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Abstract. This is an exposition of some basic concepts in one dimensional

dynamics. It will introduce some basic definitions, introduce the quadratic

map family as a means of segueing into symbolic dynamics, discuss topological
conjugacy, and conclude with a proof of a special case of Sarkovskii’s theorem.
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1. Preliminary Definitions and Results

One dimensional dynamics is essentially concerned with the behavior of maps
from R to itself, and how such maps behave under successive iteration. In this
paper, we will be primarily concerned with continuous maps. Particularly, the
reader may assume any map f mentioned throughout the course of this paper is,
unless otherwise specified, C∞ and defined as R → R. Let us define a few basic
definitions regarding such maps.

Definition 1.1. The forward orbit of a point x is defined as the set O+ =
{f(x), f2(x), ...., fn(x), ....}.

In some sense, understanding the dynamics of a map is equivalent to understand-
ing all of a map’s orbits. The following concepts will be integral to exploring the
structure of orbits.

Definition 1.2. We say x is a fixed point of a map f if x = f(x). x is a periodic
point of f if there exists some n ∈ N such that fn(x) = x. The smallest n such
that fn(x) = x is the prime period of x.

Definition 1.3. Suppose x is a periodic point of prime period n. We say x is
hyperbolic if |(fn)′(x)| 6= 1.

We can already prove the following about the behavior of hyperbolic fixed points.

Theorem 1.4. Suppose p is a hyperbolic fixed point of f such that |(fn)′(p)| > 1.
Then there exists an open interval U, p ∈ U , such that if x ∈ U, x 6= p, then there
exists k > 0 such that fk(x) 6∈ U .
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Proof. We will first prove that there exists A ∈ R and an open interval U containing
p such that given x ∈ U, |f ′(x)| > A > 1. Consider the case where f ′(p) > 1.
Consider δ > 0, and allow δ to be sufficiently small so that f ′(p) − δ > 1. As
f ′ is continuous, it follows there exists ε > 0 such that if x ∈ (p − ε, p + ε), then
|f ′(x)| > f ′(p) − δ > 1. Denoting A = f ′(p) − δ and let U = (p − ε, p + ε),
this concludes the first case. The second case where f ′(p) < −1 follows almost
identically. Now, by the mean value theorem, we get that if x ∈ U , then

(1.5) |f(x)− p| = |f(x)− f(p)| > A|x− p|.
Now if f(x) 6∈ U , then there is nothing left to prove. If f(x) ∈ U , we can apply

the mean value theorem and the chain rule in similar fashion to conclude inductively
that

(1.6) |fk(x)− fk(p)| = |fk(x)− p| > Ak|x− a|.
As A > 1, it follows there must be some k such that Ak > ε

|x−p| . The proof

follows from here. �

We call hyperbolic points of the previous fashion repelling points because points
sufficiently near to them are eventually mapped away from them. If p is a hyperbolic
fixed point such that |f ′(p)| < 1, then we call p a sink, and the following result
holds.

Theorem 1.7. Let p be a sink. Then there exists an open set U containing p such
that for all x ∈ U, lim

n→∞
fn(x) = p.

The proof is an application of the mean value theorem and chain rule that is very
similar to the proof of 1.4. With these basic definitions and results in hand, we will
now introduce an example that both displays many of the essential behaviors of one
dimensional dynamical systems and will serve as a useful illustration of symbolic
dynamics.

2. The Quadratic Family

We define the quadratic map as Fµ(x) = µx(1 − x), where µ > 1. It can be

seen immediately that Fµ has fixed points at 0 and pµ = µ−1
µ . It is apparent upon

inspection that |F ′µ(0)| = |F ′µ(1)| = µ, and thus that 0 is an example of a repelling
point. We also see that pµ is an example of an attracting point for 1 < µ < 3,
because |F ′µ(pµ)| = |2− µ| < 1 for these values of µ. Let us examine the dynamics
of Fu more closely.

Theorem 2.1. If x < 0, then lim
n→∞

Fnµ (x) = −∞. Similarly, if x > 1, then

lim
n→∞

Fnµ (x) = −∞.

Proof. This result follows from graphical analysis of the quadratic map. �

Thus all points outside the interval [0, 1] spiral off to −∞ upon iteration by the
quadratic map. When 1 < µ < 3, one can prove that for 0 < x < 1, lim

n→∞
Fnµ (x) =

pµ. However, we will focus our attention on the case where µ >
√

2+5. Restricting
µ to be at least this large ensures that |F ′µ(x)| > 1 for 0 ≤ x ≤ 1, which, the
reader shall soon see, will prove very convenient in subsequent proofs. We wish
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to identify the set of points that never leave the unit interval I. Clearly the set
{x ∈ I|Fµ(x) > 1} is mapped out of the interval after a single iteration, and then
goes to −∞ by 2.1. Because µ > 4, we see by looking at the graph of the quadratic
map that {x ∈ I|Fµ(x) > 1} is an open interval centered around 1

2 . Call that

interval A0, and define An = {x ∈ I|F iµ(x) ∈ I for 0 ≤ i ≤ n but Fn+1
µ (x) > 1}.

Thus we may think of An as the set of all points in the interval that are mapped
onto A0 in n iterations and escape I after the n+ 1th iteration. The set of points
in I that will never escape the interval is then precisely the set of points that is
never mapped out of I upon iteration, or {x ∈ I|x 6∈ Ai ∀i ∈ N}. This set can be
equivalently written as

(2.2) I \
⋃

0≤i≤∞

Ai.

Intuitively, this construction proceeds in the following manner. Deleting A0

leaves two symmetric closed intervals centered around 1
2 that map monotonically

onto A0. Denote the open intervals as I0 and I1 respectively. A1 corresponds to
the open intervals within I0 and I1 that map monotonically onto A0, and deleting
them produces 4 open intervals. Repeating this construction, we see

(2.3) I \
⋃

0≤i≤n

Ai

produces 2n+1 closed intervals that are each mapped by Fn+1
µ monotonically onto

I. A few remarks are appropriate. Firstly, we will offer a brief justification for
why Fn+1

µ maps the intervals Ii, 1 ≤ i ≤ 2n+1, monotonically onto I. Take any

x, y ∈ Ii such that x > y. The mapping is monotonic if either Fn+1
µ (x) > Fn+1

µ (y)

or Fn+1
µ (x) < Fn+1

µ (y) for all such x, y. It is an application of the chain rule that

(Fn+1
µ (c))′ =

n∏
i=0

F ′µ(F iµ(c)). Because F iµ maps Ii onto a single interval in

(2.4) I \
⋃

0≤j≤n−i

Aj .

It follows by the monotonicity of Fµ that F ′µ(F iµ(c)) has the same sign for all c ∈ Ii,
and hence that (Fn+1

µ (c))′ has the same sign ∀c ∈ Ii. The monotonicity of the

mapping of Ii onto I by Fn+1
µ then follows by the mean value theorem. Secondly, it

can be shown that this mapping is not only monotonic, but that Fn+1
µ is increasing

on half of the intervals at each recursive level and decreasing on the other half.
This implies that Fµ has at least 2n periodic points of period n: an important fact
that will be shown rigorously later on. Thirdly, the set I \

⋃
0≤i≤∞Ai has a fractal

structure that is analogous to the Cantor middle thirds set, which one may look up
at their leisure.

Definition 2.5. A set X is a Cantor set if it contains no intervals, is closed, and
is perfect. X is perfect if every point in X is a limit point of X.

Theorem 2.6. I \
⋃

0≤i≤∞

Ai is a Cantor set.

Proof. Let us denote I \
⋃

0≤i≤∞

Ai as Λ.
⋃

0≤i≤∞

Ai is a union of open intervals

and hence open. Λ is the intersection of the interval I and the complement of
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0≤i≤∞

Ai, and hence closed. To show Λ contains no intervals, we first note our

previous assumption that µ > 2 +
√

5 is useful in that it ensures |F ′µ(x)| > 1 for
all x ∈ I0 ∪ I1. Because I0 ∪ I1 is compact and F ′µ(x) is continuous, F ′(I0 ∪ I1) is
compact, and it follows that there exists λ such that |F ′µ(x)| > λ > 1 for all x ∈ Λ.
Now assume there existed x, y ∈ Λ, x 6= y, such that [x, y] ⊂ Λ. Choosing n to be
sufficiently large so that λn|x − y| > 1, it follows by the mean value theorem and
the chain rule that

(2.7) |Fnµ (y)− Fnµ (x)| > λn|x− y| > 1.

However this implies that either Fnµ (y) or Fnµ (x) is not in I, which is a contradiction,
because Λ is the set of points that remain in Λ upon iteration. Now to prove
that Λ is perfect, assume there existed some p ∈ Λ such that there existed a
region R containing p containing only points that are mapped out of I. Then it
follows that R ⊂

⋃
0≤i≤∞Ai.We can assume then that p is an endpoint of some

Ak ⊂
⋃

0≤i≤∞Ai, and conclude that F k+1
µ maps p onto 0 or 1 and everything else

in R onto the negative real line. Therefore p is a local maximum of F k+1
µ , and by

the chain rule

(2.8) (F k+1
µ )′(p) =

k+1∏
i=0

F ′µ(F iµ(p)) = 0.

Thus there exists i < k + 1 such that F iµ(p) = 1
2 . However, this implies that

F i+1
µ (p) 6∈ I, and that p 6∈ Λ. Thus we get a contradiction, and the proof is

complete.
�

At this point, we understand the general structure of the set of points which
remain in I upon iteration, but lack a complete description of the dynamics of Fµ
on Λ. In the next section, we will introduce a powerful technique in dynamics that,
when applied to the quadratic map, will allow us to completely characterize the
behavior of points in Λ.

3. The Basics of Symbolic Dynamics

Definition 3.1. The set Σ2 = {s = (s0s1s2...)|si = 0 or 1}

In other words, Σ2 is the space of infinite sequences of 0s and 1s. We endow Σ2

with a metric as follows.

Definition 3.2. Given s, t ∈ Σ2, we define d(s, t) =

∞∑
i=0

|si − ti|
2i

.

It is a straightforward exercise to demonstrate d(s, t) satisfies the definition of a
metric. The following lemma will be useful.

Theorem 3.3. Suppose s, t ∈ Σ2. si = ti for 0 ≤ i ≤ n if and only if d(s, t) ≤ 1
2n .

Proof. In the forward direction, si = ti for 0 ≤ i ≤ n implies |si − ti| = 0 for
i = 0, 1, ..., n, and hence that

(3.4) d(s, t) ≤
∞∑

i=n+1

|si − ti|
2i

=
1

2n
.
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In the reverse direction, suppose sj 6= tj for some j = 0, 1, .., n. Then

(3.5) d(s, t) ≥ 1

2j
≥ 1

2n
.

This is a contradiction and concludes the proof.
�

We now define an operator on Σ2.

Definition 3.6. The shift map σ : Σ2 → Σ2 is defined as σ(sos1s2....) = σ(s1s2.....).

Essentially, the shift map just deletes the first entry in a sequence. We can prove
the shift map is a continuous function on Σ2.

Theorem 3.7. The shift map σ : Σ2 → Σ2 is continuous.

Proof. Consider s ∈ Σ2, and fix ε > 0. Allow n to be sufficiently large so that
1
2n < ε. Let δ = 1

2n+1 , and consider any sequence t ∈ Σ2 such that d(s, t) < δ. It
follows by the previous lemma that si = ti for i = 0, 1, .., n+ 1. It follows then that
σ(s)i = σ(t)i for i = 0, ..., n. Therefore d(σ(s), σ(t)) < 1

2n = ε. This completes the
proof. �

In the next section, we will demonstrate that the dynamics of σ on Σ2 correspond
exactly to the dynamics of F on Λ, which will provide an explicit illustration of
the idea of topological conjugacy. That is, it will be shown any statement that can
be made about the dynamics of a particular sequence in Σ2 under iteration of σ
can be made about the behavior of a single corresponding point x ∈ Λ. Let us first
make a few observations about the dynamics of σ.

Theorem 3.8. σ has 2n periodic points of period n.

Proof. Note that s is a periodic point of period n if and only if σn(s) = s. This
implies then that s is a infinitely repeating sequence of a sequence s0s1....sn−1.
There are clearly 2n possible such sequences, so thus there are 2n periodic points
of period n in Σ2.

�

Theorem 3.9. The periodic points of σ form a dense subset of Σ2.

Proof. We must show that the closure of the set of periodic points of σ is equal to Σ2.
It suffices to show that Σ2 is contained in the aforementioned closure. Take s ∈ Σ2.
Fix ε > 0. Let tn be a sequence of sequences of the form tn = s0s1....sns0s1....sns0...,
where si is the ith term of s. There exists an N ∈ N such that 1

2N
< ε. It follows

by lemma 3.3 that

(3.10) ∀n > N, d(s, t) <
1

2N
< ε.

Therefore we have produced a sequence of sequences in the periodic points of σ
that converges to s, which implies s is a limit point of the periodic points of of σ,
and that Σ2 is therefore contained in the set of periodic points of σ. This completes
the proof.

�

Theorem 3.11. σ has a non periodic orbit that is dense in Σ2.



6 JACOB CARBONE

Proof. Consider the sequence s = 1 0|01 10 11 00|000 .... which is formed by con-
secutively listing blocks of every sequence of length 1, 2, 3... and so on. We see that
by iterating the shift operator a certain number of times, we can make t agree with
s on the first arbitrary n terms. It is clear then that given t ∈ Σ2, it is possible to
construct a sequence of sequences in the orbit of s that converge to t by iterating
the shift operator the appropriate number of times. It follows then that the closure
of the orbit of s contains Σ2, and the proof follows.

�

4. Topological Conjugacy

Recall that Λ ⊂ I0 ∪ I1, where I0 and I1 are defined as in page 2, and Λ is the
set defined in 2.6. We will construct a function from Λ to Σ2 as follows.

Definition 4.1. The itinerary of x is the function S : Λ → Σ2 such that S(x) =
s0s1s2...., where si = 0 if F iµ(x) ∈ I0 and si = 1 if F iµ(x) ∈ I1.

Theorem 4.2. If µ > 2 +
√

5, then S is a homeomorphism

Proof. We first prove the surjectivity of S. We define that for some closed interval
J ⊂ I, F−nµ (J) = {x|Fnµ (x) ∈ J}, and note that the symmetry of the quadratic

map implies F−1µ (J) consists of one subset of I0 and one subset of I1. Now let
s ∈ Λ. Define

(4.3) Is0s1....sn = {x ∈ I|x ∈ Is0 , Fµ(x) ∈ Is1 , ..., Fnµ (x) ∈ Isn}.

Surjectivity will follow if we can show that Is0s1....sn is non-empty for arbitrary
sequence (si) and n. Note that

(4.4) Is0s1...sn = Is0 ∩ F−1µ (Is1...sn).

It is clear Isn is itself a nonempty interval. Using reverse induction, suppose Is1...sn
is a nonempty interval. It follows then that F−1µ (Is1...sn) consists of two intervals

in I0 and I1 respectively, and therefore that Is0s1...sn = Is0 ∩ F−1µ (Is1...sn) is a
nonempty interval. Now note that

(4.5) Is0....sn+1
= Is0....sn ∩ F−n−1µ (Isn+1

) ⊂ Is0....sn .

Thus it follows that

(4.6)
⋂
n≥0

Is0....sn

is a nonempty set. It is clear that, for x ∈
⋂
n≥0 Is0....sn , S(x) = s. Thus S(x) is

surjective.

We now show S is injective. Suppose x, y ∈ Λ and S(x) = S(y). Assume x 6= y.
It follows then that x, y ∈

⋂
n≥0 Is0....sn . Because

⋂
n≥0 Is0....sn is the intersection

of nested intervals, it cannot contain just two disconnected points, so it must be
the case that

⋂
n≥0 Is0....sn is then an interval itself, which contradicts the fact that

Λ is totally disconnected. Thus S is injective.

We must now show that S is continuous. To do so, consider x ∈ Λ, and fix
ε > 0. Choose n such that 1

2n < ε. It follows there are 2n+1 intervals of the form
It0...tn , including Is0....sn , where S(x) = s0s1..... Note that Λ is contained in the
union of these 2n+1 intervals. Moreover, these intervals are clearly disjoint. Thus,
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if we pick δ to be sufficiently small such that if y ∈ Λ and |x− y| < δ implies that
y ∈ Is0s1...sn , then d(S(x), S(y)) < 1

2n < ε, and S is continuous.

It remains only to show that S−1 is continous. Fix ε > 0. Note that as⋂
n≥0 Is0....sn converges to a single point, there must exist n such that the diameter

of Is0...sn < ε. Now consider S(x) ∈ Σ2, and let δ < min{ 1
2n , ε}. It follows that

if S(y) ∈ Σ2 and d(S(x), S(y)) < δ, then S(x) and S(y) agree on the first n + 1
terms, and hence that x, y ∈ Is0s1...sn . Then it follows that |x− y| < ε.

�

The importance of the existence of this homeomorphism will soon become starkly
apparent. Consider the following definition

Definition 4.7. Suppose f : A → A and g : B → B are two maps. We say f is
topologically conjugate to g if there exists a homeomorphism h : A→ B such that
h ◦ f = g ◦ h.

Topological conjugated maps significantly have identical dynamics. For example,
p is a periodic point of period n of f if and only if h(p) is a periodic point of period
n of g, because h◦fn(p) = h(p) = gn ◦h(p). It is also a straightforward application
of the continuity of h and h−1 that a set is dense in in A if and only if h′s image of
that set is dense in B. Therefore, if we can establish topological conjugacy between
F and σ, we can translate the results we proved regarding the dynamics of σ in the
previous section directly into results regarding the dynamics of Fµ on Λ. We now
establish this topological conjugacy.

Theorem 4.8. S ◦ Fµ = σ ◦ S

Proof. It is implied by the proof of 4.2 that any point in Λ can be uniquely identified
by the intersection

⋂
n≥0 Is0...sn . Note that

(4.9) Is0...sn = Is0 ∩ Fµ(Is1) ∩ ... ∩ F−nµ (Isn)

and

(4.10) Fµ(Is0...sn) = Is1 ∩ Fµ(Is2) ∩ ... ∩ F−n+1
µ (Isn) = Is1...sn .

Therefore we see that

(4.11) SFµ(x) = SFµ(
⋂
n≥0

Is0...sn) = S(
⋂
n≥1

Is1...sn) = s1s2....... = σ ◦ S(x).

�

Thus we can conclude the following result:

Theorem 4.12.
1. Fµ has 2n periodic points of period n.

2. The periodic points of Λ are dense in Λ.

3. Fµ has a dense orbit.
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5. Sarkovskii’s Theorem

We will conclude the paper by proving a special case of a rather surprising
theorem about the existence of periodic orbits for continuous maps on the real line.

Theorem 5.1. Suppose f : R→ R is continuous and has a periodic point of period
3. Then f has periodic points of every other period.

We will require a few preliminary theorems to establish this result.

Theorem 5.2. Suppose I and J are closed intervals and I ⊂ J and J ⊂ f(I).
Then f has a fixed point in I.

Proof. As f is continuous and I is compact and connected, it follows that f(I) is
compact and connected, and hence a closed interval. Thus there exists a, b ∈ f(I)
such that a ≤ x ≤ b for all x ∈ J . Now note that there exists a′ ∈ I and b′ ∈ I
such that f(a′) = a and f(b′) = b. It follows by the intermediate value theorem
that f(a′)−a′ < 0 and f(b′)− b) > 0, and that there then ∃c ∈ (a, b) ⊂ I such that
f(c)− c = 0. This completes the proof.

�

Theorem 5.3. Suppose A0, A1, ..., An are closed intervals and Ai+1 ⊂ f(Ai) for
0 ≤ i ≤ n − 1. Then for each i, there exists Ji ⊂ A0 such that f j(Ji) ⊂ Aj for
j ∈ [i] and f i+1(Ji) = Ai+1

Proof. We will induct on i. In the i = 0 case, we must show there exists J0 ⊂ A0

such that f(J0) = A1. As A1 ⊂ f(A0) and f is continuous, it follows f−1(A1) is
closed in R and contained in A0. Morevoer, we must be able to find at least one
closed interval J0 ⊂ f−1(A1) that maps onto A1, or else we would contradict the
continuity of f (to see this, just assume f−1(A1) is a union of subintervals which
do not map onto A1, fix ε to be the minimum difference between the endpoints
of A1 and the the function value of the endpoint of one of the aforementioned
sub intervals in the preimage, and show f is not continuous at that point). Now
inductively assume the result holds for arbitrary i = k − 1, where 1 ≤ k ≤ n − 1.
We will prove it holds for i = k. By our inductive hypothesis, we know there
exists Jk−2 ⊂ A0 such that fk−1(Jk−2) = Ak−1. As Ak ⊂ f(Ak−1), it follows
there exists a subset J of Ak−1 such that the image of that subset is Ak as before.
It further follows definitionally that there exists a subset J ′k−1 ⊂ Jk−2 such that

fk−1(Jk−1) = J . Thus fk(J ′k−1) = Ak. Because fk is also continuous, it follows

again we can find a subinterval Jk−1 ⊂ J ′k−1 such that fk(Jk−1) = Ak, completing
the proof. �

We will now proceed to prove the main result.

Proof. Let a, b, c ∈ R, assume that a < b < c, and suppose f(a) = b, f(b) = c, and
f(c) = a. The case where f(a) = c follows almost identically. Denote I0 = [a, b]
and I1 = [b, c]. It is clear that I1 ⊂ f(I0) and I0 ∪ I1 ⊂ f(I1). It follows by 5.2
that there exists a fixed point in I1. We further see that I0 ∪ I1 ⊂ f2(I0), so by 5.2
again f2 has a fixed point in I0. It is obvious by construction that a, b, and c are
periodic point of period three. It remains to show we can produce a periodic point
of prime period n > 3.

Denote I1 as A0. As A0 ⊂ f(A0), it is a consequence of 5.3 that we may
construct a subinterval A1 ⊂ A0 such that f(A1) = A0. We may inductively
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assume we can construct subintervals An−3 ⊂ .... ⊂ A0 such that f(Ai+1) =
Ai for 0 ≤ i ≤ n − 4. It is immediate by 5.3 that there exists a subinter-
val An−2 ⊂ An−3 such that f(An−2) = An−3. Then we see by 5.3 again that
f(An−2), f2(An−2), ...., fn−3(An−2) ⊂ A0 and fn−2(An−2) = A0 = I1.

As I0 ⊂ f(I1), we can use the same reasoning applied to produce the proof of 5.3
to conclude that there exists an interval An−1 ⊂ An−2 such that fn−1(An−1) = I0.
We also know however that, as I1 ⊂ f(I0), I1 ⊂ fn(An−1), and hence that there is
a fixed point p in An−1 by theorem 5.2. It remains only to show that this point has
prime period n. Indeed, this must be the case. Note that the first n− 2 iterations
of p are contained within I1, whereas the n − 1st is contained within I0. If there
existed a q < p such that fq(p) = p, then it would necessarily be the case that the
n− 1st iteration of p would still be in I1, which is a contradiction. Therefore p has
prime period n and the proof follows.

�

Acknowledgments. I wish to thank my mentor Clark Butler for guiding me
throughout the process of writing this paper. Without his dedication and advice,
this project would not have been possible.

References

[1] Devaney, Robert L. An introduction to chaotic dynamical systems. Reading, Addison-Wesley,

1993.


