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Abstract. Given a first-order model M and a set of formulas p(x) with at most one free variable and

parameters from a subset of the universe M of the model, we can ask whether there is some m ∈ M such

that m satisfies all the formulas in p(x). In this case, we say that p(x) is realized. These kinds of sets

of formulas, called types, can give us an insight into how complex and expressive the theory of the model

is. Keisler’s order gives us a way to quantify how complex a complete, countable theory is by looking at

saturation, i.e. the realization of types, in ultrapowers of models of the theory. In this paper, we will define

Keisler’s order and give an exposition of some of the main theorems and some open questions surrounding

it.
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1. Introduction

H. Jerome Keisler first defined Keisler’s order in his paper ”Ultraproducts which are not saturated.”

Defined as a pre-order on complete countable theories, and therefore a partial order on the equivalence

classes. Keisler’s order attempts to rank theories according to the difficulty of saturating their regular

ultrapowers. Theories that are minimal in Keisler’s order tend to be well behaved; for example, the theory

of the complex numbers is minimal in Keisler’s order. On the other hand theories that are maximal tend to

be very complex and puzzling; for instance the theory of the natural numbers is maximal.

When we look at the equivalence classes of complete countable theories, the structure of Keisler’s order

is quite rich. Keisler showed that the ordering has a minimal and a maximal class and gave some examples

of theories that belong to both classes. Further work by Shelah, primarily in his book Classification Theory,

characterized the minimal class using the finite cover property (f.c.p.), and showed that the stable theories

with the f.c.p form their own equivalence class. We know very little about what happens with unstable
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theories, particularly those that are not maximal. Recent work by Malliaris and Shelah showed that Keisler’s

order has in fact infinitely many classes, and that under some set theoretic assumptions it is not a linear

order.

The goal of this paper is to define Keisler’s order on complete countable theories, as well as present and

discuss some key theorems concerning the overall structure of Keisler’s order and also some open questions

that still puzzle mathematicians today. First, we will first define the notion of types and saturation, and

give a necessary and sufficient condition for realizing types in the ultrapower. Then we will give a proper

definition of Keisler’s order, show that it has both a minimal and a maximal class, and delve into current

research that shows Keisler’s order is more complex than initially thought.

1.1. Notation: We use the Greek letters κ, λ, θ to denote cardinals, which we assume are infinite unless

we state otherwise; ω is the first infinite cardinal. Similarly, the Greek letters α, β will be used to denote

ordinals. We use L to denote a first-order language, and define the size of the language |L| as the cardinality

of L as a set. The number of formulas of the language L is written as ∥L∥ and it is equal to |L| + ℵ0. The

letters M and N denote models, with universes M and N respectively. The size |M| of a model is defined

to be the size of its universe, so for example |M| := |M |.
We use the notation [λ]<ω, where λ is a cardinal, to denote the set of finite subsets of λ. In general, if B

is a set, then [B]<ω denotes the set of finite subsets of B. If M is a model and I is a set, then MI is the set

of all function f : I →M . Note that the target is the universe and not the model.

If x and y are vectors, then φ(x;y) is a formula where all free variables that appear in φ(x;y) are

elements of the vector x and all parameters that appear in φ(x;y) are elements of the vector y. In general,

our notation regarding models and first-order logic follows the conventions set up in [2].

2. Preliminaries

The purpose of this section is to give a quick introduction to the objects that we study (that is, models,

also called structures), as well as to the basics of the ultraproduct construction and some useful properties

that we will need later on in the paper. If the reader is comfortable with the basics of model theory, then

they should feel free to skip this section and move on to section three.

Definition 2.1. By a language in first-order logic we mean a set L containing the usual logical connectives,

quantifiers and parentheses alongside a (possibly infinite) number of constant, variable, function, and relation

symbols. We assume that every function and relation symbol takes a particular number of arguments, called

the arity of the symbol.

We won’t go into much detail in this paper as to how one defines the notions of a term, formula, free

variable, or sentence in the context of first-order logic, but we refer the reader to [2] for a detailed construction.

However, the reader might intuitively think of a formula φ(x1, . . . , xn) as a string of characters, all from the

language L, that is syntactically well-defined, and where x1, . . . , xn are the only variables in φ that are not

bounded by quantifiers. A formula φ without free variable (i.e. all variables are bounded by quantifiers) is

called a sentence, and a set of sentences is called a theory. We say that a theory T is consistent if it doesn’t

prove a contradiction, and inconsistent otherwise. In addition, we say that a theory is complete if the set of

consequences of T , meaning the set of all sentences that can be proven from T , is a maximal consistent set

of sentences. We now define the main object of model theory.
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Definition 2.2. By a model of a language L, also referred to as an L-structure, we mean a tuple M = (M, I)

where M is a set, also called the domain of M, and I is an interpretation function that maps each constant

symbol c in L to an element m of M , each n-placed function symbol f to to a function fM : Mn →M , and

each n-placed relation symbol R to a set RM ⊂ Mn, which we interpret as the set of all n-tuples where R

holds. In some cases, we might denote the interpretation of a function as I(f) as opposed to fM and the

interpretation of a relation symbol as I(R) instead of RM.

We can intuitively ask if an L-sentence is “true” within an L-structure M. If so we write M |= φ and

read as M models φ. This is defined rigorously by induction on the complexity of the sentence φ, but the

definition matches the usual intuition of what it means for a sentence like ∀x∃y(x < y) to be true in a model

where the ordering symbol has been interpreted. Similarly, if T is a theory and M is a model of the same

lanugage, then M is a model of T , which we write as M |= T , if M |= φ for all φ ∈ T . Two models M,N

of the same language L are said to be elementarily equivalent, denoted as M ≡ N, if for all sentences φ in

the language, M |= φ iff N |= φ. We can give an alternative characterization of elementary equivalence of

models as follows: if M is a model, then the theory of M, denoted as T (M), is the set of all sentences that

are true in M. With this in mind, M ≡ N iff T (M) = T (N).

Definition 2.3. Given two models M and N of the same language L, an L-homomorphism is a map

f : M → N such that

(1) f(cM) = cN for all constants c ∈ L;

(2) f(GM(m1, . . . ,mk)) = GN(f(m1), . . . , f(mk)) for all function symbols G ∈ L;

(3) N |= RN(f(m1), . . . , f(mk)) iff M |= RM(m1, . . . ,mk) for all relation symbols R ∈ L.

Moreover, an L-homomorphism that is also a bijection is called an L-isomorphism. Two L-structures are

L-isomorphic if the exists a L-isomorphism between them.

We leave it to the reader to show that isomorphism implies elementary equivalence but note that the

converse is not true in general. Finally, we mention a couple of important theorems in model theory. We

omit the proofs, but those can be found in [2].

Theorem 2.4 (Completeness Theorem). Let T be a theory of a language L. Then T is consistent if and

only if it has a model.

Theorem 2.5 (Compactness Theorem). Let T be a theory of a language L. Then T has a model if and only

if every finite subset of T has a model.

Theorem 2.6 (Downwards Löwenheim-Skolem-Tarski Theorem). Let T be a consistent theory of a language

L. Then T has a model of size at most |L| + ℵ0.

Theorem 2.7 (Upwards Löwenheim-Skolem-Tarski Theorem). If a theory T of a language L has infinite

models, then it has at least one model of size λ for all λ ≥ |L| + ℵ0.

Theorem 2.8 ( Loś-Vaught Test). If T is a consistent theory of a language L with no finite models and only

one model of size λ up to isomorphism, for some λ ≥ |L| + ℵ0. Then T is complete.

We now give an introduction to the ultraproduct construction and its basic properties.

Definition 2.9. An ultrafilter D over a set I, with |I| = λ, is a set D ⊂ P(I) satisfying all of the following

properties:
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(1) ∅ ̸∈ D and I ∈ D;

(2) if X ∈ D and X ⊂ Y , then Y ∈ D;

(3) if X,Y ∈ D, then X ∩ Y ∈ D;

(4) for all X ∈ I, either X ∈ D or Xc ∈ D, but not both.

Intuitively, an ultrafilter is a set containing precisely the “big” subsets of I. Notice that I is big while

the empty set is not, a set bigger than a “big” set is also “big,” and the finite intersections of “big” sets are

also “big.” Moreover, an ultrafilter has made a decision for every subset of I, classifying exactly one of X

or I \X as “big”.

Definition 2.10. An ultrafilter D over I is said to be principal if it is of the form {X ⊂ I | x ∈ X} for

some x ∈ I. Conversely, an ultrafilter is said to be non-principal if it is not of the form specified above.

Non-principal ultrafilters are also known as free ultrafilters.

The existence of non-principal ultrafilters over infinite sets can be proved using Zorn’s lemma. In fact,

for any set I, a collection of subset E ⊂ P(I) can be extended to an ultrafilter D (meaning that E ⊂ D) iff

every finite intersection of elements of E is nonempty. This property is called the finite intersection property

(F.I.P.). It is also important to note that there are models of Zermelo-Fraenkel set theory (ZF) where no

non-principal ultrafilters exist. Therefore, from now one we will work under Zermelo-Fraenkel set theory

with the axiom of choice (ZFC).

Example 2.11. If we let I = ω, then the set E = {X ⊂ ω | ω \ X is finite} has the finite intersection

property. Therefore, we can extend E to an ultrafilter D in ω. The reader can check that this ultrafilter is

non-principal, and, in fact, that every non-principal ultrafilter on ω extends E. E is called the Frechet filter

or the cofinite filter since it satisfies properties (1)-(3) of the definition above but not (4).

Definition 2.12. Given a collection of sets {Mi | i ∈ I} for some index set I, we define the Cartesian

product
∏

i∈I Mi to be the set of all function f : I →
∪

i∈I Mi such that f(i) ∈ Mi. The reader can verify

this generalizes the finite case, where we think of the points in the cartesian product as tuples of elements

from each set.

Given a collection of models {Mi = (Mi, Ii) | i ∈ I} and an ultrafilter D on I, we can define an equivalence

relation =D on the Cartesian product
∏

i∈I Mi as follows.

Definition 2.13. Two elements f, g ∈
∏

i∈I Mi are said to be equivalent modulo D if {i ∈ I | f(i) = g(i)} ∈
D. We write f =D g to indicate this relationship. Furthermore, for some function f ∈

∏
i∈I Mi, we define

f/D (some authors use the notation [f ]D) as the equivalence class of all functions g ∈
∏

i∈I Mi such that

g =D f . Then the reduced product of {Mi}i∈I modulo D is defined as∏
i∈I

Mi /D := {f/D | f ∈
∏
i∈I

Mi}.

Definition 2.14. Let D be an ultrafilter over some set I and, for each i ∈ I, let Mi = (Mi, Ii) be

an L-structure of some language L. Then the reduced product can be made into a L-structure called the

ultraproduct, and denoted by
∏
i∈I

Mi/D =

(∏
i∈I

Mi/D, I
)

, with an interpretation function I defined as follows:

(1) if c is a constant in L, then I(c) = ⟨cMi | i ∈ I⟩/D;
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(2) if f is a function symbol of arity n and g1, . . . , gn ∈
∏
i∈I

Mi, then

I(f)(g1/D, . . . , gn/D) = ⟨fMi(g1(i), . . . , gn(i)) | i ∈ I⟩/D;

(3) If R is a relation symbol of arity n and g1, . . . , gn ∈
∏
i∈I

Mi, then

(g1/D, . . . , gn/D) ∈ I(R) iff {i ∈ I | (g1(i), . . . , gn(i)) ∈ RMi} ∈ D.

Moreover, in the case where all of the models Mi are isomorphic, we call the resulting L-structure
∏
i∈I

M/D

the ultrapower and use MI/D to denote the model and MI/D to denote the universe.

From now on, we assume all formulas φ can be expressed in first-order logic.

Theorem 2.15 ( Loś’s Theorem). Let L be a language, D be an ultrafilter on some index set I and Mi be

an L-structure for all i ∈ I. Then for all formulas φ(x1, . . . , xn) of L and each f1, . . . , fn ∈
∏
i∈I

Mi we have

that ∏
i∈I

Mi/D |= φ(f1/D, . . . , fn/D) iff {i ∈ I | Mi |= φ(f1(i), . . . , fn(i))} ∈ D.

Corollary 2.16 (Transfer Principle). Let L be a language, D be some ultrafilter on some index set I, and
M be an L-structure. Then for all sentences φ of L we have that MI/D |= φ iff M |= φ. In other words,

MI/D and M have the same theory.

3. Saturation

Consider an L-structure M for some language L, and let B be a subset of the universe M of size no more

than some cardinal λ < |M |. We define the expanded language L(B) by L(B) = L ∪ {cb | b ∈ B}, meaning

that we have added a constant symbol cb for every element b ∈ B, and we expand M to be an L(B)-structure

by setting cMb = b. In other words, we expand the language in such a way that we can consider the elements

of B as elements of our language. Within this language there are some special sets of formulas: a consistent

n-type over B in M is a set of formulas p(x1, . . . , xn) in the language L(B) such that every formula has at

most n free variables, and such that for every finite subset p0(x1, . . . , xn) it is true that

M |= (∃x1, . . . , xn)
∧

φ∈p0

φ[x1, . . . , xn].

By this we mean that there are elements m1, . . . ,mn ∈ M that simultaneously satisfy all the conditions

imposed by the sentences in p0(x1, . . . , xn). Such an n-type is called complete if it is a maximal consistent

set of formulas in the language L(B).

We can think of types as objects that point to the existence of certain elements within the model, since

for every finite subset of a type we can actually find element that satisfies all the conditions of the subset

simultaneously. Therefore, we say that an n-type p(x1, . . . , xn) over B in M is realized if

M |= (∃x1, . . . , xn)
∧
φ∈p

φ[x1, . . . , xn],

meaning that the element that type “points to” exists within the model. Similarly, we say that an n-tuple

(m1, . . . ,mn) realizes a type p(x1, . . . , xn) if M |= p(m1, . . . ,mn).

Definition 3.1. A L-structure is called κ-saturated if every complete, consistent n-type over B in M, where

|B| < κ, in M is realized. Further, we say that M is saturated if it is |M |-saturated.
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Note that a L-structure cannot be κ-saturated for some κ > |M | since we can construct the type p(x) =

{x ̸= cm | m ∈ M}, which cannot be realized in any model. Saturation is a nontrivial property as we will

see below.

Example 3.2. (N, <) is not saturated. For example, in the language L({0}) the type

p(x) = {x > 0, (∃w1) x > w1 > 0, (∃w1, w2) x > w2 > w1 > 0, ...}

is not realized since N has no maximum element, but it is easy to see that it is consistent and it is also

complete.

Example 3.3. (Q, <) is saturated. One way to see this is to observe that T (Q, <) has a property called

quantifier elimination. In this case, this implies that any formula φ in the language of (Q, <) is equivalent

to a formula ψ that has no quantifiers. Moreover, one can show that such a formula ψ is a description of

the ordering of all the elements mentioned in ψ. Thus, since (Q, <) is a dense linear order, no matter what

the ordering looks like, we can always find some rational number that satisfies all the formulas at the same

time (assuming that the type is consistent).

Example 3.4. (R, <) is not saturated. The set B = { 1
n | n ∈ N} has cardinality strictly less than the

cardinality of the continuum, but the type p(x) = {0 < x < 1
n | n ∈ N} is a consistent, and actually

complete, type over B that can’t be realized due to the Archimedean property of R.

Being saturated is actually a strong property; in some sense, it says that the model is complete or full

with respect to types. Just like we say that a metric space is complete if every Cauchy sequence converges to

a point, a model is saturated if for every type there is a tuple that realizes it. Thus, for every possible set of

conditions we can express in the language of the model, with some set of parameters from the model, there

is a tuple that actually satisfies all of those conditions. Saturation is also a hard property to check since we

are asking that every type, no matter how complicated, is actually realized. However, there is a result that

makes this process a bit more manageable.

Theorem 3.5. A model M is κ-saturated if every complete, consistent 1-type over a set B of cardinality

less than κ is realized in M.

Since we have not given a thorough introduction to first-order logic, we skip the proof of this theorem.

However, the proof is not difficult, and a statement of this result can be found early in Section 5.1 of [2].

Suppose now that we have a model M that is not saturated. Is it possible to find some elementarily

equivalent model N that is saturated? What if we only ask for κ-saturation for some cardinal κ? Both

questions are quite subtle. Answering the first one is beyond the scope of this paper, but we will tackle the

second question in the next few sections. From there we will define Keisler’s order, which allows us to use

saturation to gauge the complexity of models, and more generally of theories.

Remark 3.6. For the rest of this paper, we assume that all types we consider are complete, consistent 1-types.

4. Regular ultrafilters and hints of saturation

We start this section with the following question: suppose M is an L-structure and D an ultrafilter on

an index set I. How saturated is MI/D? We know that the ultrapower is elementarily equivalent to M by
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 Loś’s Theorem, but since types allow us to use parameters, this question is still quite nontrivial, and in fact,

depends on the ultrafilter. The trivial example occurs when D is a principal ultrafilter; then the level of

saturation of N = MI/D is the same as that of M since the two are actually L-isomorphic. For this reason,

we will consider non-principal ultrafilters going forward. This is enough to give us our first interesting result.

Theorem 4.1. Suppose M is an L-structure for a countable language L, and D is a non-principal ultrafilter

on ω. Then the ultrapower N = Mω/D is ℵ1-saturated.

Proof. Fix some set B ⊂ N with |B| < ℵ1, and consider a 1-type p(x) over B. It suffices to show that p(x)

is realized in N. First, observe that |B| < ℵ1 implies that B is at most a countable set, which implies that

L(B) is countable, so p(x) must be at most countable. Therefore, we may write

p(x) = {φk(x;bk) | k ∈ ω,bk ∈ [B]<ω}.

Next, since every finite subset of p(x) is realized in N, it must be true that for every n ∈ ω,

N |= ∃x (φ0[x;b0] ∧ . . . ∧ φn[x;bn] )

Then, by  Loś’s theorem, we obtain that

Gn = {t ∈ ω | M |= ∃x (φ0[x;b0[t]] ∧ . . . ∧ φn[x;bn[t]]) ∈ D.

Note that this doesn’t mean that Gn = ω, since the parameters are not necessarily the same for every t ∈ ω.

Indeed, this is not enough to show that every formula is realized on some big set, but we can make a couple

of changes so that this holds. Since D is a non-principal ultrafilter on ω, D contains the cofinite filter over

ω. In fact, if we let Xn = {t ∈ ω | t ≥ n}, then Xn ∈ D and the collection {Xn | n ∈ ω} ⊂ D forms what we

call a regularizing family (we will give a formal definition in a more general context later in this section).

Define Hn = Gn ∩ Xn. Then every t ∈ ω belongs to at most finitely many Hn (which means that the

Hn also form a regularizing family), so for every t ∈ ω we may define a number qt as follows. Let qt be the

largest number such that t ∈ Hqt , which is guaranteed to exist if t belongs to some Hn, since t then belongs

to finitely many Hn. Let qt be −1 if t belongs to no Hn. We can now construct an element that will realize

p(x). Define a function f : ω →M as follows. If qt is −1 then let f(t) be any element of M (using the axiom

of choice if necessary). Otherwise, by the definition of qt there is some m ∈M such that

M |= φ0[m;b0[t]] ∧ . . . ∧ φqt [m;bqt [t]]

and so we define f(t) to be such an m.

It remains to show that f/D realizes p(x). For this, it suffices to show that N |= φk[f/D;bk] for every

k ∈ ω. Fix one such k and consider the fact that

{t ∈ ω | M |= φk[f(t);b0[t]]} ⊃ {t ∈ ω | qt ≥ k} ⊃ Hk ∈ D.

By  Loś’s theorem f/D satisfies φk, and thus satisfies every formula in the type. Therefore, f/D realizes p(x)

and this completes the proof. □

Looking at the proof above, the reader might wonder why we need the regularizing family. The first time

we use the regularizing family is when we claim that the qt are guaranteed to exist, so what happens if

we do not use the regularizing family and attempt to define the qt using only the Gn? In that case, it is

possible that some t ∈ ω belongs to all the Gn, which is a priori not a problem. However, the problem comes

when trying to define f(t), since we no longer have a good candidate. By completeness, we can satisfy only
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finitely many number of formulas from p(x) simultaneously, but since we did not assume anything about M

or p(x), we may not be able to satisfy all the formulas from some infinite subset of p(x) at the same time.

Here is where the regularizing family is useful: it makes it so that each factor model is tasked with finding a

point that realizes only finite number of formulas. In some sense, the regularizing family spreads the work

“evenly” across the factor models so that each model only needs to do a finite amount of work.

Now, we want to generalize this nice property to ultrafilters on sets of size larger than ℵ0. This naturally

gives rise to the idea of a regular ultrafilter.

Definition 4.2. An ultrafilter D on a set I of size λ is said to be κ-regular if there exists a family of sets

{Xα | α < κ} ⊂ D such that each i ∈ I belongs to at most finitely many of the Xα. Equivalently, every

intersection of infinitely many of the Xα is empty. We say that D is regular if it is λ-regular. We refer to

the family {Xα | α < κ} ⊂ D as a regularizing family.

Intuitively, the collection {Xα | α < κ} ⊂ D has the interesting property that every finite intersection

is D-large, but every infinite intersection is empty. One might think of a regularizing family as collection

of large sets that are so “spread out” that no i ∈ I ends up in infinitely many of them. The next theorem

shows that we can find regular ultrafilters on sets of cardinality λ for all λ.

Theorem 4.3 (Proposition 4.3.5 in [2]). For every set I of size λ ≥ ℵ0, there exists a regular ultrafilter D
over I.

Proof. Without loss of generality, we take I = [λ]<ω. For each α ∈ λ we define

α̂ = {I ∈ I | α ∈ I}

and set

A = {α̂ | α ∈ λ}.

Notice that A has cardinality λ by construction. Moreover, for each I ∈ I we have that I ∈ α̂ iff α ∈ I, and

since I is finite, it belongs to at most finitely many α̂. Then A is a regularizing family of size λ, and hence

any filter containing A is regular. Next, we claim that A has the finite intersection property. To see this

note that for any k ∈ ω and any α̂1, . . . , α̂k ∈ A we have {α1, . . . , αk} ∈ α̂1 ∩ . . . ∩ α̂k. Therefore, A can be

extended to an ultrafilter D over I, which is guaranteed to be regular. □

Regular ultrafilters have a number of desirable properties, which we will explore in the following section.

One of these properties is that the size of the ultrapower by a regular ultrafilter is equal to the size of the

cartesian power. Formally speaking, if M is a model and D is a regular ultrafilter on I, with |I| = λ, then

|MI/D| = |M||I| = |M|λ.

The reader can find a proof of this fact as Proposition 4.3.7 in [2], so we will not give a proof here.

Now that we have generalized the idea of a regularizing family to arbitrarily large cardinals, and shown

that ultrafilters with this property exist, we have to wonder if the result of 4.1 also generalizes. Unfortunately,

this does not generalize to ultrafilters defined on sets of larger cardinality, but we must restrict our attention

to regular ultrafilters to obtain a more general result. In the next section, we focus on finding a necessary

and sufficient condition to realize types in the ultrapower, which will help use obtain this result.
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5. Realizing types and good regular ultrafilters

In this section we will start by making more assumptions. First, we will assume that all of our languages

are countable, as we did in the previous section. Second, we will assume M is a model of a complete theory

T on a countable language. One reason why we require the language to be countable is simple: if we let the

language be arbitrarily large, then our types would also be arbitrarily large, which could cause us to fail to

realize types for reasons that do not depend on the model or the ultrafilter. Moreover, a countable language

is sufficient to express most interesting theories we consider in model theory. Finally, we will assume that

all ultrafilters are defined on infinite sets.

Now, suppose M is a model of a complete theory T in a countable language L and D is some regular

ultrafilter on a set I of size λ ≥ ℵ0. As before, let N = MI/D and let us consider some type p(x) with

parameters from some set B ⊂ N of size strictly less than |N |. Then we ask what are sufficient and necessary

conditions for p(x) to be realized? Since D is assumed to be regular, we know that |N | = |M ||I|, which is in

general much larger than |M |, and unfortunately we won’t be able to realize types in the ultrapower with

arbitrarily large sets of parameters. However, if we further restrict our set of parameters to be of size no

more than λ, then we do have some tools that we can use to talk about saturation.

Definition 5.1. Suppose M is a model of a complete theory T in a countable language L, D is a regular

ultrafilter on some set I of size λ ≥ ℵ0, and N = MI/D. Let p(x) be a type with parameters form some set

B ⊂ N of size no more than λ. Then |p(x)| ≤ λ+ ∥L∥ = λ, so we may enumerate the formulas in p(x) as

p(x) =
{
φα(x;bα) | α < λ,bα ∈ [B]<ω

}
.

We then define a distribution of p(x) as a map d : [λ]<ω → D such that

(1) d is anti-monotonic: d(v) ⊂ d(u) for all u ⊂ v;

(2) d is refinement of the  Loś map for finite subsets, meaning that for all u ∈ [λ]<ω,

d(u) ⊂

{
t ∈ I | M |= ∃x

∧
α∈u

φα(x;bα[t])

}
;

(3) The image of d is a regularizing family. This means that the set {u ∈ [λ]<ω | t ∈ d(u)} is finite for

every t ∈ I.

In fact, it is also true that the set {d({α}) | α < λ} is also a regularizing family. Moreover, a distribution

function d is said to be accurate if for every t ∈ I and every u ⊂ {α | t ∈ d(α)} we have that

t ∈ d(u) ⇐⇒ M |= ∃x
∧
α∈u

φα(x,bα[t]).

Lemma 5.2. Suppose p(x) is a type in N = MI/D with the same assumption as in 5.1. Then p(x) has at

least one accurate distribution function.

Proof. As in 5.1, we can express p(x) as {φα(x;bα) | α < λ,bα ∈ [B]<ω}. Since D is a regular ultrafilter, we

know that there is a regularizing family {Xα | α < λ} ⊂ D. Then, we can define our distribution function

d : [λ]<ω → D by

d(u) =

{
t ∈ I | M |= ∃x

∧
α∈u

φα(x;bα[t])

}
∩

∩
α∈u

Xα.

We now verify that d is indeed an accurate distribution for p(x). It should be clear from the definition that

d satisfies (2). To see that d satisfies (1), if u ⊂ v, then d(v) intersects more sets from the regularizing family
9



than d(u), and by the nature of first order-logic{
t ∈ I | M |= ∃x

∧
α∈v

φα(x;bα[t])

}
⊂

{
t ∈ I | M |= ∃x

∧
α∈u

φα(x;bα[t])

}
.

Next, (3) follows from the fact that each d(u) is a subset of at least one set in the regularizing family we started

with. Finally, to see that d is accurate, notice that t ∈ d(u) always implies that M |= ∃x
∧

α∈u φα(x,bα[t])

since d is a refinement of the  Loś map, so we only need to show the other direction direction. Suppose u is a

subset of {α | t ∈ d(α)}. Since {α | t ∈ d(α)} is necessarily finite, so u. Thus, we can write u = {α1, . . . , αk}.

Now suppose that M |= ∃x
∧

α∈u φα(x,bα[t]). Then t ∈ d(αj) for j = 1, . . . , k by anti-monotonicity, which

implies that t ∈ Xαj for j = 1, . . . , k. Then, it must be the case that t ∈
∩

α∈uXα. Finally, using our

assumption we get that t ∈ d(u) as desired. □

Distribution functions will help us figure out why we might not be able to realize a particular type, and

also what conditions are necessary to realize it. Suppose we have a distribution function d of a type p(x). As

before, our goal is to construct a function f : I →M such that for each formula φα(α(x;bα) ∈ p(x) the set

{t ∈ I | M |= φα[f(t);bα[t]]} ∈ D. The fact that the image of d is a regularizing family guarantees that, for

each t ∈ I, the are only finitely many α < λ such that t ∈ d({α}). Therefore, each copy of M has to fulfill a

type involving only finitely many formulas, which one might think should always be possible. However, each

formula comes with a set of parameters that can sometimes conflict and make it impossible to find a value

for f(t).

For example, fix some t and let α1, . . . , αn be the α < λ such that t ∈ d({α}). Now, for each αi we can

consider the set Si = {m ∈M | M |= φαi [m;bαi [t]]}; this is the “solution set” for φαi . In general, the issue

is that Si and Sj being nonempty subsets of M does not imply that Si ∩ Sj is nonempty. In other words, it

is not true in general that t ∈ d(u) and t ∈ d(v) imply that t ∈ d(u∪ v). A possible solution, then, is to find

a refinement of d such that the above property holds and such that we still manage to realize each formula

on a large set. In fact, this is exactly the solution. To make this precise, we first give some of relevant

definitions:

Definition 5.3. Given a distribution function d of some type p(x), we say that a function ρ : [λ]<ω → D is

a multiplicative refinement of d if ρ(u) ⊂ d(u) for all u ∈ [λ]<ω and ρ(u∪v) = ρ(u)∩ρ(v) for all u, v ∈ [λ]<ω.

We can now state the main theorem of this section.

Theorem 5.4. Let M be model of a complete theory T in a countable language L, D a regular ultrafilter

on a set I of size λ, and p(x) a type on N = MI/D with parameters from a set B of size no more that λ.

Then the following are equivalent:

(1) some distribution d of p(x) has a multiplicative refinement.

(2) every accurate distribution d of p(x) has a multiplicative refinement.

(3) p(x) is realized in N.

Proof. We will show that (1) =⇒ (3) =⇒ (2) =⇒ (1).

(1)⇒(3): Suppose d is a distribution of p(x) with some multiplicative refinement ρ. We will define a

function f : I →M as follows: for every t ∈ I, let α1, . . . , αk be the finitely many ordinals less than λ such

that t ∈ ρ({αi}). Since ρ is multiplicative, we have that

t ∈ ρ({α1}) ∩ . . . ∩ ρ({αk}) = ρ({α1, . . . , αk}),
10



so there must be some m ∈M satisfying φα1 , . . . , φαk
, since ρ is a refinement of the  Lośmap. We may define

f(t) to be one such m. To see that f/D is the desired element, observe that

{t | M |= φα[f(t),bα[t]]} ⊃ {t | (∃σ ∈ [λ]<ω) [(α ∈ σ) ∧ (t ∈ ρ(σ))]} ⊃ ρ({α}) ∈ D,

where we obtain the rightmost containment by noticing that {α} is one such σ. Therefore, by  Loś’s theorem,

f/D realizes p(x).

(3)⇒(2): Suppose now that p(x) is realized by some equivalence class of the form f/D, and let d be

some accurate distribution of p(x). We construct a function ρ as follows: define

ρ(u) =

{
t ∈ I | M |=

∧
α∈u

φα[f(t),bα[t]]

}
∩ d(u).

We claim that ρ is a multiplicative refinement. Observe that ρ(u) ⊂ d(u) for all u ∈ [λ]<ω by defini-

tion. Thus, we only need to show that ρ is multiplicative. Next, observe that ρ is also anti-monotonic, so

ρ(u ∪ v) ⊂ ρ(u) ∩ ρ(v), so all that is left is to show is that ρ(u) ∩ ρ(v) ⊂ ρ(u ∪ v). If t ∈ ρ(u) ∩ ρ(v), then

f(t) satisfies the formulas indexed by elements of u ∪ v simultaneously, Moreover, since d is accurate, and

u∩v ⊂ {α | t ∈ d(α)}, we must have that t ∈ d(u∪v), which clearly implies that t ∈ ρ(u∪v). This completes

this part of the proof.

(2)⇒(1): We showed in 5.2 that every type has at least one accurate distribution, so (2) necessarily

implies (1) as desired. □

This result provides us with an useful condition that we can place on D to guarantee some level of

saturation.

Definition 5.5. An ultrafilter D on a set I of cardinality λ is said to be κ-good if for every µ < κ and every

monotonic function f : [µ]<ω → D there is a multiplicative refinement g of f . We say that D is good if it is

λ+-good.

The existence of good ultrafilters on sets of cardinality λ is a nontrivial statement, and their construction

requires some level of cleverness. The original proof of their existence is due to Keisler, and assumes the

generalized continuum hypothesis (GCH). Later, Kunen gave a proof of their existence without GCH. We

are, however, interested in the existence of good regular ultrafilters on sets of cardinality λ, since our work

above shows that ultraproducts constructed with such ultrafilters will be λ+- saturated. Thankfully, such

ultrafilters exists, even without assuming GCH.

Theorem 5.6. Let I be a set of size λ. Then there exists an ω-regular good ultrafilter on I.

Proof. The construction of such an ultrafilter is detailed in Section 6.1 of [2]. Theorem 6.1.4 in [2] is

equivalent to this theorem by Proposition 4.3.4 from [2]. □

Theorem 5.7. Let I be a set of size λ, and D be an ω-regular good ultrafilter on I. Then D is in fact a

good regular ultrafilter on I.

Proof. Suppose D is λ+-good and ω-regular. Then, we can find some countable regularizing family {Xn |
n ∈ ω} ⊂ D. Let f : [λ]<ω → D be defined by f(u) = X|u|, and let g : [λ]<ω → D be the multiplicative

refinement of f . We claim that {g({α}) | α < λ} ⊂ D is a regularizing family of size λ. Let w be an infinite
11



subset of λ and suppose for contradiction that there is some t ∈
∩

α∈w g({α}). Then for each n < ω, we

can choose wn ⊂ w, with |wn| = n, and observe that, for each n < ω, we must have t ∈
∩

α∈wn
g({α}) =

g(wn) ⊂ f(wn) = Xn by the multiplicative property of g. Hence, t ∈
∩

n∈ωXn = ∅, which implies that∩
α∈w g({α}) = ∅. This completes the proof. □

Thus we know that there are good regular ultrafilters on sets of every infinite cardinality, so we can use

5.4 to get the following result.

Corollary 5.8. Let M be a model of a complete theory T in a countable language L, and D be a good regular

ultrafilter on a set I of power λ. Then the ultrapower N = MI/D is λ+-saturated.

Thus, given any model M, we can always find λ+-saturated ultrapowers of M. Does this always require

a good ultrafilter, or are there models that have λ+-saturated ultrapowers besides those constructed using

good ultrafilters? It turns out such models do exists, and, in fact, looking at how good an ultrafilter has to

be to saturate a particular model is an interesting question that gives rise to Keisler’s order.

6. Keisler’s Order

We want to define an ordering ⊴ on models defined on countable languages. Informally, we want to

say that M ⊴ N if regular ultrapowers of N are at least as hard to saturate as regular ultrapowers of M.

Formally speaking, we say that M ⊴ N if for every infinite cardinal λ, and for every regular ultrafilter D
defined on a set I of size λ, we have

NI/D is λ+-saturated ⇒ MI/D is λ+-saturated.

At first glance, it isn’t clear why this ordering is interesting, as it is possible that the only way to guarantee

a λ+-saturated ultrapower is by using good ultrafilters, in which case there is only one equivalence class in

the ordering. However, in this section we will show that Keisler’s order can be defined in complete countable

theories, and that its structure is highly nontrivial.

Theorem 6.1. Let D be a regular ultrafilter on some set I of size λ and suppose M ≡ N. Then MI/D is

λ+-saturated iff NI/D is λ+-saturated.

The original proof of this fact is due to Keisler in [1] as Corollary 2.1a. A different approach to this proof

can be found in Chapter 6 of [3]. We will give a proof that relies on the existence of accurate distribution

and 5.4. As in the previous section, we assume that our language are countable.

Proof of 6.1. Let M and N be elementarily equivalent L-models, and D is a regular ultrafilter on I, with

|I| = λ. Without loss of generality, assume that MI/D is λ+-saturated. We will show that NI/D is

λ+-saturated.

Suppose p(x) is a type in NI/D with parameters from B ⊂ NI/D, |B| ≤ λ. Our goal is to find a type

q(x) in MI/D such that q(x) and p(x) have the same accurate distribution. In fact, we will show that if we

write p(x) = {φα(x;bα) | α < λ,bα ∈ [B]<ω}, then there is a collection {cα | α ≤ λ, cα ∈
(
MI/D

)<ω} such

that q(x) = {φα(x; cα) | α < λ} .
Let F : [λ]<ω → D is the accurate distribution for p(x) defined in 5.2. Then fix some t ∈ I and consider

the set u = {α | t ∈ F ({α})}. We know that u is finite, so we may write u = {α1, . . . , αk} for k ∈ ω. Then

N can satisfy the formulas φα1(x;bα1 [t]), . . . , φαk
(x;bαk

[t]) individually and perhaps some combinations of

those formulas at the same time. It might be the case that N satisfies all tuples, but only some tripes, and
12



maybe only one group of four is satisfiable. In any case, there is a unique pattern, however complex, which

we can exploit as follows. Define

R[t] =

θ ⊂ u | N |= ∃x
∧

αj∈θ

φαj [x,bαj [t]]

 and S[t] =

θ ⊂ u | N |= ¬∃x
∧

αj∈θ

φαj [x,bαj [t]]

 .

Observe that R[t] and S[t] are disjoint, and that R[t] ∪ S[t] = P(u). More importantly, we have that

N,M |= ∃b1, . . . ,bk

 ∧
θ∈R[t]

∃x
∧

αj∈θ

ψαj [x,bj ]

 ∧

 ∧
θ∈S[t]

¬∃x
∧

αj∈θ

ψαj [x,bj ]


since we assumed that M ≡ N. This allows us to define cα[t] for all α < λ. Start by fixing an element

0 ∈ M , which require to be the same element for all t. Then, if β ̸∈ {α1, . . . , αk}, define cβ [t] to be a tuple

of of the appropriate length with each entry equal to 0. For cα1
[t], . . . , cαk

[t], we use the fact that M models

the sentence above to find tuples of the appropriate such that

M |=

 ∧
θ∈R[t]

∃x
∧

αj∈θ

ψαj [x, cαj ]

 ∧

 ∧
θ∈S[t]

¬∃x
∧

αj∈θ

ψαj [x, cj ]

 .
Finally, define cα = ⟨cα[t] | t ∈ I⟩/D.

We want to show show that q(x) is a complete consistent type M with parameters from a set of size

no more than λ. Fix a unique representative for each b ∈ B, which we will also refer to as b, and define

B[t] = {b[t] | b ∈ B}. Then, we can define a map ft : B → M as follows. If b[t] is mentioned in one of the

finitely many tuples bα1 [t], . . . ,bαk
[t], where {α1, . . . , αk} = {α | t ∈ F ({α}), then f(b) is the element of

M we chose to in the previous paragraph to play the same role; otherwise, we set f(b) = 0. This gives us

a map f : B → MI/D define by f(b) = ⟨ft(b) | t ∈ I⟩/D, and our construction of the maps ft guarantees

that cα ∈ [f(B)]<ω. Since |f(B)| ≤ |B| ≤ λ, we see that q(x) has parameters from a set of size at most

λ. Therefore, both p(x) and q(x) can be written in the language L(λ) (and are in fact the same in that

language), so the fact that p(x) is a complete type implies that q(x) is a maximal consistent set of formulas.

It remains to show that q(x) is finitely satisfiable. Note that we will omit the parameters to ease notation

from now on. Let p0(x) be the corresponding subset of p(x), meaning the same with the same formulas but

with the different parameters, and let w = {β1, . . . , βn} be the set of indices of the formulas that appear in

q0(x). Then, suppose that w ⊂ {β | t ∈ F ({β})} for some t ∈ I. This would imply that w ⊂ R[t] ∪ S[t],

so our choice of parameters guarantees that M |= (∃x) q0[x] if and only if M |= (∃x) p0[x] at index t. In

particular, this shows that

{t | M |= (∃x) q0[x]} ⊃ {t | N |= (∃x) p0[x]} ∩ F ({β1}) ∩ . . . ∩ F ({βn}) ∈ D,

which implies that q0(x) is finitely satisfiable in MI/D.

Therefore, q(x) is a complete consistent type in MI/D with parameters on a set of size no more than

λ. Moreover, we claim that our construction of q(x) guarantees that F is, in fact, an accurate distribution

for q(x). To see that it is a distribution, notice that F satisfies conditions (2) and (3) from 5.1 since it is

a distribution for p(x); F also satisfies (1) and it is accurate for q(x) thanks to our choice of parameters.

Finally, recall that MI/D is λ+ saturated, so q(x) is realized, which in turn gives us that F must have a

multiplicative refinement. Therefore, using 5.4 one more time, we can see that p(x) is realized in NI/D.

This completes the proof. □
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The main implication of this theorem, is that any two models of the same theory are ⊴-equivalent, so it

makes sense to define Keisler’s order in terms of theories as opposed to models.

Definition 6.2. Let T1 and T2 be two complete countable theories on possibly different languages. We say

that T1 ⊴ T2 if for some M |= T1 and N |= T2, for all λ ≥ ℵ0, and for all regular ultrafilters D defined on a

set I of cardinality λ, we have

NI/D is λ+-saturated ⇒ MI/D is λ+-saturated.

It is clear from the definition that Keisler’s order is both transitive and reflexive (note that this requires

6.1). However, antisymmetry is not obvious from the definition, and it is in fact not true. It is possible to

have two complete countable theories T1, T2 such that T1 ⊴ T2 and T2 ⊴ T1, but T1 ̸= T2 (there is an example

of this at the end of this section). Therefore, we will pass to equivalence classes to obtain a partial order on

the equivalence classes of complete countable theories. Then the reader might ask what the structure of this

order is. While there is still much to discover, most of what we know is due to the work of Keisler, Shelah,

and Malliaris. The first result we will discuss is that Keisler’s order has a minimal class. To show this, we

will show that there is a theory such that all of its ultrapowers by regular ultrafilters on sets of size λ are

saturated. One such theory, and probably the most straightforward, is that of algebraically closed field of

characteristic zero (ACF0). First, we need the following lemma.

Lemma 6.3. For every λ > ℵ0 there exists at most one model of ACF0 of size λ, up to isomorphism.

Proof. This uses the fact that two algebraically closed fields are isomorphic if they have the same characteris-

tic and transcendence degree. In the case where the cardinality of the field is uncountable, its transcendence

degree is precisely its cardinality, so any two fields of characteristic zero and size λ > ℵ0 must be isomor-

phic. □

Thus, by the  Loś-Vaught test (see 2.8), we can see that ACF0 is a complete theory, and the reader can

easily verify that ACF0 can be written in a countable language. Now we just need to show that ACF0 is

minimal.

Theorem 6.4. Suppose M |= ACF0 and D is a regular ultrafilter on I of size λ. Then MI/D is λ+-

saturated.

Proof. Since D is regular, it follows that |MI/D| = |M|λ. By 5.6 and 5.7, we know that there is some

good, regular ultrafilter E over I, which implies that the model MI/E is λ+-saturated. Moreover, since E
is also regular, |MI/E| = |M|λ, so by the previous lemma we must have MI/D ∼= MI/E . Finally, since

isomorphisms preserve the level of saturation, it must be the case that MI/D is λ+-saturated. □

It is easy to see at this point that the equivalence class of all theories Keisler-equivalent to ACF0 is

minimal with respect to Keisler’s order. We call this theory Tmin. A different characterization of this class

can be given in terms of the finite cover property.

Definition 6.5. A theory T does not have the finite cover property (f.c.p.) if for every formula φ(x; y)

there exists an integer n depending only on φ such that for every M |= T , A ⊂ M , and for every p ⊂
{φ(x; a),¬φ(x; a) | a ∈ A}, we have that if every q ⊂ p with |q| < n is consistent, then p is consistent.

Theories that do not have the finite cover property seem to have a satisfy version of the compactness

theorem for some sets, where consistency for subsets of size at most some n implies the consistency of the
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whole set. A more extensive study of the f.c.p. can be found in Section 4 of Chapter 2 of [3], and in [5] and

[4]. However, we mention the f.c.p primarily because of the following result.

Theorem 6.6. Tmin precisely is the set of complete countable theories without the finite cover property.

The f.c.p. was originally defined by Keisler in [1] to construct unsaturated ultrapowers. In fact, one of

the main results in Section 4 of [1] is that a theory that is minimal with respect to Keisler’s order does not

have the f.c.p. (see Corollary 4.2a in [1]). The proof of the converse statement, and therefore of 6.6, is due

to Shelah and can be found in Chapter 6 of [3] as Theorem 5.8.

Our next goal is to show that there exists a maximal class with respect to Keisler’s order, and give a

characterization of this class with respect to good regular ultrafilters. Keisler’s original proof of this fact

relied on the existence of what he called versatile formulas. Essentially, models that have versatile formulas

are capable of creating types that will be realized if and only if some other type in a different model is

realized. Therefore, if a model with a versatile formula has a λ+-saturated ultrapower, then every other

model will also have a λ+-saturated ultrapower. While this approach shows that a maximal class exists, it is

also complex, so we will instead take a simpler approach by finding a theory that is saturated only by good

regular ultrafilters.

As we have already shown, if M is a model of some theory T and D is some good regular ultrafilter

on some set I of cardinality λ, then MI/D is λ+-saturated, so good regular ultrafilters always give us the

maximum level of saturation in the sense of Keisler’s order. It would be nice if we could show that there is

some theory T such that if M |= T and D is a regular ultrafilter on a set I with |I| = λ, the ultrapower

MI/D is λ+-saturated if and only if D is good. However, it is also possible that there is no such theory,

and that good ultrafilters are just too powerful to distinguish theories within Keisler’s order. Thankfully,

the next result shows that such theories exist, so Keisler’s order has a maximal class.

Theorem 6.7. Let L = {⊂} and let M = [ω]<ω. Then M can be made into a L-structure M under the usual

interpretation of ⊂. Moreover, if D is a regular ultrafilter on I, with |I| = λ, then MI/D is λ+-saturated if

and only if D is good.

Proof. The first part of the theorem is trivial, so we will focus on the second part. Suppose D is not good; we

will show that the ultrapower is not λ+-saturated. Since D is not good, there exists a function f : [λ]<ω → D
without a multiplicative refinement. Our goal is to find a elements {mα | α < λ} ⊂ MI such that f is an

accurate distribution of p(x) = {x ⊊ mα/D | α < λ}. We can assume that {f({α}) | α < λ} is a regularizing

family, because otherwise we can define f ′(u) = f(u) ∩
∩

α∈uXα for u ∈ [λ]<ω and {Xα | α < λ} ⊂ D a

regularizing family (here f ′ has a multiplicative refinement if and only if f does). Now, by regularity, we have

that for each t ∈ I there is some n ∈ ω such that α1, . . . , αn are exactly those α such that t ∈ f({α}). Thus,

we can define mβ [t] = ∅ for β ̸∈ {α1, . . . , αn} and define mα1 [t], . . . ,mαn [t] so that for u ⊂ {α1, . . . , αn} we

have

t ∈ f(u) ⇐⇒ M |= ∃x
∧
α∈u

x ⊊ mα[t].

For instance, we could construct mαi [t] in stages, first making sure that we satisfy the singletons, then the

pairs, then the triples, and so on. Setting mα =
∏

t∈I mα[t], we have that f is an accurate distribution for

p(x). Therefore, by 5.4, we see that p(x) is not realized. □
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Thus, if we let T = Th(M), with M defined as in the theorem above, it is clear that the equivalence class

Tmax of T is maximal with respect to Keisler’s order.

Keisler used versatile formulas in [1] that the theory of N = (N; +,×, 0, 1), with the usual interpretations

for all the symbols, is also in Tmax. Therefore, since T (N) is not equal to the theory of the model in 6.7,

this shows that ⊴ is preorder on theories.

7. Linear orders

In this section, we will explore the theory of linear orders, present some recent work by Malliaris and

Shelah that has solved a number of long-standing questions in set theory. Moreover, we will use these results

to show that the theory of linear orders is maximal in Keisler’s order. A proof of this fact can be found in

Section 4 of Chapter 6 of [3] and uses a different approach.

Definition 7.1. A linear order is a model X of the language L = {<} such that X satisfies the standard

axioms of a linear order.

It should be easy to see that (N, <), (Q, <) and (R, <) are examples of linear orders. The reader should

also note that the ultrapower of a linear order is also a linear order by  Loś’s theorem. As we have done

before, we want to characterize the complexity of linear orders by looking at its ultrapowers. However, in

this case we are specially interest in a particular kind of type, which we call a pre-cut.

Definition 7.2. A cardinal λ is said to be regular if

λ = inf{κ | ∃⟨aβ | β < κ⟩ such that lim
β→κ

aβ = λ}.

By taking the sequence of all cardinals less than λ, it is clear that the infimum of this set exists and it is at

most λ. If the infimum is less than λ, we say that λ is a singular cardinal.

Definition 7.3. Given a linear order X, with |X| = λ regular, a (κ1, κ2)-pre-cut in X is a pair of sequences

⟨aα ∈ X | α < κ1⟩ and ⟨bβ ∈ X | β < κ2⟩ such that aα < aγ < bτ < bβ for all α < γ < κ1 and β < τ < κ2.

If there does not exist a c ∈ X satisfying aα < c < bβ for all α < κ1 and β < κ2, we call this is a (κ1, κ2)-cut

instead.

If we assume that κ1 +κ2 ≤ λ, then a pre-cut can be represented as a type in the ultrapower. Therefore, a

cut represents a type that is not realized, so the existence of cuts implies that the ultrapower is not saturated.

What can we say about linear orders without cuts? First, let us make our definitions precise by introducing

the cut spectrum.

Definition 7.4. Given an regular ultrafilter D on λ and a liner order X, we define the cut spectrum of D
and X as

C(D,X) = {(κ1, κ2) | κ1, κ2 are infinite and regular, κ1 + κ2 < λ and Xλ/D has a (κ1, κ2) cut}.

The requirement that κ1, κ2 and λ be all regular cardinals prevents some pathological cases. Recall that

6.1 shows that saturation of ultrapowers depends only on the theory of the model and not on the model

itself. In fact, this is also the case for the cut spectrum.
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Theorem 7.5 (Fact 1.3 in [10]). If D is a regular ultrafilter and N = (N,<N), M = (M,<M) are any two

infinite linearly ordered sets, then C(D,N) = C(D,M).

Proof. Suppose there is a (κ, θ)-cut in NI/D that is witnessed by two sequences ⟨aα/D | α < κ⟩ and

⟨bβ/D | β < θ⟩ in NI/D. Then we will show that MI/D also has a (κ, θ)-cut.

Define A = {aα | α < κ} and B = {bβ | β < θ}. Since D is regular there is a regularizing family

{Xα | α < λ} and, since κ + θ ≤ λ, we may choose κ + θ distinct sets of the regularizing family and index

them as {Yα | α < κ} and {Zβ | β < θ}.

Next, let f : A∪B → D be a map defined by aα 7→ Yα and bβ 7→ Zβ for α < κ and β < θ, and define sets

A[t] = {aα[t] | t ∈ f(aα)} and B[t] = {bβ [t] | t ∈ f(bβ)} for each t ∈ I. Observe that A[t] and B[t] are finite

for all t ∈ I by regularity. Moreover, A[t] ∪ B[t] is a discrete linearly ordered set since N is a linear order.

Next, we fix an order preserving injection it : A[t] ∪B[t] →M such that

(1) N |= (∃z)(x < z < y) =⇒ M |= (∃z)(it(x) < z < it(y))

for all x, y ∈ A[t] ∪B[t]. Observe that since M is an infinite linear order, there is at least one such injection

for all t, so we fix a particular one.

We now define our sequences in MI/D as follows. First, fix some element 0 ∈ M. Then, for each α < κ

and for each t ∈ I, define cα[t] to be it(aα[t]) if t ∈ Yα, and zero otherwise. Similarly, for each β < θ and for

each t ∈ I define dβ [t] to be it(bβ [t]) if t ∈ Zβ , and zero otherwise. Finally, let cα = ⟨cα[t] | t ∈ I⟩/D and

dβ = ⟨dβ [t] | t ∈ I⟩/D.

We claim that the resulting sequences for a pre-cut in MI/D. Fix α < γ < κ and β < τ < θ, and

observe that if cα[t] = it(aα[t]), cγ [t] = it(aγ [t]), dτ [t] = it(bτ [t]), dβ [t] = it(bβ [t]) and N |= aα[t] <N aγ [t] <N

bτ [t] <N bβ [t] then the definition of it guarantees that M |= cα[t] <M cγ [t] <M dτ [t] <M dβ [t]. Therefore,

by construction we have that

{t | M |= cα[t] <M cγ [t] <M dτ [t] <M dβ [t]} ⊃ Yα∩Yγ ∩Zβ ∩Zτ ∩{t | N |= aα[t] <N aγ [t] <N bτ [t] <N bβ [t]}

where the intersection on the right is in the ultrafilter. Thus, the result follows by applying  Loś’s theorem.

It suffices now to show that this is actually a cut in MI/D. Define a type p(x) with parameters from

⟨cα/D | α < κ⟩ ∪ ⟨dβ/D | β < θ⟩ by

p(x) = {cα <M x | α < κ} ∪ {x <M dβ | κ ≤ β < κ+ θ} ∪ {x = x | κ+ θ ≤ γ < λ}.

Notice that this type is realized if, and only if, the sequences ⟨cα/D | α < κ⟩ and ⟨dβ/D | β < θ⟩ from a pre-

cut but not a cut. Therefore, assume for the sake of contradiction that that there exists some m/D ∈ MI/D
that realizes the type. Then there exists a distribution function d with a multiplicative refinement ρ. We

claim that we can use ρ to realize the cut defined by ⟨aα/D | α < κ⟩ and ⟨bβ/D | β < θ⟩ as follows. For each

t ∈ I, there is a set ut ∈ [λ]<ω such that ut is the largest set with t ∈ ρ(ut). Since ρ is a distribution for

p(x), this implies that there is a chain of the form

cα1 [t] < . . . < cαk(t)
[t] < m[t] < dβl(t)

< . . . < dβ1 [t],

where k(t), l(t) < ω. Then, by the definition of it, we know that

aα1 [t] < . . . < aαk(t)
[t] < bβl(t)

[t] < . . . < bβ1 [t],

so we define n[t] to be a point above all the aαi and below the bβj if one exists, and let n[t] = a1[t] otherwise.

We also define a[t] = n[t] if n[t] ̸= 1, and otherwise let a[t] be the largest aαi
in the finite chain above. Notice

17



that, since ρ is a distribution function, each aα and bβ appears in this maximal chain for a large set of t ∈ I,

meaning that that set is in the ultrafilter. Now, if n/D fills the cut in NI/D, then we have a contradiction

and we are done. Otherwise, consider a/D. Notice that a/D is strictly smaller than each of the bβ , and

there are two possibilities: either a/D = aα/D for some α < κ or not. If a/D = aα/D, then aα/D has to

be the largest element of the sequence ⟨aα/D | α < κ⟩, but this can’t be the case since κ is a limit ordinal

and the sequence is assumed to be strictly increasing. Otherwise, a/D > aα/D, so a/D fill the cut in NI/D,

which is also a contradiction. Since all cases lead to a contradiction, it must be the case that the sequences

⟨cα/D | α < κ⟩ and ⟨dβ/D | β < θ⟩ form a cut in MI/D, which completes the proof. □

Therefore, the cut spectrum depends not on the model but only on the ultrafilter, so we can redefine the

cut spectrum as follows.

Definition 7.6. Given an regular ultrafilter D on λ, we define the cut spectrum of D as

C(D) = {(κ1, κ2) | κ1, κ2 are regular, κ1 + κ2 < λ and (N, <)λ/D has a (κ1, κ2) cut}.

Moreover, if we set M = N and choose the functions it to be order reversing, we can deduce that

(κ, θ) ∈ C(D) if and only if (θ, κ) ∈ C(D).

We can now ask specific questions about the cut spectrum. When is the cut spectrum of an ultrafilter

empty? What are the implications of having an empty cut spectrum? One might hope that answering this

questions can help use place the theory of linear orders within Keisler’s. We should point out that there are

types in the ultrapower that do not come from pre-cuts, so having an empty cut spectrum might not tell

use anything conclusive concerning saturation. Nonetheless, Malliaris and Shelah showed in [9] that the cut

spectrum can tell us if the ultrafilter D is good. Even more surprising is the fact that we only have to look

at a particular type of cut to show that the ultrafilter is good.

Theorem 7.7 (Theorem 10.25 in [9]). Let D be a regular ultrafilter on I, with |I| = λ. Then the following

are all equivalent:

(1) C(D) = ∅;
(2) If κ < λ is a regular cardinal, then (κ, κ) ̸∈ C(D);

(3) D is good.

In particular, this implies that the ultrapower of a linear order is saturated if and only D is a good

ultrafilter. Thus, the theory of linear orders is maximal in Keisler’s order. While we have only stated this

result to show that linear orders are maximal, 7.7 has some other consequences that Malliaris and Shelah

were able to use to solve a long standing question in set theory in [9].

8. Open problems and unanswered questions

In the previous section we gave a vague description of the structure of Keisler’s order by showing that it

has a minimal and a maximal class. One must wonder what else can be said about the structure of Keisler’s

order. For about fifty years, there wasn’t much more to be said, with many believing that it was a simple

linear order with four classes (see [7] for more details). Malliaris and Shelah uncovered a bit more of the

structure in recent work and answered a couple of long-standing questions. In particular, they show that

Keisler’s order has many more than four classes. As always, we give a couple of definitions before discussing

the main results.
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Definition 8.1. A model M is said to be λ-stable if for every set of parameters B ⊂ M , of size no more

than λ, there are no more than λ many complete n-types over B in M, for all n ∈ ω. Moreover, a theory T

is said to be λ-stable if every model M |= T is λ-stable, and it is stable if is said to be λ-stable for some λ.

Intuitively, if T is a stable theory, then the models of T don’t have “too many” types. In fact, its turns

out that models of stable theories are easy to saturate using the ultrapower construction. In particular, if

T1 is a stable theory and T2 is an unstable theory, then T1 ⊴ T2.

With the above definitions in mind, we state an important result to explain the present picture.

Theorem 8.2. Let Tmin and Tmax be as defined in the previous section. Then

(1) There is a class of theories in Keisler’s order called Tstable that contains all the stable theories with

the finite cover property. This class is strictly above Tmin and strictly below Tmax.

(2) Let TC be the theory of a random graph. Then TC is a countable complete theory which is unstable

and it is not an element of the maximal class. Hence, the equivalence class TC is distinct from

Tmin, Tmax, and Tstable. Moreover, it is the minimal class containing an unstable theory.

(3) There exists a countable collection {Tn | n ∈ ω} of complete countable theories such that the Tn form

a strictly descending chain with respect to Keisler’s order. We denote the equivalence class of Tn as

Tn.

In particular, we have that the equivalence classes defined above satisfy the following relation:

Tmin ◁ Tstable ◁ TC ◁ . . . ◁ Tn+1 ◁ Tn ◁ . . . ◁ T1 ◁ Tmax.

While (1) and (2) have been known for some time, (3) is a new and exciting result by Malliaris and Shelah

in [7]. This theorem gives us two big insights into the structure of Keisler’s order. First, it shows that the

order has infinitely many classes, and second, it shows that it is not a well-ordering.

However, there are still many open question about the structure of Keisler’s order, and about the classes

that comprise it. This first question arises naturally from the previous theorem.

Question 8.3. Is Keisler’s order a linear order?

The question remains open in ZFC. However, under some set theoretic assumptions, the answer is no.

If we assume the existence of a super-compact cardinal (we ommit the definition since it requires a strong

background in set theory, but can be found in [12]), then there are equivalence classes of theories that are

incomparable in Keisler’s order. This result was discovered by Malliaris and Shelah, and independently by

Ulrich, and it follows from the techniques developed in [8].

Another interesting question concerns the maximal class Tmax. While we have been able to characterize

the maximal class in terms of saturation only by good ultrafilters, one might wonder if there is a set of

axioms Σ such that a theory T is in the maximal class if, and only if, every model of T is also a model of Σ.

While this question remains unanswered, Malliaris and Shelah have the following conjecture.

Definition 8.4. A theory T has the SOPn property, for n ≥ 3, if there there is a formula φ(x;y), with x

and y of length k, such that for every model M |= T there is a sequence {ai | i ∈ ω} with each ai ∈Mk and

such that

(1) M |= φ(ai;aj) for all i < j < ω;
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(2) M |= ¬∃x1, . . . , xn (
∧
{φ(xi, xj) | i < j < n and j = i+ 1 mod n}) .

This means that φ acts like an ordering on infinitely many elements with no cycles of length n.

Definition 8.5. A theory T has the SOP2 property (also known as TP1), if there there is a formula φ(x;y),

with y of some length k, such that for every model M |= T there is a sequence of parameters {aη | η ∈ 2<ω}
with each aη ∈Mk such that

(1) for all η, ρ ∈ 2<ω incomparable (i.e ¬(η ⪯ ρ) ∧ ¬(ρ ⪯ η)), we have that {φ(x;aη), φ(x;aρ)} is

inconsistent;

(2) for all ν ∈ 2ω, the set {φ(x;aν↾n) | n ∈ ω} is a consistent partial type.

Conjecture 8.6. SOP2 characterizes the maximal class, meaning that T ∈ Tmax iff T has SOP2.

While it is know that T having SOP2 implies that T is maximal in Keisler’s order (see [9]), necessity has

not been proven so far.

In conclusion, Keisler’s order is an interesting, and nontrivial object, that highlights some interesting

properties of complete countable theories. 8.2 shows that this ordering is quite complex, and the open

questions we have mentioned in this section show that there is still much we don’t know about Keisler’s

order. Therefore there is still much work to be done in uncovering and understanding the structure of

Keisler’s order.
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