ENTROPY, SPEED AND SPECTRAL RADIUS OF RANDOM WALKS

FERNANDO AL ASSAL

AssTrRACT. In this paper, we give an introduction to random walks on infinite discrete groups by focusing on three
invariants — entropy, speed and spectral radius. Entropy is a measure of the randomness of the stochastic process,
whereas the other two measure drift from the origin. We show a triple equivalence between positive entropy,
speed and existence of nontrivial tail events. Moreover, we further motivate the spectral radius p by a theorem of
Kesten which says p < 1 if and only if the group is amenable. We go through many examples and computations.

1. INTRODUCTION

By a right random walk on a group G it is meant a sequence of random variables

Xy =&é1 &

where the (&)1 are independent G-valued random variables with distribution p.
The transition probabilities p"(x, y) are defined by

p'(x,y) = PuXy = y) = p*"(x7'y)

where PP, is the probability conditioned at the event that £, = x and y*" is the n-th
convolution power of u. (Recall that the convolution product of two measures is defined
by u * v(E) = fG fc 1e(yz)du(y)dv(z) and that if (&;)i»1 are i.i.d. with distribution u, then
o0&t -+ &, has distribution y*”(égl-).) The probability measure IP, is a measure on the
probability space QO = GN of infinite sequences of elements of G.

We shall assume the distribution is symmetric, i.e., u(x) = p(x™') and irreducible, i.e.,
given x, y € G, there is m such that p™(x,y) > 0. We also assume u has finite support, i.e.,
the random walk has finite range.

In this paper we will mostly work with finitely-generated groups. Thus, we can think
geometrically of our random walk on G as a random walk on a Cayley graph Cay(G, S),
where S is a symmetric generating set such that supp u C S. In this setting, our assumption
of symmetry just means that the random walker is as likely to traverse the edge corre-
sponding to multiplication by s as it is to traverse the s edge. Irreducibility of the chain
means the Cayley graph must be connected. Finite range means there is an universal m
such that at every step the random walker cannot walk more than m units of distance in

the graph metric d.
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2. ENTROPY OF A RANDOM VARIABLE

Let (Q,.#,IP) be a probability space and X : Q — F be a random variable, where
F={xy,...,x,}. Let p(X) = P(X = x). We define the entropy of X by

H(X) = ~Elog p(X)
= Z p(x;) log p(x;).
i=1

Entropy, as defined above, is a concept in information theory introduced in 1948 by
Shannon that measures the unpredictability (randomness) of the information content in
a random variable. Suppose we see our F-valued X as the value of a roll of a |F|-sided
biased die and suppose we keep throwing the die. (Equivalently, consider a sequence
(X(awn), X(w»), ...) where (w1, ws,...) € QN)

If X has high entropy, one obtains a lot of information at every die roll. That is, after
a few rolls one is still uncertain about the value of next roll. Conversely, if X has low
entropy, after observing a few outcomes one obtains little information afterwards.

For example, say X is a biased coin toss:

P(X=1)=p and PX=-1)=1-p.

Then, the entropy is
H(p) = plogp + (1 - p)log(l - p).
A simple exercise in calculus shows H(p) has a strict maximum at p = 1/2. This makes
sense — if p is very close to 1 or 0, then a sequence of coin tosses will likely have mostly
heads or mostly tails, being more predictable.
More generally, solving the constrained maximization problem

m

max p(x;) log p(x;)
P () b

=

s.t. ip(xi) =1
i=1

gives us p(x;) = 1 for 1 < i < n. In particular, entropy is maximized by the uniform distribution.
If X is uniformly distributed, a calculation shows H(X) = log |F|. In particular,

(2.1) H(X) < log|F|
for every F-valued random variable X.

3. THREE INVARIANTS OF A RANDOM WALK

Above we discussed a measure of randomness for a random variable X. A random
walk X, is, however, a sequence of random variables. Since the value of X, depends on the
value of X,_1, the idea is that X, gets more and more unpredictable as n gets large. Thus

H(X,) should grow.
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Hence, a reasonable measure of the randomness of the random process X, is to see how
much faster than linear is the growth of H(X,). In this spirit we define the entropy of a
random walk (or asymptotic entropy) as

H(X,
h = limsup (n ).

n—00

Another property of a random walk one might want to discuss is how fast (if at all)
the random walker drifts away from a certain reference point, say the identity 1 of G. To
measure that, we define the speed of a random walk as

| Xl

¢ = limsup _—

n—-oo

where |X,,| := d(X,, 1), where 1 is the identity of the group.

Finally, another way to measure drift is seeing how fast the probability the random
walker returns to where it started decays. Thus we define the spectral radius of the random
walk as

p = limsup p™'(1, )42,
We have 0 < p < 1, and p < 1 means that the probability the random walker returns to
where it started decays exponentially.

The sequences H(X,), E|X,| and —logp*'(1,1) are all subadditive, i.e., @iy < y + @y A
famous lemma due to Fekete says that for a subadditive sequence a,,,

lim 2 = inf 22
n—oo 1 n n
Thus, we can substitute all of the lim sup’s above by ordinary limits.

Moreover, the limits in the definitions of speed and entropy are almost sure limits — it is
not necessary to take expectations. To see that, we recall the famous Kingman subadditive
ergodic theorem:

Theorem 3.1 (Kingman). Let f, : G" — R be bounded, measurable functions such that
fm+n(x1/ oo /xm+n) < fm(xlz oo /xm) + fn(xm+1/ oo /xm+n)-

Then, if (£,)nz1 are i.i.d. G-valued random variables,

1 1
%1_1;?0 Efn(éll Ry gn) = ll;llf ;]Efn(éll Ry 'Sn)
Applying the theorem to sequences
oG &) =d(E &, 1) and gu(&r,..., &) = H(E -+ &)

we conclude that almost surely

h=-lim %logpn(Xn) and € = lim 22l

n—o0 n—oo 71
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Example 3.2. Consider a simple random walk on X,, on the grid Z*. Jensen’s inequality
gives us that

(EIX,l)* < EIX,
=EY:+--+Y,)*=n,
so E|X,| < +/n, whence the speed of the random walk is £z = 0.

The group Z? has polynomial growth — the size of a ball of radius  is |B,| = Cn? for some
constant C. Therefore (2.1) gives that

H(X,) <logC + dlogn,

so the entropy of X, is hz: = 0. In particular, this shows that finite-range random walks on
groups of polynomial growth have zero entropy.
There is a local limit theorem that says that for simple random walk on Z¢,

p*"(0,0) ~ Cn™2,
In particular, pz = 1.

Example 3.3. Let IF; be the free group on k generators, with k > 2. Consider a simple
random walk X,, on IF;, which is the same thing as a random walk on the Cayley graph of
Fi—the regular 2k-valent tree.

e
L

Fig. 1: Cayley graph of the free group on two generators IF, = (g, b) with respect to the
symmetric generating set S = {a,a™",b,b7'}.

Notice that as soon as the random walker picks a direction, the probability it backtracks
is p = (2k — 1)/2k. For the purposes of studying asymptotic behavior, we can therefore
think of a random walk on [y as a biased random walk on IN with p(n,n+ 1) = (2k —1)/2k
and p(n,n — 1) = 1/2k. Thus, the return probabilities decay exponentially — p, < 1.

Moreover, the speed of the simple random walk on [y is almost surely equal to

Yy
lim —,
where Y, = & + -+ - + &, is the said biased random walk on IN. By the strong law of large
numbers, this limit goes to [EE;, whence the speed of the simple random walk on [y is a.s.
k-1
lp, = <
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Example 3.4. The lamplighter group G is defined as the semidirect product

g:@zzxz.

The elements of G are pairs (1, x), where 1 : Z — Z, is a finitely supported function and
x € Z. The product operation is defined as

MX)&Ey) =M (x+<),x+y)

where @ is componentwise sum mod 2 and (x + £)(g) := &(g — x).
We will consider random walks with distribution supported by the symmetric generat-
ing set
S= {(O/ 1)/ (0/ _1)/ (XO/ O)}/

where Yy is the characteristic function of {0}.

The way one really should think about this random walk is to imagine that at each
site x € Z there is a lamplight, which could be on or off. Given a finitely supported
1 : Z — Z,, one see 17}(1) as the finite set of lights which are turned on. If the random
walker moves along the generators (0, £1) above, it just moves along the integer lattice
without switching any lights. Moving along (xo, 0) corresponds to switching a light.

The random walker has a lot of ways to move away from the origin in the Cayley graph
(G, S) as it switches lights on. Thus, one might suspect that the G random walk has higher
speed and entropy than simple random walk on Z. However, this is not the case.

Proposition 3.5 (Kaimanovich-Vershik). The entropy of a nearest neighbor random walk on the
lamplighter group is hg = 0.

Proof. Let Z,, = (1,, X,,) be the random walk. Observe that the projection on Z,
Xp=Y1+:---4+Y,

is a sum of independent random variables. Kolmogorov’s inequality gives a lower bound
on the probability that X stays on the ball B,s4 in Z¢ for all k < n:

Var X,

Pooy(Zn: Yk <1, 1Xe| < ¥t > 1 - s

Moreover observe that since there is 6 > 0 such that
minf{u(x): x € supp u} =9,
then for all x € supp u*" we have
P(X, =x) > 0"
Now consider the set

A, =1{(n,%) € G1 : x| <n**and suppn c [-n**, n¥*]).
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Observe that its cardinality does not grow exponentially:

log, 1A, = ?Ilogz n+2m,

Using all these inequalities, we can bound the entropy of X,

H(X,) = Y p(X)(=log)p(X,) + Y . p(X) (= log)(p(X.,))

x€A, xX¢A,
< 10g |An| - log (Sn]P(0,0)(Xn ¢ An)

VarY;
nl/2

<loglA,| —nlogod

= o(n).
O

Remark 3.6. One can study more general lamplighter groups, where we have a lamplight
at each vertex of an arbitrary Cayley graph instead of the integer line. Given a discrete
group G, we define the lamplighter group of G as

Lamp G = @Zz = G.
xeG

It is an interesting fact the entropy (and thus the speed) of a simple random walk on
Lamp Z* is zero if and only if d < 3.

Example 3.7. The speed of a random walk also makes sense for Lie groups. Let X,, =
M, --- M, be a left random walk on SL(2, R), where the distribution u induced by the M; is
such that

@ for o 108 IMIdM) < oo.
(b) The subgroup G, generated by supp u is not compact.
(c) There is no finite set L C RIP! left invariant by p-a.e. element of SL(2, R).

Then, a theorem due to Furstenberg says that the Lyapunov exponent
.1
A = lim ;logIIM1 - M|

is almost surely positive. Under certain conditions, the word metric on the group is
analogous to the log of the matrix norm above. Hence we see that this says that the
random walk with distribution u in SL(2, R) has positive speed.

A basic relation between two of these invariants is

Proposition 3.8. 1 > —2log p.



In particular, spectral radius less than one implies positive entropy. That is, exponential
decay of the return probabilities should entail a large amount of randomness.

Proof. By symmetry,
P =) pa?
xeG
Now we estimate the p,(x) in the above sum. We know, almost surely, that

h =—-lim %logpn(xn).

Given € > 0, we know by Egorov’s theorem that there is an event E C Q with P(E) > 1€
such that the above limit is uniform on E.
In particular, we may find N(e) such that n > N(e) implies

_% logpn(Xn(w)) —h|<e

for all w € E. Thus,
P(pu(X,) 2 e""9) > 1 -e.

By Chebyshev’s inequality,
Epu(X,) = e9(1 - e).

But
Ep,(X,) = Z pu(x)?.

xeG

So taking the above inequality to the 1/2n-th power and letting n — co we get

hte
2

p=e
Since € > 0 was arbitrary, this gives the desired relation. |

4. POSITIVE ENTROPY IS EQUIVALENT TO POSITIVE SPEED
Here we prove another, more involved relation between these invariants.

Theorem 4.1. Let X, be a symmetric finite range random walk on a finitely generated group G.
Then, the random walk has positive speed if and only if it has positive entropy.

The fact that positive entropy implies positive speed makes some sense a priori. In fact,
if your random walk has a large amount of randomness, then one ought to expect it to be
able to walk through a large amount of sites. Since the random walk has finite range, it
cannot jump too far at each step, so it should be walking away from the origin.

The other direction might seem less intuitive. In fact, if your random walker is always
walking in a fixed direction with high probability, then the random walk has positive speed
but low entropy, since there is barely any randomness. But what makes the theorem work
is the assumption of symmetry — it prevents the random walker from just walking very

biasedly in a single direction.
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Proof. Positive entropy = positive speed.
The inequality (2.1) gives us
H(X,) < log|B,|.

Since h > 0, the entropy of X,, grows at least linearly, i.e., there is some positive a > 0 such
that
H(X,) > an

for n > 1. In particular these inequalities imply
|Bu| = ™.

That is, G has exponential growth with rate at least o > 0.
Let ¢ be the speed of the random walk. We know, almost surely, that
X
¢ = lim | l.

n—oo M

Let € > 0 be given. By Egorov’s theorem, we may find N(¢€) such that n > N(e) implies
1 Xu(w)l < n(f +€)
uniformly for w € E, where E is an event with IP(E) > 1 — €. This means
P(X,, € Byese)) 21 —€.

Now we have a handle on the entropy of X,,. We write

HX) = Y. p@(=log)pa) + Y pa@)(=10g)(pa(x)).

X€By(t4e) x€By(r4e)

We can bound the first term using the fundamental inequality (2.1) and exponential
growth. We have

Y pu)(=10g)(pu() < log By

XEBy(r+e)

< a(t+e)n.
It was observed in the proof of Proposition 3.5 that there is 6 € (0, 1] such that
P1(X, =x) > 0"
for every x € supp u*". This gives us a way to control the second term, as
(—=log)pu(x) < no,

where 6 € (0,1] is fixed and x € supp u*". Therefore,

Y., P (=108)(pa(x)) < nP(X,, ¢ Buro)

X€Bp(rre)
< noe.



The two inequalities give
H(X,) < a(f + e)n + noe,
whence
h < a(f +e)+ de.

But € > 0 was arbitrary and 6 only depends on the distribution . Thus we have shown
h<a-¢,
which concludes the proof.

2. Positive speed = positive entropy.
The proof of this hinges on the following estimate:

Theorem 4.2 (Carne-Varopoulos). Let X, be a symmetric finite-range random walk on a finitely
generated group G with step distribution supported by a symmetric generating set A. Let d be the
graph metric on the Cayley graph C(G, A). Then, for every x € G,
2
P1(X, =x) < p"exp (—%)
where p is the spectral radius of the random walk.
In particular, this implies
Je?

log pn(Xy) < ~5,

for every x € supp u*". Thus,

——logpn(Xn) > = (l n”l)

Taking the pointwise limit,

h>2ﬂ
Thus positive speed implies positive entropy. Notice that this all works even if p = 1,
even though the estimate is sharper when p < 1. O

5. ENTROPY AND TAIL EVENTS

There is an alternate characterization of the property of a random walk having positive
speed and entropy, which has to do with tail events. An event A is said to be a tail event if
its occurrence does not depend on the first finitely many values of the random walk.

More precisely, we can define an equivalence relation ~ on the probability space Q = GN
by saying w1 ~ w, if the w; and w, differ (as sequences) by finitely many values. Then, we
say A is a tail event if w € A implies @’ € A for all @ ~ w. The set of tail events forms a
o-algebra, the tail o-algebra 7.

As an exercise, the reader can check that

T = ﬂ anXn+1/ o /
n>0

where 0(X,,, Xy41, . . .) is the smallest o-algebra such that X,,, X,41, ... are measurable.
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Example 5.1. Let X,, be a simple random walk on IF,. The event that X,, ends in the top
branch of the tree (Figure 1) is a tail event. It has probability 1/4.

Example 5.2. Let X, be a simple random walk on Z. The event that X,, visits the origin
infinitely many times is a tail event. It has probability zero.

Example 5.3. Let X, be a simple random walk on Lamp Z°. The event that the lamp in the
origin remains lit forever is a tail event. This event has probability p such that 0 <p <1,
which we will not prove here.

This suggests that a random walk has nontrivial tail events (i.e., with probability strictly
between 0 and 1) if and only if it has positive speed or entropy. This makes sense because
positive entropy means there is a large amount of randomness in the process. Thus, there
should be many different ways for it to drift away from the origin, i.e., nontrivial tail
events.

Theorem 5.4. The tail o-algebra 7 has nontrivial events if and only if the entropy is positive.

The proof of this theorem requires the concept of conditional entropy, which measures
the amount of randomness of a random variable X if we are given the value of Y. We
define H(X]|Y), the conditional entropy of X given Y, as

H(XIY) = ) P(Y = pH(XIY = y),
yeG

where
HXIY = y) = ) P(X = x|Y = y)(~ log)P(X = 2|Y = p).
xeG

It is a fact, that we shall not prove here, that entropy does not increase as you condition it

on more information. That is,
H(X]Y) < H(X)

with equality being achieved if and only if X and Y are independent. Moreover,
H(XIY, 2) < H(X]Y),

where H(X|Y, Z) = H(X|(Y,Z)) is the entropy of X conditioned on the joint distribution
(Y, 2).

Proof of Theorem 5.4. 1t is a straightfoward calculation to show that X and Y are random

variables, then
H(X) + H(Y|X) = H(Y) + H(X]Y).

In particular, if X, is the random walk, then
H(Xy) + H(X,|X1) = H(X;) + H(Xq]X5).
It is easy to see that H(X,,|X;) = H(X,-1). Moreover, by the Markov property,

H(X1|Xn) = H(Xll(Xn/ Xn+1/ .. ))
10



Therefore,
H(X1) + H(X,-1) — HX,) = HX (X, X, - - )

Entropy of a random variable does not increase if you condition it on more information.
Therefore, H(X1|(X,,, Xy141,...)) does not decrease as n as you increase n. This shows
o, = H(X,) — H(X,-1) is nonincreasing. Since entropy is nondecreasing as n increases, i.e.,
0, = 0, we have that 6, — 06 for some 6 € [0, 00).

As we take n — oo, we get

H(X;) -6 =H(X;|9).

If the asymptotic entropy h is positive, then H(X,) grows at least linearly. That is, there is
some a > 0 such that
H(Xn+1) - H(Xn) za

for every n > 1. In particular, 6 > 0, so H(X;4|.7) < H(X;). This shows the tail o-algebra .7
cannot be trivial.

Conversely, if the asymptotic entropy F is zero, then 6 = 0, so H(X;) = H(X;|.7). Thus
X is independent from every tail event. But given T € .7, we know T € 0(X;, Xy, ...), so
in particular T is X;-measurable. In particular T = {X; € B} for some Borel set B. Since X;
is independent from T, T is independent from itself, so

P(TNT)=P(T)>
which shows T is trivial. m|

6. AMENABILITY AND SPECTRAL RADIUS

The triple equivalence proven in the last two sections gives us a good feel for what
speed and entropy actually mean. But what about the spectral radius p? On the one hand,
exponential decay of return probabilities (p < 1) tells us that the random walk is somehow
walking away from the origin. In fact, we saw that positive speed implies p < 1. However,
the converse is not true — the lamplighter group G has spectral radius 1 and zero speed.

So what does the condition p < 1 mean? It is connected to the concept of amenability of
groups.

We define the isoperimetric constant of a group G to be

K = inf o]
~F R
where F is a finite set in a Cayley graph Cay(G, S), where S is a symmetric generating set
(the choice of S is unimportant). This is measures the ratio between surface and volume
in the group. A group is said to be nonamenable if it has positive isoperimetric constant.

Example 6.1. The lattice Z* and the lamplighter group Lamp Z* are amenable. However,
the tree IF; is not. More generally, hyperbolic groups — those in which the distance between
two sides of a triangle can always be fit in a 5-ball for some constant 6 are nonamenable.

The following theorem, which initiated the subject of random walks on groups in 1959,

shows that the spectral radius p actually tells us about the geometry of the group.
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Theorem 6.2 (Kesten). Let X,, be a symmetric irreducible finite range random walk on G. Then,
p < lifand only if G is nonamenable.

This in particular tells us that random walks on nonamenable groups are transient. The
reader is referred to [6] for a proof.

AprPENDIX A. THE CARNE-VAROPOULOS BOUND

The proof of the Carne-Varopoulos bound is an interesting excursion into functional
analysis. We use the following version of the spectral theorem:

Definition A.1. The spectrum of a linear operator T, denoted Spec T is defined by
SpecT ={A € R: T — AId is not bijective}.

Theorem A.2. Let H be a Hilbert space and T : H — H be a bounded self-adjoint linear operator.
Fixu € H. Then, there is a unique positive Radon measure v = vr,,, the so-called spectral measure
with respect to T and u, such that

(f(Mu,u) = fav.
SpecT
Proof. See [4]. O
Proof of Carne-Varopoulos. Consider the Markov operator P defined by
Pu(x) = ) plx, y)u(y)

yeG
= IEXM(Xl).

Observe P is a bounded linear operator. We claim moreover it maps the Hilbert space
£*(G) into itself, where

*(G) = {u :G—>R: Z“u(x)2 < oo}.

xeG

To see this, if we take u € £(G), observe that

IPulle) = Y (Eai(X))?

xeG

< Y (u(X0)?)

xeG

=YY u@Pr,y)

xeG yeG

1/2
< Z ||M2||€2(G) {Z p(x, y)z] ,

xeG yeG
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where the second step is Jensen’s inequality and the final step is Cauchy-Schwartz for the
£*(G) inner product. Notice that since |||z < o0, we have ||u2||€z(G) < oo as well.

Now we exploit the fact that the step distribution of the random walk is supported by
a finite generating set A = {45, ..., a,}. Our estimate then becomes

; 1/2
IPull 2 < C Z (Z p(x, xai)z)

xeG \ i=1

< Z Zn: p(x, xa;)

xeG i=1

= Zn:Zp(xai,x) =n< o,

=1 xeG

where we used the symmetry of the random walk on the last step.
Since the random walk is symmetric, it follows that the Markov operator P is self adjoint:

(Pu,v) = Z Pu(x)v(x)

xeG

=YY pe puyrow

xeG yeG

- Z Z p(y, x)o(x)u(y) = (u, Po).

yeG xeG

(The interchange of summation signs above follows from Tonelli’s theorem — since (-, ) is
bilinear and we can write u = u™ — u~ where u™ and u~ are nonnegative, we may assume
without loss of generality that u is nonnegative.)

A classical result due to Chebyshev says that for every k € Z there is a unique polynomial
Qx € R[x], of degree k, satisfying Qx(cos &) = cos k& for all £ € R. In particular, this implies
|Qk(s)] <1 for|s| < 1.

Let S, = Y +--- + Y, be a simple random walk on Z. In the proof of the LLT for ki
above, we computed the generating function of S,,,

¢s,(0) = Ee"® = cos" 0,
whence we get the formula
cos" O = Z IP(S,, = k) cos(kO).
kez

In particular, we can write
5" = Y P(S, = k)Q(s).
kez
Since our operator P is bounded and self-adjoint, a theorem from functional analysis
says there is a Banach algebra isometric homomorphism
Yp : C(SpecT) - .Z(£%(G))

13



such that ¢p(p) = }.;a;P/, where p € R[x] is a polynomial p(x) = ¥ ;a;x/. In particular,
P =|IP"l| ) (S, = KIQUP/IPI),

kez
so by continuity and bilinearity of the inner product, we have

(6, P"5,) = IP"I1 Y (S, = k) (6, Qe(P/IIPIG, )

keZ.
But observe that

(6x, P"0y) = P"5,(x)
=Y P oY) = 7, y),
yeG
whence we get the formula for the transition probability

P y) = P ) P(S, = K) (8., Qe(PIPING, ).

keZ.

On the one hand, since P is self-adjoint, we know |[|P"|| = ||P||". Moreover, we can show
that the operator norm of the Markov operator P is the spectral radius p of the random
walk. By the spectral theorem, we know there is spectral measure v such that

(u, P'u) = f u"dv(u).
Spec P

In particular, having the calculations in the above paragraph in mind,
P(zn)(or O)l/Zn = ” Id ||L2”(Spec Pv)
where Id is the identity function on R. So as n — co we obtain
p = |l 1d [|z=(specp)-
But it is a fact in functional analysis (see [1]) that for P bounded and self-adjoint on a
Hilbert space,
IPIl = |1 1d | (spec p)-

Therefore our estimate for the transition probability becomes

p™(x, y) = p" Z P(S, = k) (5x, Qk(P/ P)‘Sy)

keZ
<p"Y P(S, =k
kezZ
<20" Y P(S,=h),
k>d(x,y)

where the first step is by Cauchy-Schwartz.
We can then conclude using Hoeffding’s inequality for simple random walk in Z:

P(S,| = a) < 2¢7% .

14
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