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Abstract. In this paper, we will focus on one particular application of Hilbert

spaces in quantum mechanics. We start with simple definitions of certain

kinds of vector spaces that lead up to Hilbert spaces and follow by defining
the Hermitian operator. Relevant, basic postulates of quantum mechanics will

be given. We prove the Heisenberg Uncertatinty Principle and finish with a

brief account of Hilbert spaces’ importance and wider applications.
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1. Hilbert Spaces

Why are Hilbert spaces so important? Essentially, a Hilbert space is a space that
allows geometry. Exact analogs of the Pythagorean Theorem and Parallelogram
Law hold in Hilbert spaces. To satisfy those requirements, a Hilbert space naturally
must have many restrictions. To define Hilbert spaces, we shall start with an inner
product space as it is simply a vector space with the additional structure of inner
product.

Definition 1.1. (Inner Product) Let E be a complex vector space. A mapping
〈·, ·〉 : E×E → C is called an inner product in E if for any x, y, z ∈ E and α, β ∈ C
the following conditions are all satisfied:

(1) 〈x, y〉 = 〈y, x〉 (the bar denotes the complex conjugate);
(2) 〈αx+ βy, z〉 = α〈x, z〉+ β〈y, z〉;
(3) 〈x, x〉 ≥ 0, and 〈x, x〉 = 0 implies x = 0.

A space with an inner product is called an inner product space. It is also called
a pre-Hilbert space. Its alternate name clearly signifies its importance in defining
Hilbert spaces.
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Definition 1.2. (Norm) A function x → ||x|| from a vector space E into R is a
norm if it satisfies the following conditions:

(1) ||x|| = 0 if and only if x = 0;
(2) ||λx|| = |λ|||x|| for every x ∈ E and λ ∈ C;
(3) ||x+ y|| ≤ ||x||+ ||y|| for every x, y ∈ E.

A vector space with a norm is called a normed space. It turns out that every
inner product space is also a normed space with the norm defined by

||x|| =
√
〈x, x〉

The norm above ||x|| =
√
〈x, x〉 is well defined because condition (3) of Definition

1.1 clearly implies that ||x|| = 0 if and only if x = 0. Moreover,

||λx|| =
√
〈λx, λx〉 =

√
λλ̄〈x, x〉 = |λ|||x||.

Therefore, we only need to prove for condition (3) of Definition 1.2, which we will
begin by proving the Schwarz’s Inequality Theorem.

Theorem 1.3. (Schwarz’s Inequality) For any two elements x and y of an inner
product space, we have

(1.4) |〈x, y〉| ≤ ||x||||y||

The equality |〈x, y〉| = ||x||||y|| holds if and only if x and y are linearly dependent.

Proof. If y = 0, then the theorem holds since both sides equal zero.
If y 6= 0, then

(1.5) 0 ≤ 〈x+ αy, x+ αy〉 = 〈x, x〉+ ᾱ〈x, y〉+ α〈y, x〉+ |α|2〈y, y〉

Now substitute α = −〈x, y〉/〈y, y〉, then we have

0 ≤ 〈x, x〉〈y, y〉 − |〈x, y〉|2

Clearly, |〈x, y〉| ≤ ||x||||y||, giving us the theorem of Schwarz’s Inequality.
If x and y are linearly dependent, then x = αy for some α ∈ C. Therefore,

|〈x, y〉| = |〈x, αx〉| = |ᾱ|〈x, x〉 = |α|||x||||x|| = ||x||||αx|| = ||x||||y||

Now, let x and y be such vectors that 〈x, y〉 = ||x||||y||.
Equivalently, 〈x, y〉〈y, x〉 = 〈x, x〉〈y, y〉.
We have〈〈
y, y
〉
x−

〈
x, y
〉
y,
〈
y, y
〉
x−

〈
x, y
〉
y
〉

=
〈
y, y
〉2〈

x, x
〉
−
〈
y, y
〉〈
y, x
〉〈
x, y
〉

−
〈
x, y
〉〈
y, y
〉〈
y, x
〉

+
〈
x, y
〉〈
y, x
〉〈
y, y
〉

= 0

So
〈
y, y
〉
x −

〈
x, y
〉
y = 0, which means that x and y are linearly dependent, thus

completing the proof. �

Using Theorem 1.3 proven above, we can obtain condition (3) of Definition 1.2
as a corollary.

Corollary 1.6. (Triangle Inequality) For any two elements x and y of an inner
product space,

(1.7) ||x+ y|| ≤ ||x||+ ||y||



AN INTRODUCTION TO HILBERT SPACES 3

Proof. Taking α = 1 in Equation 1.5 and applying Schwarz’s Inequality, we have

||x+ y||2 =
〈
x+ y, x+ y

〉
=
〈
x, x

〉
+ 2<

〈
x, y
〉

+
〈
y, y
〉

≤
〈
x, x

〉
+ 2|

〈
x, y
〉
|+
〈
y, y
〉

≤ ||x||2 + 2||x||||y||+ ||y||2

= (||x||+ ||y||)2

Therefore,
||x+ y|| ≤ ||x||+ ||y||

�

So a inner product space is also a normed space. Obtaining an inner product
space is the important first step in the process of trying to define Hilbert spaces,
partly because the Parallelogram Law already holds in an inner product space.

Theorem 1.8. (Parallelogram Law) For any two elements x and y of an inner
product space we have

(1.9) ||x+ y||2 + ||x− y||2 = 2(||x||2 + ||y||2)

Proof. We have

||x+ y||2 = 〈x+ y, x+ y〉 = 〈x, x〉+ 〈x, y〉+ 〈y, x〉+ 〈y, y〉,
hence

(1.10) ||x+ y||2 = ||x||2 + 〈x, y〉+ 〈y, x〉+ ||y||2.
Now replace y by −y in Equation 1.10, to obtain

(1.11) ||x− y||2 = ||x||2 − 〈x, y〉 − 〈y, x〉+ ||y||2

Adding Equations 1.10 and 1.11 together, we have the parallelogram law. �

Having seen the usefulness of inner product spaces, we shall also give a proposi-
tion about the continuity of the inner product.

Proposition 1.12. (Continuity of Inner Product) If (xn) and (yn) are se-
quences of elements of the inner product space E such that ||xn − x|| → 0 and
||yn − y|| → 0 when n→∞ with x, y ∈ E, then 〈xn, yn〉 → 〈x, y〉.

Proof. Applying Schwarz’s Inequality, we have

|〈xn, yn〉 − 〈x, y〉| = |〈xn, yn − y〉+ 〈xn − x, y〉|
≤ |〈xn, yn − y〉|+ |〈xn − x, y〉|
≤ ||xn||||yn − y||+ ||xn − x||||y||.

Since ||xn − x|| → 0 and ||yn − y|| → 0 when n→∞, |〈xn, yn〉 − 〈x, y〉| → 0.
So, 〈xn, yn〉 → 〈x, y〉 when n→∞. �

Of course, the continuity of inner products can also be extended to norms. Now
that we have proven that an inner product space is also a normed space and given
a proposition of the inner product, we can move on to the next step of defining
Hilbert spaces: defining the completeness of a space.

Definition 1.13. (Cauchy Sequence) A sequence of vectors (xn) in a normed
space is called a Cauchy sequence if for every ε > 0 there exists a number M such
that ||xm − xn|| ≤ ε for all m,n > M .
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Definition 1.14. (Banach Space) A normed space E is called complete if every
Cauchy sequence in E converges to an element of E. A complete normed space is
called a Banach space.

Definition 1.15. (Hilbert Space) A complete inner product space is called a
Hilbert space.

As the standard formulations of quantum mechanics require the Hilbert spaces
used to be separable, we will here give the further definition of separable Hilbert
spaces as well. A Hilbert space is separable if and only if it admits a countable
orthonormal basis.

Definition 1.16. (Orthogonal Vectors) Two vectors x and y in an inner product
space are called orthogonal if 〈x, y〉=0, denoted by x ⊥ y.

Definition 1.17. (Countable Set) A countable set is a set that has the same
cardinality (number of elements) as some subbset of the set of all natural numbers.

Definition 1.18. (Orthonormal Basis) Let E be an inner product space. A
basis S of E with ||x|| = 1 for all x ∈ S and x ⊥ y for any two distinct elements of
S is called an orthonormal basis.

Definition 1.19. (Separable Space) A Hilbert space is called separable if it
admits a countable orthonormal basis.

Finite dimensional Hilbert spaces are separable, and orthogonal bases are used
often when dealing with finite dimensional Hilbert spaces. It is only natural and
sensible that we wish to still have them when working with infinite dimensions.

2. Hermitian Operator

Linear maps are functions between two vector spaces that preserve the operations
of vector addition and scalar multiplication. An operator (or transformation) is
generally a mapping that maps elements of a space to produce elements of the same
space. Linear operators on a normed vector space are widely used to represent
physical quantities, hence they are very important in applied mathematics and
mathematical physics. The most important operators include differential, integral,
and matrix operators. For now, we are interested in the bounded linear operators
on Hilbert space, particularly adjoint and self-adjoint (Hermitian) operators.

Let us give some basic definitions that will be of use in the following definitions
of adjoint and self-adjoint Hilbert operators and the relevant proofs.

Definition 2.1. (Bounded Operator) An operator A is called bounded if there
is a number K such that ||Ax|| ≤ K||x|| for every x in the domain of A.

Definition 2.2. (Linear Functional) A linear functional is a linear map from
a vector space to its field of scalars. For vector space V over field C, a linear
functional is a function f : V → C that satisfies the following:

(1) f(v + w) = f(v) + f(w) for all v, w ∈ V ;
(2) f(αv) = αf(v) for all v ∈ V and α ∈ C

And based on the above definitions, we can prove our first simple and quite
straightforward lemma, the continuity of bounded linear functionals.

Lemma 2.3. Any bounded linear functional is continuous.
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Proof. For any bounded linear functional L on a Hilbert space H, there exists a
number K such that ||L(x)|| ≤ K||x|| for any x ∈ H. Let x → 0, then ||L(x)|| ≤
K||x|| → 0. So L is continuous at 0. Let x be an arbitrary element of H and (xn)
be a sequence convergent to x. Then (xn − x + 0) converges to 0 and so we have
||L(xn)− L(x)|| = ||L(xn − x+ 0)− L(0)|| → 0.

Thus, any bounded linear functional is continuous. �

We shall put aside the above lemma for now and come back for it later. As the
theorems below utilize the ideas of orthogonal complement and convex sets, we of
course need to list those definitions first and then prove the related theorems.

Definition 2.4. (Orthogonal Complement) Let S be a non-empty subset of a
Hilbert space H. An element x ∈ H is said to be orthogonal to S, denoted by
x ⊥ S, if 〈x, y〉 = 0 for every y ∈ S. The set of all elements of H orthogonal to S,
denoted by S⊥, is called the orthogonal complement of S.

Theorem 2.5. For any subset S of a Hilbert space H, the set S⊥ is a closed
subspace of H.

Proof. If α, β ∈ C and x, y ∈ S⊥, then for every z ∈ S,

〈αx+ βy, z〉 = α〈x, z〉+ β〈y, z〉 = 0.

Thus, S⊥ is a subspace of H. We next need to prove that S⊥ is closed.
Let (xn) ∈ S⊥ and xn → x for some x ∈ H. From the continuity of the inner

product (Proposition 1.12), we have for every y ∈ S,

〈x, y〉 = 〈 lim
n→∞

xn, y〉 = lim
n→∞

〈xn, y〉 = 0.

This shows that x ∈ S⊥, and thus S⊥ is closed. �

Definition 2.6. (Convex Sets) A set U in a vector space is called convex if for
any x, y ∈ U and α ∈ (0, 1), we have αx+ (1− α)y ∈ U .

Theorem 2.7. (Closest Point Property) Let S be a closed convex subset of a
Hilbert space H. For every point x ∈ H there exists a unique point y ∈ S such that

(2.8) ||x− y|| = inf
z∈S
||x− z||.

Proof. Let (yn) be a sequence in S such that limn→∞ ||x − yn|| = infz∈S ||x − z||.
Denote d = infz∈S ||x− z||. For all m,n ∈ N, since 1

2 (ym + yn) ∈ S, we have

||x− ym + yn
2

|| ≥ d.

By Parallelogram Law (Theorem 1.8), we obtain

||ym − yn||2 = ||ym − yn||2 + 4||x− ym + yn
2

||2 − 4||x− ym + yn
2

||2

= ||(x− ym)− (x− yn)||2 + ||(x− ym) + (x− yn)||2 − 4||x− ym + yn
2

||2

= 2(||x− ym||2 + ||x− yn||2)− 4||x− ym + yn
2

||2.

Since 2(||x− ym||2 + ||x− yn||2)→ 4d2 as m,n→∞, and ||x− ym+yn

2 ||2 ≥ d2, we

have ||ym − yn||2 → 0. So (yn) is a Cauchy sequence. Since H is complete and S
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is closed, the limit limn→∞ yn = y exists and y ∈ S. From Proposition 1.12 the
continuity of inner product and by extension norm, we obtain

||x− y|| = ||x− lim
n→∞

yn|| = lim
n→∞

||x− yn|| = d.

So there exists a point y that satisfies Equation 2.8. All that remains is to prove
its uniqueness. Suppose then that there is another point y1 ∈ S that satisfies the
said equation. Then since y+y1

2 ∈ S, we have ||y− y1||2 = 4d2− 4||x− y1+y2

2 ||2 ≤ 0,
which can only happen if y = y1. �

Note that a vector subspace is clearly a convex set by definition. So any theorem
that applies to convex sets also apply to vector subspaces. Therefore, Theorem 2.7
can be used for the proofs of Theorem 2.9 and Theorem 2.12.

And now we can prove the Theorem of Orthogonal Projection.

Theorem 2.9. (Orthogonal Projection) If S is a closed subspace of a Hilbert
space H, then every element x ∈ H has a unique decomposition in the form x = y+z
with y ∈ S and z ∈ S⊥. (Should S be a one-dimensional subspace and y0 be a unit
vector in S, then y = 〈x, y0〉y0.)

Proof. If x ∈ S, then the obvious decomposition is x = x + 0. Suppose then that
x 6∈ S. Let y be the unique point in S satisfying ||x − y|| = infw∈S ||x − w||, as in
Theorem 2.7. We shall show that x = y + (x− y) is the desired decomposition. If
w ∈ S and λ ∈ C, then y + λw ∈ S and

||x− y||2 ≤ ||x− y − λw||2 = ||x− y||2 − 2<λ〈w, x− y〉+ |λ|2||w||2.
Hence,

−2<λ〈w, x− y〉+ |λ|2||w||2 ≥ 0.

If λ > 0, then dividing by λ and letting λ→ 0 gives

(2.10) <〈w, x− y〉 ≤ 0.

Similarly, replacing λ by −iλ(λ > 0), dividing by λ, and letting λ→ 0 gives

(2.11) =〈w, x− y〉 ≤ 0.

Since y ∈ S also implies −y ∈ S, the inequalities 2.10 and 2.11 also hold with −w
instead of w. Therefore 〈w, x− y〉 = 0 for every w ∈ S, which means x− y ∈ S⊥.

For uniqueness, note that if x = y1 + z1 for some y1 ∈ S and z1 ∈ S⊥, then
y−y1 ∈ S and z−z1 ∈ S⊥. Since y−y1 = z1−z, we must have y−y1 = z1−z = 0.

Furthermore, if S is a one-dimensional subspace and y0 is a unit vector in S,
then intuitive geometric understanding of the orthogonal decomposition gives us
y = 〈x, y0〉y0. The more rigorous proof is as follows.

If y = 〈x, y0〉y0 does not satisfy the equation ||x − y|| = infw∈S ||x − w||, then
there exists some α ∈ C such that ||x − y|| > ||x − αy0||. So for any x ∈ H, we
obtain

0 < ||x− y||2 − ||x− αy0||2

= (||y0||2 − 2)|〈x, y0〉|2 + 2<(α〈x, y0〉)− |α|2||y0||2

≤ (||y0||2 − 2)|〈x, y0〉|2 + 2|α|||〈x, y0〉|| − |α|2||y0||2

So the determinant ∆ = 4|α|2−4(||y0||2−2)(−|α|2||y0||2) = (2|α|||y0||2−2|α|)2 < 0.
However, this is impossible. So the assumption is false and y = 〈x, y0〉y0 must
satisfy the equation ||x − y|| = infw∈S ||x− w||. So in a one-dimensional subspace
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S with a unit vector y0, y = 〈x, y0〉, x = y+ (x−y) gives the unique decomposition
of x for any x ∈ H. �

We shall also give another quite straightforward theorem as a result of the just-
proved Orthogonal Projection Theorem.

Theorem 2.12. If S is a closed subspace of a Hilbert space H, then S⊥⊥ = S.

Proof. If x ∈ S, then for every z ∈ S⊥ we have 〈x, z〉 = 0, which means x ∈ S⊥⊥.
Thus, S ⊂ S⊥⊥. To prove S⊥⊥ ⊂ S consider x ∈ S⊥⊥. Since S is closed, by
Theorem 2.9, x = y + z for some y ∈ S and z ∈ S⊥. Since S ⊂ S⊥⊥, we have
y ∈ S⊥⊥ and thus z = x−y ∈ S⊥⊥ because S⊥⊥ is a vector subspace. But z ∈ S⊥,
so we must have z = 0, which means x = y ∈ S. This shows that S⊥⊥ ⊂ S. So we
have S⊥⊥ = S. �

The above Theorem of Orthogonal Projection (Theorem 2.9) is one important
stepping stone for the proof of the Riesz Representation Theorem (Theorem 2.15).
But we also need another stepping stone that has to do with null spaces.

Definition 2.13. (Null Space) Let E1 and E2 be vector spaces and L be a
mapping from E1 to E2. The null space of L, denoted by N (L), is the set of all
vectors x ∈ D(L) such that L(x) = 0. (D(L) denotes the domain of L.)

Since for α, β ∈ C, and x, y ∈ N (L), f(αx+ βy) = αf(x) + βf(y) = 0, the null
space of L is a vector subspace.

As we now continue on to proving another lemma about bounded linear func-
tionals, the previously put aside Lemma 2.3 will serve its use.

Lemma 2.14. Let f be a bounded linear functional on an inner product space E.
Then dimN (f)⊥ ≤ 1.

Proof. If f = 0, then N (f) = E. So N (f)⊥ = 0 and dimN (f)⊥ = 0 ≤ 1.
When f is not zero, f is continuous by Lemma 2.3. Since f is continuous, for

all x ∈ E\N (L), there exists ε > 0 such that B(x, ε) ⊆ E\N (L). So E\N (L) is
open, implying that N (f) is a closed subspace of E. Suppose that N (f)⊥ = 0,
then N (f)⊥⊥ = E. By Theorem 2.12, N (f) = N (f)⊥⊥ = E, which is impossible.
Therefore N (f)⊥ contains more than the zero vector. Let x1, x2 ∈ N (f)⊥ be
non-zero vectors. Therefore, x1, x2 6∈ N (f). By Definition 2.13, f(x1) 6= 0 and
f(x2) 6= 0. So there exists a scalar a 6= 0 such that f(x1) + af(x2) = 0 or f(x1 +
ax2) = 0. Thus x1 + ax2 ∈ N (f). However, since x1, x2 ∈ N (f)⊥, we must have
x1 + ax2 ∈ N (f)⊥. This is only possible if x1 + ax2 = 0, which implies that x1 and
x2 are linearly dependent since a 6= 0. So dimN (f)⊥ = 1.

Therefore, dimN (f)⊥ ≤ 1. �

And now we finally have everything needed to prove the following Riesz Repre-
sentation Theorem.

Theorem 2.15. (Riesz Representation Theorem) Let f be a bounded linear
functional on Hilbert Space H. There exists a unique x0 ∈ H such that f(x) =
〈x, x0〉 for all x ∈ H.

Proof. If f(x) = 0 for all x ∈ H. Then x0 = 0 has the desired properties and the
theorem obviously holds.
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Assume then that f is a non-zero functional. By Lemma 2.14, dimN (f)⊥ = 1.
Let z0 be a unit vector in N (f)⊥. Then for every x ∈ H, we have

x = x− 〈x, z0〉z0 + 〈x, z0〉z0.
By Theorem 2.9, we have 〈x, z0〉z0 ∈ N (f)⊥, hence x − 〈x, z0〉z0 ∈ N (f), which
means that

f(x− 〈x, z0〉z0) = 0.

As a result,

f(x) = f(〈x, z0〉z0) = 〈x, z0〉f(z0) = 〈x, f(z0)z0〉.
Therefore, if we put

x0 = f(z0)z0,

then f(x) = 〈x, x0〉 for all x ∈ H.
Suppose now that there is another point x1 such that f(x) = 〈x, x1〉 for all x ∈ H.

Then 〈x, x0−x1〉 = 0 for all x ∈ H. Take x = x0−x1, we have 〈x0−x1, x0−x1〉 = 0,
which is only possible when x0− x1 = 0. Therefore, such a x0 must be unique. �

Let A be a bounded operator on a Hilbert space H such that ||Ax|| ≤ K||x|| for
all x ∈ H. For every fixed x0 ∈ H, the functional f defined on H by f(x) = 〈Ax, x0〉
is a bounded linear functional on H, since applying Schwarz’s Inequality gives us
||f(x)|| ≤ ||Ax||||x0|| ≤ K||x0||||x|| with K||x0|| fixed for every fixed x0 ∈ H.
By the Riesz Representation Theorem (Theorem 2.15) above, there exists unique
y0 ∈ H such that f(x) = 〈x, y0〉 for all x ∈ H. Thus, 〈Ax, x0〉 = 〈x, y0〉 for all
x ∈ H. If we denote by A∗ the operator which to every x0 ∈ H assigns that unique
y0, then we have 〈Ax, y〉 = 〈x,A∗y〉 for all x, y ∈ H.

Definition 2.16. (Adjoint Operator) Let A be a bounded operator on a Hilbert
space H. The operation A∗ : H → H defined by 〈Ax, y〉 = 〈x,A∗y〉 for all x, y ∈ E
is called the adjoint operator of A.

Definition 2.17. (Hermitian/Self-Adjoint Operator) If A = A∗, that is
〈Ax, y〉 = 〈x,Ay〉 for all x, y ∈ H, then A is called self-adjoint, or Hermitian.

Let us also define eigenvalues and eigenvectors in terms of operators.

Definition 2.18. (Eigenvalue) Let A be an operator on a complex vector space
E. A complex number λ is called an eigenvalue of A if there is a non-zero vector
u ∈ E such that

(2.19) Au = λu

Every vector u satisfying Equation 2.19 is called an eigenvector of A correspond-
ing to the eigenvalue λ. If E is a function space, then those eigenvectors are often
called eigenfunctions.

3. The Five Postulates of Quantum Mechanics

Having defined all the necessary math involved, we now turn to the physics side
of things. In general, the mechanics description of a physical system requires three
things: (i) variables or observables, (ii) states, and (iii) equations of motion. In
classical mechanics, observables refer to experimentally measurable quantities, such
as position, momentum, and energy. State, which describe values of the observables
at given times, is uniquely determined by appropriate physics laws and the initial
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state of the system. And equations of motion determine how the values of the
observables change in time.

But classical mechanics breaks down at the level of atoms and molecules. His-
torically, the first indication of a breakdown occurs in the phenomenon of black
body radiation, which essentially deals with electromagnetic radiation in a con-
tainer in equilibrium with its surroundings, that is to say the thermodynamics of
the exchange of energy between radiation and matter. Classical mechanics holds
that energy can be transferred continuously. However, under such assumptions,
a hydrogen atom would become very unstable and radiate energy over a continu-
ous range of frequencies, which contradicts the experiments done and phenomenon
observed. Failure of classical mechanics led to the rise of quantum mechanics.

In 1900, Max Planck first postulated that energy is absorbed and emitted in
discrete quantities. The radiation of frequency ν can only exchange energy with
matter in units of hν, where h is the Planck constant of numerical value

(3.1) h = 2π} = 6.625× 10−27 erg sec = 4.14× 10−21 MeV sec

and } is called the universal constant.
In this section, we will present some basic principles of quantum mechanics as

postulates. No attempt will be made to justify or derive these postulates.
While classical mechanics identifies the state of a physical system with the values

of certain observables of the system, quantum mechanics makes a clear distinction
between states and observables. We begin with the first postulate concerning the
state of a quantum system.

Postulate 3.2. (State Vector) The collection of all possible states of a given
system in quantum mechanics corresponds to a separable Hilbert space over the
complex number field. A state of the system is represented by a non-zero vector in
the space, and every non-zero scalar multiple of a state vector represents the same
state. Conversely, every non-zero vector in the Hilbert space and its non-zero scalar
multiples represent the same physical state of the system. Usually, a state vector
is denoted by |ψ〉.

For any two state vectors |φ〉 and |ψ〉, the complex number 〈φ|ψ〉 represents their
inner product in space. This postulate also asserts that all physical properties of a
given system are unchanged if multiplied by a non-zero scalar. We can remove this
arbitrariness by imposing the normalizing condition 〈ψ|ψ〉 = 1.

Postulate 3.3. (Observable Operators and Their Values)

(1) To every physical observable in quantum mechanics, there corresponds in

the Hilbert space a linear Hermitian operator Â, which has an orthonormal
basis of orthogonal eigenvectors ψn with the corresponding eigenvalues λn
such that

(3.4) Âψn = λnψn, n = 1, 2, 3, · · ·
Conversely, to each such operator in the Hilbert space there corresponds
some physical observable.

(2) The only possible values of a physical observable are the various eigenvalues.

According to this postulate, a quantum observable is represented by a linear Her-
mitian operator on an infinite dimensional separable Hilbert space. Such operators
are called observable operators and usually satisfy the rules of operators in Hilbert
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space. It should be pointed out that quantum observables are operators in Hilbert
space, but an observable in classical mechanics is just a real function on the set of
all possible system states in Euclidean space.

The most important difference between the rules of two observable operators
and the rules for classical observables is that two classical observables, A and B
always commute (AB = BA), but two observable operators Â and B̂ generally do
not commute. The commutator of these operators is defined by

(3.5) [Â, B̂] = ÂB̂ − B̂Â.

In the case of position observable x̂ and the corresponding momentum observable
p̂ (p̂ = −i} ∂/∂x), the commutator becomes the canonical commutation relation:

[x̂, p̂] = i}.

The canonical commutation relation refers to the fundamental relation between
canonical conjugate quantities, quantities related by definition such that one is the
Fourier transform of the other. Other examples include time and frequency, Doppler
and range, etc. The basic canonical commutation relation above [x̂, p̂] = i} follows
immediately from

[x̂, p̂]ψ = (x̂p̂− p̂x̂)ψ = −i}x̂∂ψ
∂x

+ i}x̂
∂ψ

∂x
+ i}ψ = i}ψ.

Postulate 3.6. (Correspondence Principle) A quantum observable operator
corresponding to a dynamical variable is obtained by replacing the canonical vari-
able in classical mechanics by the corresponding quantum mechanical operator.

This postulate gives a method of formulating quantum mechanical operators
from classical dynamical variables which are made of canonical conjugate variables.
In general, any observable in classical mechanics is some well-behaved function of
position and momentum f(x, p) and is represented in quantum mechanics by the
operator f(x̂, p̂).

However, we should also note that some observables in quantum mechanics have
no analogues in classical mechanics, such as spin and isospin. This postulate also
does not provide how to specify the quantum observables corresponding to the basic
canonical variables. Luckily, for that we have Postulate 3.7.

Postulate 3.7. (Quantization) Every pair of canonically conjugate observable
operators satisfies the following Heisenberg commutation relations:

(3.8) [q̂m, q̂n] = 0 = [p̂m, p̂n],

(3.9) [q̂m, p̂n] = i}δ̂mn,

where q̂m is the observable operator corresponding to the generalized coordinates,
and p̂m is the momentum operator corresponding to the generalized momentum.

Postulate 3.10. (Outcome of Quantum Measurement) If an observable op-

erator Â has eigenbasis ψn with the corresponding eigenvalues λn, then the prob-
ability that the measurement will give the eigenvalue λn of Â of the system in the
normalized state ψ(x) is

(3.11) P (λn) = |〈ψn|ψ〉|2
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4. Heisenberg Uncertainty Principle

We have listed all the postulates needed for a sound, if limited quantum theory.
According to Postulate 3.5, the only real values that can be predicted for an observ-
able are the eigenvalues of the corresponding operator of a given physical system.
Which one of the eigenvalues will be obtained depends on the particular form of
a state vector of the system at the time of measurement. But the operations of
measurement generally affect the system. Therefore it is impossible to predict a
single measurement with absolute certainty. Naturally, we deal with this problem
by considering a large number of measurements under the same conditions, and use
the average of measurements obtained.

Definition 4.1. (Expectation Value) The expectation value 〈Â〉 of an observable

operator Â in the state ψ(x) of a physical system is defined by

(4.2) 〈Â〉 =
〈ψ|Âψ〉
〈ψ|ψ〉

.

If the state ψ is normalized with 〈ψ|ψ〉 = 1, then the expectation value is

(4.3) 〈Â〉 = 〈ψ|Âψ〉

Definition 4.4. (Root-mean-square Deviation) The root-mean-square devia-

tion (∇Â) is defined by the square root of the expectation value of
〈
(Â −

〈
Â
〉
)2
〉

in the state ψ in which 〈Â〉 is computed.

The root-mean-square deviation measures the dispersion around 〈Â〉.
If Â and B̂ are Hermitian observables, the uncertainties ∆Â and ∆B̂ in the

measurement of Â and B̂ in the given state ψ(x) (equivalent here to ∇Â and ∇B̂)
are given by

∆Â = (
〈
(Â−

〈
Â
〉
)2
〉
)1/2

=
〈
ψ|(Â−

〈
Â
〉
)2ψ
〉1/2

=
〈
(Â−

〈
Â
〉
)ψ|(Â−

〈
Â
〉
)ψ
〉1/2

= ||(Â−
〈
Â
〉
)ψ|| = ||ψ1||

Where ψ1 = (Â−
〈
Â
〉
)ψ.

Similarly, we write ∆B̂ = ||ψ2||, where ψ2 = (B̂ −
〈
B̂
〉
)ψ

Since the state vector ψ is an element of a Hilbert space, there exists a correla-
tion between the uncertainties. This correlation is well known as the Generalized
Uncertainty Principle.

Theorem 4.5. (The Uncertainty Principle) If Â and B̂ are Hermitian opera-
tors, then for any state vector

(4.6) ∆Â∆B̂ ≥ 1

2

∣∣∣∣1i 〈[Â, B̂]
〉∣∣∣∣

Proof. We have

∆Â = ||ψ1||, ψ1 = (Â−
〈
Â
〉
)ψ,

∆B̂ = ||ψ2||, ψ2 = (B̂ −
〈
B̂
〉
)ψ.
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According to Schwarz’s Inequality, for any two vectors ψ1 an ψ2 we have

||ψ1||||ψ2|| ≥ |
〈
ψ1|ψ2

〉
|

≥ |Im
〈
ψ1|ψ2

〉
|

≥
∣∣∣∣ 1

2i
{〈ψ1|ψ2〉 − 〈ψ1|ψ2〉}

∣∣∣∣
≥
∣∣∣∣ 1

2i
{〈ψ1|ψ2〉 − 〈ψ2|ψ1〉}

∣∣∣∣.
Evidently, since Â and B̂ are Hermitian operators,

∆Â∆B̂ ≥
∣∣∣∣ 1

2i
{〈(Â− 〈Â〉)ψ|(B̂ − 〈B̂〉)ψ〉 − 〈(B̂ − 〈B̂〉)ψ|(Â− 〈Â〉)ψ〉}

∣∣∣∣
≥
∣∣∣∣ 1

2i
〈〈ψ|(ÂB̂ − B̂Â)ψ〉〉

∣∣∣∣
≥ 1

2

∣∣∣∣1i 〈[Â, B̂]
〉∣∣∣∣

�

Corollary 4.7. For conjugate operators qj and pk, velocity vector vj and mass m,
the following holds:

(4.8) ∆qj∆pk ≥
}
2
δjk,

(4.9) ∆xj∆pj ≥
}
2
,

(4.10) ∆xj∆vj ≥
}

2m
.

Proof. Substitute Â = qj and B̂ = pk in (4.6), we obtain (4.8). In Cartesian
coordinates, (4.8) reduces to (4.9). Finally, with pj = vjm, the product of the
velocity vector vj and mass m, (4.9) becomes (4.10). �

We should point out that (4.9) is the famous uncertainty relation between the po-
sition and momentum first discovered by Heisenberg. According to the Heisenberg
uncertainty relation, the position and momentum of a particle cannot be determined
exactly and simultaneously, and such an experiment is impossible to design.

The Uncertainty Principle is inherent in the properties of all wave-like systems,
and arises in quantum mechanics due to the matter wave nature of all quantum
objects, stating a fundamental property of quantum systems. Quantum mechan-
ics is essentially built upon this principle, and hence the Heisenberg Uncertainty
Principle is perhaps one of the most fundamental results in quantum theory.

Additionally, since } is very small, }
2m is extremely small for any macroscopic

system, and so (4.10) tells us why the Uncertainty Principle is of no importance in
classical mechanics.
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5. Importance and Wider Applications

The mathematical concept of Hilbert space generalizes the notion of Euclidean
space. In addition to quantum mechanics, it is incredibly useful in the theories of
partial differential equations, Fourier analysis, and ergodic theory. David Hilbert
first formulated and studied the Hilbert space. But it was John von Neumann who
coined the term Hilbert space. Von Neumann later leaned on much of Hilbert’s
work when proving the equivalence of Werner Heisenberg’s matrix mechanics and
Erwin Schrodinger’s wave equations.

Quantum mechanics usually only use separable Hilbert spaces. Meanwhile, the
Wightman axioms in an attempt to give a mathematically rigorous formulation of
standard quantum field theory (the theoretical framework for constructing quan-
tum mechanical models of subatomic particles in particle physics and quasi-particles
in condensed matter physics) also require separable Hilbert spaces. However, we
should acknowledge that non-separable Hilbert spaces are also important in quan-
tum field theory, for example as the natural state space of a boson. This is because
in quantum field theory, systems possess an infinite number of degrees of freedom
and any infinite Hilbert tensor product is non-separable.

Coming back to quantum mechanics, states of physical quantum systems can
be represented by vectors in separable Hilbert space, observables by Hermitian
operators, symmetries by unitary operators, and measurements by orthogonal pro-
jections. David Hilbert brought much of mathematical rigor into physics, studied
and formulated many of the important definitions and mathematical foundations,
which is perhaps even more influential than his actual achievements in physics
though these cannot be discounted either.
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