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Abstract. We are interested in the spectrum of matrices in the adjacency

algebra of the Johnson scheme. In particular, we ask under what circumstances

all eigenvalues are integral. Putting the question in a more general context, we
introduce coherent configurations and metric schemes. An examination of the

adjacency algebra will reveal that for commutative coherent configurations,
including metric schemes, its elements are simultaneously diagonalizable. We

construct the eigenspaces and the basis of minimal idempotents of the Johnson

adjacency algebra. One tool for calculating the dimension of each eigenspace
is a full-rank property of certain inclusion matrices (Gottlieb 1966); we prove

a lattice-theoretic generalization of this result. We compute the eigenvalues

of all matrices in this algebra, and provide several sufficient conditions of the
integrality of the spectra.
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1. Introduction

This investigation began with a recent question of Gábor Tusnády to László Babai.
Tusnády, working in information theory, asked why the eigenvalues of the

(
n
k

)
×
(
n
k

)
matrix

(1) M = (mAB) =

((
|A ∩B|

r

))
where A,B range over all k-subsets of a fixed n-set and r is an arbitrary nonnegative
integer, always appeared to be integral. Babai suggested generalizing the question
to matrices of the form M = (mAB) = (f(|A ∩ B|)) for a general function f :
Z≥0 → R. These matrices are precisely the matrices in the adjacency algebra of the
Johnson scheme J(n, k) (see Sec. 4.4).

The main spectral result of this paper is the following (see Cor. 7.5).

Theorem 1.1. Let M be an
(
n
k

)
×
(
n
k

)
matrix in the adjacency algebra of the

Johnson scheme J(n, k); that is, a matrix of the form

(2) M = (mAB) = (f(|A ∩B|))
where A,B range over all k-subsets of a fixed n-set. The eigenvalues of M are given
by λ0, · · · , λk, where

(3) λt =

k∑
`=0

f(`)

t∑
m=0

(−1)t−m
(
k −m
`−m

)(
n− k +m− t
k − `+m− t

)(
t

m

)
.

The eigenspace corresponding to the eigenvalue λt is independent of f and has
dimension

(
n
t

)
−
(
n
t−1

)
.

In particular, if f is integer-valued, as in Tusnády’s case, then the matrix will have
an integral spectrum.

Remark 1.2. It is possible that not all λi above are distinct, in which case the
statement of Theorem 1.1 is imprecise. For the precise statement and proof, see
Cor. 7.5.

The main structural result is the description of the basis of symmetric orthogonal
idempotents of the adjacency algebra of the Johnson scheme (see Cor. 7.3)

Outline of the paper. We begin with some preliminaries concerning linear
algebra, finite-dimensional algebras, graphs, and digraphs (directed graphs) (Sec.
2). Central to our study is a review of the structure of ∗-closed matrix algebras
(semisimplicity and direct decomposition to simple algebras) (Sec. 2.2.2). In par-
ticular, a ∗-closed commutative matrix algebra over C has a common orthonormal
eigenbasis. While this fact follows from the general theory, we give a self-contained
proof (based on the standard facts of linear algebra) (Thm. 2.13). We also give the
real version (Thm. 2.14) where the matrices in the commutative algebra are as-
sumed to be symmetric (and therefore their eigenvalues are real). This latter result
will be the foundation of our subsequent study of the structure of the adjacency
algebras of association schemes.

To put our combinatorial problem in a more general context, we provide an overview
of coherent configurations, a class of highly regular combinatorial objects, following
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Babai [2] (Sec. 3). Coherent configurations arose in a variety of contexts, including
the theory of permutation groups (Schur [21] 1933, Higman [17] 1970), statistics
(association schemes 1950s, see below), algorithms ([24] and [2]), and recently in
the complexity of matrix multiplication [10]. We explore an algebraic structure
associated with coherent configurations, known as the adjacency algebra (Sec. 3.2).
In particular, we observe that the adjacency algebra of any coherent configuration
is ∗-closed and therefore semisimple (Prop. 3.20 and Cor. 3.21). Restricting the
adjacency algebra to commutative coherent configurations (Sec. 3.3) results in a
commutative algebra, implying that the adjacency algebra over C has a common
orthonormal eigenbasis (Cor. 3.26). We then further restrict to classical association
schemes. For these structures, the adjacency algebra consists of symmetric matrices
and therefore has a common orthonormal eigenbasis over the reals by Thm. 2.14
mentioned above. Association schemes originally arose in statistical design theory
(Sec. 4). Much of our exploration draws on the work of Delsarte and Levenshtein
[12] and Brouwer’s exposition [9]. We then further restrict to metric schemes, which
arise from the distance metric of distance-regular graphs. We give a self-contained
proof of the central structure theorem (Thm. 4.14) that the adjacency algebra of a
metric scheme has a unique basis of symmetric orthogonal idempotents.

Johnson schemes, generated by the distance-regular Johnson graphs, are a class of
metric schemes arising in a variety of contexts, including combinatorics, information
theory [18], and recently computational complexity theory [19]. They also play a
key role in the study of the Graph Isomorphism problem [2]. In Sec. 6 and Sec. 7,
we apply the general theory to the Johnson graphs. We carry out the construction
of the eigenspaces for the Johnson graphs following the construction of the same
eigenspaces for the Kneser graphs in [18] (Sec. 6). The construction requires
finding the dimension of the eigenspaces, which is in turn based on a theorem of
Gottlieb concerning full-rank inclusion matrices (Sec. 5). We include a proof of a
lattice-theoretic generalization of Gottlieb’s theorem found by my advisor’s former
student Barry Guiduli (Thm. 5.25). The main results concerning the spectrum
and structure of the Johnson adjacency algebra are located in Sec. 7. These results
follow quickly from the general theory of abstract algebras of association schemes;
however, our exposition provides self-contained elementary proofs.

2. Preliminaries

This section consists of elementary background material so that the main results of
this paper will be accessible to readers with a basic background in linear algebra.
We will comment on more advanced topics without providing background, but these
remarks are not fundamental to the main results.

2.1. Linear algebra: Commuting normal matrices

We begin by introducing symmetric and normal linear transformations. We then
prove a sufficient condition for a set of linear transformations to be simultaneously
diagonalizable. The space W below will always be either a finite-dimensional real
euclidean space or a finite-dimensional complex Hermitian inner product space.
Mm,n(F) denotes the space of m× n matrices over the field F. We write Mn(F) =
Mn,n(F) for the algebra of n× n matrices over F.
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Definition 2.1. A linear transformation Φ : W → W on a finite-dimensional real
euclidean space W is said to be symmetric if

(4) (∀x, y ∈W )(〈Φx, y〉 = 〈x,Φy〉) .

Fact 2.2. If Φ is symmetric and U is a Φ-invariant subspace of W , then Φ|U is
also symmetric.

Definition 2.3. Let Φ : V → W be a linear map between finite-dimensional
Hermitian inner product spaces. The adjoint of Φ, denoted by Φ∗, is the unique
linear transformation Φ∗ : W → V such that 〈Φv, w〉W = 〈v,Φ∗w〉V for all v ∈
V,w ∈W .

Observation 2.4. An m×n matrix A ∈Mm,n(C) can be associated with a linear
map ΦA : Cn → Cm by setting ΦAx = Ax for all x ∈ Cn.

Fact 2.5. Every linear map Φ : Cn → Cm is associated with a unique matrix
A ∈Mm,n(C).

Fact 2.6. Let Φ : Cn → Cm be a linear map. If A is the matrix associated with
Φ, then Φ∗ is associated with the matrix A∗, the conjugate-transpose of A.

Definition 2.7. A linear transformation Φ : W → W is called normal if ΦΦ∗ =
Φ∗Φ.

Fact 2.8 (Complex Spectral Theorem). Let W be a finite-dimensional Hermitian
inner product space. A linear transformation Φ : W → W is normal if and only if
Φ admits an orthonormal eigenbasis.

Fact 2.9 (Real Spectral Theorem). Let W be a finite-dimensional real euclidean
space. A linear transformation Φ : W →W is symmetric if and only if Φ admits a
real orthonormal eigenbasis.

Corollary 2.10. If P : Rn → Rn is an orthogonal projection onto a subspace of
Rn then P is symmetric.

Fact 2.11. Let Φ : W → W be a linear transformation and let U ⊆ W be a
Φ-invariant subspace. If Φ is normal, then Φ|U is normal.

Lemma 2.12. Let W be a finite-dimensional vector space (over any field). Let
Φ1,Φ2 : W → W be commuting linear transformations. Then each eigenspace of
Φ1 is Φ2-invariant.

Proof. Let U be the eigenspace of Φ1 corresponding to eigenvalue λ, so U = {x ∈
W : Φ1x = λx}. Fix a nonzero vector x ∈ U . Then Φ1x = λx, so

(5) Φ1Φ2x = Φ2Φ1x = Φ2(λx) = λΦ2x .

Therefore Φ2x ∈ U . �

Theorem 2.13. Let W be a finite-dimensional complex Hermitian inner product
space. Let Φ1, . . . ,Φn be normal, commuting linear transformations on W . Then
Φ1, . . . ,Φn have a common orthonormal eigenbasis.

Proof. Let d = dimW . We will proceed by induction on d. If all the Φi are scalar
transformations then any basis is a common eigenbasis. This in particular settles
the base case d = 1. Assume now that Φ1 is not a scalar transformation, and let
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U1, . . . , Ut be the eigenspaces of Φ1. By Fact 2.8, V = U1 ⊕ · · · ⊕ Ut and the Ui
are pairwise orthogonal. By Lemma 2.12, each Ui is Φj-invariant for all 1 ≤ j ≤ n,
and Fact 2.11 guarantees that each Φj |Ui is normal. Therefore we can apply our
inductive hypothesis to Φ1|Ui

, . . . ,Φn|Ui
for all 1 ≤ i ≤ t to produce a common

orthonormal eigenbasis Bi for each eigenspace Ui of Φ1. Let B =

t⋃
i=1

Bi. By the

orthogonal direct sum decomposition, B forms an orthonormal basis for W , and
each vector in B is an eigenvector for each Φj (1 ≤ j ≤ n). �

Thm. 2.13 will be used later in the proof of Cor. 2.37.

Theorem 2.14. Let W be a finite-dimensional real euclidean space. Let Φ1, . . . ,Φn
be symmetric, commuting linear transformations on W . Then Φ1, . . . ,Φn have a
common real orthonormal eigenbasis.

Proof. Following the proof of Thm. 2.13 in the real case, Fact 2.9 guarantees that
we can find a common real orthonormal eigenbasis. �

2.2. Theory of finite-dimensional algebras

2.2.1. Semisimple algebras. We begin by reviewing the elements of the theory of
finite-dimensional algebras. Let F be a field.

Definition 2.15. An F-algebra is a vector space A over F equipped with an ad-
ditional multiplication operation × : A 2 → A which satisfies both left and right
distributivity as well as scalar compatibility.

Example 2.16. Mn(F) forms an algebra.

Definition 2.17. Let v1, . . . , vn be elements of an algebra A . The algebra gen-
erated by v1, . . . , vn, denoted by alg(v1, . . . , vn), is the smallest subalgebra of A
containing v1, . . . , vn.

Definition 2.18. The space of polynomials over a field F, denoted by F[t], is the
set of all finite linear combinations of nonnegative powers of the variable t with
coefficients in F.

Fact 2.19. Let A be an element of an algebra A . Then

(6) alg(A) = {f(A) : f ∈ F[t]}

Definition 2.20. Let A be an algebra, and let e1, . . . , en be a basis of A , i.e., a
basis of the underlying vector space. The structure constants cki,j of A with respect
to this basis are the unique coefficients satisfying

(7) eiej =

n∑
k=1

cki,jek .

Remark 2.21. Given a basis e1, . . . , ek, the structure constants determine the alge-
bra.

Definition 2.22. The radical of a finite-dimensional algebra is the unique largest
nilpotent ideal.
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We denote the radical of A by rad A .

Definition 2.23. An algebra A is called semisimple if rad A = {0}.

Definition 2.24. An algebra A is called simple if A 6= {0} and A has no nontrivial
ideal.

Theorem 2.25 (Wedderburn). If A is a finite-dimensional semisimple algebra
then A is the direct sum of simple algebras with identity.

Theorem 2.26 (Wedderburn). If A is a simple finite-dimensional algebra with
identity over C then A is isomorphic to Mk(C) for some natural number k.

The proof appears in Wedderburn’s classic paper [23], see [22, Sec. 13.11] or [14,
Sec. 4.3].

Definition 2.27. An element A of an algebra A is called idempotent if A2 = A.

Definition 2.28. Two elements A1, A2 of an algebra A are called orthogonal if
A1A2 = A2A1 = 0.

Fact 2.29. If A is a semisimple commutative finite-dimensional algebra over C,
then A has a unique basis of orthogonal idempotents.

2.2.2. ∗-closed matrix algebras.

Definition 2.30. Let A ∈Mn(C). The adjoint A∗ of A is its conjugate-transpose.

Definition 2.31. Let F = R or C, and let A be a subalgebra of Mn(F). If A is
closed under adjoints, then we call A ∗-closed .

Remark 2.32. The concept of ∗-closed algebras is a special case of the concepts of
operator algebras, von Neumann algebras, and C∗-algebras.

Proposition 2.33. Let F = R or C. If a subalgebra A of Mn(F) is ∗-closed, then
A is semisimple.

Proof. Let A be a ∗-closed subalgebra of Mn(F). Suppose M ∈ rad A . By hypoth-
esis M∗ ∈ A , so we have M∗M ∈ rad A , as rad A is an ideal. M∗M is nilpotent
by its inclusion in rad A , thus all its eigenvalues are 0. But M∗M is self-adjoint.
By the Spectral Theorem, M∗M is diagonalizable with the entries along the diag-
onal being precisely the eigenvalues. Thus M∗M is similar to the zero matrix, so
M∗M = 0. For all v ∈ Fn, we have

(8) 0 = 〈0, v〉 = 〈M∗Mv, v〉 = 〈Mv,Mv〉 = ‖Mv‖2 .
Hence M maps every vector to 0, so we conclude that M is the zero matrix. There-
fore rad A = {0}. �

Thm. 2.25 now holds with coordinates in the decomposition being ∗-closed. We
now state the analogues of Wedderburn’s theorems for ∗-closed algebras.

Fact 2.34. Let F = R or C. If A is a ∗-closed subalgebra of Mn(F), then A is the
direct sum of ∗-closed simple algebras with identity.

Definition 2.35. We say that an isomorphism of ∗-closed complex algebras is a
∗-isomorphism if it preserves adjoints.
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Fact 2.36. If A is a simple ∗-closed subalgebra of Mn(C), then A is ∗-isomorphic
to Mk(C) for some natural number k.

For the proofs of Facts 2.34 and 2.36, see [14, Sec. 5.1].

Corollary 2.37. If A is a commutative ∗-closed subalgebra of Mn(C), then A has
a unique basis of orthogonal self-adjoint idempotents.

While this result follows from Fact 2.34, we shall give a direct elementary proof
(see Thm. 2.13).

Proof. Since A is commutative and ∗-closed, each A ∈ A is normal. By Thm 2.13,
there exists a common orthonormal eigenbasis e1, . . . , em for the linear transforma-
tions corresponding to a basis A0, . . . , An of A . Define λ(`, j) to be the unique value
such that A`ej = λ(`, j)ej . We say ei ∼ ej if (∀` ∈ {0, . . . , n})(λ(`, i) = λ(`, j)).
Let U0, . . . , Uk be the spans of the equivalence classes of e1, . . . , em. Let V be the
underlying vector space of A . Since the basis was chosen to be orthogonal, the Ui
are pairwise orthogonal and V = U0 ⊕ · · · ⊕ Uk.

Let Et : V → V be the orthogonal projection to Ut, for t = 0, . . . , k. Fix s such that
es ∈ Ut. We can assume every matrix in A is diagonal by changing the basis of V
to be e1, . . . , em. Let g` be the Lagrange interpolation polynomial sending λ(`, s)
to 1 and all other diagonal entries of A` to 0. We conclude Et =

∏n
`=0 g`(A`) ∈ A .

Since
∑k
t=0 rk(Et) =

∑k
t=0 dim(Ut) = m, E0, . . . , Ek forms the desired orthogonal

self-adjoint idempotent basis, and in particular k = n. Uniqueness follows from
Fact 2.29. �

Corollary 2.38. If A is a commutative subalgebra of Mn(R) consisting of sym-
metric matrices, then A has a unique basis of orthogonal symmetric idempotents.

Proof. The proof is the same as the proof of Cor. 2.37, mutatis mutandis. �

2.2.3. The algebra of polynomials of a matrix. In this subsection we consider the
algebra alg(A) generated by the matrix A ∈Mn(C).

Definition 2.39. Let A be an n×n matrix over a field F. The minimal polynomial
of A is the monic polynomial f of least degree such that f(A) = 0.

Next, we review a few properties concerning the degree of the minimal polynomial
of a matrix and the dimension of the algebra generated by the matrix.

Definition 2.40. Two matrices A,B ∈Mn(F) are said to be similar if there exists
an invertible S ∈Mn(F) such that A = S−1BS.

Fact 2.41. Similar matrices in Mn(C) have the same minimal polynomial.

Proposition 2.42. Let A ∈Mn(C). The dimension of alg(A) is the degree of the
minimal polynomial of A.

Proof. Let k be the degree of the minimal polynomial of A. This implies that no
nontrivial linear combination of {I, A,A2, . . . , Ak−1} can equal the zero matrix,
so this set is linearly independent of size k. However, the minimal polynomial
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witnesses that the list {I, A,A2, . . . , Ak−1, Ak} is linearly dependent. By induction
it follows that A` is in the span of {I, A,A2, . . . , Ak−1} for all ` ≥ k. Therefore
{I, A,A2, · · · , Ak−1} is a basis of alg(A). �

Proposition 2.43. Let D ∈ Mn(C) be a diagonal matrix. The degree of the
minimal polynomial of D is the number of distinct eigenvalues of D.

Proof. Let λi be the ith diagonal entry of D. For any polynomial f , the ith diagonal
entry of f(D) is f(λi). Therefore

(9) f(D) = 0⇔ (∀i)(f(λi) = 0)⇔
∏′

(x− λi) divides f ,

where
∏′

extends over all distinct λi. So
∏′

(x− λi) is the minimal polynomial of
D. �

Corollary 2.44. If A ∈ Mn(C) is diagonalizable, then the degree of the minimal
polynomial of A, and therefore the dimension of alg(A), is the number of distinct
eigenvalues of A.

Proof. This follows from Prop. 2.42, Fact 2.41, and Prop. 2.43. �

Proposition 2.45. Let E0, . . . , Ek be the orthogonal projections to the eigenspaces
of a symmetric matrix A in Mn(C). Then E0, . . . , Ek are in alg(A).

Proof. Since A is symmetric, we can assume alg(A) consists of diagonal matri-
ces. Let λt be the eigenvalue of A corresponding to the eigenspace to which Et
projects. Let gt be the Lagrange interpolation polynomial taking λt to 1 and all
other eigenvalues of A to 0. Then gt(A) = Et. �

Proposition 2.46. Let E0, . . . , Ek be the orthogonal projections to the eigenspaces
of a symmetric matrix A in Mn(C). Then A is in alg(E0, . . . , Ek).

Proof. By transforming to an eigenbasis, we can assume alg(E0, . . . , Ek) consists of
diagonal matrices. With respect to this eigenbasis, A is diagonal with eigenvalues
along the diagonal. Let λt be the eigenvalue of A corresponding to the eigenspace
to which Et projects. Then we have

(10) A =

k∑
i=0

λiEi

�

2.3. Relations and graphs

Sets. For r ∈ N, let [r] denote the set {0, 1, · · · , r − 1}. Let Ω be a finite set. We

refer to the r-element subsets of Ω as the r-subsets of Ω. Let
(

Ω
r

)
denote the set of

all r-subsets of Ω. The power set of Ω, that is, the set of all subsets of Ω, is denoted
by P(Ω).

Relations. Let Ω be a finite set of vertices with |Ω| = n. A relation on Ω is
a subset of Ω × Ω. For each relation R ⊆ Ω × Ω, we define the converse relation
R− = {(y, x) : (x, y) ∈ R}. A relational structure on Ω is the set Ω paired with a set
of relations on Ω. The diagonal relation diag(Ω) is the set {(x, x) : x ∈ Ω}.
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Graphs and Digraphs. A graph X = (Ω, E) is a finite set Ω, called the vertex
set, paired with a set of edges E ⊆ {{u, v} : u, v ∈ Ω, u 6= v}. In a graph, we say a
vertex v is incident with an edge e if v ∈ e, and two vertices u and v are adjacent
if {u, v} ∈ E. The degree of a vertex v ∈ Ω is the number of edges incident with v.
A directed graph or digraph X = (Ω, E) is a finite set of vertices Ω along with a set
E ⊆ Ω×Ω of directed edges. In a digraph, a vertex v is said to be incident with an
edge e if e = (v, w) or e = (w, v) for some vertex w. We say a pair of vertices u, v in
a digraph are adjacent if (u, v) ∈ E or (v, u) ∈ E. The indegree of a vertex v in Ω,
denoted deg−X(v) is the number of vertices u such that (u, v) ∈ E; analogously, the

outdegree of v, denoted deg+
X(v), is the number of vertices w such that (v, w) ∈ E. A

graph X = (Ω, E) can be modeled as a digraph Y = (Ω, E′) where (x, y), (y, x) ∈ E′
if {x, y} ∈ E. Note that in this case the indegree and outdegree of any vertex in
Y are the same, and both are equal to the degree of the vertex in X. We call a
graph or digraph complete if the edge set is maximal, including all loops. A graph
or digraph is called irreflexive if it contains no loops.

Definition 2.47. Let X = (Ω, E) be a graph. If x, y ∈ Ω, a walk of length `
from x to y is a sequence of vertices z0, z1, . . . , z` such that z0 = x, z` = y, and
{zi, zi+1} ∈ E for 0 ≤ i ≤ `− 1.

Definition 2.48. Let X = (Ω, E) be a digraph. If x, y ∈ Ω, a directed walk of
length ` from x to y is a sequence of vertices z0, z1, . . . , z` such that z0 = x, z` = y,
and (zi, zi+1) ∈ E for 0 ≤ i ≤ `− 1.

A graph X = (Ω, E) is said to be connected if for all x, y ∈ Ω, there exists a walk
from x to y. However, the concept of connectedness can be defined for digraphs in
multiple ways. A digraph X = (Ω, E) is said to be weakly connected if the graph

Y = (Ω, Ẽ) defined by

(11) {x, y} ∈ Ẽ ⇔ (x, y) ∈ E ∪ E−

is connected. X is said to be strongly connected if for all x, y ∈ Ω, there exists
a directed walk from x to y. It is clear that strong connectedness implies weak
connectedness. A digraph X is called Eulerian if the indegree of every vertex is
equal to its outdegree.

Fact 2.49. In an Eulerian digraph, weak connectedness is equivalent to strong
connectedness.

Definition 2.50. The distance, denoted by distX(x, y), between two vertices x, y
in a graph X is the length of the shortest walk from x to y. If no such walk exists,
the distance is said to be infinite.

Definition 2.51. The diameter of a graph is the maximum distance between two
vertices, ranging over all pairs.

Definition 2.52. If X = (Ω, E) is a digraph, then the |Ω| × |Ω| adjacency matrix
A(X) = (mi,j) is defined to have entries

(12) mi,j =

{
1 if (vi, vj) ∈ E ,
0 otherwise ,

where vi, vj range over all elements of Ω.
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Definition 2.53. The adjacency matrix of a graph is the adjacency matrix of its
associated digraph.

Fact 2.54. Let R1, R2 be relations on Ω. Let A1 be the adjacency matrix of the
digraph (Ω, R1) and let A2 be the adjacency matrix of (Ω, R2). Then R1 = R−2 if
and only if A2 = Atr

1 .

In this paper, we refer to the eigenvalues of the adjacency matrix of a graph as the
eigenvalues of the graph.

Fact 2.55. Let X be a graph. The (i, j)th entry of A(X)k is the number of walks
of length k from vi to vj .

Proposition 2.56. Let X be a connected graph of diameter d. The minimal poly-
nomial of A(X) has degree at least d + 1, hence alg(A(X)) has dimension at least
d+ 1.

Proof. Let A = A(X). Since the graph has diameter d, there exist vertices at
distance ` for all 0 ≤ ` ≤ d. By Fact 2.55, A` has a nonzero entry where Aj has a
zero entry for all 0 ≤ j < ` ≤ d, hence A` cannot be written as a linear combination
of {I, A, . . . , A`−1}. Thus the list {I, A, · · · , Ad} is linearly independent, so the
minimal polynomial has degree at least d+ 1. The second part of the claim follows
immediately from Prop. 2.42. �

Corollary 2.57. A graph of diameter d has at least d+ 1 distinct eigenvalues.

Proof. Let X be a graph, and let A be its adjacency matrix. By Prop. 2.42, the
minimal polynomial of A has degree at least d + 1. A is symmetric, so by the
Spectral Theorem, A is diagonalizable. The conclusion follows by Cor. 2.44. �

Groups. For groups G and H, we write H ≤ G to denote that H is a subgroup of
G. For a finite set Ω, we let Sym(Ω) denote the symmetric group acting on Ω. If
X = (Ω, E) is a graph, let Aut(X) denote automorphism group of X, that is, the
group of permutations of Ω which preserve the adjacency relation of X.

3. Configurations

3.1. Coherent configurations

In this section, we follow the notation of L. Babai from Section 3 of [2]. We begin
with an overview of coherent configurations, which are highly regular combinatorial
objects introduced independently several times in different contexts. Coherent con-
figurations were first introduced by I. Schur in 1933 [21] for the purpose of studying
finite permutation groups. The term “coherent configuration” was introduced by
D. Higman in 1970, who studied them in Schur’s context and developed the repre-
sentation theory of adjacency algebras (see Sec. 3.2). Around the same time (1968),
B. Weisfeiler and A. Leman defined an equivalent concept motivated by the Graph
Isomorphism problem [24] (see [25]). They also introduced an algebra, which they
called a “cellular algebra,” that is equivalent to the adjacency algebra. Coherent
configurations played a key role in the recent quasipolynomial-time solution of the
Graph Isomorphism problem by L. Babai [2].
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Let Ω be a finite set of vertices with |Ω| = n.

Definition 3.1. A partition structure X = (Ω; R) = (Ω;R0, · · · , Rr−1) is a rela-
tional structure on Ω where each relation Ri ⊆ Ω × Ω for i ∈ [r] is nonempty and
R = (R0, · · · , Rr−1) partitions Ω× Ω. That is,

(13)

r−1⊔
i=0

Ri = Ω× Ω ,

where t denotes a disjoint union.

Let Y be the complete digraph with vertex set Ω, identifying each loop with the
unique vertex incident with it. We can view R as a coloring on the edges and
vertices of Y , letting the color of edge (x, y) be i if (x, y) ∈ Ri. We denote the color
of edge (x, y) by c(x, y). We call the digraph Xi = (Ω, Ri) the color-i constituent1

of the partition structure X. With some abuse of terminology, we also refer to the
relation Ri as the color-i constituent.

With every digraph, we can associate a partition structure.

Example 3.2. Let X = (Ω, E) be a digraph, and define four relations as follows,

R0 = diag(Ω) ∩ E , R1 = diag(Ω)\E ,
R2 = E\diag(Ω) , R3 = Ω× Ω\(E ∪ diag(Ω)) .

Then X(X) = (Ω;R0, R1, R2, R3) is a partition structure.

Definition 3.3. A (binary) configuration of rank r is a partition structure X =
(Ω; R) = (Ω;R0, · · · , Rr−1) satisfying

(1) (∀x, y, z ∈ Ω) (c(x, y) = c(z, z)⇒ x = y) ,

(2) (∀u, v, x, y ∈ Ω) (c(u, v) = c(x, y)⇒ c(v, u) = c(y, x)) .

Viewing a coloring of a loop as a coloring of a vertex, Condition (1) guarantees
that vertices are colored differently from edges. A vertex color is called a diagonal
color, while an edge color is called an off-diagonal color. Condition (2) states that
colors are paired, that is, the color of a directed edge (u, v) determines the color of
its converse (v, u). For a given color class Ri ∈ R, Condition (2) guarantees that
its converse R−i is also included in R. Conditions (1) and (2) together imply that
for a color class Ri ∈ R, Ri and R−i are either equal or disjoint.

Definition 3.4. A configuration is called homogeneous if all vertices have the same
color, i.e., R0 = diag(Ω).

Definition 3.5. We call an irreflexive digraph X = (Ω, E) a tournament if every
pair of distinct vertices is adjacent and X is oriented, i.e., E∩E− = ∅ and E∪E− ⊇
Ω× Ω\diag(Ω).

Example 3.6. The partition structure X(X) constructed in Example 3.2 is a con-
figuration if and only if the digraph X satifies one of the following.

(1) X is a tournament.

1What we call a constituent is called an “extended constituent” in [2].
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(2) E = E−, i.e., X is a graph.

Definition 3.7. A coherent configuration of rank r is a binary configuration X =
(Ω; R) = (Ω;R0, · · · , Rr−1) satisfying the additional condition

(3) There exist r3 nonnegative integers pki,j (i, j, k ∈ [r]) such that ∀i, j, k ∈ [r]
and ∀(x, y) ∈ Rk we have

(14) |{z ∈ Ω : (c(x, z) = i) ∧ (c(z, y) = j)}| = pki,j .

Thus a coherent configuration is a configuration where the color of a directed edge
encodes the number of walks of length 2 from its tail to its head in a given pair of
colors. The values pki,j are called the intersection numbers of X.

For i, j < r and x, y ∈ V , let p(x, y, i, j) denote the number of z ∈ V satisfying
c(x, z) = i and c(z, y) = j. The Weisfeiler-Leman refinement is a color refine-
ment process on partition structures satisfying Condition (1) of Definition 3.3. The
Weisfeiler-Leman refinement is an iterative process. In one round, it constructs
a refined coloring c0 by setting c0(x, y) = c0(u, v) if c(x, y) = c(u, v) and for all
i, j < r we have p(x, y, i, j) = p(u, v, i, j). The iteration stops when no proper
refinement is obtained.

Remark 3.8. The stable colorings of the Weisfeiler-Leman refinement, those color-
ings that do not get refined, are precisely the coherent configurations.

Since the information stored in each edge color of a stable coloring of the Weisfeiler-
Leman refinement is preserved under isomorphisms, this refinement process can be
used as an isomorphism-rejection tool. Let G1 and G2 be graphs. If we construct
partition structures corresponding to G1 and G2 as in Example 3.2, then the re-
sulting refined colorings will have either equal or disjoint color sets. Thus if two
graphs produce disjoint color sets when the Weisfeiler-Leman refinement is applied
to their corresponding configurations, then the graphs are not isomorphic.

A constituent is called a diagonal constituent if its edges belong to the diagonal
relation diag(Ω) = {(x, x) : x ∈ Ω}. A homogeneous configuration contains exactly
one diagonal constituent, namely (Ω; diag(Ω)). A constituent is called off-diagonal
if it is not a diagonal constituent.

Next we show that the color of a vertex determines the outdegree of each constituent
at that vertex.

Lemma 3.9. Let X = (Ω; R) be a coherent configuration and v be a vertex in Ω.
Fix a color i, and let j be such that Rj = R−i . If c(v, v) = k, then deg+

Xi
(v) = pki,j

and deg−Xi
(v) = pkj,i.

Proof. Let X = (Ω; R) be a coherent configuration, and fix u, v ∈ Ω such that
c(u, u) = c(v, v) = 0. Fix a color i, let Xi be the color-i constituent, and let
Rj = R−i . Thus for any z ∈ Ω, c(u, z) = i implies c(z, u) = j, giving us the
following equality.

(15) |{z ∈ Ω : (c(u, z) = i) ∧ (c(z, u) = j)}| = |{z ∈ Ω : (c(u, z) = i)}| = deg+
Xi

(u)

The left hand side is the intersection number p0
i,j (see Definition 3.7). Similarly,

(16) |{z ∈ Ω : (c(u, z) = j)∧(c(z, u) = i)}| = |{z ∈ Ω : (c(z, u) = i)}| = deg−Xi
(u) .
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�

Proposition 3.10. Every constituent of a homogeneous coherent configuration is
Eulerian.

Proof. Fix a color i ∈ [r], let Xi be the color-i constituent, and let Rj = R−i . By
Lemma 3.9,

(17) p0
i,j · |Ω| =

∑
v∈Ω

deg−Xi
(v) =

∑
v∈Ω

deg+
Xi

(v) = p0
j,i · |Ω| .

We can conclude that p0
i,j = p0

j,i, so ∀v ∈ Ω we have deg+
Xi

(v) = deg−Xi
(v). �

Prop. 3.10 along with Fact 2.49 show that weak connectedness and strong connect-
edness for the off-diagonal constituents of a homogeneous coherent configuration
are equivalent.

Definition 3.11. A homogeneous coherent configuration X is primitive if every off-
diagonal constituent is weakly (equivalently, strongly) connected. X is uniprimitive
if it is primitive and has rank at least 3.

Coherent configurations can be applied to the study of finite permutation groups.
Let G ≤ Sym(Ω), that is, let G be a permutation group acting on the set Ω. An
orbit of the diagonal G-action on Ω× Ω is called an orbital.

Definition 3.12. Let R1, · · · , Rr−1 be the orbitals of G. Then (Ω;R1, · · · , Rr−1)
is a partition structure called an orbital configuration.

Fact 3.13. An orbital configuration is necessarily a coherent configuration.

A coherent configuration is called Schurian if it can be realized as the orbital
configuration of some permutation group.

3.2. The adjacency algebra

We associate with each constituent of a coherent configuration X = (Ω;R0, · · · , Rr−1)
an element of the matrix algebra Mn(F) for an arbitrary field F. This allows us
to view the combinatorial construction of coherent configurations as an algebraic
structure. Our exposition follows the remarks of Delsarte and Levenshtein [12], as
well as Brouwer’s exposition [9].

Let Ai denote the adjacency matrix of the color-i constituent of X.

Observation 3.14. The set of constituent adjacency matrices, A = {Ai}i∈[r],
consists of nonzero (0, 1)-matrices with the following structural properties.

(1) The sum of all Ai ∈ A is Jn, the n× n matrix of all 1’s.

(2) The sum of the Ai for the diagonal constituents Ri is In.

(3) (∀i ∈ [r])(∃j ∈ [r])(Aj = Atri ) .

(4) For any i, j ∈ [r], we have

(18) AiAj =

r−1∑
k=0

pkijAk .
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In fact, the above four properties are equivalent to the definition of a coherent
configuration.

Equation (18) guarantees that span(A) is closed under matrix multiplication, hence
it is an algebra.

Definition 3.15. The F-adjacency algebra A is the span of A0, . . . , Ar−1.

Remark 3.16. Property (4) of Obs. 3.14 implies that the structure constants of the
adjacency algebra (see Definition 2.20) with respect to the basis A0, . . . , Ar−1 are
the intersection numbers.

Fact 3.17. dimA = r.

Remark 3.18. The adjacency algebra is closed under both the usual matrix multi-
plication and Hadamard (entry-wise) multiplication.

Proposition 3.19. A has an identity.

Proof. By Axiom (1) of Definition 3.3, In ∈ A (see Property (2) of Obs. 3.14). �

Restricting ourselves to subalgebras of Mn(F) over a field F ⊆ C which is closed
under complex conjugation, we will show that A is closed under adjoints.

Proposition 3.20. The adjacency algebra A of a coherent configuration over R or
C is ∗-closed.

Proof. It suffices to show that the adjoint of each basis matrix A0, . . . , Ar−1 belongs
to A. But A∗i = Atr

i = Aj for some j (see Property (3) of Obs. 3.14). �

Corollary 3.21. The adjacency algebra A of a coherent configuration over R or C
is semisimple.

Proof. This follows immediately from Props. 3.20 and 2.33. �

3.3. Commutative coherent configurations

Definition 3.22. A coherent configuration is called commutative if pkij = pkji for
all 0 ≤ i, j, k < r.

Proposition 3.23. A coherent configuration X = (Ω;R0, . . . , Rr−1) is commutative
if and only if the associated adjacency algebra A is commutative.

Proof. Suppose that X is symmetric. By Property (4) of Obs. 3.14, every pair of
elements of the basis A0, . . . , Ar−1 ofA commutes. It follows thatA is commutative.

Suppose that the adjacency algebra is commutative. Combining Property (4) of
Obs. 3.14 along with the uniqueness of the expression of any A ∈ A as a linear
combination of the basis A0, · · · , Ar−1, we have

(19) AiAj =

r−1∑
k=0

pkijAk =

r−1∑
k=0

pkjiAk = AjAi .

Choosing any pair i, j ∈ [r], then we must have pkij = pkji for each k ∈ [r]. Therefore
X is commutative. �
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This constraint on the intersection numbers forces all loops to have the same color.

Proposition 3.24. A commutative coherent configuration is necessarily homoge-
neous.

Proof. Let X = (Ω,R) be a commutative coherent configuration. Suppose, seeking
a contradiction, that two vertices u, v ∈ Ω are colored differently, so (u, u) ∈ R`
and (v, v) ∈ Rm for ` 6= m. If (u, v) ∈ Rk, then pk`,k = 1 but pkk,` = 0, contradicting
commutativity. �

Observation 3.25. Let X be a commutative coherent configuration. Axiom (2) of
Definition 3.3 guarantees that the adjoint of any adjacency matrix A0, . . . , Ar−1 is
in the adjacency algebra of X. Thus for 0 ≤ i < r, Ai commutes with its adjoint,
hence is Ai is normal.

We show that commutativity is sufficient to ensure that the entire adjacency algebra
is simultaneously diagonalizable.

Corollary 3.26. The adjacency algebra of a commutative coherent configuration
has a common orthonormal eigenbasis.

Proof. By Prop. 3.23 and Obs. 3.25, the basis A0, · · · , Ar−1 satisfies the hypotheses
of Thm. 2.13. Therefore the basis, hence the entire adjacency algebra, has a
common orthonormal eigenbasis. �

Two classes of values, known as the p-numbers and q-numbers, associated with the
adjacency algebra of commutative coherent configurations were introduced by P.
Delsarte in his monumental dissertation [11].

Definition 3.27. Let X be a commutative coherent configuration, and letA0, · · · , Ar−1

be the constitutent adjacency matrices. The p-numbers (pi(j)), for i, j ∈ [r], of the
adjacency algebra A of X are the unique complex numbers satisfying

(20) Ai =

r−1∑
j=0

pi(j)Ej ,

where E0, . . . , Er−1 is the unique basis of orthogonal idempotents from Fact 2.29.

Proposition 3.28. Let X be a commutative coherent configuration. Let Ai be
the adjacency matrix of the color-i constituent of X. Then pi(j) is the eigenvalue
corresponding to the eigenspace of Ai containing Uj.

Proof. This is immediate from the Spectral Theorem and Cor. 2.37. The projec-
tions to eigenspaces form the unique set of minimal idempotents of A. �

Observation 3.29. It follows from Prop. 3.28 that for λ ∈ R the multiplicity of λ
as an eigenvalue of Ai is

∑
{rk(Ej) : j ∈ {0, . . . , n}, pi(j) = λ}.

The q-numbers are defined analogously.
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Definition 3.30. Let X be a commutative coherent configuration, and letA0, · · · , Ar−1

be the constitutent adjacency matrices. The q-numbers (qj(i)), for i, j ∈ [r], of the
adjacency algebra A of X are the unique complex numbers satisfying

(21) Ej =

r−1∑
i=0

qj(i)Ai ,

where E0, . . . , Er−1 is the unique basis of orthogonal idempotents of A from Fact
2.29.

4. Association Schemes

We use the term “association scheme” in its original, pre-Delsarte sense (see Remark
4.5 below).

4.1. Association schemes and their adjacency algebras

Definition 4.1. An association scheme is a coherent configuration X = (Ω; R) =
(Ω;R0, · · · , Rr−1) in which every constituent is undirected (self-paired), i.e.,

(4) (∀x, y ∈ Ω)(c(x, y) = c(y, x)) .

Observation 4.2. An equivalent requirement is that each constituent adjacency
matrix Ai is symmetric.

An association scheme can be viewed as a coloring on the edges of a complete
undirected graph.

Proposition 4.3. An association scheme is a commutative coherent configuration.

Proof. Let X = (Ω; R) be an association scheme. Fix x, y ∈ Ω, and let k = c(x, y) =
c(y, x). Then we have

pkij = |{z ∈ Ω : (c(x, z) = i) ∧ (c(z, y) = j)}|(22)

= |{z ∈ Ω : (c(z, x) = i) ∧ (c(y, z) = j)}|(23)

= pkji .(24)

�

Corollary 4.4. Association schemes are homogeneous.

Proof. This follows directly from Props. 4.3 and 3.24. �

Association schemes have independently been studied in the context of statistical
design theory since the late 1940s [8].

Remark 4.5. This definition is more strict than that of Delsarte, who uses the term
“association scheme” for commutative coherent configurations.

Remark 4.6. Not every commutative coherent configuration is an association scheme
in our (classical) sense. To show that these notions are distinct, consider the co-
herent configuration on the vertex set Ω = {x, y, z} where R0 = diag(Ω), R1 =
{(x, y), (y, z), (z, x)}, and R2 = R−1 .
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By Props. 3.23 and 4.3, all association schemes are commutative coherent configu-
rations and the corresponding adjacency algebras are commutative. Moreover, the
basis A0, · · · , Ar−1, hence the entire the adjacency algebra, consists of self-adjoint
matrices over R by Obs. 4.2. These conditions are sufficient to find a common real
orthonormal eigenbasis for the entire adjacency algebra.

Corollary 4.7. The adjacency algebra of an association scheme has a common
real orthonormal eigenbasis.

Proof. By Prop. 3.23, Prop. 4.3, and Obs. 4.2, the basis A0, · · · , Ar−1 satisfies the
hypotheses of Thm. 2.14. Therefore the basis, hence the entire adjacency algebra,
has a common real orthonormal eigenbasis. �

4.2. Metric schemes

Given an undirected graph X = (Ω, E), we can define the distance configuration
M(X) as the configuration generated by the distance metric. That is, each pair
(x, y) ∈ Ω× Ω is colored by distX(x, y). Note that Condition (3) in Definition 3.7
does not necessarily hold for distance configurations, e.g., let X be the path on 3
vertices.

Definition 4.8. A connected undirected graph X is called distance-regular if the
distance configuration M(X) generated by X is an association scheme. If so, we
call M(X) the metric scheme generated by X.

Definition 4.9. A graph X is called strongly regular with parameters (n, k, λ, µ) if
X is a k-regular graph on n vertices, each pair of adjacent vertices has λ common
neighbors, and each pair of nonadjacent vertices has µ common neighbors.

Fact 4.10. The distance-regular graphs of diameter at most 2 are precisely the
connected strongly regular graphs.

Definition 4.11. A connected undirected graphX is called distance-transitive if for
each pair ((u, v), (x, y)) ∈ Ω4 of pairs of vertices such that distX(u, v) = distX(x, y)
the following holds

(25) (∃σ ∈ Aut(X))(uσ = x and vσ = y) .

Every distance-transitive graph is distance-regular, since distances and the number
of common neighbors are preserved by automorphisms. The converse is false; in
fact, there exist large families of strongly regular graphs with no nontrivial auto-
morphisms. For example, consider the line graphs of Steiner triple systems. These
are strongly regular graphs, and it is shown in Cor. 1.13(a) of [3] that any automor-
phism on the line graph is inherited from the Steiner triple system that generated it,
provided the Steiner triple system has at least 15 points. Almost all Steiner triple
systems are shown to have no nontrivial automorphisms in [4], thus the line graphs
of almost all Steiner triple systems admit no nontrivial automorphisms. Another
class of examples can be generated from Latin squares, as mentioned in Thm. 1.20
of [3].

Next, we show that the adjacency algebras of metric schemes are generated by the
adjacency matrix of the corresponding distance-regular graph. We also prove a
spectral property of distance-regular graphs.
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Proposition 4.12. The adjacency matrix of a distance-regular graph generates the
adjacency algebra of its corresponding metric scheme.

Proof. Let X be a distance-regular graph of diameter d and let A = A(X). The
adjacency algebra has dimension d + 1 (see Definition 3.15). Since A is contained
in the adjacency algebra and generates an algebra of dimension at least d + 1 by
Prop. 2.56, we conclude that alg(A) is the adjacency algebra. �

Theorem 4.13. A distance-regular graph of diameter d has exactly d+ 1 distinct
eigenvalues.

Proof. Let X be a distance-regular graph of diameter d and let A = A(X). By
Prop. 4.12, A spans the adjacency algebra of X with dimension d + 1. Thus, by
Prop. 2.42, the degree of the minimal polynomial of A is exactly d + 1. By Cor.
2.44, X has exactly d+ 1 eigenvalues. �

We are now ready to prove our main structural theorem concerning the adjacency
algebra of metric schemes.

Theorem 4.14. The orthogonal projections to eigenspaces of a distance-regular
graph form a basis of symmetric orthogonal idempotents for the adjacency algebra
of its corresponding metric scheme.

Proof. Let X be a distance-regular graph of diameter k, and let A = A(X). By
Prop. 4.13, X has k + 1 distinct eigenvalues. Let U0, . . . , Uk be the eigenspaces
corresponding to the eigenvalues λ0, . . . , λk of X. Let E0, . . . , Ek be the orthog-
onal projections to U0, . . . , Uk. Since U0, . . . , Uk are orthogonal, E0, . . . , Ek are
mutually orthogonal. Each Et is a projection, hence idempotent. The operators
E0, . . . , Ek are symmetric by Fact 2.10. Prop. 4.12 implies A = alg(A), where
A is the adjacency algebra of the metric scheme generated by X. By Prop. 2.45,
E0, . . . , Et ∈ A . By Prop. 2.46, the k + 1 matrices E0, . . . , Ek span A . Since A
has dimension k+1 by Prop. 2.44, we conclude that E0, . . . , Ek is a basis of A . �

Corollary 4.15. Let E0, . . . , Ek be the orthogonal projections to eigenspaces of a
distance-regular graph X of diameter k. Let A be the algebra generated by A(X)
(and therefore the adjacency algebra of the metric scheme M(X)). Then for each
B in the adjacency algebra of M(X), we have

(26) B =

k∑
i=0

µiEi ,

where the subspace onto which Ei projects is a subspace of the eigenspace of B
corresponding to µi.

Proof. Let A be the adjacency matrix of the distance-regular graph X of diameter
k. Let λj be the eigenvalue of A corresponding to the eigenspace Uj onto which Ej
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projects. By Prop. 4.12, B =

k∑
i=0

ciA
i for some c0, . . . , ck ∈ C. By Thm. 4.14,

(27) B =

k∑
i=0

ci

 k∑
j=0

λjEj

i

=

k∑
i=0

ci

 k∑
j=0

λijEj

 =

k∑
j=0

(
k∑
i=0

ciλ
i
j

)
Ej

The value

k∑
i=0

ciλ
i
j is the eigenvalue of B whose eigenspace contains Uj . �

4.3. Hamming schemes

The Hamming schemes are a class of metric schemes which arose from the frame-
work of error-correcting “block codes.”

Definition 4.16. The Hamming graph H(n, k) is a graph with vertices labeled by
strings B ∈ [k]n, the set of ordered n-tuples of elements from the set {0, . . . , k−1}.
Given two such strings B1 and B2, the vertices vB1

and vB2
are adjacent in H(n, k)

if B1 and B2 differ in exactly one coordinate.

Observe that the distance between vertices in the Hamming graph is the number of
coordinates in which their corresponding strings differ. This is called the Hamming
distance of the strings.

Fact 4.17. The Hamming graph H(n, k) is distance-transitive.

Corollary 4.18. The Hamming graph H(n, k) has exactly n+ 1 distinct eigenval-
ues.

Proof. The Hamming graph has diameter n, so this follows from Prop. 4.13. �

Definition 4.19. The Hamming scheme H(n, k) is the metric scheme induced by
the distance function on the Hamming graph H(n, k). That is, for B1, B2 ∈ [k]n,
we have c(vB1

, vB2
) = distH(n,k)(B1, B2).

4.4. Johnson schemes

A class of metric schemes central to this paper is the Johnson schemes. In statistical
literature, Johnson schemes are often referred to as triangular association schemes.
We begin by defining the underlying graph J(n, k) whose distance function deter-
mines the colors of edges in the Johnson scheme J(n, k).

Definition 4.20. Let X be a finite set satisfying |X| = n ≥ 2k + 1. The Johnson
graph J(X, k) = (Ω, E) is a graph with

(
n
k

)
vertices labeled by the k-subsets of X,

(28) Ω =

{
vT : T ∈

(
X

k

)}
.

For S, T ∈
(
X
k

)
the vertices vS and vT are joined by an edge if |S\T | = |T\S| = 1,

i.e., their intersection is maximal. Since this construction only depends on the size
of X up to isomorphism, we write J(n, k) = J(X, k) when we do not want to specify
the underlying n-set.
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Observation 4.21. For S, T ∈
(

[n]
k

)
, the distance between vS and vT in J(n, k) is

(29) distJ(n,k)(vS , vT ) = |T\S| = |S\T | .

Fact 4.22. The Johnson graph J(n, k) is distance-transitive.

Corollary 4.23. The Johnson graph J(n, k) has exactly k+1 distinct eigenvalues.

Proof. The Johnson graph has diameter k, so this follows from Prop. 4.13. �

Definition 4.24. The Johnson scheme J(n, k) is the metric scheme generated by
the Johnson graph J(n, k). That is, given a finite set X satisfying |X| = n ≥ 2k+1,
the Johnson scheme J(X, k) = J(n, k) is an association scheme with

(
n
k

)
vertices

identified with k-subsets of X. For S, T ∈
(
X
k

)
, the edge (vS , vT ) is colored by

|S\T | = i.

Remark 4.25. For k ≥ 2, the Johnson scheme J(n, k) is a uniprimitive coherent
configuration.

5. Full-Rank Inclusion Matrices

5.1. Gottlieb’s theorem

In order to construct a common eigenbasis for the Johnson adjacency algebra in Sec.
6, we make use of a full-rank property, known as Gottlieb’s theorem, concerning
a certain class of systems of linear equations. The matrices corresponding to such
systems are inclusion matrices, defined in a special case as follows.

Definition 5.1. Fix k, `, n ∈ Z such that 0 ≤ k ≤ ` ≤ n. We define the Boolean
inclusion matrix to be the

(
n
k

)
×
(
n
`

)
matrix In(k, `) = (ζAB) with rows labeled by

k-subsets A of [n], columns labeled by `-subsets B of [n], and entries given by

(30) ζAB =

{
1 if A ⊆ B ,
0 otherwise .

Theorem 5.2 (Gottlieb’s Theorem). If k ≤ ` and k + ` ≤ n, then the Boolean
inclusion matrix In(k, `) has full row rank.

A closely related full-rank property for lattices of subspaces of projective geometries
that arise from vector spaces over finite fields is Kantor’s theorem. In order to state
Kantor’s theorem., we introduce the general notion of an inclusion matrix.

Definition 5.3. Let P be a ranked poset, and fix k, ` ∈ Z such that 0 ≤ k ≤ `.
Let wi denote the number of elements in P of rank i. Then the inclusion matrix
IP(k, `) = (ζab) is a wk × w` matrix with rows labeled by rank k elements and
columns labeled by rank ` elements. The entries of IP(k, `) are given by

(31) ζab =

{
1 if a ≤ b ,
0 otherwise ,

where a, b ∈ P, rk(a) = k, and rk(b) = `.

Theorem 5.4 (Kantor’s Theorem). Let L be the lattice of subspaces of a finite-
dimensional vector space over a finite field. If k ≤ ` and k + ` ≤ n, then IL (k, `)
has full row rank.
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A lattice-theoretic generalization of both Gottlieb’s and Kantor’s theorems was
found by Barry Guiduli, which we describe in Sec. 5.4.

5.2. Lattices

We begin by introducing some concepts in lattice theory.

Definition 5.5. A lattice is a poset L = (L ,≤) such that every element has a
unique meet and join, that is,

a^ b = max{c ∈ L : c ≤ a, b} ,(32)

a_ b = min{c ∈ L : c ≥ a, b} .(33)

Definition 5.6. A lattice L is called bounded if there exists two elements, denoted
by 0 and 1, such that for all a ∈ L , we have

(1) a^ 1 = a and a_ 1 = 1 ,

(2) a^ 0 = 0 and a_ 0 = a .

We will only be considering finite lattices, which are necessarily bounded. A meet-
semilattice is a poset where every element need only have a unique meet. A join-
semilattice is defined analogously, and its dual is a meet-semilattice.

Definition 5.7. Fix two distinct elements a, b of the lattice L . We say that b
covers a if b > a and there is no c ∈ L such that b > c > a.

Definition 5.8. A lattice L is called ranked if it can be equipped with a rank
function rk : L → Z≥0 compatible with the ordering, i.e, a < b implies rk(a) <
rk(b), such that if b covers a, then rk(b) = rk(a) + 1. The rank of an element a ∈ L
is the value of the rank function when evaluated at a.

Definition 5.9. Let a be an element of a lattice L . An element b is called a
complement of a if a^ b = 0 and a_ b = 1.

Definition 5.10. We call a bounded lattice complemented if every element has a
complement.

Definition 5.11. A lattice is called modular if it satisfies the modular law

(34) x ≤ b⇒ x_ (a^ b) = (x_ a)^ b .

Remark 5.12. An equivalent dual statement of the modular law is

(35) x ≥ b⇒ x^ (a_ b) = (x^ a)_ b .

Next, we will look at two examples of modular complemented lattices which will
have particular relevance to our later results.

Definition 5.13. Let X be any set of size n. The Boolean lattice Bn is the lattice
of subsets of X, ordered by inclusion.

Observation 5.14.

(36) In(k, `) = IBn
(k, `)
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Proposition 5.15. Fix k > t > s. Then

(37) IBn(s, k) =

(
k − t
t− s

)
IBn(k, t)IBn(t, s)

Proof. Fix an s-subset S and a k-subset K. There are
(
k−t
t−s
)
t-subsets contained in

K which contain S. �

This will be used later in Cor. 6.5

The Boolean lattice is ranked, and the rank of an element S ⊆ X is |S|. The
Boolean lattice is also complemented, and the complement of an element S is X\S.
The “meet” operation is the intersection, and analogously the “join” operation is
the union.

We will also consider the lattices of subspaces of finite-dimensional projective ge-
ometries, ordered by inclusion. For the definition of a projective geometry, see
Sec. 1.2 of [6]. We describe the special case of projective geometries over finite
fields.

Example 5.16. Let V be a vector space of dimension n + 1 over a finite field
GF (q). The subspaces of this space form a projective geometry, and the lattice
of the subspaces ordered by inclusion, denoted PG(n, q), is ranked, modular, and
complemented.

It is known that any finite projective geometry of dimension at least 3 arises from
a vector space, but this is false for dimension 2.

Definition 5.17. A finite projective plane is a finite set Ω of points along with a
set S ⊆ P(Ω) of lines. The points and lines must satisfy the following axioms.

(1) Every pair of points is contained in a line.

(2) Two lines intersect in exactly one point.

(3) There exists a set of four points, no three of which are contained in a line.

The projective geometries of dimension 2 are precisely the projective planes.

The lattice of subspaces of any finite-dimensional projective geometry is ranked,
and the rank of an element is its dimension. Such a lattice is also complemented.
In the case that the projective geometry arises from a vector space W , a complement
of a subspace is found by extending a basis B of the subspace to a basis B′ of W
and taking the span of the extension B′\B. In the case of projective planes, a line
and any point not contained in that line are complements.

Both Bn and the lattice of subspaces of any finite-dimensional projective geometry
are modular.

Fact 5.18. All bounded modular lattices are ranked.

The finite-dimensional modular complemented lattices were entirely classified in
the 1930s.
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Theorem 5.19 (Birkhoff–Menger). Every finite-dimensional complemented mod-
ular lattice is isomorphic to the direct product of simple finite-dimensional comple-
mented modular lattices, which are the two-element Boolean lattice and lattices of
subspaces of finite-dimensional projective geometries.

For the proof of Thm. 5.19, see Dilworth’s “Note on Modular Complemented
Lattices” [13].

5.3. A property of modular complemented lattices

We shall derive Gottlieb’s and Kantor’s theorems from a theorem of B. Guiduli,
which uses a somewhat technical hypothesis on semilattices (“rank-regularity”).
In this section we show that rank-regular modular complemented lattices satisfy a
positivity condition required by Guiduli’s result.

The following definition is a condition on the symmetry of a semi-lattice that is a
critical hypothesis for the main result of this section.

Definition 5.20 (Guiduli). We call a ranked semi-lattice rank-regular if for every
(i, j, k, `) ∈ Z4 there exists a value sijk` such that for every a and b, if rk(a) =
rk(c) = k and rk(a^ c) = i then we have

(38) #{b : rk(b) = `, b ≥ a, rk(b^ c) = j} = sijk` .

Proposition 5.21. Let L be a ranked meet-semilattice. Suppose L admits a
group G of automorphisms such that for all k and i, G is transitive on the pairs
{(a, b) : rk(a) = rk(b) = k, rk(a^ b) = i}. Then L is rank-regular.

This is a classic example of a symmetry condition which implies regularity. It
follows that the Boolean lattice Bn and the lattice of subspaces over a finite field
PG(n) are rank-regular. However, symmetry is not necessary; e.g., consider the
finite projective planes.

Fact 5.22. Every point in a projective plane is contained in the same number of
lines. If every point is contained in m lines, then every line has m points, there
are n = m2 −m+ 1 points, and the number of lines is the same as the number of
points.

Proposition 5.23. Every finite projective plane is rank-regular.

Proof. Let P be a projective plane with vertex set Ω, and let m denote the number
of lines through any point. Note that we require i ≤ j ≤ k ≤ ` for sijk` to be
nonzero. Moreover, if k = `, i < k − 1, or ` = 3 then the value of sijkl is either 0
or 1. There are four remaining cases to check. We have s1112 = m, where b (as in
Definition 5.20) ranges over all lines, and s0001 = |Ω| = m2−m+ 1, where b ranges
over all points. Moreover, s0012 = m − 1 and s0112 = 1 because there is a unique
line through each pair of distinct points. �

While the main results of this paper are direct consequences of existing theory, the
next observation appears to be new.While the main results of this paper are direct
consequences of existing theory, the next observation appears to be new.
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Lemma 5.24 (Babai-Burcroff). Let L be a modular complemented rank-regular
lattice such that |L | = n. Then for any fixed k ≤ ` ≤ n

2 , we have siik` > 0 for all
i ≤ k.

Proof. This is equivalent to showing that for any a, b of rank k such that rk(a^b) = i
there exists some c ≥ a of rank ` such that c ^ b = a ^ b. Let e be a complement

of (a _ b), and let d
def
= e _ a. Immediately we have d ≥ a so d ^ b ≥ a ^ b. It is

enough to show that d ^ b ≤ a, or equivalently (d ^ b) _ a = a. Using the dual
modular law, since d ≥ a we have

(39) (d^ b)_ a = d^ (b_ a) .

Rewriting this, and using the dual modular law on a_ b ≥ a, we have

(40) (b_ a)^ d = (a_ b)^ (e_ a) = ((a_ b)^ e)_ a = 0_ a = a .

Thus d ^ b = a ^ b. Taking any path from a to d, let c be the unique element of
rank ` along this path. Then a^ b = d^ b ≥ c^ b ≥ a^ b, so c is as desired. �

Importantly, our two main examples of lattices, the Bn and the lattice of subspaces
of a projective geometry, satisfy siik` > 0, allowing us to apply the next theorem
of Guiduli.

5.4. Inclusion matrices of full rank

The following theorem of B. Guiduili, which can be found in Chapter 9 Section 2
of [5], combined with Lemma 5.24, includes both Gottlieb’s Theorem and Kantor’s
Theorem (see Thms.5.2 and 5.4). The proof generalizes the approach of Graver
and Jurkat [16] (1973). For the definition of an inclusion matrix, see Definition
5.3.

Theorem 5.25 (Guiduli, 1992). Let L be a rank-regular semi-lattice and fix 0 ≤
k ≤ ` ≤ n

2 . Let sij = sijk` and assume that sii > 0 for all i = 0, · · · , k. Then the
matrix IL (k, `) has full row rank.

Proof. Let M = IL (k, `). To show that M has full row rank, it is enough to
construct a w` × wk matrix N such that MN = Iwk

. Let N = (nbc), where
b, c ∈ P, rk(b) = `, and rk(c) = k. In other words, it is sufficient to choose the
entries of N such that

(41) (MN)ac = δac ,

where rk(a) = rk(c) = k and δac is the Kronecker delta function on rank k elements
of P. Moreover, our construction of N will satisfy the additional restraint that
nbc depends only on rk(b ^ c), i.e., nbc = trk(b^c). Fix a, c of rank k in P, and let
i = rk(a^ c). We have:

(42) (MN)ac =
∑
b

rk(b)=`

mabnbc =

k∑
j=0

tj
∑
b

rk(b)=`
rk(b^c)=j

mab =

k∑
j=0

sijtj ,

where the last inequality follows because the number of b such that b ≥ a, rk(b) = `,
rk(b^ c) = j, and rk(a^ c) = i is precisely sij . We want to show the existence of
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a solution to the system of k + 1 linear equations in the k + 1 unknowns t0, . . . , tk
given by

(43)

k∑
j=0

sijti = δik (for 0 ≤ i ≤ k) .

If i > 0 then sij = 0, and by hypothesis if i = j then sij > 0. This shows that the
matrix corresponding to this system S = (sij) is an upper triangular matrix with
nonzero diagonal entries. Therefore this system is solvable, hence such an N exists.
We can conclude that M has full row rank. �

Corollary 5.26 (Gottlieb’s Theorem). Let L be the Boolean lattice Bn. If k ≤ `
and k + ` ≤ n, then IL (k, `) has full row rank.

Corollary 5.27. Let L be the lattice of subspaces of a finite-dimensional projective
geometry. If k ≤ ` and k + ` ≤ n, then IL (k, `) has full row rank.

Proof. In both cases, L is rank-regular. By Lemma 5.24, siik` > 0 for every
i ∈ {0, · · · , k}. �

Remark 5.28. Kantor’s theorem (see Thm. 5.4) is a special case of Cor. 5.27.
However, the only additional information in Cor. 5.27 is that the incidence matrices
of finite projective planes are non-singular, a well-known fact that can be easily
verified directly.

6. Common Eigenbasis Construction for the Johnson Adjacency
Algebra

6.1. Matrices in the Johnson adjacency algebra

Let Ai be the adjacency matrix of the color-i constituent of the Johnson scheme
J(n, k). Our goal is to calculate the eigenvalues of any linear combination M of
the matrices A0, · · · , Ar−1. These linear combinations are precisely the matrices
in the adjacency algebra of the Johnson scheme. To do so, it is sufficient to find a
common eigenbasis for the adjacency algebra of the Johnson scheme and compute
the eigenvalues of the basis A0, . . . , Ar−1.

Let X be a set of size n, and let
(
X
k

)
be the set of k-subsets of X. The entries of

matrices in the Johnson adjacency algebra, where the rows and columns are indexed
by A,B ∈

(
X
k

)
, depend only on the intersection size |A ∩B| of the subsets.

Notation 6.1. Fix n, k ∈ N such that k ≤ bn2 c. Let f : [k] → C be an arbitrary

function. Define the
(
n
k

)
×
(
n
k

)
matrix M by

(44) M = (mAB) = (f(|A ∩B|)) ,

where A and B range over all elements of
(

[n]
k

)
.

We are interested in which functions f will result in an integral spectrum for M .

The original question, asked by Tusnády, was the case f(`) =

(
`

r

)
for some r ∈

Z≥0.
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The next few sections are devoted to constructing a common eigenbasis for A and
computing the eigenvalues of M .

6.2. Construction of eigenspaces via a subset-weight system

We think of vectors in C(n
k) as weightings on the k-subsets of [n]. For t < k,

a weighting on the k-subsets induces a weighting on the t-subsets by setting the
weight of a t-subset T to be the sum of the weights of all the k-subsets containing
T . We call a weighting on t-subsets trivial if the weight of every t-subset is 0. In

this section, we construct k + 1 mutually orthogonal subspaces U0, · · · , Uk of C(n
k)

such that the weighting on k-subsets associated with each vector in Ut induces the
trivial weighting on (t−1)-subsets. It will be shown in Sec. 7.1 that U0, . . . , Uk are
precisely the eigenspaces of the Johnson graph.

In his famous paper “On the Shannon Capacity of a Graph” [18], Lovász computed
the eigenvalues of the Kneser graph, the color-k constituent of the Johnson scheme,
in order to prove an upper bound on its Shannon capacity. We follow Lovász’s
construction of eigenvectors to construct the subspaces U0, · · · , Uk.

Definition 6.2. We call a function w :
(
X
t

)
→ C a weight system on t-tuples.

Definition 6.3. Fix s, t ∈ Z≥0 such that s < t. Given a weight system w on
t-tuples, the induced weight system ŵ : P(X)→ C is defined by

(45) ŵ(S) =
∑
T⊇S
T∈(X

t )

w(T )

if |S| ≤ t, and by

(46) ŵ(S) =
∑
T∈(S

t)

w(T )

if |S| > t.

Observation 6.4. Fix s ∈ [k + 1]. Let ŵs denote the restriction of ŵ to
(
X
s

)
.

Given a weight system w on t-tuples, then

(47) ŵs = IBn
(s, t)

if s ≤ t, and

(48) ŵs = IBn
(t, s)tr

if s > t.

Corollary 6.5. Let k > t ≥ 0. If w is a good weight system on t-subsets, then by
Prop. 5.15 the induced weight system on k-subsets induces the trivial weight system
on (t− 1)-subsets.

Proof. This follows from Prop. 5.15. �

Definition 6.6. We call a weight system w on t-tuples good if the induced weight
system ŵ on (t− 1)-tuples satisfies

(49) ŵ(S) = 0

for each S ∈
(
X
t−1

)
.



JOHNSON SCHEMES AND CERTAIN MATRICES WITH INTEGRAL EIGENVALUES 27

Proposition 6.7. The system {ŵ(S) = 0}S∈( X
t−1)

of equations has full row rank,

where the values of the weight system w on t-tuples are treated as the unknowns.

Proof. The matrix associated with this system is precisely IBn
(t − 1, t). Since

t ≤ k ≤ n
2 , by Thm. 5.2 (Gottlieb’s Theorem), this system has full row rank. �

Corollary 6.8. The good weight systems on t-tuples form a subspace of C(n
t) of

dimension
(
n
t

)
−
(
n
t−1

)
.

Proof. The set of good weight systems is the kernel of {ŵ(S) = 0}S∈( X
t−1)

. �

Lemma 6.9. Let w be a good weight system. For any m < t, the induced weight
system ŵ maps every m-subset to 0.

Proof. Fix U ∈
(
X
m

)
. Then

(t−m)
∑
T∈(X

t )
T⊇U

w(T ) =
∑

S∈( X
t−1)

S⊇U

∑
T∈(X

t )
T⊇S

w(T ) =
∑

S∈( X
t−1)

S⊇U

ŵ(S) = 0 .(50)

Since t−m > 0, dividing by t−m shows that the induced weight on any m-subset
is 0. �

Definition 6.10. For t = 0, . . . , k, define the subspace Ut of C(n
k) as follows. If w

is a good weight system on t-tuples, then let (x(w)) ∈ C(n
k) be a weight system on

k-tuples with entry x(w)A = ŵ(A) for A ∈
(
X
k

)
. Then we define

(51) Ut = {x(w) : w is a good weight system on t-tuples}.

Proposition 6.11. The dimension of Ut is
(
n
t

)
−
(
n
t−1

)
.

Proof. The map from C(X
t ) to C(X

k) defined by w 7→ x(w) is injective on all weight
systems on t-tuples. This follows from Gottlieb’s theorem, since the matrix associ-
ated with map w 7→ x(w) is IBn(t, k), which has full column rank. The restriction
of this map to good weight systems on t-tuples is also injective, so the result follows
from Cor. 6.8. �

Lemma 6.12. Let w be a good weight system on t-tuples. Fix s ∈ Z≥0 such that
s < t, and let S be an s-subset of X. Then

(52)
∑
T∈(X

t )
|S∩T |=m

w(T ) = 0

Proof. Let cm =
∑

T∈(X
t )

|S∩T |=m

w(T ) for all m ∈ [s+ 1]. The equality

(53) 0 =
∑

R∈(S
m)

∑
T∈(X

t )
T⊇R

w(T ) =

s∑
i=m

(
i

m

)
ci

follows from calculating the coefficient of w(T ) on each side for T ∈
(
X
k

)
such that

|T ∩ S| = i and from noting that the inner sums in the second expression are all 0
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by Lemma 6.9. The last expression is a triangular linear system with all diagonal
entries being 1, so we can conclude that c0 = · · · = cs = 0. �

Theorem 6.13. The subspaces U0, . . . , Uk are mutually orthogonal.

Proof. Fix s, t ∈ [k + 1] such that s < t. Let xu ∈ Us and yw ∈ Ut. Then

xu · yw =
∑

A∈(X
k)

 ∑
S∈(A

s)

u(S)


 ∑
T∈(A

t )

w(T )

(54)

=
∑
S∈(A

s)

u(S)

t∑
m=0

(
n− s− t+m

k − s− t+m

) ∑
T∈(X

t )
|S∩T |=m

w(T ) .(55)

The inner sums in Equation (55) are all 0 by Lemma 6.12. Thus xu · yw = 0. �

7. Eigenvalues of Matrices in the Johnson Adjacency Algebra

7.1. Computing eigenvalues

In this section, we show that the union of bases of U0, . . . , Uk forms a common eigen-
basis for A0, . . . , Ak. Thus to find the eigenvalues of any matrix in the adjacency

algebra, it is enough to find the eigenvalues of the basis A0, . . . , Ak. Let x ∈ C(n
k)

be any nonzero vector in Ut, constructed as in Sec. 6.2, with corresponding weight
function w, and let y = Ak−`x. We can expand the entry of y labeled by A ∈

(
X
k

)
by

(56) yA =
∑

B∈(X
k)

|A∩B|=`

∑
T∈(B

t )

w(T ) .

The number of occurences of w(T ) in the right hand side of the above sum is deter-

mined by m
def
= |T ∩ A|. In particular, w(T ) will occur

(
k −m
`−m

)(
n− k +m− t
k − `+m− t

)
times. This coefficient comes from choosing `−m elements from A\T , followed by
k − ` − (t −m) elements from X\(A ∪ T ). Note that m ≤ ` ≤ k. Reindexing the
above rightmost sum by m gives us the following.

yA =
∑̀
m=0

(
k −m
`−m

)(
n− k +m− t
k − `+m− t

) ∑
T∈(X

t )
|T∩A|=m

w(T )(57)

It remains to compute the rightmost sum above. For m ≤ t, we denote this term
by

(58) sm =
∑
T∈(X

t )
|T∩A|=m

w(T ) .

Observe that St = xA. Summing the weights of all t-subsets containing a given
m-subset of A, for m < t, then summing this quantity over all m-subsets of A, we



JOHNSON SCHEMES AND CERTAIN MATRICES WITH INTEGRAL EIGENVALUES 29

find that w(T ) is counted with multiplicity

(
|T ∩A|
m

)
. The inner sums must all

evaluate to 0 by Lemma 6.9, since this quantity is merely the induced weight on
the given m-subset. This results in the following identity for m < t.

(59)
∑

R∈(A
m)

∑
T∈(X

t )
T⊇R

w(T ) =

t−m∑
i=0

(
t− i
m

)
st−i = 0 .

Proceeding with the inductive step, we have

sm = −
t−m−1∑
i=0

(
t− i
m

)
st−i(60)

= −
t−m−1∑
i=0

(−1)i
(
t− i
m

)(
t

i

)
xA(61)

= −xA ·
t−m−1∑
i=0

(−1)i
(
t

m

)(
t−m
i

)
(62)

= −
(
t

m

)
xA ·

t−m−1∑
i=0

(−1)i
(
t−m
i

)
(63)

= −
(
t

m

)
xA · (−1)t−m−1

(
t−m− 1

t−m− 1

)
(64)

= (−1)t−m
(
t

m

)
xA ,(65)

where we use the identity
(
n
h

)(
n−h
k

)
=
(
n
k

)(
n−k
h

)
in Equation (62) and

∑k
j=0(−1)j

(
n
j

)
=

(−1)k
(
n−1
k

)
in Equation (64).

Combining the above equations gives us

yA =
∑̀
m=0

(
k −m
`−m

)(
n− k +m− t
k − `+m− t

)
sm(66)

=
∑̀
m=0

(−1)t−m
(
k −m
`−m

)(
n− k +m− t
k − `+m− t

)(
t

m

)
xA .(67)

Proposition 7.1. The union of bases of the subspaces U0, . . . , Uk, constructed as
in Sec. 6.2, forms a common eigenbasis for the Johnson adjacency algebra.

Proof. By Equation (67), each U0, . . . , Uk is a subspace of an eigenspace of Ak−`.
Moreover, the subspaces U0, . . . , Uk are mutually orthogonal by Prop. 6.13, and
their dimensions sum to

(
n
k

)
by Cor. 6.8. Therefore the union of bases for U0, . . . , Uk

forms a basis for C(n
k) and each member is a common eigenvector for A0, . . . , Ak,

hence the entire Johnson adjacency algebra. �

Corollary 7.2. U0, . . . , Uk are precisely the eigenspaces of A1.
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Proof. By Prop. 7.1, each Ut (t ∈ [k+ 1]) is a subspace of an eigenspace of A1 and

U0, . . . , Uk form a basis for C(n
k). By Prop. 4.13, A1 has precisely k+1 eigenvalues.

Thus each Ut is an eigenspace, and every eigenspace must contain Ut for some t. �

We now summarize the main structural theorem for the adjacency algebra of the
Johnson scheme.

Corollary 7.3. Let Ei denote the orthogonal projection to Ui. Then E0, . . . , Ek
form the basis of symmetric orthogonal idempotents of the adjacency algebra of the
Johnson scheme.

Proof. This follows directly from Cor. 7.2 and Thm. 4.14. �

7.2. Eigenvalues and Eberlein polynomials

Theorem 7.4. The eigenvalues λ1, . . . , λk, not necessarily distinct, of Ak−` are
given by

(68) λt =

t∑
m=0

(−1)t−m
(
k −m
`−m

)(
n− k +m− t
k − `+m− t

)(
t

m

)
.

Proof. This follows from Equation (67) and Prop. 7.1. Note that the last term in
the inner sum is 0 for m > t, so we have reindexed the inner sum from its form in
Equation (67). �

Corollary 7.5. The eigenvalues of a matrix M in the adjacency algebra of J(n, k),
where

(69) M =

k∑
`=0

f(`)Ak−` ,

are given by λ0, · · · , λk, not necessarily distinct, where

(70) λt =

k∑
`=0

f(`)

t∑
m=0

(−1)t−m
(
k −m
`−m

)(
n− k +m− t
k − `+m− t

)(
t

m

)
.

The dimension of the eigenspace corresponding to an eigenvalue µ is

(71)
∑

t∈{0,...,k}
λt=µ

(
n

t

)
−
(

n

t− 1

)
.

Proof. Since the eigenbasis we constructed is a common eigenbasis of the Johnson
adjacency algebra, the eigenvalues of any element are given by the associated linear
combination of λt, computed in Thm. 7.4, for each element of the basis A0, · · · , Ak.
The dimension of the eigenspace follows from Props. 6.11 and 7.1. �
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Definition 7.6. The Eberlein polynomial E`,nk (t) is defined by

E`,nk (t) =

t∑
m=0

(−1)t−m
(
k −m
`−m

)(
k − t
m

)(
n− k +m− t

m

)
(72)

=
∑̀
m=0

(−1)m
(
t

m

)(
k − t
`−m

)(
n− k − t
`−m

)
,(73)

where ` ≤ k ≤ n. The second form is also referred to as the dual-Hahn polynomial.

Corollary 7.7. The eigenvalues λ1, . . . , λk of Ai are given by

(74) λt = Ek−i,nk (t)

for 0 ≤ t ≤ k.

Proof. Compare with the result of Thm. 7.4. �

Corollary 7.8. Certain values of the Eberlein polynomials produce the p-numbers
(see Definition 3.27) of the adjacency algebra of the Johnson scheme J(n, k). Specif-
ically,

(75) pi(j) = E i,nk (j) .

Proof. This follows from Prop. 3.28 and Cor. 7.7. �

It is proven in the “Association Schemes and Coding Theory” Sec. of Chapter 5
in [1] that the Eberlein polynomials are an orthogonal family with respect to the
weight concentrated on the finite set {ti = i(n+1−i) : i = 0, . . . , n} with weighting
function w(ti) =

(
n
i

)
−
(
n
i−1

)
.

7.3. Conditions for the integrality of eigenvalues

The formula in Thm. 7.5 for the eigenvalues of matrices in the Johnson adjacency
algebra gives us some nice conditions for the integrality of spectra.

Corollary 7.9. If f is integer-valued, then the spectrum is integral.

In particular, Tusnády’s matrix where f(`) =
(
`
r

)
for some parameter r will always

have integral eigenvalues.

Corollary 7.10. If

(76) f(`) · Ek−`,nk (t) ∈ Z

for all t, ` ≤ k, then the spectrum is integral.

Corollary 7.11. There is a infinite class of matrices over R, each in the adjacency
algebra of a Johnson scheme, with at least one non-integer entry whose eigenvalues
are integral.
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Proof. For fixed values of k0,t0, and `0 satisfying 0 < t0, `0 < k0, the Eberlein

polynomial Ek0−`0,nk0
(t0) has finite degree in the variable n. Therefore there exist

infinitely many n such that |Ek0−`0,nk0
(t0)| ≥ 2. Let f(`0) =

(
Ek0−`0,nk0

(t0)
)−1

and

set f(`) = 0 for all ` 6= `0. Then the matrix M , constructed as in Cor. 7.5, has
integer eigenvalues with at least one non-integer entry. �

Corollary 7.12. If we allow f to depend on the parameter n, so f = fn, then to
have all λt ∈ Z it is necessary that fn(0), fn(n) ∈ Z.

Proof. This is observed from evaluating λ0 and λk, respectively. �

Corollary 7.13. If f is independent of n and k, then the condition that f is
integer-valued is both necessary and sufficient.

Proof. By Cor. 7.12, we must have f(n) ∈ Z for all n ∈ Z≥0. �
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