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Abstract. Surfaces appear in many places in math so it is helpful to have
some generic ways to interact with them. Helpfully, surfaces can be special-
ized to a small set of cases, the sphere, torus and projective plane through
homeomorphism. This paper proves this. The method of proving this uses tri-
angulations of surfaces. The paper then relates those triangulations to graph
embeddings.
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1. Introduction

This paper is divided into two halves, both of which having to do with surfaces.
The first half of the paper attempts to provide a straightforward view of the

classification theorem for surfaces. This half will stay in simpler terms for most
of the paper, attempting to be very explicit, possibly to the point of drudgery, in
an attempt to convey additional explanation to other proofs. In particular, this
half provides a pathway to reading Munkres’ proof of the classification theorem
as well as Massey’s proof. This paper refers to these documents for supplemental
information and more complex proofs that leverage deeper knowledge of topology.

The second half of the paper takes a tangent into graph theory and its relation-
ship to topology. The proofs for that theorem take a slightly higher level approach
and relate graphs to surfaces on which they can imbed without crossing lines. In
the end, graphs are related to the process by which we classified surfaces in the
terms of triangulations of surfaces.

2. Definitions

We begin with some basic definitions for topological theory.

Definition 2.1. Suppose X and Y are topological spaces. A homeomorphism h is
a continuous bijection from X to Y such that h−1 is continuous.
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2 JOHN CHURAY

Definition 2.2. A Hausdorff Space is a toplogical space X such that for any
distinct x, y ∈ X, there exists an open neighborhood of x and another of y which
are disjoint.

Definition 2.3. An m-manifold is a Hausdorff space M ⊂ Rn for n ≥ m such
that for all x ∈ M , there exists an open neighborhood U of x such that U is
homeomorphic to an open m-ball.

An m-manifold with boundary is a Hausdorff space M ⊂ Rn for n ≥ m such that
for x ∈ M , there exists an open neigborhood U of x such that U is homeomorphic
to an open half-m-ball ({(x1, . . . , xm) ∈ Rm |

∑
x2
i < 1 and xm ≥ 0}).

A surface is a compact 2-manifold.

Definition 2.4. Suppose X and A are topological spaces. A quotient map is a
surjection p : X → A such that if U ⊂ A is open in A, then p−1(U) is open in X.

Furthermore, any surjection q : Y → B where Y is a topological space induces a
topology on B called a quotient topology where a set U ⊂ B is open in B if q−1(U)
is open in Y. This space is said to be formed by identifying points in Y which map
to the same point in B together.

Definition 2.5. A closed arc in a subspace X is a set which is homeomorphic to
the closed interval [0, 1]. An open arc is a set which is homeomorphic to the open
interval (0, 1).

Definition 2.6. A continuum is a compact, connected Hausdorff space.

Definition 2.7. A graph G is an ordered pair (V,E) where V is a non-empty finite
set of points called vertices and E is a set of ordered pairs of distinct points of V
called edges. The number of vertices of a graph is given by ‖GV ‖ and the number
of edges by ‖GE‖.

For the sake of this paper, assume that all graphs are connected. That is for any
two vertices x and y there exist a sequence of edges connecting those vertices.

Definition 2.8. Suppose G is a graph on vertices v1, . . . , vn and edges e1, . . . , em
and S is a surface. An embedding of G in S is a set G(S) ⊂ S such that
G(S) = v1(S) ∪ · · · ∪ vn(S) ∪ e1(S) ∪ · · · ∪ em(S) where

(1) v1(S), . . . , vn(S) are distinct points of S.
(2) e1(S), . . . , em(S) are open arcs of S which are disjoint in pairs.
(3) For i = 1, . . . , n and j = 1, . . . ,m, vi(S) and ej(S) are disjoint.
(4) If ek = (vi, vj), then vi(S) ∪ ek(S) ∪ vj(S) is a closed arc with endpoints

vi(S) and vj(S).

Intuitively, this describes a drawing of the graph on the surface where no two
edges intersect except at vertices.

The number of connected components of S \G(S) is given by ‖G(S)‖.
G(S) is 2-cell if every connected component of S \G(S) is a 2-cell. And G(S) is

maximum 2-cell if ‖G(S)‖ is maximum among 2-cell embeddings of G.

3. The Classification Theorem

This paper begins with a treatment of the Classification Theorem of Surfaces.

Theorem 3.1. [The Classification Theorem]
If S is a surface then S is homeomorphic to exactly one of
(1) The unit sphere in R3.
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(2) A connected sum of tori.
(3) A connected sum of projective planes.

This proof follows similarly to Munkres’ [1] proof. Some definitions follow which
set up the mechanisms used to prove this theorem.

Notation 3.2. A polygon on n vertices will also be refered to as an n-gon. Addi-
tionally, we require that a polygon must have at least 3 vertices.

Definition 3.3. Suppose L is a line segment in R2. An orientation of L labels
one endpoint of L the initial point and the other the final point. Suppose these
points are a and b respectively. Then L is from a to b. Suppose L′ is another line
segment from c to d. Then a positive linear map of L onto L′ is the homeomorphism
h : L → L′ such that if x = (1− s)a+ sb ∈ L then h(x) = (1− s)c+ sd.

Definition 3.4. A labeling of a polygon P is a mapping of edges of P to a set of
labels. A labeling is proper if each label has two edges which map to it. Given an
orientation for each edge, we then define an equivalence relation ∼ on P. If x is in
IntP , x ∼ x only. If x, y are elements of BdP , then x ∼ y if x is on an edge with the
same label as an edge which y is on and the positive linear map under the provided
orientation of those two edges maps x to y. The quotient space X obtained from
this relation is said to be obtained from pasting the edges of P together.

Definition 3.5. Suppose P is a polygon with successive vertices p0, . . . , pn where
p0 = pn. Given orientations and labels for P , let a1, . . . , am be the distinct la-
bels of edges. We let aik denote the label of the kth edge of P. We let εk ={
+1 if edge k is from pk to pk+1

−1 otherwise
denote the orientation of each edge. Then we

can complete specify this polygon by writing and drawing as below.

w = (ai1)
ε1(ai2)

ε2 · · · (ain)εn .

aε1i1

aε2i2 aεnin

We call this symbol a labeling scheme length n. It is not difficult to show that
the same labeling scheme applied to two different n-gons give rise to the same
space up to homeomorphism. An example scheme would be a−1b−1ab (note we
ignore exponents of +1 when writing). When drawing schemes, unkown sections
will be represented with snaked lines as above and if orientations of certain edges
are known they will be described with arrows in the appropriate direction as oposite
to exponents.
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We can extend this definition further to allow any finite number of polygons
under a collection of labeling schemes w1, . . . , wn. A quotient space can then be
generated in a similar manner as before identifying any edge in any scheme together.

Now we define exactly what connected sums of tori or projective planes are.
Definition 3.6. A torus is the quotient space T which arises from the labeling
scheme of a 4-gon aba−1b−1. An n-fold torus is the quotient space of a 4n-gon
under the labeling scheme (a1b1a

−1
1 b−1

1 )(a2b2a
−1
2 b−1

2 ) · · · (anbna−1
n b−1

n ). A way in
which the 1-fold torus matches the typical idea of a torus is presented below.

a

b

a

b ∼=

a

a
b ∼= a

b

Definition 3.7. The projective plane is the quotient space X which arises from
labeling a 4-gon with the scheme aabb−1. It is most often represented as a quotient
space on the 2-sphere with diametrically oposite points being identified together.

For m > 1 the m-fold projective plane is the quotient space of a 2m-gon under
the labeling scheme (a1a1)(a2a2) · · · (amam).

These n-fold tori and m-fold projective planes are often also referred to as the
connected sum of n tori and m projective planes respectively and are constructed
by cutting holes on these surfaces and then identifying those holes together. The
idea is summarized in pictures below with the 2-fold torus.

∼= ∼=

∼=

a0 a0

b0 b0

a1 a1

b1 b1

c c

a2 a2

b2 b2

a3 a3

b3 b3

c

c

Elementary Scheme Operations
From here, some methods of modifying labeling schemes and their underlying

polygons will be developed for the final proof of the classification theorem. The
following operations affect a labeling scheme w1, w2, . . . , wn (and its underlying
polygons) without changing the resulting quotient space up to homeomorphism.
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(i) Cutting. Suppose w1 = y0y1 where y0 and y1 are sub-labeling schemes with
at least 2 elements. Suppose c is a label which does not appear anywhere in
the scheme. Then y0c, c

−1y1, w2, . . . , wn represents the same space.
(ii) Pasting. Suppose w1 = y0c and w2 = c−1y1 and c appears in only these two

locations in the scheme. Then the scheme y0y1, w3, w4, . . . , wn represents the
same space.

(iii) Relabel. The occurence of any label a can be replaced with a free label (occurs
nowhere in the scheme) b without affecting the resulting space. Similarly, all
exponents of a particular label can be flipped (-1 to 1 and 1 to -1).

(iv) Permute. Any subscheme wi can be replaced with a cyclic permutation of
itself without affecting the resulting scheme.

(v) Flip. One can replace the scheme wi = (ai1)
ε1(ai2)

ε2 · · · (aik)ε1k with its in-
verse w−1

i = (aik)
−εk · · · (ai2)−ε2(ai1)

−ε1 . This is equivalent to visiting each
edge in a clockwise order or flipping the polygon “over” on the page.

(vi) Joining. Suppose the labels a and b always appear sequentially in the labeling
scheme and the orientations of these subsequent edges are the same. Then all
occurences can be replaced by a new label c with the orientation of a. The
reverse is also possible.

(vii) Cancel. Suppose that y0aa
−1y1 is a subscheme and that a does not appear

elsewhere. Then this scheme may be replaced with y0y1.
(viii) Uncancel. This is the reverse of cancel. Suppose y0y1 is a subscheme. This

may be replaced with y0aa
−1y1 provided that a is a free label.

Proof of (i). Suppose y0y1 is a labeling scheme of a single polygon P where y0, y1
are subschemes of length at least 2. Let p0, p1, . . . , pn−1 be the vertices of P. Let
k be the length of y0. Let c be a free label. We will cut P into two separate
polygons Q1 and Q2 and translate Q1 so that Q1 does not intersect Q2. The
vertices of these new polygons are p′0, p

′
1, . . . , p

′
k which are the points pi translated

and pk, pk+1, . . . , pn = p0. We then identify the two new edges from p′k to p′0 and
from pk to p0 created in this process by a postive linear map. It should be clear that
these are homeomorphic and are two polygons with the schemes y0c and c−1y1.

y0

y1

y0

y1

=⇒
p′0

p1

p′1
pk−1

p′k−1

pk

p′k

pk+1 pk+1pn−1 pn−1

p0 p0pk

c
c

c

�

Proof of (ii). Suppose Q′
1 and Q2 are two polygons described by y0c and c−1y1

respectively with vertices q0, q1, . . . , qk = q0 and Q2 as vertices p0, pk, pk+1, . . . , pn =
p0. Because choice of polygon does not matter, we assume that the verticies Q2 are
inscribed on a circle. Let p1, . . . , pk−1 be a sequence of counterclockwise points on
that circle between the points p0 and pk−1. Thus, p0, p1, . . . , pk form a k length
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polygon, Q1, inscribed in the same circle as Q2. Thus, Q′
1 is homeomorphic to Q1.

Additionally, the line segment from qk to q0 is mapped linearly to the line segment
from pk to p0 so the fact that these edges are identified together is preserved. Thus
there is a homeomorphism from the quotient space of Q′

1 and Q2 to the union of
Q1 and Q2 under the scheme y0y1. We say that the polygon P arising from this is
obtained by pasting Q′

1 and Q2 together.
�

We will omit proofs for (iii), (iv) and (v) as they are not hard to verify.

Proof of (vi). Suppose w is a labeling scheme of length n such that a and b are
labels in the scheme that always appear as ab or b−1a−1 and there are at least 2
other elements of the scheme that are not a or b. Let c be a free label of w. Consider
the scheme w′ created by replacing occurences of ab with c and b−1a−1 with c−1.
Let Q be the underlying polygon of w and P the underlying polygon of w′. Consider
the homeomorphism h : BdQ → BdP which does the following.

(1) non-a or b labelled edges of Q map to their corresponding edge of P.
(2) For ab-labeled edges, h map the segment from pi to pi+1 to the segment

from qk to qmid. And the segment from pi+1 to pi+2 to the segment from
qmid to qk+1. And similarly for b−1a−1-labelled edges.

ab
pipi+2

pi+1

c qkqk+1

qmid

Then extend this into a homeomorphism of Q and P in their entirely. It should
be clear by construction that for x and y ∈ Q such that x ∼w y (x and y are
identified by the scheme w), we have h(x) ∼w′ h(y). Following from the existance
of this homeomorphism, it should not be hard to see that the quotient space arising
from w is homeomorphic to that arising from w′. The fact that the reverse operation
also induces an equivalent labeling scheme follows similarly to this.

�

Proof of (vii). We will now show that if wi = y0aa
−1y1 then we can replace wi with

y0y1 without affecting the quotient space up to homeomorphism. We accomplish
this by cutting wi between a and a−1 to receive y0ab, b

−1a−1y1. We then apply
joining using a free label c to receive y0c, c

−1y1. Then we paste to receive y0y1.
Thus we may replace y0aa

−1y1 with y0y1.
�

Proof of (viii). The proof of this inverse operation follows by cutting, flipping the
joining process (which we will not prove), and then pasting.

�

Definition 3.8. We define two labeling schemes w and w′ to be equivlant if a
sequence of elementary operations can go from w to w′. Because these operations
all have inverses this properly defines an equivalence class. Furthermore, as we have
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shown above, any two equivalent labeling schemes give rise to the same space up
to homeomorphism.

We will now show that any surface can be obtained by such a labeling scheme
up to homeomorphism. And more specifically, every surface can be represented by
a labeling scheme where each label appears precisely twice. To do this, we require
a rather tedius concept called triangulation.

Definition 3.9. Suppose X is a compact Hausdorff space. A curved triangle is a
subspace A ⊂ X such that there exists a homeomorphism h : T → A where T is a
closed triangle. If e ⊂ T is an edge of T , then h(e) is an edge of A. Similarly with
vertices.

Definition 3.10. A triangulation of a surface S is a finite set A1, A2, . . . , An of
curved triangles in S such that for any i 6= j we have that Ai∩Aj is empty, contains
only one common vertex, or is an edge of both and

⋃
i∈[n] Ai = S.

The fact that every surface has a triangulations is, while not too dificult to prove,
tedius, so simply refer to [2] for proof. Using this fact, it can be proved that any
surface is homeomorphic to a collection of triangles whose edges are identified in
pairs. The following theorem uses this fact in its proof. For the sake of brevity, we
refer the reader to [1, pgs 471-6] or [3, pg 14].

Theorem 3.11. If S is surface then there exists a polygon P and labeling scheme
w such that the quotient space arising from these is homeomorphic to S and every
label in w appears twice.

Due to this theorem we know that the classification theorem boils down to show-
ing

Theorem 3.12. [Classification Theorem]
If w is a labeling scheme of a single polygon where each label appears exactly

twice, then it is equivalent to exactly one of
(1) A Sphere (abb−1a−1)
(2) An n-fold torus
(3) An m-fold projective plane

To this aim, we will write a few lemmas which show allow us to quickly simplify
labeling schemes to a few easy to handle cases.

Definition 3.13. We say that a labeling scheme is proper if every label appears
exactly twice. A labeling scheme is of torus type if every label occurs once with
positive exponent and once with negative. If in a torus type scheme a label appears
twice in a row, then the cancel operation will shorten the scheme and remove those
two edges. We assume this is the case from now on. Thus a torus type scheme has
no label which is adjacent to itself. Every other scheme is of projective type.

Lemma 3.14. Suppose w = [y0]a[y1]a[y2] is a proper scheme. Then w ∼ aa[y0y
−1
1 y2]

Proof. Suppose y0 is empty. If y2 is empty then the proof is trivial by permuting.
So we assume that y2 has at least one label. The proof is also trivial if y1 is empty,
so we assume y1 has one label.
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a[y1]a[y2] ∼ a[y1]b, b
−1a[y2] by cutting

∼ b−1[y−1
1 ]a−1, a[y2]b

−1 by flipping the first, and permuting the second.
∼ b−1[y−1

1 y2]b
−1 through pasting

∼ aa[y−1
1 y2] ∼ aa[y−1

1 y2] by permuting and relabeling.
Now suppose y0 is not empty.

[y0]a[y1]a[y2] ∼ [y0]ab, b
−1[y1]a[y2] through cutting.

∼ b−1a−1[y−1
0 ], b−1[y1]a[y2] by flipping.

∼ [y−1
0 ]b−1a−1, a[y2]b

−1[y1] by permuting.
∼ [y−1

0 ]b−1[y2]b
−1[y1] by pasting.

∼ b−1[y2]b
−1[y1y

−1
0 ] through permuting.

∼ b−1b−1[y−1
2 y1y

−1
0 ] by the part above.

∼ [y0y
−1
1 y2]bb by flipping.

∼ aa[y0y
−1
1 y2] through permuting and relabeling.

�

Lemma 3.15. If w is a proper scheme then it is similar to a scheme a1a1a2a2 · · · akakw′

where w′ is of torus type or empty.

Proof. Suppose w is any proper labeling scheme. If w is of torus type then we are
finished.

Otherwise we proceed by induction. We assume that w ∼ a1a1 · · · akakw′ where
w′ is of projective type and k may be 0. Because w′ is of projective type, then w′ =
[y0]ak+1[y1]ak+1[y2]. Applying lemma 3.14 yields w = a1a1 · · · akak[y0]ak+1[y1]ak+1[y2] ∼
ak+1ak+1a1a1 · · · akak[y0y−1

1 y2]. Relabeling shows this is equivalent to
a1a1 · · · ak+1ak+1[y0y

−1
1 y2]. If [y0y−1

1 y2] is of torus type, then this process is com-
pleted, otherwise we continue the process. We note that [y0y

−1
1 y2] is shorter

than w′ and w is finite so this process must complete. Therefore, we have that
w ∼ a1a1 · · · akakw′ where w′ is of torus type or empty.

�

Lemma 3.16. Suppose w is proper scheme and w = w0w1 where w1 is of torus type.
Then w ∼ w0w2 where w2 = aba−1b−1w3 where w3 is torus type or empty and w2 has
the same length as w1. Furthermore, w can be expressed as w0a1b1a

−1
1 b−1

1 · · · anbna−1
n b−1

n .

Proof. Let a be a label in w1 such that it is closest to its second occurence. Let b
be any label between them. There exists at least one such label because a cannot
be adjacent to itself as given in our definition of torus type. Because a is closest to
its second occurrence, the other occurence of b must come before the first of a or
after the second. Because a, a−1, b, b−1 must appear interspersed, we use relabeling
to have them appear in that order. That is, w1 = [y0]a[y1]b[y2]a

−1[y3]b
−1[y4] where

y0, . . . , y4 are possibly empty labeling schemes.
Thus w = w0[y0]a[y1]b[y2]a

−1[y3]b
−1[y4]. We will show that this is equivalent to

w0a[y1]b[y2]a
−1[y0y3]b

−1[y4].
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w0[y0]a[y1]b[y2]a
−1[y3]b

−1[y4] ∼ [y0]a[y1]b[y2]a
−1[y3]b

−1[y4]w0 permuting.
∼ [y0]a[y1]b[y2]c, c

−1a−1[y3]b
−1[y4]w0 cutting

∼ [y1]b[y2]c[y0]a, a
−1[y3]b

−1[y4]w0c
−1 permuting.

∼ [y1]b[y2]c[y0][y3]b
−1[y4]w0c

−1 pasting on a.

∼ w0a[y1]b[y2]a
−1[y0y3]b

−1[y4] permuting and relabling c to a.

The following shows that w0a[y1]b[y2]a
−1[y0y3]b

−1[y4] ∼ w0a[y0y3y2]ba
−1b−1[y1y4].

w0a[y1]b[y2]a
−1[y0y3]b

−1[y4] ∼ a[y1]b[y2]a
−1[y0y3]b

−1[y4]w0 permuting.
∼ a[y1]b[y2]a

−1c, c−1[y0y3]b
−1[y4]w0 cutting.

∼ [y2]a
−1ca[y1]b, b

−1[y4]w0c
−1[y0y3] permuting.

∼ [y2]a
−1ca[y1y4]w0c

−1[y0y3] pasting.
∼ w0a[y0y3y2]ba

−1b−1[y1y4] permuting and relabeling.

Finally, we show that this last scheme is equivalent to w0aba
−1b−1[y0y3y2y1y4].

If w0, y1, and y4 are empty, then the proof follows as so.

a[y0y3y2]ba
−1b−1 ∼ ba−1b−1a[y0y3y2] permuting.

∼ aba−1b−1[y0y3y2] relabling a to b−1 and changing b to a.

Otherwise we apply the following.

w0a[y0y3y2]ba
−1b−1[y1y4] ∼ a[y0y3y2]ba

−1b−1[y1y4]w0 permute.
∼ a[y0y3y2]ba

−1c, c−1b−1[y1y4]w0 cut.
∼ a−1ca[y0y3y2]b, b

−1[y1y4]w0c
−1 permute.

∼ a−1ca[y0y3y2][y1y4]w0c
−1 paste.

∼ w0aba
−1b−1[y0y3y2y1y4] permute and relable.

So we have that w ∼ w0aba
−1b−1[y0y3y2y1y4]. We also note that aba−1b−1[y0y3y2y1y4]

must have the same number of elements as w1 and also be of torus type as all the
operations above did not change the number of postive and negative edges. Apply-
ing this lemma multiple times using the resulting y0y3y2y1y4 as the torus type each
time will result in w ∼ w0a1b1a

−1
1 b−1

1 · · · anbna−1
n b−1

n . Care must of course be taken
each time to remove labels which have their inverse immediately appear next.

�

Theorem 3.17. Supose w is a proper scheme such that w = [w0]ccaba
−1b−1[w1].

Then w ∼ [w0]aabbcc[w1].
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Proof.

[w0]cc(aba
−1b−1)[w1] ∼ cc[aba−1b−1]w1w0 by permuting.

= cc[ab][ba]−1w1w0

∼ [ab]c[ba]c[w1w0] by reading lemma 3.14 in reverse.
= [a]b[c]b[acw1w0]

∼ bb[ac−1acw1w0] by lemma 3.14.
= [bb]a[c−1]a[cw1w0]

∼ aabbccw1w0 by lemma 3.14.
∼ [w0]aabbcc[w1] by permuting.

�

Finally, the proof of the classification theorem follows.

Theorem 3.18. [Classification Theorem]
If w is a labeling scheme of a single polygon where each label appears exactly

twice, then it is equivalent to exactly one of
(1) A Sphere (abb−1a−1)
(2) An n-fold torus
(3) An m-fold projective plane

Proof. Suppose w is a proper scheme.
Observe that w has at least length 4 to be a proper scheme as there must be an

even number of labels in the scheme and by definition the length at least 3.
Applying the cancel operation as many times as possible yields w ∼ w′ where w′

has no label which appears following itself with the opposite orientation. Similar
the length of w′ is at least 4.

If w′ has length 4 then throgh relabeling there are three cases, w′ ∼ abb−1a which
is the sphere, w′ ∼ aba−1b−1 which is a 1-fold torus, w′ ∼ abab, the projective plane
or w′ ∼ aabb the 2-fold projective plane. Thus w is similar to (1), (2) or (3).

Now we assume w′ is longer than 4.
By lemma 3.15 w′ ∼ a1a1a2a2 · · · amamw′′ where m may be zero and the begin-

ning segment empty and w′′ is torus type.
If w′′ is empty then we have that w is equivalent to an m-fold projective plane

(3).
Otherwise we proceed as follows. Applying lemma 3.16 to a1a1a2a2 · · · amamw′′

yields a1a1a2a2 · · · amamw′′ ∼ (a1a1a2a2 · · · amam)(b1c1b
−1
1 c−1

1 · · · bncnb−1
n c−1

n ).
If m = 0 then we have that w is equivalent to an n-fold torus (2).
If m 6= 0, then apply theorem 3.17 multiple times to find that

(a1a1a2a2 · · · akak)(b1c1b−1
1 c−1

1 · · · bncnb−1
n c−1

n ) ∼
(a1a1a2a2 · · · ak−1)(ak−1b1b1c1c1 · · · bnbncncn)amam. This of course is a (m+2n)-fold
projective plane. Thus w is equivalent to (3).

The fact that these categories are disjoint is handled in [1, pgs. 454-7]
�

So in conclusion, as any surface S is homeomorphic to the quotient space arising
from a polygon pasting edges in pairs, we have shown that any surface is homeo-
morphic to a sphere, an n-fold torus or an m-fold projective plane.
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From this classification arise two distinct groups.

Definition 3.19. An orientable surface, is one which is homeomorphic to a sphere
or n-fold torus. If a surface is homeomorphic to an m-fold projective plane then it
is non-orientable.

These characteristics have more precise definitions with more meaning, however
that is not the focus of this paper. Given a surface S, there is a charactersitic
ascribed to it.

Definition 3.20. Suppose S is homeomorphic to the sphere. Then the genus
of S is 0. If S is homeomorphic to an n-fold torus then it has genus n. If S is
homeomorphic to the m-fold projective plane, then the genus of S is m. As these
are mutually exclusive, we will refer to them simply as the genus of the surface in
most cases, and with the notation γ(S).

The Euler characteristic of the surface, is χ(S) = 2−2γ(S) for orientable surfaces
and χ(S) = 2− γ(S) for non-orientable surfaces.

The Euler characteristic has another, more general definition. χ(S) = α0−α1+
α2 where αi is the number of i-complexes in a cellular decomposition of S.

It is useful to note that χ(S) ≤ 2 and χ(S) = 2 if and only if S is homeomorphic
to the sphere.

4. Graph Embeddings

From here, the paper segues into a discussion of graph embeddings. It should be
clear that a finite graph can be drawn on some surface S without having lines cross.
However, it is difficult to determine the “simplest” surface on which a graph can
imbed. That is, the surface with lowest genus. This paper will show the following:

Theorem 4.1. Suppose G is a graph and X is a surface. Let G(X) be an embedding
of G in X. If G(X) is the one skeleton of a triangulation of X then G(X) is simplest.
And furthermore, if G(Y ) is an embedding of G on a surface Y with the same Euler
charactersic as X, then G(X) is the one skeleton of a triangulation of Y.

This connection to triangulations of surfaces suggests a connection between
graphs and 2-manifolds which may prove interesting further results. This section
will start with a rigorous definition for minimal embeddings and define exactly what
the “one skeleton” of a triangulation is.

Definition 4.2. Suppose X is a surface with an embeddings G(X). G(X) is
simplest if given a surface Y with embedding G(Y ), γ(X) ≤ γ(Y ). Recall based on
our definition of Euler characteristic that χ(X) ≥ χ(Y ).

Additionally, if X and Y are surfaces, G is a graph and G(X), G(Y ) are embed-
dings of G in X and Y respectively, then G(X) is simpler than G(Y ) if χ(X) ≥
χ(Y ).

Definition 4.3. Suppose {A1, . . . , An} is a triangulation of a surface S. Then the
one skeleton of that triangulation is

⋃n
i=1 BdAi. Which can also be described as

the union of edges and verticies of the triangulation.

We now introduce a method called the capping operation for taking an embed-
ding G(X) and creating a surface X ′ which has lower genus than X for which G(X)
is an embedding of G on X ′. The capping operation takes the connected component
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of the complement of G(X) and replaces them with collections of two-cell, thus re-
ducing the genus of the surface. To define this process, a lemma referenced in [4,
pg 306] and shown in [5, pg 851] is used.
Lemma 4.4. If G(X) is an embedding of a graph G on a surface X. Let S be a
component of X \ G(X). Then S contains a subcomplex T which is a 2-manifold
with boundary. More specifically, if J1, . . . , Js where s ≥ 1 are the Jordan-curves
which constitute the boundary of T , then

(1) The components of (S \ T ) are open cylinders L1, . . . , Ls

(2) Bd(Li) has two components, Ji and a subset of G(X).

Theorem 4.5. Suppose G(X) is an embedding of a graph G in a surface X. Let S
be a connected component of X \ G(X). Let T , J1, . . . , Js and L1, . . . , Ls be as in
the lemma above. Let XS be the surface obtained from X \ IntT by connecting the
boundary curves Ji with open 2-cells Ci. Then the following properties hold.

(1) G(X) is also an embedding G(XS) of G in XS .
(2) χ(XS) ≥ χ(X)
(3) χ(XS) = χ(X) if and only if S is an open two-cell. And in this case we may

regard T as S and simply let XS be X. All properties will hold properly.
(4) ‖XS‖ ≥ ‖X‖ and the components of XS \ G(XS) are open two cells and

the components of X \G(X) removing S.

Proof. First, note that IntT ⊂ S. As G(X) ⊂ X \ S, G(X) ⊂ X \ IntT ⊂ XS so
G(X) has property 1.

Now, let TS be the surface T ∪
⋃s

i=1 Ci. By computations on complexes, χ(X) =
χ(XS) + χ(TS) − 2s. Thus χ(XS) = χ(X) − χ(TS) + 2s. We note that as for any
surface, χ(TS) ≤ 2. Thus 2s−χ(TS) ≥ 0 as s ≥ 1. Thus χ(XS) ≥ χ(X) and G(XS)
is simpler than G(X). So property 2 holds.

Furthermore, equality holds if and only if s = 1 and TS is homeomorphic to the
2-sphere. Thus only if T and therefore S are open 2-cells. Thus property 3 holds.

Property 4 should be easy to see based on the operation. Connected components
of X\G(X) are carried over in the construction of XS aside from S and S is replaced
by s open two cells by connecting the curves Ji.

�

Process 4.6 (The Capping Operation). Let G(X0) be an embedding of a graph G
on a surface X0. Let S1, . . . , Sn be the connected components of X0 \G(X0). For
i = 1, . . . , n, let Xi be the surface Xi−1

Si
as given in the previous theorem. Then

Si+1, . . . , Sn are connected components of of Xi as well as a collection of 2-cells.
Let X∗ = Xn. We note that X∗ has the following properties due to the previous
theorem.

(1) G(X0) is an embedding G(X∗) of G in X∗.
(2) The components of X∗ \G(X∗) are open 2-cells.
(3) ‖G(X∗)‖ ≥ ‖G(X0)‖.
(4) χ(X∗) ≥ χ(X0) and furthermore, χ(X∗) = χ(X0) if and only if X0 is

2-cell.
It should be clear that the order of “capping” is irrelevant up to homeomorphism

as no operation affects the component modified in the next.
The following is a useful intermediary characterization of graph embeddings and

follows quickly from the capping operation.



CLASSIFICATION OF SURFACES AND CHARACTERIZATION OF GRAPH EMBEDDINGS13

Theorem 4.7. An embedding G(X) of a graph G in a surface X is simplest if and
only if it is maximum 2-cell.

Proof. Suppose G(X) is simplest and G(Y ) is a maximial 2-cell embedding. By
property (4) of the capping operation, G(X) is 2-cell. As G(X) and G(Y ) provide
2-cell decompositions of X and Y respectively, χ(X) = ‖GV ‖−‖GE‖+‖G(X)‖ and
χ(Y ) = ‖GV ‖ − ‖GE‖+ ‖G(Y )‖. Thus 0 ≤ χ(X)− χ(Y ) = ‖G(X)‖ − ‖G(Y )‖ ≤ 0
by the fact that X is simplest and G(Y ) is maximum. Thus χ(X) = χ(Y ) and
‖G(X)‖ = ‖G(Y )‖. So G(Y ) is simplest as well and G(X) is a maximum 2-cell
embedding.

�

With this, a question arises. Suppose T is the one skeleton of a triangulation of
a surface S. This triangulation induces a graph where verticies of the triangulation
are verticies of the graph and edges between verticies of the triangulation are edges
of the graph. It should be clear that T is an embedding of that graph in S. The
question then is T a simplest embedding? The answer, as will be proven, is yes.

Observation 4.8. Suppose G(X) is a 2-cell embedding of a graph
G = ({v1, . . . , vn}, {e1, . . . , em}) in a surface X. Let S be the collection of compo-
nents in X \G(X).

Let i ∈ {1, . . . ,m} and S ∈ S . If ei(X) ∩ BdS 6= ∅ then ei(X) ⊂ BdS as ei(X)
will bound some 2-cell. Furthermore, because X is a 2-manifold, there exists at
most one S′ ∈ S \ {S} such that ei(X) ⊂ BdS′. So for i ∈ {1, . . . ,m} and S, one
of the following occurs:
Case 0 ei(X) ∩ BdS = ∅.
Case 1 ei(X) ⊂ BdS and there exists some S′ ∈ S \ {S} such that ei(X) ⊂ BdS′.
Case 2 ei(X) ⊂ BdS and there exists no S′ ∈ S \ {S} such that ei(X) ⊂ BdS′.

Let fS(i) = k where the k is the case above. Thus
∑

S∈S f(i) = 2 for a fixed i.

Note that if for a fixed S ∈ S ,
∑m

i=1 fS(i) = k then S ∪ BdS is homeomorphic
to a k-gon where each edge of the k-gon maps to an edge of the embedding. For
each k ∈ N, let Sk be the set of S ∈ S homeomorphic to a k-gon in this manner.
Let Nk = ‖Sk‖, p = min

k∈N
{k | Nk 6= 0} and q = max

k∈N
{k | Nk 6= 0}.

As each edge is counted twice in summing the edges attached to each face,
2‖GE‖ =

∑q
k=p kNk. Thus p

∑q
k=p Nk ≤ 2‖GE‖ ≤ q

∑q
k=p Nk. As the number of

connected components is this sum, p‖G(X)‖ ≤ 2‖GE‖ ≤ q‖G(X)‖.

Theorem 4.9. Suppose G is a graph and X is a surface. Let G(X) be an embedding
of G in X. If G(X) is the one skeleton of a triangulation of X then G(X) is simplest.
And furthermore, if G(Y ) is an embedding of G on a surface Y with the same Euler
charactersic as X, then G(X) is the one skeleton of a triangulation of Y.

Proof. G(X) is the one skeleton of a triangulation of X, so X \ G(X) contains
the interiors of curved triangles as components which must be 2-cells. Therefore
G(X) is 2-cell. As all of the components are 3-gons by the above observation,
3‖G(X)‖ = 2‖GE‖. Suppose G(Y ) is a 2-cell embedding of G in a surface Y. As
G(X) provides a triangulation, G must have at least 3 vertices. Now consider the
polygons of Y \G(Y ). The degenerate cases of polygons, 1 and 2-gons, cannot occur
in Y \ G(Y ) as a graph cannot have self-loops and the graph has 3 vertices so no
edge will touch only two edges as that only occurs when the embedding has one
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arc and its end points. Thus p ≥ 3. Hence, ‖G(Y )‖ ≤ 3
p‖G(X)‖ ≤ ‖G(X)‖. Thus

G(X) is a maximum 2-cell embedding on X and therefore simplest by theorem 4.7.
�
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