s1, s2, . . . , sn}. Define a function g : W → Sn+1 that maps sk to
the transposition swapping k and k + 1 for 1 ≤ k ≤ n.

Observe that both g(s1) and s1 have order 2. Moreover, for any adjacent gen-
erators in S, that is, a pair of involutions sk, sk+1, we have that sksk+1 has or-
der 3, just as the product of the two adjacent transpositions, g(sk)g(sk+1) =
(k(k+1))((k+1)(k+2)) has order 3, since their product is the cycle (k(k+1)(k+2)).

If the generators are not adjacent, then the order of their product is 2, just as with
two disconnected transpositions. Any element in Sn+1 is a composition of transpo-
sitions, so all that is left to show is that the transpositions (12), (23), . . . (n(n+ 1))
generate all transpositions in Sn+1. Let (ij) be some transposition with i < j. We
have that

(ij) = (i(i+ 1))((i+ 1)(i+ 2)) . . . ((j − 1)j)((j − 1)(j − 2)) . . . ((i+ 1)(i)).

Thus the above transpositions generate Sn+1 and satisfy the exact same relations
as the elements of S, so the constructed function g gives an isomorphism from W
to Sn+1. �

Because the graph of a Coxeter System has no cycles, we can write its set of
vertices, I as a disjoint union of two sets, I+ and I− whose vertices are disconnected.
Below for example, is the Coxeter diagram of D6 partitioned in such a way.

• +

D6 •− •+ •− •+

•
+

Note that since the elements of I+ (and I−) are disconnected from each other, for
any pair s, t ∈ I+, we have (st)2 = 1, so (ts)(st)2 = ts, and thus (st) = ts, so they
commute. This allows us to write the product

c =

( ∏
i∈I+

si

)( ∏
i∈I−

si

)
From now on, we will refer to c ∈ W as the Coxeter element, though this process
doesn’t precisely define one element in the group, since the products depend on
how I is partitioned. However, this procedure always yields elements of W that are
conjugate to each other, so we can discuss quantities of c that remain invariant under
conjugation, in particular its order and eigenvalues. The order of c, is known as the
coxeter number, and will be denoted by h. Moreover, the isometry corresponding

to c when W is thought of as a reflection group has eigenvalues of the form e( 2miπ
h ),



ROOT SYSTEMS AND A GENERALIZATION OF CATALAN NUMBERS 7

Figure 4. Exchange graph of a pentagon

where h > m is a positive integer. The n values of m are called the exponents of
W , and we denote them by e1, . . . en. Both the exponents and the Coxeter element
will be of significance when discussing the combinatorics of root systems later on.

3. Catalan Numbers and Matrix Mutations

First, we will discuss two classical definitions of the Catalan numbers:

(1) The number of possible bracketings of a non-associative product of n + 2
factors;

(2) The number of triangulations of an (n+ 3)-gon by its diagonals.

There exists a bijection between the above sets in (1) and (2). In particular,
bracketings in (1) can be related by a graph where bracketings are vertices and
edges are drawn between vertices with that can be obtained from each other by
making use of the associativity axiom once. This relationship between bracketings
due to the associativity axiom can be translated into a into a diagonal flip which
similarly relates triangulations to each other.

Specifically, in a given triangulation, one can take a quadrilateral in the trian-
gulation, which will have exactly one of its diagonals drawn, and replace it with
the other diagonal to obtain a distinct triangulation; this is known as a diagonal
flip. The exchange graph of a given n + 3-gon is drawn by placing triangulations
as vertices, and connecting two triangulations when they can be obtained from one
another by a diagonal flip. Note that performing the same diagonal flip twice will
yield the same triangulation.
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In order to capture the algebraic essence of the diagonal flip relationship between
triangulations we will use matrix mutations. First, we will fix some triangulation
T of an n + 3-gon. Arbitrarily label the diagonals 1, 2 . . . n and then continue
labeling the sides of the n+ 3-gon using numbers from n+ 1 to 2n+ 3. Using these
conventions, we will now define a matrix that will capture the combinatorics of T .

Definition 3.1. The adjacency matrix B of a triangulation T is an (2n + 3) × n
matrix given by

bij =


1 if i and j label two sides of some triangle in T and j follows i in

clockwise order around the triangle;
−1 if the above holds, but in counterclockwise order;
0 otherwise.

Now, we define an operation on the adjacency matrix that will correspond to a
diagonal flip from one triangulation to another.

Definition 3.2. Let B = (bij) and B′ = (b′ij) be integer matrices. We say that B′

is obtained from B by a matrix mutation in direction k and write B′ = µkB if

b′ij =

 −bij if k ∈ {i, j};
bij + |bik|bkj if k /∈ {i, j} and bikbkj > 0;
bij otherwise.

Theorem 3.3. Suppose that T and T ′ are two triangulations of an n+ 3-gon that
can be obtained from one another by flipping a diagonal numbered k. Let B and
B′ be the adjacency matrices of T and T ′ respectively. Then B′ = µkB, i.e., B′ is
obtained from B by a matrix mutation in direction k.

Example 3.4. A pair of triangulations of a regular pentagon that are obtained
from each other by a diagonal flip and their corresponding adjacency matrices

B =



0 −1
1 0
−1 1
0 −1
0 1
−1 0
1 0


, B′ = Bµk =



0 1
−1 0
1 0
0 −1
0 1
1 −1
−1 0



7

6

54

3

2

1

B →

7

6

54

3

2

1

B′ →

Theorem 3.3 shows that Definitions 3.1 and 3.2 have essentially captured the
relationship between triangulations. Now we will introduce the concept of an ex-
change relation, which will accompany the matrix mutations. Again, we will fix
some arbitrary triangulation T of an n + 3-gon, but we will associate with each
edge in this triangulation a variable, giving a total of 2n + 3 variables. Now, we
will associate a rational function to every diagonal of the n + 3-gon, in terms of
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these 2n + 3 variables. We will do this recursively, with help from the diagonal
flips discussed above. For any triangulation T , when we perform a diagonal flip on
a diagonal associated with rational function x, inside of a quadrilateral with sides
associated with rational functions a, b, c, d (in that order, clockwise), the new diag-
onal, is associated with the rational function x′ that satisfies the following relation:

xx′ = ac+ bd.

4. Cluster Algebras

Now, we will consider the exchange relation described above together with ma-
trix mutations to introduce the theory of cluster algebras. Again, for some fixed
triangulation T , label the drawn diagonals by 1, . . . n, the edges by n+1, . . . (2n+3),
and for every edge i, associate the variable xi with the given edge. Then, we can
write a more general form of the exchange relation described above in terms of
the edge-adjacency matrix B = (bij). If the diagonal labeled xk is getting flipped,
then rational function x′k associated with the new diagonal satisfies the following
relation:

xkx
′
k =

∏
bik<0,1≤i≤m

x−biki +
∏

bik>0,1≤i≤m

xbiki .

Definition 4.1. A cluster algebra A is a commutative ring contained in an am-
bient field F , isomorphic to the field of rational functions in m variables over Q.
Furthermore, A is generated inside of F by a set of generators, obtained from an
initial seed and an iterative process of seed-mutations.

Definition 4.2. A seed in F is a pair (x,B) where

• x = {x1, x2, . . . , xm} is a set of m algebraically independent generators of
F , and x is a disjoint union of an n-element cluster x = {x1, . . . xn} and
m− n frozen variables c = {xn+1 . . . xm};
• B = bij is an m × n integer matrix of rank n whose principal part B =

(bij)i,j∈[n] is skew-symmetrizable, that is, there exists a positive diagonal

matrix D such that DBD−1 is skew-symmetric.

Note that x is a set, and not a sequence because we consider any two seeds
obtained from each other by simultaneous relabeling of the elements xi and the
matrix enteries bij to be identical. That is, for any permutation w ∈ Sm such
that w(i) = i for i > n, we make no distinction between the seeds (x,B) and
(w(x), w(B)), where w(x) = {xw(1), . . . , xw(m)} and w(B) = (bw(i),w(j)).

Definition 4.3. A seed-mutation µk in direction k ∈ [n] is an operation sending
one seed (x,B) to another (x′, B′) defined as follows:

• x′ = x \ {xk} ∪ {x′k} where x′k is obtained from the exchange relation
described at the beginning of this section.
• B′ = µk(B), i.e. B′ is obtained by a matrix mutation from B as described

in Definition 3.2

The number of seeds in a cluster algebra is not necessarily finite. A cluster
algebra with a finite number of distinct seeds is said to be of finite type. It turns
out that classification of cluster algebras of finite type is parallel to the Cartan-
Killing classification of root systems. For a given Cartan matrix, A = (aij) let us
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associate a skew-symmetrizable matrix B(A) = (bij) as follows:

bij =

 0 if i = j;
aij if i 6= j and i ∈ I+;
−aij if i 6= j and i ∈ I−.

The following theorem will show how the classification of cluster algebras of finite
type is parallel to that of finite root systems.

Theorem 4.4. A cluster algebra A is of finite type if and only if the exchange
matrix at some seed of A is of the form B(A), where A is a Cartan matrix of finite
type. Moreover, the Cartan-killing classification of A is uniquely determined by the
cluster algebra.

Example 4.5. Below are the exchange graphs (just clusters, not seeds) of the finite
cluster algebras associated with A2 and B2, where the labels on the arrows are the
integers k giving the direction of the seed-mutation.

{x, y},

1

yy

{y, x}

=

{y+1
x , y}

2

��

A2 {x+1
y , x}

1
ff

{y+1
x , y+x+1

xy } 1
// {x+1

y , y+1+x
xy }

2

??

{x, y},
1

uu
{y+1

x , y}

2

��

B2 {x, x
2+1
y }

2

ii

{y+1
x , y

2+1+2y+x2

x2y }

1 ))

{y+1+x2

xy , x
2+1
y }

1

OO

{x
2+y+1
xy , y

2+1+2y+x2

x2y }

2

66

Note that in the diagram for A2, the seeds of the clusters {x, y} and {y, x} are
equivalent by relabeling as mentioned in Definition 4.2. Also note that if instead
of performing the indicated mutation, the opposite mutation is performed, the
diagram can be followed clockwise.
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(1234)

(123)(4) (14)(23) (124)(3) (134)(2) (12)(34) (1)(234)

(12)(3)(4) (13)(2)(4) (1)(23)(4) (14)(2)(3) (1)(24)(3) (1)(2)(34)

(1)(2)(3)(4)

Figure 5. Non-crossing partition lattice for n = 3.

5. Counting Clusters and an Enumerative Problem

In turns out that the number of clusters in a cluster algebra associated with a
root system Φ is related to quantities defined by the Coexter system associated
with Φ. Specifically, the order h of the Coxeter element, (known as the Coxeter
number), and the exponents ei of the Coxeter group W , which were introduced at
the end of section 2 are of significance in the following theorem.

Theorem 5.1. The number of clusters in a cluster algebra of finite type associated
with a root system Φ is given by

N(Φ) =

n∏
i=1

ei + h+ 1

ei + 1

Below are the values of N(Φ) for all irreducible root systems.

An Bn, Cn Dn E6 E7 E8 F4 g2
1

n+2

(
2n+2
n+1

) (
2n
n

)
3n−2
n

(
2n−2
n−1

)
833 4160 25080 105 8

Now we will discuss the problem of enumerating non-crossing partitions. We seek
to find the number of ways to partition the set {1, . . . , n+1} into a collection of non-
empty subsets that satisfy the following condition: there does not exist an ordered
quadruple (a < b < c < d) such that the sets {a, c} and {b, d} are contained in
different subsets of the collection. For a given value of n, we can construct a partial
ordering on the partitions, where a partition G is greater than another partitionH if
H can be constructed from G by taking sets of G and partitioning them further. This
partial ordering is always a lattice. That is, for any two non-crossing partitions G
andH, there exists a unique supremum (i.e. a unique non-crossing partitionM that
is greater than both G and H, and is least among all such non-crossing partitions)
and a unique infimum. The lattice for n = 3 is illustrated in Figure 5.

The lattice of non-crossing partitions above turns out to be a special case for the
Coxeter group An of a more general construction possible for any Coxeter System
(W,S). For some element w ∈W , let L(w) denote the shortest length of w written
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as product of involutions g in W i.e., elements of order 2 in W (with the convention
that L(1) = 0). We impose a partial ordering on W by letting u ≤ uv whenever

L(uv) = L(u) + L(v). Recall the coxeter element c =

(∏
i∈I+ si

)(∏
i∈I− si

)
.

Now we will refer to any product of all the generators in an arbitrary order as
a coxeter element, as all such products are conjugate to each other. Then, for a
root system, the non-crossing partition lattice is the interval [1, c] in the partial
ordering described above, where c is a coxeter element. Any choice for c will yield
an isomorphic lattice.

Theorem 5.2. Let W be the reflection group associated with the root system Φ.
Then the non-crossing partition lattice for W has N(Φ) elements.
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