THE L? CONVERGENCE OF FOURIER SERIES

LINGXIAN (ROSE) ZHANG

ABSTRACT. In this expository paper, we show the LP convergence of Fourier
series of functions on the one-dimensional torus. We will first turn the ques-
tion of convergence into a question regarding the uniform boundedness of the
partial-sum operators of Fourier series, and then bound these partial-sum op-
erators with the help of Hilbert transform.
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1. PRELIMINARIES

Let’s begin with some definitions and conventions, followed by the motivating
example of L2-convergence of Fourier series, and some propositions that will be
handy later in this paper.

1.1. Basics about Fourier series.

Definitions 1.1.

(1) Let T = R/Z denote the one-dimensional torus, that is, the circle. We will
occasionally use the interval (—%7 %] to represent T for the sake of simplicity
and of symmetry, especially when it comes to measuring subsets, integrating
over a subset, or talking about the monotonicity of functions defined on T.

(2) We mean by e(-) the function from T to C given by e(#) := ¢>™? and we define,
for each n € Z, the function e, : T — C by e, (0) := e(nd).

1
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(3) The notation | - |, when applied to a measurable subset of T, will denote its
Lebesgue measure. For instance, |T| = 1.

(4) Let D={2€C:|z| <1} = {re(f) : |r| < 1,0 € T} denote the open unit disk,
with its boundary JD identified with T.

Observe that the set {e, }nez C L*(T) is orthonormal with respect to the usual
inner product

(f.9) = /T fgdm,

since [ endm = x{oy(n).
Definitions 1.2.

(1) We denote by M(T) the space of complex Borel measures of bounded variation
on T, and we mean by ||u|| the total variation of a complex measure u € M(T).

(2) The convolution of a function g € L!(T) with a complex measure p € M(T),
written g * u, is defined by

(g% )(8) := / 90 — ) du(r).

In the case that du = fdm for some f € L*(T), we may write g * f in place of
EX

By a change of variables, we can see that convolution, as a binary operation on
LY(T), is commutative. By the Fubini-Tonelli theorem, convolution is associative.
And the bilinearity of convolution follows from the linearity of integration.

It is worth noting that every p € M(T) is regular, since T is a second-countable
compact Hausdorff space. Additionally, by the Riesz-Markov theorem, there is a
canonical isometric isomorphism between M(T) and C(T)*, namely p — ( f— fﬂ, f du),
which allows us to identify these two spaces and to equip the former with the weak*
topology. Then, as an immediate result of the Banach-Alaoglu theorem, the unit
ball of M(T) is compact in the weak* topology. Moreover, since C(T) is a separa-
ble Banach space, the closed unit ball of its dual C'(T)* = M(T) is metrizable and
therefore sequentially compact with respect to the weak™® topology. (For detailed
proof, see Corollary 7.6 and Corollary 7.18 in [2], and Theorem 3.29 in [I].)

Proposition 1.3. (Young’s inequality) If f € LP(T), with p € [1,00], and if
w € M(T), then

1 pllp < [1Fllpllpell-
In particular, if f € LP(T) and g € L*(T), then

1 gllp < I f1lpllglly-

The above inequality essentially follows from Minkowski’s inequality for integrals.
Proof is provided in the appendix.

Proposition 1.4. If f € L*(T) and if g € L'(T), then f x g € C(T).

The idea of the proof is to first show that fxg € C(T) in the case that g € C(T),
and then generalize to the case where g € L1(T), using a density argument. Details
of the proof are provided in the appendix.

Remark 1.5. While no integrable function can serve as an identity for the convolu-
tion, there is the Dirac measure o at 0 such that g x 5o = g for every g € L*(T).
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Definitions 1.6.
(1) For each f € L'(T), we define its Fourier coefficients

f(n) :=/Tfe*ndm=/rfe_ndm

for every n € Z.
(2) A trigonometric polynomial is a function of the form f ="
all but finitely many coefficients a,, are zero.

o0

ne— oo On€n, Where

By the orthonormality of the collection {e, }nez, if f: T — C is a trigonometric
polynomial, then f(n) = a, for every n € Z, and

[ = Z f(n)en

n—=—oo

So, it is natural to ask if the right-hand side of the above equality is well-defined
for other integrable functions on T, and if the equality yvill still hold in that case.

From now on, we will refer to the formal sum Y.~ f(n)e, as the Fourier series

associated to a general f € L'(T), despite that the actual series may be ill-defined.

Definition 1.7. For each f € L!(T), we define its symmetric partial sums

N
Snf = Z f(n)en
n=—N

for every N € N.

Expanding the formula in the above definition, we obtain that for every N € Z*
and every f € L'(T)

Snf(0)

N N
/f(T) ( > en(9—7)> dr = (f* > en> (),
T N

n=-— n=—N

which leads us to define the following.

Definition 1.8. For each N € N, we define a Dirichlet kernel Dy := Zngzv €n-

While the formulae for the Dirichlet kernels seem rather simple, these kernels are
not so easy to analyze as one would like. For this reason, we will turn to the better-
behaved Cesaro sums of the Dirichlet kernels, known as the Fejér kernels, in order
to prove that the trigonometric polynomials are dense in L?(T), and consequently
the L? convergence of the symmetric partial sums of Fourier series.

1.2. The L? convergence of Fourier series.

Definitions 1.9.
(1) For each N € ZT, we define the Fejér kernel Ky := = S>7 ' D,,.
(2) For each f € L'(T), we define its Cesaro sums

1Nfl
aNf::NZSnf:f*KN.

n=0
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(3) A family {®n}r_, € L>(T) is said to form an approximate identity if it
satisfies the following:
(a) [p®ndm =1 for every index N;
(b) supy [ |®n|dm < oo;

(c) given any € > 0, one has that fl [Pn|dm — 0 as N — oo.

z|>e

The following proposition justify the appellation “approximate identity”.

Proposition 1.10. Let {®n}y_, be an approzimate identity.

(1) If f € C(T), then || Pn * f — flloc = 0 as N — oo.

(2) If f € LP(T), with p € [1,00), then |®n * f — f|l, = 0 as N — .
(8) For every p € M(T), ®n x u — u in the weak™® sense as N — oo.

Proof is provided in the appendix.
Examples 1.11.

o0

(1) The box kernels {%X[* 11 ]} form an approximate identity.
Nl N=1

(2) The Fejér kernels { Kn}¥_, form an approximate identity.

(3) The Dirichlet kernels {Dy}%¢_; do not form an approximate identity.

Let’s justify briefly the second and the third examples. Expanding the formulae
given in the definitions, we can show that for every positive integer N and every
x € T\ {0},

Dy(z) = Sin () and Kn(z) = —=

sin (2N + 1)7z) 1 /sin(Nmz)\>
sin(7z) ’
It then follows from the nonnegativity of each Ky that

KNl = / Ky(z)dz = 1.
T

In addition, for every e > 0,
1 1
limsup/ |Kn(2)|de < limsup — —5——dz =0.
N—oo J|z|>e Nooo NV |z|>e SHL (7T$)

Hence, the Fejér kernels { Ky }%¢_; form an approximate identity.
On the other hand, for every positive integer IV,

VP sin((2N + 1)7a))| V2 |sin((2N + 1)7z)|
IDnll1 =2 dx > 2 dx
o sin(mx) 0 T

N—1 ,_kt1
2 2NHT | sin((2N + 1)7x)|
> —

2N+1

3

N-1 N

g % 2 (2' 2N1+1 ' 21?:11) g %Z%
k=0 2 k=1

and whence that supy ||Dn|j1 = co. Therefore, the Dirichlet kernels {Dx}%_; do

not form an approximate identity.

Corollary 1.12.

(1) If f € LY(T) and if f(n) =0 for every integer n, then f =0 a.e. on T.
(2) The trigonometric polynomials are dense in LP(T) for every p € [1,00), and
are dense in C(T) with respect to the uniform norm.
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Proof.
(1) Suppose that f € L*(T) and that f(n) = 0 for every integer n. Since the Fejér
kernels { Ky }%7_, form an approximate identity, it follows that

0= lim flonf—fli= lm 0= fl=Ifl,

which implies that f =0 a.e.

(2) The second corollary follows from the fact that the Cesaro sums of any LP
function are trigonometric polynomials, and that the Fejér kernels form an
approximate identity. [

The L? convergence of Fourier series now follows from the first collorary.

Theorem 1.13. The collection {ey}nez forms an orthonormal basis for L*(T),
and the following holds.

(1) For every f € L*(T), Snf — f in L? as N — <.
(2) For any two f,g € L*(T),

(fo9) = f(m)g(n).

neZ
In particular, one has Parseval’s identity

1713 =3 | 7o)

neZ

2

Proof. Suppose that f is an L?(T) function with (f,e,) = 0 for every n € N. Since
L2(T) C LY(T), and since f(n) = (f,e,) = 0 for every n, it follows that f = 0
a.e. Hence, the orthonormal system {e,}52 __ is complete, i.e. {e,}52_ is an
orthonormal basis for L?(T). The remainder of this theorem follows immediately
from basic properties of an orthonormal basis for a Hilbert space, but can also be
proven using the ensuing proposition, which states an equivalent but more accessible
condition for the LP convergence of Fourier series. O

Proposition 1.14. For each p € [1,00], the following statements are equivalent:

(1) supyen [[SN [lp—p < 00;
(2) For every f € LP(T) (or for every f € C(T) if p=00),

ISnf—fllp =0 as N — oc.

Proof. Fix an arbitrary p € [1,00]. Firstly, let’s suppose supy [[Sn|[p—p < 0.
Then, for every f € LP(T) (or for every f € C(T) if p = c0) and for every trigono-
metric polynomial g,

limsup [|Sn f = fllp < limsup (|Snf = Sngllp + lg — fll + 1Svg — gllp)
N—o00 N—o00

< limsup ([|Snllp—pllf = gllp + I1f = gllp) +0
N—oc0

< (sup 1Sxllpsp + 1) 1 = gl
NEN

Since the trigonometric polynomials are dense in LP(T) (and in C(T) with respect
to the uniform norm), taking the infimum over all trigonometric polynomials g, we
obtain that limsupy_,o [[Snf — fll, <0 for every f € LP(T), which implies that

ISvf—fllp =0 as N — occ.
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On the other hand, suppose that supy ||Sn|p—p = 0. Since LP(T) is com-
plete (and C(T) is complete with respect to the uniform norm), by the uniform
boundedness principle, there exists f € LP(T) (or f € C(T) if p = o0) such that
supy ||Sn fllp = oo, and consequently Sy f diverges in LP as N — oo. O

An alternative proof of Theoren{ 1.13,
For every f € L?(T) and every N € N, we have

0<|If —Snfli3

— 73 - 2Re ( [ s dw) IS @)

N N

:||f||§—2Re< > \f<n>]2)+ >

n=—N n=—N

‘ 2

f(n)

N

= I15= Y ||
N

n=—

2
)

“ 2
which implies that | Sy f[3 = SN ‘f(n)‘ < |If112. Thus,

sup [[Sn 22 < 1 < o0,
NeN

and it follows that im0 [|Sn f — fll2 = 0 for every f € L?(T). Furthermore, we
deduce from the continuity of the inner product that

N—o00 M— in(NAT) A B N A
—dm m Y fmim= Y fm)i). O

N—00 M—00
n=—min{N,M} n=-—00

In the end, we will show that supycy |[|Sn|lp—p < oo for every p € (1,00),
and then invoke Propositior] 1.14] to complete the proof of the LP convergence of
Fourier series. But before doing so, let’s show that the Fourier series does not
always converge to the original function in L(T), nor in C(T).

Examples 1.15.

(1) There exist L' (T) functions whose Fourier series do not converge to the original
function.

(2) There exist C(T) functions whose Fourier series do not converge to the original
function with respect to the uniform norm.

Proof. By the previous proposition, it suffices to show that sup ey ||[Sn|l1—1 and
sup yen ||SN|loo—oo are both infinite.
(1) Since every Fejér kernel has L' norm ||Ky/||; = 1, and since the family of Fejér
kernels form an approximate identity, we have that
sup [|Sn[l1i51=sup sup [[Dy* [
NeEN NEN fo||f|l1=1

> sup sup |[Dy * Kp|[1 = sup [|[Dn]1 = oc.
NeN MeN NeN
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(2) Observe that sgnoDy o (—Idy)(—x) = sgn(Dy(z)) for every x € T and every
N € N. Hence,
sup ||Sn|locomoo = sup  sup |Dy x f(0)]
NeN NEN £i]|floo=1
sup | Dy * (sgnoDy o (—Idr))(0)]
NeN
= sup ||Dn|j1 = oc. O
NeN

WV

1.3. Some other useful facts. To generalize the L? convergence of Fourier series
to LP convergence for every p € (1,00), we will utilize the Marcinkiewicz interpo-
lation theorem, which provides us with boundedness properties on “intermediate
spaces”.

Definition 1.16. A complex valued measurable function g on a measure space
(X,X, ) is said to belong to weak-LP, with p € [1,00), if there exists a finite
constant C' > 0 such that for every A > 0,

p({r e X :|glx)] > A}) <OA7P,

i.e. if the following quantity is finite:

9], :=suppu({z € X : [g(x)] > A}) - M.
A>0

Note that by Chebyshev’s inequality, every LP function, with p € [1, 00), belongs

to weak-LP.

Definitions 1.17. Let T be a map from some vector space D of complex valued
measurable functions on a measure space (X, %, ) to the space of all complex
valued measurable functions on the space (X, X, u).

(1) T is said to be sublinear if for all f,¢g € D and ¢ > 0,
IT(f + 9l <|TfI+[Tg| and |T(cf)] =Tl

(2) A sublinear operator T is said to be of strong-type (p,p), with p € [1, 0],
if LP(X) C D, and if T is bounded on LP(X), meaning that there exists a
constant C' > 0 such that for every f € LP(X),

1T fllp < Cllfllp-

(3) A sublinear operator T is said to be of weak-type (p,p), with p € [1,00), if
LP(X) C D and T is bounded from LP(X) to weak-LP(X), meaning that there
exists a constant C' > 0 such that for every f € LP(X) and every A > 0,

p({z e X :|Tf(x)| > A}) < ClfllpA"
We also define weak-type (00, 00) to mean the same as strong-type (oo, 00).

Theorem 1.18. (A simplified version of the Marcinkiewicz interpolation
theorem) If a sublinear operator T is simultaneously of weak-type (p,p) and of
weak-type (q,q), with 1 < p < q < oo, then T is of strong-type (r,r) for every
p<r<gq.

Proof of this theorem can be found in [2], [3], and [4].
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2. Po1ssoN KERNEL AND HARDY SPACES

It is known that Cesaro summability does not imply the usual summability which
we are seeking to prove. For this reason, we now introduce a different derivate of
the Dirichlet kernels, called the Poisson kernel, which will allow us to invoke some
nice properties of functions of complex variables, such as the mean-value property
and the maximal principle of harmonic functions.

2.1. Poisson kernel. Observe that for each f € L1(T,) the formal sum
> f(n)e

can also be written as
o0

Z n)r'e_,(0) + Zf(n)r"en(ﬁ),

n=0
with r = 1. Moreover, when r € [0,1), the two series, > o, f(=n)r"e_,(#) and
> Of( n)r"e, (), are both absolutely convergent since ‘f(n)‘ < ||f|lx for every
n € Z, whence

Z n)re_,(0) + Zf(n)r"en(G)
n=1 n=0
=Y fnpte, Z [ rerieno s

/f ( |en(9—t)> dt = (f* i rlnen> (9)

where the third equality holds by the Fubini-Tonelli theorem, considering the
Lebesgue measure on T and the counting measure on Z.
This observation leads us to define the following.

Definition 2.1. For each r € [0,1), we define the Poisson kernel P, : T — C by
Pa(0) :=>200 ritle,(6).

From now on, whenever F' is a function on D and r is in [0, 1), the notation F,
will refer to the function on T defined by F.(6) := F(re(#)). Conversely, if a family

{F;}repo,1) of functions on T is defined, with Fy constant, then we will mean by F'
the function on D defined by F'(re(0)) := F,.(0).

Remark 2.2. Rearranging the formula for the Poisson kernel, we obtain that

P(z) Zre —n#) —i—Zr e(nh)

n=0
_ re(—@) n 1 _ 1—r2 — Re 1+2
1—re(—=0) 1—re(@) 1—2rcos(2n0)+ r? 1—2

for every z = re(f) € D. Since 112 is analytic on D, the function P is harmonic on
D. Note also that for every r € [0 1),

1—r? 1—r
P.> = >0
"T 142402 147
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and

oo

1Pl = rleal = r°fleoll = 1.

n=—oo

Proposition 2.3. For every p € M(T), the function F : D — C defined by
F. := P.xpu for every r € [0,1) is harmonic on D.

Proof. Fix an arbitrary u € M(T). Then, for every z = re(f) € D, we have

F(z) - FT(G) = Zﬂ(_n)Tne_7l(9)+Z /J)( n)r'" en Z ZH+ZM
n=0

n=1 n=1

with

e n E N 1
> [aEm| 12 < a5 S see and Il < el < oo
n=1 n=0

From the absolute convergence of the two series > > | i(—n)z" and Y fi(n)2",
where z € D, it follows that the functions Y -, i(—n)z" and Y. -, fi(n)z" are
both analytic in ID. Hence, F' is a sum of two harmonic functions, and is therefore
itself harmonic. O

Proposition 2.4. The Poisson kernels {P,},c,1) form an approzimate identity,
with the index set [0,1) in place of Z*. Moreover, all the convergence properties
mentioned in Proposition| 1.10 still hold, with the limit r — 1~ in place of N — co.

The proof of the above proposition is omitted, as the first half of this proposition

can be shown via a simple calculation, and the proof of the second half is parallel
to that of Proposition 1.10] which can be found in the appendix.

2.2. Correspondence between h'(D) and M(T).

Definition 2.5. For each harmonic function u : D — C and each p € [1, 0], we
define

llull, = sup flu(retDlls )

which may attain the value co. Further, for each p € [1, 00|, we define the “little”
Hardy space

hP(D) = {u : D — C harmonic : [Jul], < oo} ,

and equip it with the norm || ,.



10 LINGXIAN ZHANG

Examples 2.6.

(1) Every non-negative harmonic function on D is in A'(D). In particular, the
Poisson kernel P is in h!(D).

(2) If f € LP(T), with p € [1,00], then the function F : D — C defined by
F'= P+ [ is in h2(DB), with [|F], < /£l

Proof.

(1) Let FF : D — [0,00) be any non-negative harmonic function. Then, by the
mean-value theorem,

HﬂmzAFWMDM=F®

for every r € (0,1), and thus that || F||, = F(0) < oco.
(2) If f € LP(T), then by Proposition[2.3]is the function F' : D — C harmonic, and
by Young’s inequality,

IE0l, = sup ([P fllp < sup (L[]l fllp = [1£]p- O
0<r<1 0<r<1

Lemma 2.7.

(1) If F € C (D), and if AF =0 in D, then F, = P, x Fy for every r € [0,1).

(2) If AF =0 in D, then F.s = P. x Fs for any r,s € [0,1).

(3) If AF =0 in D, then for any p € [1,00], the norm ||F}.||, is non-decreasing as
a function of r € [0,1).

Proof.

(1) Define a function u : D — C by u(re(9)) := (P * F1) (9). Since {P}qc, o,
forms an approximate identity as  — 1—, the uniform norm ||u(re(-)) — Fi| . —
0 as 7 — 17. So the harmonic function u can be extended to a continuous func-
tion on D with the same boundary value as that of F. Since the continuous
function F' is also harmonic in D, by the maximum principle, F'[p = u, which
is to say that F,. = P, x F} for every r € [0,1).

(2) The idea is to rescale the unit disc so that part (1) applies. Fix an arbitrary
s € [0,1), and define a function G : D — C by G (re(0)) = F (sre()). It follows
that G € C (]TD), AG =0 in D, and that G, = F, for every r € [0,1). Hence,
F.s =G, =P. %Gy = P, x Fy for every r € [0,1).

(3) Fix any p € [1,00], and let 0 < r < 72 < 1 be given arbitrarily. Since
r1/r2 € [0,1), we have that

||F7"1 Hp = ”Pm/'rz * FTz ||p < HP7'1/7“2H1 HFT2 ”p = ||F7’2||p .
Thus, the norm | F[|,, as a function of r € [0, 1), is non-decreasing. O
Lemma 2.8. For each F € h'(D), there exists a unique complex measure i € M(T)
such that F,. = P, u for every r € [0,1).

Proof. Let F € h'(D) be given arbitrarily. If || F[|, = 0, then there is obviously the
measure fnyy : By — {0} such that F,. = 0 = P, * puun for every r € [0,1). So,
we may assume that [|F[|; > 0. Since the closed unit ball of M(T) is sequentially

o0
compact in the weak* topology, the sequence {Wﬂ,l /n} has a subsequence,
1 n=1
oo

say {WFI*UM }k_l, that converges in the weak* sense to some pg € M(T). Set
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p:=||F|l; po € M(T). Then for every r € [0,1) and every § € T, since P, € C(T),
we obtain that

(P.,» * ,U,) (0) = k]LH;o (Pr * Flfl/nk) (9) = kli}lilo Fr(l,l/nk)(ﬁ) = F,(H)

Moreover, if there are two complex measures p,v € M(T) such that P. *x u =
F,. =P, xv for every r € [0,1), then

/T fdp = lim | FO) Py % p)(0)d0 = lim | £(0) (P, + v)(0)do = /T fdv

r—1- r—1= Jr

for every f € C(T), whence pu = v.
From the above, we conclude that there is a unique complex measure p € M(T)
such that F,. = P, % p for every r € [0, 1). O

Theorem 2.9. There is a one-to-one correspondence between M(T) and h'(D),
given by p— (F.(0) := (P-x p)(0)). Moreover, for every u € M(T),

[ull = sup [[Fyl; = lim [|F]; .
o<r<1 r—1

In addition, the following holds.

(1) A measure p € M(T) is absolutely continuous with respect to Lebesgue measure
iff {Fr}oere1 cOnverges in LY(T) asr — 17. If this is the case, then dy = fd@,
where f is the L' limit of F,.

(2) For every p € (1,00] and every p € M(T), the following are equivalent:

(a) dp = fdO for some f € LP;
(b) {F,}gc,q converges in LP if p € (1,00) and converges in the weak* sense
ifp=occasr—17;
(c) {Fr}ocre is LP-bounded.
(8) For every p € M(T), the following statements are equivalent:
(a) du = fdb for some f € C(T);
(b) {Fr}oereq converges uniformly asr— 17;
(c) F extends to a continuous function on D.

Proof. Recall from Proposition 2.3|that for each y € M(T), the function F : D — C
defined by F,. := P, x g is harmonic. Since

sup [P x pfly < sup [Py [[ul] < oo
o<r<1 o<r<1

for each p € M(T), the function given by u +— (F.(0) := (P, % p)(0)) is indeed a
function from M(T) to h'(D). Additionally, given any F € h'(D), by Lemm
there is a unique g € M(T) such that F,.(0) := (P, * u)(0) Vr € [0,1). Hence, the
mapping p — (F.(0) := (P. xu)(0)) gives a one-to-one correspondence between
M(T) and h'(D).

Fix any p € M(T). Since

/fdu’= hm_\/fﬂdel <Ifle sup IE ]
T r—1 T 0<r<1

for every f € C(T), we have |ullrv = ||pllcmy+ < supge,y [|F|;. On the other
hand, we also have

sup [[Fplly = sup [P pls < sup [[Prfaf|pll = [lpdl-
o<r<1 o<r<1 0<r<1
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Thus, ||p|| = supge,«p [|Frll; = lim, ;- [|Fr||;, with the last equality following
from Propositio3). We now proceed to prove the remainder of the theorem.

(1)

Suppose that p < m. Then, by Radon-Nikodym theorem, there exists a func-
tion f € L'(T) such that du = fdf. By Propositio lim, - [|F — flh =
lim, 1~ | P, * f — f|l1 = 0, which is to say that {F,},_,., converges in L'(T)
tofasr—17.

Conversely, suppose that {F,.},_, ., converges in L'(T) to some function f
as r — 17. Then, for every g € C(T),

[aoreas- [orom| < i [lol 150 - r0)]as
T T r=17JT

= |lglle lim_ | F — f”l

r—1

=0,
that is, lim, ;- [ g(0)F-(0)d0 = [ g(0)f(0)d. In other words, {F,.df},_, 4
converges to fdf in the weak* sense as r — 17. By uniqueness, du = fdf, and
consequently p < m.

Let g denote the conjugate exponent of p, that is, the number such that
% + % = 1. Since LP(T) is isometrically isomorphic to (L?)* via the map

lim
r—1-

P = (cp — fT Y d@)7 it makes sense to speak of weak* convergence in LP.
Suppose that du = fdf for some f € LP(T). Then it follows from Proposi-
tio that, as r — 17, F,. = P, * f converges in L? to f if p € (1,00) and
converges in the weak* sense to f if p = co.
Next, suppose that p € (1,00) and that {F,},_,_, converges in L to some

fasr — 17. Then, by Lemrn3)7
sup || Frlp, = lim_ 15 lp = [ fllp < oo
o0<r<1 r—1
If p = oo and F, converges in the weak* sense to some f € L>°(T) asr — 1,
then it follows from the inclusion C(T) C L!(T) and the uniqueness mentioned
in Lemme 2.8 that du = f dx. Hence,

sup [[Frlloe < sup [[Pefl1l[flloc = [If]loc < o0
0<r<1 o<r<1

Finally, suppose that the collection {F}}o<r<1 is LP-bounded. Then, the
sequence {Fl,l/n}zo:l C (L9)" has a subsequence, say {Flfl/nk}:ip that
converges in the weak* sense to some f € LP(T), because the closed unit ball
of LP(T) is compact and metrizable with respect to the weak* topology. As a

result, we have that for every g € C(T),

[ o©0du(0) = tim_ [ 5(6) (Prosju, <) @18 = [ a(6)56) s

and whence du = fdf, with f € LP(T).
Suppose that du = fdf for some f € C(T). Then, by Propositio the
functions F. = P, % f — f uniformly as r — 1~.

Next, suppose that the functions F, converge uniformly to some function
f:T = Casr — 17. Define a function G : D — C by G|p := F and G|t := f.
Since the harmonic function F' is continuous on D), the continuity of f follows
from uniform convergence. In order to prove that the function G is continuous
on D, it suffices to show that G is continuous on D \ D, that is, on T. Fix
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an arbitrary e(f) € T, and an arbitrary ¢ > 0. Then, there exist §; € (0,1)
such that ||F,. — f||., < €/2 whenever r € (1 — 01, 1), and d5 € (0, ;) such that
|f(T) — f(0)| < €/2 whenever |7 — 6] < 2. Consequently, for every re(r) € D
with [re(7) — e(f)| < d2, we have r > 1 — 8 > 1 — 61 and |7 — 0] < 165 < &,

whence
|G(re(r)) — G(e(0))| < [Fo(m) — f(T)[+[f(7) — f(O)| <e ifr <1,
(Glre(r)) — G(e(6))] = |£() — F(0)] < ¢/2 < € if = 1.

Therefore, the function G : D — C is a continuous extension of F.

Lastly, suppose that F extends to a continuous function, say G, on D. Define
a continuous function f := G[t. Then, the continuity of G implies that F,. — f
pointwise as r — 17. In addition, the maximum principle tells us that

sup |[Fr[lo = sup [F| = sup [ f| = [| flloc < 00
0<r<1 D T

Thus, by the compactness of T and by the dominated convergence theorem, for
every g € C(T),

lim gFrdH:/gfdG,
T T

r—1-

which is to say that fd6 is the weak™ limit of F,. as r — 17. From the uniqueness
of such limit, it follows that du = fdf, with f € C(T). O

3. Two MAXIMAL OPERATORS

Definition 3.1. For each p € M(T), we define its Hardy-Littlewood maximal
function My : T — [0, 00] by

_ |ul(1)
(Mp)(6) = sup ( 1] ) ’

where I C T is an open interval. When, du = fdm for some f € L(T), we
may write M f in place of Mu. We will refer to the map pu — Mpu as the Hardy-
Littlewood maximal operator.

Proposition 3.2. For every p € M(T) and every A > 0, one has that
{6 €T : Myu(8) > A} < 37l

Proof. Let n € M(T) and A > 0 be given arbitrarily. —Then, for each
n € {60 €T: Mu(@) > A}, there exists some open interval I, C T containing 7
such that |u|(I,) > X - |I|. Fix any compact K C {6 € T: Mu(6) > A}. Then,
there is a finite subset {n,...,nn} C K such that K C Uf:,:l I,,. By the finite

Vitali covering lemma, there exist I, ,....I,, € {I,, [n=1,...,N} pairwise
disjoint such that Ugil I, C U}le 31y, where 31 denotes the open interval with

the same centre as I but triple the length. As a result,

N J
K<Y Il <3 |1,
n=1 j=1

Thus, by the inner regularity of Lebesgue measure,

{0 € T: Mpu(9) > A} < 3A™ |- u

J
<3N Y0l (£, ) <3l (1) = 337w
j=1
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Definition 3.3. For each function F' : D — C, we define its radial maximal function
F*: T — [0,00] by
F*(0) := sup |F(re(9))].

0<r<1

In order to relate the radial maximal operator to the Hardy-Littlewood maximal
operator, we will need the following lemma.

Lemma 3.4. Suppose that a function K : [ 5 2] — R s nonnegative, continuous,
even and decreasing, that is, O < K(0) < K(n) whenever |0] > |n|. Then for every
1€ M(T) and every 6 € [—3, 3], one has that

(K ) (O)] < (| K[y M p(0).

The idea of the proof is to write K as an average of box kernels, for which the
above inequality is easier to establish. Details can be found in the appendix.

Proposition 3.5. For every u € h'(D), one has u* < Mu, where u is the complex
Borel measure corresponding to u.

Proof. Fix an arbitrary v € h'(D), and let 4 € M(T) be the complex measure
corresponding to u, as mentioned in Lemma 2.8] Observe from the formula

1—1r2
1 —2rcos(2n) + r2

P.(0) =
that every P, is nonnegative, continuous, even and decreasing. So it follows from
the previous lemma that for every 6 € T,

w'(0) = sup [(Bpxp)(0)] < sup ||Ppfly Mpu(0) = Mpu(6). O
o<r<1 o<r<1

Corollary 3.6. If u € h'(D), then, for every A\ > 0,
{0 € T:u(0) > A} <337 ull; -

Proof. Fix any u € h'(D), and let i be the corresponding complex measure. Then,
for every A > 0,

{0 € T:u'(6) > A} < {6 € T: Mp(6) > A} < 3A"[lull =33 Jufl, . O

Corollary 3.7. If f € LY(T), then P, x f — f a.e. asr — 17,

Proof. Let € > 0 be given arbitrarily. Then, there exists some g € C(T) such that
lf —glli < €% Set h:= f — g, and define a function u : D — C by u, := P, * h.
Since lim,. ;- |(P * g)(0) — g(0)| = 0 for every § € T, we have

{oeTsmmsuie o) - 101> |

r—1-

HeeT limsup (P, « h)(6)] > © H {oeT:mo)> 5}

r—1- 2

<fremwe >3 +[{fpermer> )]

2 6
<3 IIIUHI1+* [IIFES g||h||1+*||h||1 8e.
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Since € > 0 is arbitrary, the above inequality implies that for every ¢ € (0,1),

HG € T: limsup |(P- = f)(0) — f(6)] > O}‘
r—1-
n=1

Taking § — 0%, we obtain that

{9 € T :limsup |[(P,. * f)(0) — f(0)| > 6"}’ < 18766
r—1— —

HH € T :limsup |[(P, * f)(0) — f(0)| > OH =0.

r—1-

Therefore, P, x f(0) — f(0) asr — 1~ for a.e. § € T. O

The above corollaries will help us show that the Hilbert transform, to be defined
in the next section, meets the premise of the Marcinkiewicz interpolation theorem.

4. CONJUGATE FUNCTION AND HILBERT TRANSFORM

4.1. Conjugate function.

Definition 4.1. For each real-valued and harmonic function v on D, we define its
conjugate function @ to be the unique real-valued and harmonic function on ID such
that u + 44 is analytic and @(0) = 0. And, for each complex-valued and harmonic

—_~—

function v on D, we define its conjugate function @ := Re(u) + ilm(u).

Proposition 4.2. Let u : D — C be a harmonic function. Then the following

holds.

(1) u=1

(2) If u is constant, then 4 = 0.

(3) If w is analytic in D, and if w(0) = 0, then @ = —iu. If u is co-analytic,
meaning that @ is analytic, and if u(0) =0, then 4 = iu.

(4) The function u can be written uniquely as w = c+ f + g with ¢ a constant, f,g
analytic, and f(0) = g(0) = 0.

Proof.
(1) By the definition of conjugate function,

,~— e~~~ /—~ e/~

@ = Re(u) + iTm(w) = Re(u) + i(~ Im(u)) = Re(u) + i (~Im(u) ) = @

(2) Suppose that u is constant. Then, it is clear from the Cauchy-Riemann equa-
tions that @ is constant. Since %(0) = 0, we deduce that @ = 0.
(3) Suppose that u is analytic, and that «(0) = 0. Then,

@ = Re(u) + iIm(u) = Im(u) 4+ ¢ (— Re(u)) = —iu.
Next, suppose that u is co-analytic, and that «(0) = 0. Then, it follows from

above that & =7 = & = —iu = iu.
(4) Set f := 3 (u+iu—u(0)), g = 3(u—iu—u(0)) = 3 (11 + it — u(O)), and
¢ :=u(0). Since u + i@ and % + iu are analytic, the functions f and g are both

analytic. Thus, we can write v as a sum v = ¢+ f + g, with c a constant, f, g
analytic, and f(0) = g(0) = 0.
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Now suppose that there exist a constant v and two analytic functions ¢ and
1 such that ¢(0) = ¢(0) =0 and u = vy + ¢ + 1. Then,

7 =u(0) = ¢(0) = ¥(0) = u(0) =,
thus ¢ + ¢ = u — u(0) = f + g, and consequently ¢ — f = g — 1. Since ¢ — f

is analytic, while g — % is co-analytic, ¢ — f = g — 1 = 0, or in other words,
@ = f and ¥ = g. This proves the uniqueness of the decomposition. O

Notation 4.3. Hereinafter, we will sometimes write F f(n) in place of f(n) for the
sake of clarity.

Proposition 4.4. Letu : D — C be a harmonic function. Then, for everyr € (0,1)
and every n € 7>,
F(iy)(n) = —isgn(n)ir(n)

Proof. Since the Fourier transform is a linear operator, by the last part of the
previous proposition, it suffices to prove the above equality in the cases that u is
constant, analytic, or co-analytic.

To begin with, let’s suppose that u is constant. Then, @ = 0. So, for every
r € (0,1), u, and @, are both constant. Hence, for every n € Z*,

F(a,)(n) =0=—isgn(n) -0 = —isgn(n)u,(n).

Next, suppose that u is analytic. Then, & = —iu is also analytic. Thus, for every
r € (0,1), we have that

F(u,)(n) =0= —isgn(n)-0= —isgn(n)u,(n) VnezZ,
since u and @ are both analytic on the simply connected region ID, and that
F(a,)(n) = F(—iu,)(n) = —iF (u,)(n) = —isgn(n)u, (n) Vn e Z".
Finally, suppose u is co-analytic. Then, for every r € (0,1) and every n € Z*,

F(t,)(n) = F(uy)(—n) = —i Sgn(—n)ﬁ:(fn) = —isgn(n)u,(n). O

Proposition 4.5. Let u € h*(D). Then, ||’L~LT||§ = HUng — |u(0)]? for every
r € (0,1), and thus @ € h*(D).

Proof. By Theore for every r € (0,1),
I ls =Y 1F (@) ()" = D |=isgn(n)ur(n)|”

nez nezx
—~ 2 — 2 2 2
= Yl ) = @O = fur 5 = [ur O)F
neZ
Hence,
~ ~ 2 2
lall, = sup fal, = sup (Jhurl = ur(0)) " < sup flurlly = [Jull, < oo,
0<r<1 0<r<1 0<r<1
implying that @ € h?(D). O

Corollary 4.6. If u € h?(D), then the functions @, converges in L*(T) asr — 17,
and thus lim,_,, - 1,.(0) exists for a.e. 0 € T as an L* function.

Proof. Since the collection {i, }o<,<1 is L>-bounded, by Theore there exists
g € L?(T) such that @, — g in L? asr — 17, and @, = P,.*g for every r. Therefore,
by Corollary lim, - @,(0) exists and equals g(0) for a.e. § € T. a
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4.2. Harmonic measures and conjugate radial maximal operator.

Definition 4.7. For each A > 0, we define a function wy : R x RT™ — R by

1 y
== S —
CUA(x7y) T /(oo’)\]u[)\’oo) (.1' — t>2 + y2 )

which some may recognize as the harmonic measure of (—oo, —A] U [A, 00) centred
at (x,y) with respect to the open upper half-plane.

Proposition 4.8. For every A > 0, the function wy is harmonic in the open upper
half-plane H := {z € C : Im(z) > 0} 2 R x R*.

Proof. Fix any A > 0. Then, for every z = x + iy € H,

1 1 1
wA(z):—/ —— - —dt

T J(—o00,—AJU[A,00) [ t=z Yy
( JU[A,00) ( : ) 11
1 A -

=1-- <arctan (x + ) — arctan <x )> .
s Y Y
And a routine calculation shows that Aw, = 0 in H. O

Proposition 4.9. Let u € h'(D). Then, for every X > 0, one has that
{0 €T: (@) (0) > A} <O ull; A7,
with C some absolute constant.

Proof. Fix some A > 0. To start with, suppose that u is real-valued and non-
negative. Then, by the maximum principle, u is either constantly zero or strictly
positive on . The case that u is constantly zero is trivial, so let’s assume in the
rest of the paragraph that w is strictly positive. Set F' := i(u + i%) = —a + iu.
Then, F' is an analytic function from C to H, and thus the composition wy o F' is
harmonic in D. In addition, for every § € T with (@)" (§) > A, we have that

sup (wx o F)(re(6))
0<r<i1

1
=14 — sup (arctan
T o<r<1

<ﬂ(re(9))€ _ A) o (ﬂ(re(@)) + A))
>14 5 sup (arctan (W) - g)

u(re())

T 0<r<1
1 1 u(re(6
= -+ —arctan| sup ———~—
2 7 o<r<1 u(re

Hence,

2
<6l o Fll; = 6 (wx o F) (0) = 6 wx(0,u(0)),

{0 eT: (@ (0)> 2} < ‘{eeTz(won)*(9)>1}’

where the second inequality follows from Corollary[3.6] and the first equality follows
from the mean-value property of harmonic functions. Furthermore, since

2 [ 1 2 [ 1 2 0 2 _
ar0u(0) =2 | <2 " Sar=2 0 2y,

™ A/u(0) 2 +1 ; A/u(0) th A
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we deduce that

{6 €T @) (6) > A} < Al

Now, allow u to be any function in h'(D). By Lemm there is a unique
uw € M(T) such that w, = P, x pu for every r € (0,1). Decompose the complex
measure p into p = uﬁe—uf_{e—i—iufm—w{m, with ,uﬁe, HRes ui”m, My, Deing the unique
positive measures for which the above equality holds. Let v*,v~,w™, and w™ be
the harmonic functions on D corresponding to uge, HRe> ufrm, and ., respectively,
as specified in Theore Then, u = v — v~ + iwt — jw™, and thus @ =
vt — v~ +dwt —iw~. Consequently, for every 6§ € T,

(@)" (9) = sup zf)\;(re(e)) — v (re(d)) +iwt(re(d)) — iw=(re(h))

0<r<1

< 021:51 ( {JI(TE(@))‘ + ‘{1\:(7"6(0))

< (51) 9) + (F) 9) + (151) 0) + (@F) 9).

Furthermore, since uEe, HRe> ufrm, [, are positive measures, and since P, > 0 for
every r € (0,1), the functions v*, v~ ,w™, w™ are obviously real-valued and non-
negative. Therefore,

a i 0= (rel®)

+ ‘121:(1"6(0))‘ n W—(re(e))])

{OeT:|(@"(0) > A}
< ‘{96’11‘: }(F)*(a)‘ > i}'+‘{eeqr; ](F)*(a)] > ZH
tfoers|(@) @f> 3} + [foer:| (@) @] > 3|

12 4 - B
< — 5 Ul + Moy + i, + lleo™ 1)

48 - _ 48 48
= A (el + Mgl et |+ lleall) = — A7 el = — A7l - O

4.3. Hilbert transform.

Definition 4.10. Given any f € L'(T), we define the Hilbert transform of f by

Hf(0):= lim (uy), (0),

r—1-
where uy is the h'(ID) function defined by (uy), := P, * f.

It is not obvious that the Hilbert transform of each f € L!(T) is well-defined, so
we will justify the above definition in the following proposition.

Proposition 4.11. Given any f € LY(T), the limit lim, ;- (uy), (0) ewzists for
a.e. 0 €T.

Proof. Fix an f € LY(T), and let ¢ > 0 be given arbitrarily. Since C(T) is a
dense subset of L'(T), there exists some g € C(T) such that ||f — g, < e. Put
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h:= f— g€ LY(T), and for each § > 0, define

Bs = {9 € T : limsup |(@7), (0) — (i7), (6)] > 5} :

r,s—1—

Fes:= {9 € T : limsup|(up), (6) — (un), ()] > (5} .

r,s—1—

Since uy = up, + uy = uyp, + Uy, and since g € L*(T), by Corollar Es = F, s for
every ¢ > 0, and consequently

ok ) _ _ _
Bsl = IFusl < {6 €T+ @) 0)] > 3 b < €0~ unll, = €5l < o7

As e > 0 may be arbitrarily small, we deduce from the above inequality that |Es| = 0
for every § > 0. Thus, for a.e. § € T, the net {(uy), (9)}T€(0 ) 18 Cauchy. It then

follows from the completeness of C that lim,_,;- (uy), () exists a.e. on T. O
Corollary 4.12. The Hilbert transform is bounded from L' to weak-L'.

Proof. For any f € L'(T) and any \ > 0,

{0 €T+ [HF)] > N < {0 €T+ ()" (8)] > N} < Cllugll, A= = ClLFIA,
where C' is the same constant as in Proposition 4.9] O

Proposition 4.13. For any p € (1,00), the Hilbert transform is bounded on LP.
Proof. Tt is clear from Proposition] 4.5 that for any f € L*(T),

IHfll2 < lluglly < lluglly = 11£1)2;

which implies that the Hilbert transform H is bounded on L2. Then, by Marcinkiewicz
interpolation theorem, H is bounded on LP for every p € (1,2].

Further, by the dominated convergence theorem and by Propositior{4.4] for every
f € L3(T) and every n € Z,

E}(n) = /Te(fnx) lim (uy), (0)d0 = lim [ e(—nx) (uy), (6)d0

r—1- r—1= JT

= —isgn(n) lim @f(n) = —i sgn(n) f(n).

r—1

Hence, by Theorenm | 1.13] for any two f,g € L*(T),

(H.9) = HF(m)in) = = 3 fn) (Zisga(m)an) )

nez neZ
==Y fn) —(f, Hyg),
nez

which implies that the adjoint H* : L?(T) — L?(T) satisfies H* = —H. Now, fix
any p € (2,00), and let ¢ denote its conjugate exponent. Since LP(T) C L?(T), we
may consider the Hilbert transform on LP as a linear map from LP to L?. Because
L?(T) is a dense subset of L4(T), the adjoint H* : LY(T) — L?(T) D L%(T) satisfies
H* = —H : LYT) — L%T), and is thus bounded on LI(T). Consequently, the
Hilbert transform H = H** : LP(T) — LP(T) is bounded. O
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5. THE LP CONVERGENCE OF FOURIER SERIES

Theorem 5.1. For every p € (1,00), the partial sum operators Sy are uniformly
bounded on LP(T), and thus Sy f — f in LP(T) for every LP function f.

Proof. Fix any p € (1,00), and define a linear operator 7' : LP(T) — LP(T) by
Tf:=3f+iHf—1f(0). Then, |T|,—p < 3+ 3| H|pmp + & < co. Moreover,
using the same argument as in the proof of Proposition 4.13] we can show that

for every f € LP(T) and every n € Z, Hf(n) = —isgn(n)f(n), and consequently
Tf(n)= X[Loo)f(n). Thus, for every f € LP(T) and every N € Z™,

Snf= Z Xi-nn S (en = e_ vy Tens1f) — exT(e-nf),

and
1Sx 1y <INy (llewsafll, + e fll,) = 20T 151, -

It follows that supyez+ [|Snll,—, < 2(|T[],-,, < co. Therefore, by Propositiorm7
Snxf — fin LY (T) for every LP function f. O

6. GENERALIZATION: MULTIPLIER OPERATORS

Fix an arbitrary p € (1,00). Since the Hilbert transform is bounded on LP(T),
repeating the argument in the proof of Propositio we can show that

Hf(n) = —isgn(n)f(n)

for every n € Z and every f € LP(T). Let myg : Z — C denote the sequence

o

{—isgn(n)}>> _ . Then,

N
Hf = ngnoo SvHf = lim mu(n)f(n)en

N—oc0
n=—N

in LP for every f € LP(T), and we call my the multiplier associated to the Hilbert
transform H. Now, consider an arbitrary sequence m : Z — C, and associate to it,
formally, an “operator” T, on LP(T) given by

(6.1) Twf(n) =m(n)f(n) VneZ YfelLP.

Under what condition is there an actual (bounded) operator T,, with the above
property?

Notation 6.2. We will mean by ¢°° the space of all bounded functions from Z to
C, equipped with the supremum norm.

Let’s first look for some necessary conditions. Assume that there is an operator

T, such that (6.1) holds. Then, since |lex||, = 1 and Ti,ex = m(k)ey for every
k € Z, we have that

[T llp—sp = sup [ Tinerllp = sup [m(k)| = [[m]l-
kEZ keZ

Hence, in order for there to exist a bounded operator T, on LP such that (6.1))
holds, it is necessary that m € £°°. In the special case that p = 2, if m € £°°, then
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for every f € L2,
= 2700 ]2 RSPV 2 2
> Imm)E|fm)] <lmlid Y2 [fo)| = ImlZ 018 < oc,
which implies that the sequence {2527 N m(n) f (n)en}N: is Cauchy and whence
convergent. Therefore, for each multiplier m € £°°, there is the bounded operator
T,, : L? — L?, defined by
N

Tof = A}gnoo Z m(n)f(n)en
n=—N

for each f € L?(T), such that (6.1)) holds. So, we have found an equivalent condition,
namely that m € £, for the existence of an operator T}, that is bounded on L2.
Next, observe that for every g € L1(T), u € M(T) and n € Z, the equality

(9% p)(n) = g(n) - iu(n)
holds as an easy consequence of the Fubini-Tonelli theorem. Thus, if m = Fu for
some p € M(T), then there is the bounded operator T, : LP — LP, defined by

Tonf = [f*p
for each f € L*(T), such that (6.1)) holds, and || T, |l,—p < [|1]| < oo. The converse
is also true in the special cases that p =1 or p = oo, though I will only give a proof
of the former in the appendix.

Theorem 6.3. If m : Z — C is a multiplier for which there exists a bounded
operator Ty, : LY — L' such that (6.1)) holds, then m = fi for some p € M(T).

For other value of p, the condition m = Fu is clearly not necessary for the
existence of the multiplier operator T;,,, because there exists the bounded multiplier
operator H whose associated multiplier my is not of the form Fu. The equivalent
condition for the existence of a bounded operator T, satisfying remains largely
an open question in these cases.

But why do we even care about these multipliers and multiplier operators, apart
from the fact that they seem fun? Since Fourier coefficients are preserved under
translation, every bounded multiplier operator is translation-invariant; and it turns
out that these multiplier operators are exactly the translation-invariant operators.
Moreover, the theory of singular integrals, when initially developed by Calderén and
Zygmund, was built upon Mikhlin’s work on multipliers. For further discussion on
multipliers, see Section 7.3 of [4], and Chapter 8 of [3].
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APPENDIX

Proof of Propositior] 1.3 Suppose that f € LP(T), with p € [1,00], and that p €
M(T). We define for each § € T a function fy : T — C by fp(7) := f(0 — 7). Then,
I foll, = || fllp for every 6 € T.

If p = o0, then

1958l < sup|F400)] < sup [ 1767 1r) < s [ fllocli(r) = 111 ]
0T 0€eT JT 0eT JT

If p € [1,00), define for each § € T a function fp : T — C by fo(7) := f(6 — 7).
Then, ||foll, = || fllp for every 6 € T, whence

I eul< ([ ([ Ife(T)dul(T)>pd9>l/p
</ ( / |fe(7)|”d9>l/pdul(7)

- / Vfollodll(7) = 1111l

where the second inequality holds by Minkowski’s integral inequality.
Therefore, the inequality || f * ||, < [|f[|,]lp]| holds in all possible cases. O

Proof of Propositior] 1.7}

To begin with, suppose that f € L*(T) and g € C(T). Since g is uniformly
continuous, given an arbitrary € > 0, there exists § > 0 such that |g(z) — g(z')| < e
whenever |z — 2’| < 4. Then, for any two x,2’ € T with |x — 2| < 4,

Iﬁ*w@lfﬁ*muﬂhiéﬁwﬂWM%*M*Q@“ﬂmdyidﬂM-

Since || f]loo < 00, we conclude that f * g is continuous.

Now, suppose that f € L>(T) and g € L'(T). Since C(T) is a dense subset of
LY(T), for any given € > 0, there exists h € C(T) such that ||g — h||1 < €, and there
exsits ¢ > 0 such that |(f *h)(z) — (f*xh)(2’)| < € whenever |z — 2’| < 0. Thus, for
any two x,z’ € T with |z — 2'| <4,

|(f +9)(z) = (f * 9) ()]
<|f (g = h)@)]+1f = (b= g) @) + |(f + h)(x) = (f * h)(2")
<2 fllsollg = Al + [(f x B) (@) = (f * h)(2")] < 2l flloe + 1) €

It then follows that f * g is continuous. O

Proof of Propositior] 1.10

(1) Firstly, suppose that f € C(T), and let € > 0 be given arbitrarily. Since f is
uniformly continuous, there exists § > 0 such that |f(z —y) — f(x)| < € for any
two z,y € T with |y| < d. Then, for every index N and every x € T,

(@ % ) () — f(@)
/T (fle—y) - f()) <I>N<y>dy‘

N

/ @ — ) — F@)] - [ ()] dy + / B (y)|dy
ly|>6

lyl<o
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<2|f||oo/ 5|<1>N<y>|dy+e/|<1>1v<y>|dy
Y| >

<2\|f||oo/ ®x ()| dy + ¢ sup /|¢>K )| dy,
ly|>6

KeZ+

which implies that

[N * f = flloo < 2Hf||oo/ |Pn(y)dy + € sup [Pkl
Kezt

ly|>o

Taking N — oo, we obtain that
limsup [|®x * f = flloo <€ sup || Pslls.
N—oo KeZ+
Since € > 0 may be arbitrarily small, we deduce from the inequality above that

Mmoo |@8 # f = fllso = 0.
(2) Next, suppose that f € LP(T), with p € [1,00). Then, for any g € C(T),

[®n * f— [,
Sl f—2nxgll, +llg— fll, + 1P~ *g—gll,

1/p
=[en(f =9, +1f —gllp + (/T (N * g)(z) — g(2)[” daf)

1/p
< @nllallf = gllp +11f =gl + </T [®n * g — gllo dz)
< (sop Nl -+ 1) 17 =l + o w9 =l
Kezt
for every index N, and whence that
s @+ £ = £1, < (s @l +1) 1 = gl
N—o00 Kezt

Since C(T) is a dense subset of LP(T), taking the infimum over all g € C(T),
we obtain that imy e [N * f — f]|, = 0.

(3) Finally, suppose that p € M(T). Fix any f € C(T), and define a function
g:T — C by g(z) := f(—z). Then, g is continuous, and

/ F(@) (@ * ) () — / f() du(z)
T

~timswp| [ 7o) | x(a =) duty) dx—/f ) dyu(z)

N —oc0

zlimsup//f VYO N(x —y)de du(y /f ) dp(x

N —o0

:limsup//f VYO N (x —y)de du(y /f )du(x
N—o0

—timsup | [ [ o)y (<y = (=) daduty) - / g(~2) dp(x)
= limsup /T(@N*g) (—v) du(y)*/jrg(*y) du(y)‘

N —oc0

lim sup
N —o0
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< limsup / (@ % 9) (—y) — g(~)] dlul(v)

N —oc0

< limsup [|[@n * g (1] =0,
N—oo

which implies that limy o0 [1 f(2)(®n * p)(z)dz = [} f(z) du(z). Therefore,
Oy * u — p in the weak™ sense as N — oo. (]

Proof of Lemmd 3.7}
It is clear from the piecewise monotonicity of K that K is of bounded variation.
Since K is continuous, there exists a unique k£ € M(T) such that « ([a,d]) =

K(b) — K(a) for all =3 < a < b < 3. Set v:= —k+ K (1) 012, where &5 is

the Dirac mass at % Then, for every x € [f%, %],

K(z) = K(|z|) = — (K <;> - K(le)) +K G)
(] ()
[ teantor 5 (5) [ i ) a5
- [ea@ao +x (3) | (@) 1 a0

_ /01/2 X () d (—n + K (;) 61/2) )
= /01/2 X[~ (2) dv (@),

whence
1/2 1/2 p1/2
K =2 [ K@) =2 / / X(—pog) (@) di () da

1/2 p1/2 1/2
- / / Nimpig) (&) d di(p) = 2 / pdv(p),

Furthermore, since K is decreasing on [O, 2} the restriction of the signed measure
p to Bg,1/2) is a negative measure. Consequently, the restriction of v = —pu +
K (%) 0172 to Byg,1/2] is a sum of two positive measures, and thus itself a positive

measure. Therefore, for every p € M(T) and every 6 € [ é, %]

172 ,1/2
(5 1) (6)] = / / Xl (8 — 7) dv() dp(r)

1/2

- /1/2/1/2 X[—gp) (0 = T) dpa(7) dv ()

1/2

1/2 1
= /0 2@'m'ﬂ([9—%9+%’])d’/(<ﬂ)
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1/2 1
</0 2W‘m"ﬂ|([a_%9+¢])dV@)

1/2
< [ 20 Mu(0) dvl) = 1K1, Mu6). O
0

Proof of Theoren{ 6.3 Let m : Z — C be any multiplier for which there is a
bounded operator T, : L' — L' such that (6.1)) holds. We define a family {f:},,
of functions from T to C by setting

ft = Z e~ 2mintte,,
for each ¢ > 0. Then, by the Fubini-Tonelli theorem, ||f¢|y =1 for every ¢t > 0, and
whence the family {7}, f;},-, € L*(T) € M(T) is bounded by ||T;,|/1—1. Using a
compactness argument similar to that used in the proof of Lemme 2.8 there exists
a sequence {tx}7>,; C (0,00) decreasing to 0, and a complex measure p € M(T)
with ||g|| < |Tm|l1—1 such that T,, fi, — p in the weak™ sense as k — oo. Since

/ (@) T fo(2) dz = m(n)e 27171t
T

for every t > 0 and every n € Z, it follows that for every n € Z,

— . —27n|t _ 1; —27|n|tk
m(n) = m(n) tlg%e klgrolo m(n)e
= lim [ e_p(z) T fr, (2)de = / e_n(x)du(z) = i(n). O
k—o00 T T
REFERENCES

[1] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer,
2011.

[2] G. B. Folland, Real Analysis: Modern Techniques and their Applications, John Wiley & Sons
Inc., Second Edition, 1999.

[3] C. Muscalu, W. Schlag, Classical and Multilinear Harmonic Analysis, Cambridge University
Press, Volume I, 2013.

[4] E. M. Stein, G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton Uni-
versity Press, 1971.



	1. Preliminaries
	1.1. Basics about Fourier series
	1.2. The L2 convergence of Fourier series
	1.3. Some other useful facts

	2. Poisson Kernel and Hardy Spaces
	2.1. Poisson kernel
	2.2. Correspondence between h1(D) and M(T)

	3. Two Maximal Operators
	4. Conjugate Function and Hilbert Transform 
	4.1. Conjugate function
	4.2. Harmonic measures and conjugate radial maximal operator
	4.3. Hilbert transform

	5. The Lp Convergence of Fourier Series
	6. Generalization: Multiplier Operators
	Appendix
	References

