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ABSTRACT. The statements of Gddel’s incompleteness theorems
are famous in mathematics, concerning the foundations of the field.
Whilst most mathematicians have heard of the theorems, few out-
side of mathematical logic would have gone through the technically
sophisticated proofs. Instead of proving the original theorem for
the theory of natural numbers and utilizing the notion of consis-
tency, we prove a version of the first incompleteness theorem for
the theory of sets and utilize the notion of correctness, thus allow-
ing for a simpler and technically less demanding proof whilst losing
none of the philosophical significance of the original. We target an
audience of general mathematicians not specializing in mathemat-
ical logic, and hope to give a rigorous proof of an important result
with relatively less technical demand.
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1. INTRODUCTION

Even though almost every mathematician should have heard at least
the statements of Godel’s incompleteness theorems, it is a less known
fact, that there are many versions of incompleteness theorems. Perhaps
one of the most well known versions of the the first incompleteness
theorem is not Godel’s original theorem as it first appeared, but one
modified by Rosser:

Theorem. If Peano Arithmetic is consistent, then it is incomplete.

Informally, Peano Arithmetic is a system of first-order logic that
formalizes part of the theory of natural numbers. We say a theory is
consistent if there are no sentences that are both provable and refutable,
and we say that a theory is incomplete if there is a sentence that is
undecidable, that is it is neither provable nor refutable. For now, we
stick to an informal discussion of these concepts, but we will give precise
formulations in the next section of this paper.

The philosophical significance of this theorem is that it establishes
the mutual exclusivity of completeness and consistency. Peano Arith-
metic is either inconsistent, or it can express a sentence that it cannot
prove or disprove. Of the two, the former seems more disastrous to
a mathematician, for an inconsistent theory is able to prove any sen-
tence, including a contradiction, i.e. both a sentence and its negation,
or equally worse, something that is not true. So if we want to assume
that Peano Arithmetic is consistent, we must accept that at the very
least it is incomplete, and hence the incompleteness theorem outlines
some of the fundamental limitations of Peano Arithmetic.

The implications of this theorem on the limitations of Peano Arith-
metic however, actually extend far beyond Peano Arithmetic, for the
theorem also applies to any theory that is able to express a version
of Peano Arithmetic, including Zermelo-Fraenkel set theory with the
Axiom of Choice (ZFC) that essentially serves as the foundation of
almost all branches of modern mathematics outside of mathematical
logic. Godel’s first incompleteness theorem thus arguably demonstrates
the limitations of not just the theory of natural numbers, but almost
all of conventional mathematics.

Another version of the first incompleteness theorem more faithful to
Godel’s original work is:

Theorem. If Peano Arithmetic is w— consistent, then it is incomplete.

The term ‘w—consistency’, meaning that if a formula F'(n) is prov-
able for every natural number n then the universal formula YnF(n) is
also provable, is a technical condition specific to Peano Arithmetic not
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important to this paper, so we skip a detailed exposition of it. The
point however, is to illustrate that there really are multiple versions of
the first incompleteness theorem.

In this paper, we prove one more version of the first incompleteness
theorem:

Theorem. If ZFC is correct, then it is incomplete.

Here we say a theory is correct if every provable sentence is true and
every refutable sentence is false. There are two important points to
make about this particular theorem compared to the earlier ones.

First is the requirement of correctness in the hypothesis instead of
the requirement of consistency. Correctness is a stronger requirement
because if every provable sentence is true and every refutable sentence
is false, then no sentence is both provable and refutable. For if there
was a sentence both provable and refutable, it would be both true and
false and we define the set of false sentences to be the set of sentences
that are not true.

Even though correctness is a stronger requirement, we demonstrate
it allows for a significantly simpler proof than one based on consistency,
because consistency is based solely on provability and refutability, and
we think of a provable sentence as one that has a proof, and all proofs
must be finite in length. Informally, needing to keep track of the finite-
ness induced by proofs leads to some technical details regarding the
constructibility of sentences. For example, the Gddel-Rosser version
of the proof based on consistency required the ability for the theory
to sustain the development of a combinatorial enumeration of strings
of length less than the length of the undecidable sentence being con-
structed.

Such a task was made even harder by the fact that it was only al-
lowed to operate within the language of natural numbers. That brings
us to the second point about our theorem, which is that we consider
ZFC instead of Peano Arithmetic. Even though a proof of the the-
orem for Peano Arithmetic would already imply the result for ZFC,
informally because set theory contains number theory as s subsystem,
a direct proof in ZFC has fewer technical requirements because ZFC is
able to express certain concepts more concisely and clearly than Peano
Arithmetic.

For those with experience with Godel’s original proof, the most no-
table apparent technical simplifications would be due to be our “ver-
sion” of Godel numbering, a tool Gédel developed for his original proof.
A Gd&del numbering in a theory is an injection from the set of finite
words, to the set of natural numbers. Gédel numbering was required to
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encode sentences as numbers, so that Peano Arithmetic, being a theory
of numbers, may indirectly talk about its own sentences. These issues
are sidestepped in a theory of sets such as ZFC, because virtually any
mathematical object, including systems of sentences, can already be
thought of as sets, so with proper definitions, ZFC can talk about its
own sentences without such encoding.

These two modifications do not reduce the impact of the theorem.
First correctness is no less important than consistency, for failure of
correctness of a theory means that in the theory, it is possible to prove
a false statement or refute a true statement. It still implies the theory
does not captue the mathematical reality one would expect. Second,
arguably the real impact of the original incompleteness theorems in
Peano Arithmetic actually derive from their implications in ZFC, given
the importance of ZFC and similar formal systems in the foundations
of modern mathematics.

The aim of this paper is to give a clear and simple proof of a version
of the first incompleteness theorem with as little technical difficulty as
possible, so that it is most easily appreciable to those outside math-
ematical logic, while not diluting the significance of the theorem. Of
course a proof of the first incompleteness theorem will still be lengthy
and contain technical parts, but we strove to isolate the more technical
details so the reader can identify them easily and enjoy the conceptual
parts independently.

The same approach in our proof will carry over naturally to other
similarly expressive formal systems, with the main differences being
in the technical customization to cater to the particularities of those
formal systems.

An example of this segregation is given in the structure of this paper,
which shall be as follows. We first give a proof of an abstract version
of our first incompleteness theorem that outlines the general idea of
the theorem and conditions for a theory to be incomplete given it is
correct, giving the reader an incompleteness theorem in around two
pages. We then spend the bulk of the paper constructing the theory
of ZFC rigorously and applying the abstract theorem to get the main
result.

Finally, as a supplement at the end, we give a abstract version of
the first incompleteness theorem based on consistency, i.e. the Godel-
Rosser version. The significance of this version of the first incomplete-
ness theorem is that regardless of whether or not we believe ZFC to be
correct, consistency alone already guarantees its incompletness.

We note that while the subject at hand is axiomatic set theory,
working knowledge of naive set theory should suffice, and any further
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expertise would only help. Additionally, we assume working knowledge
of propositional and first order logic.

2. ABSTRACT FIRST INCOMPLETENESS THEOREM

Definition 1. A language system L is an ordered tuple (£,S,P, R, H, T, ¢)
consisting of the following: the set of expressions £, the set of sen-
tences S, the set of provable sentences P, the set of refutable
sentences R, the set of predicates #, the set of true sentences T
, and a predication function ¢ : H x £ —& , all of which fulfill the
following properties:

1. §C &, H C & ie. sentences and predicates are expressions.

2. PCSRCS, TCS, ie. provable sentences, refutable sen-
tences, and true sentences are all sentences.

3. For every H € H and every E € &, we have ¢(H,FE) € S. We
write H(FE) to denote ¢p(H, E).

As suggested by the notation in condition 3, we can think of each
predicate H as a function defined on &, so that for every E € £ the
image H(E) = ¢(H, F) must be a sentence. Informally, we can think
of a predicate H as encoding a formal property, which takes as an input
an expression E and outputs the sentence H(E) that can be thought
of as “F has the property described by H”.

Instead of saying ‘S is a provable sentence’, we simply say ‘S is
provable’. We likewise employ the similar abbreviation‘E is refutable.
Additionally, we say a sentence S is false if it is not true, i.e. S €

(S—T)=1{SeS:5¢T)

Definition 2. Let £ € H. The diagonal of F is the expression E(FE),
and the diagonal function d: H — S is the function which takes
every F € € to E(FE).

Similarly, for a set of predicates A C H, the diagonal of A is the
image of A under d, i.e. d(A) = {d(F): E € A}

Additionally, for a set A of sentences, we define the pre-image of
the diagonal of A to be A* =d™1(A) ={F € H :d(E) € A}.

By definition, A* is the set of predicates whose diagonals are in A.
If we let A be the set of provable and refutable sentences respectively
and let H be a predicate, we have by definition H(H) is provable if
and only if H € P*, and H(H) is refutable if and only if H(H) € R*.

Definition 3. 1. A set A C FE is expressible if there exists a predicate
H such that H(F) is true if and only if £ € A. We say H expresses A.

2. If F is an expression such that H(F) is true, we say E satisfies
H.
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This is an important definition, which aims to capture formally the
colloquial meaning of ‘expressing’ something in a language system. It
is clear that every predicate expresses some set, for given a predicate
H we can just take the set of those expressions that turn into true
sentences when described by a predicate, i.e. {E € £ : H(E) € T}.
On the other hand, a set being expressible just means that the converse
holds, we can find a predicate that becomes a true sentence exactly
when describing members of that set.

Example 4. We wish to express the notion of provability in £. To do
so, we must find a predicate H such that H(FE) is true if and only if
E € P, ie. if and only if E is provable. Informally, this means the
sentence H(FE) must be saying'E fulfills the property of provability,
or'E is provable’. If it happens that E is not provable, then these
sentences will be false, so they are true if and only if E is actually
provable.

In the version of the first incompleteness theorem we prove, the no-
tion of correctness is needed in the hypothesis and the notion of incom-
pleteness is needed in the conclusion.

Definition 5. Let £ be a language system.

1. Lis correct if every provable sentence is true, and every refutable
sentence is false, i.e P C T and R C (S —T).

2. L is incomplete if there exists a sentence that is neither provable
nor refutable, i.e. PUR # S.

3. If a sentence GG that is neither provable nor refutable, we say G is
undecidable.

Hence in proving incompleteness in L, it suffices to show that there
is an undecidable sentence. Additionally, if £ is correct, it is sufficient
to show that there exists a true sentence that is not provable. We will
prove this small fact and use it in our first incompleteness theorem.

Lemma 6. If L is correct and there is a sentence G in L that is true but
not provable, then G is also undecidable (and hence L is incomplete).

Proof. Suppose L is correct and G is true but not provable. Suppose
moreover (G is refutable. Then by the assumption that L is correct, G
is false, a contradiction because G is also true, and by definition the
set of false sentences is the complement of the set of true sentences in
S. Hence G is not refutable. So G is neither provable nor refutable,
hence it is undecidable. U

Now we state and prove a version of the first incompleteness theorem.
Remarkably, so far we have said nothing specific about the language
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system L. All that was required for us to develop a first incompleteness
theorem, is a very limited and basic language system, which essentially
is just a collection of sets and subsets and a predication function. For
the statement of the proof, let P’ = {S € S : S ¢ P} be the com-
plement of P in §. This means that if a sentence S is in P’, it is by
definition not provable, i.e. P’ is the set of non-provable sentences.

Theorem 7. In language system L, if (P')* is expressible and L is
correct, then L 1s incomplete.

Proof. Assume L is correct and let H be a predicate expressing (P’)*.
We show that the sentence H(H) is undecidable. Since H expresses
(P")*, H(H) is true if and only if H € (P’)*. By the definition of the
diagonal function, H € (P’)* if and only if H(H) € P’. Combining the
two equivalences, we have that H(H) is true if and only if H(H) € P/,
i.e. H(H) is true if and only if it is not provable. We now just need
to show H(H) is true, then it would not be provable. Suppose H(H)
is false, then H(H) is provable. By the assumption of correctness, this
implies H(H) is true, a contradiction. Hence H(H) is true and not
provable, hence is undecidable and L is incomplete. U

Now that we have the abstract first incompleteness theorem, all
that needs to be done is to define the language system of ZFC, i.e.
(E,S,P,H,T,¢), and show that (P’)*, the pre-image of the diagonal
of the set of non-provable sentences, is expressible in ZFC. For the rest
of the paper, we shall call the language system of ZFC the‘Axiom sys-
tem of ZFC’ or just’ZFC’ when abbreviated. The fact that (P’)* is
expressible shall be proved in the following steps:

Proposition. 1. P s expressible in ZFC.

2. For any set of sentences A that is expressible in ZFC, the com-
plement A’ is expressible in ZFC.

3. For any set of sentences B that is expressible in ZFC, the pre-
image of the diagonal B* is expressible in ZFC.

From these steps, letting A = P in the second part of this propo-
sition and B = P’ in the third part, the fact that (P’)*is expressible
follows immediately. In the next section, we construct the axiom sys-
tem of ZFC, and in a further section, we prove the three parts of the
proposition above.

Remark 8. The reader may find the construction of (P’)* abstract and
lacking in intuition, so we briefly explain it. Informally, it gives us the
set of predicates that are not provable when they describe themselves,
i.e. the set of predicates K such that K(K) is not provable. Now if
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H expresses (P')*, for each predicate K, H(K) is saying‘the sentence
K(K) is not provable’. What we wish to do is to take H and let it
describe itself, so we have H(H) that says' the sentence H(H) is not
provable, or just 'H(H) is not provable or‘l am not provable. That is
the commonly used colloquial phrasing of the undecidable sentence, for
is must be true and not provable under a correct language system.

3. CONSTRUCTION OF THE AXIOM SYSTEM OF ZFC

3.1. Preliminaries. We fist give a set theoretic construction of the
natural numbers and ordered tuples for use later.

Definition 9. A natural number n is a set defined as follows:
1. 0 is the empty set ¢.
2. A number n is the set (n — 1) U{(n —1)}.

So then 1 = {0}, 2 = {0, 1}, and so forth. Every natural number
contains the previous numbers.
We now define a function, which is defined in terms of ordered pairs.

Definition 10. 1. An ordered pair (a,b) is the set {{a}, {a,b}}.

2. Let A and B bet sets. The set A x B or the product of A and B
is the set {(a,b) :a € A,b € B}

3. A function f from a set A to a set B is a subset of A x B such
that if (a,b) and (a,c) are in f then b = ¢, i.e. for every a € A there
exists a unique element b € B such that (a,b) € f.

This allows us to define an ordered tuple as a set.

Definition 11. An ordered tuple (ay,...,a,) is the function f from
{1,...,n} to {a4, ..., a,} such that f(n) = a,.

3.2. The Basic Language of ZFC. In this subsection, we will define
what are expressions, predicates and sentences, i,e, the sets £, H, S, T
in ZFC. In particular, we define expressions, predicates and sentences as
strings of symbols with different properties. We also clarify the nature
of the function ¢ in ZFC, which shall be thought of as the substitution
of variables for instances of the variables. In the subsection after this
one, we shall define the sets P and R and prove that P is expressible
in ZFC.

3.2.1. Symbols and Ezxpressions: The language of ZFC shall be con-
structed from the alphabet set [ consisting of the following symbols:

Vev =) (v
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Additionally, we define each symbol to be a set according to the table

below.
vielv[o] * [=]) [
(0]1]2][3 ete.. [..].. ]

‘N‘

Definition 12. An expression E of ZFC is any finite ordered tuple
of elements of .

In writing down an expression (aq, ..., a,) where each a; is an alpha-
bet symbol, we omit the parenthesis and commas, and simply write
a1ag...Ap—_10gy.

Every finite ordered tuple is a function, which is a set, and in partic-
ular some special subset of the product of the domain and the range.
This means all expression are technically sets.

Definition 13. The expressions (v'), (v”), (v"), ... are called variables,
and shall be abbreviated by vy, v, vs, ... respectively in writing down
larger expressions that contain them.

We now define the notion of a formula, a special type of expression,
in ZFC.

3.2.2. Formulas.

Definition 14. An atomic formula is any expression of the form
x € y or x = y where x and y are variables. A formula is defined
inductively as follows:

1. Every atomic formula is a formula.

2. For all formulas F' and (G, and for any variable x the expressions
~ (F), (F D G), Yo F are formulas.

Here, the symbols ~, D and V mean‘the negation of’,‘implies” and‘for
all’ respectively.

Definition 15. If a variable z appears in an expression F, we say
x occurs in E. The concept of occurrence need only be used infor-
mally. The notions of free occurrences and bounded occurrences
of a variable in an expression and the notion of a closed formula are
defined as follows.

1. If F is an atomic formula, and if x is a variable and occurs in F,
then we say = has a free occurrence in F.

2. If F and G are formulas, the free occurrences of x in in (F' D G)
are the free occurrences of = in F' together with the free occurrences
of z in G. The free occurrences of x in ~ (F) is the same as the
free occurrences of x in F. If y is a variable distinct from x, the free
occurrences of z in VyF' is the same as the free occurrences of x in F'.
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3. The occurrences of x in VxF are bounded. We do not say that
the occurrences in x in Vo F are free.

4. A closed formula is a formula in which no variable has a free
occurrence. An open formula is a formula in which at least one variable
has a free occurance.

5. A free variable in a formula F' is a variable that has a free
occurance in F'.

This allows us to define:
Definition 16. A sentence is a closed formula.

Recall that we defined expressions and alphabet symbols in such a
way so that every expression, while written down as ordinary familiar
symbols, is actually a pure set, so that we may use the language of
ZFC to talk about expressions of ZFC. Now given a formula F'(z) that
has free occurrences of a variable z and given a pure set M, we want
to be able to generate a new expression F(M) which is equivalent to
substituting every occurrence of x with a token M that represents the
set M. For example, if F'is Vy(z € y), we want a way of generating
an expression Vy(M € y) that makes sense, since presently the symbol
M and meaning of M € y is undefined. To do this, we need a way of
indirectly referring to a pure set that is an expression using formulas.

3.2.3. Set-Erpressions: Given an expression £/, we will generate a pred-
icate E that expresses the singleton set containing F, i.e. the set {E'}.
That is, E is the only expression that satisfies F.

Definition 17. Let M be a predicate that expresses the singleton set
containing a set M. Let x be a vairable and let v be the free variable
of M.

1. Then the expression z = M is defined as Vvo(v = 2 D M).

2. The expression x € M is defined as Vo(z € v D M)

Even though M is a formula, we can think of it as the element of
the singleton set it expresses. Hence x = M can be taken informally

to just mean that the variable z is equal to the set M, and similarly so
forx € M.

Definition 18. 1. Let E be an expression. If there exists a formula
that expresses the singleton set containing E, the we define E as the
set-expression of F.

2. Let I'denote the set of all set expressions.

There are multiple set expressions that express the singleton set con-
taining F, for example as we shall see later in discussing the notion of
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truth in ZFC, if K is one set expression that does this, then the dou-
ble negation ~ (~ (K)) also does it. So actually E is an equivalence
class of formulas defined by the equivalence relation that two formulas
are equivalent if they express the same singleton set. We omit a proof
that such a relation is actually an equivalence relation. Outside of this
paragraph in this the paper, when we write E for a set £, we may just
take E to be a representative of the equivalence class whose elements
express the singleton set containing F.

Remark 19. We use the term set-expression because the formula F
acts as token to be used in writing expressions in place of the set E,
such that for any variable z, writing down z = E makes sense. In an
analogous way, the roman numeral III is a number-expression that acts
as a token in place of the number three used to write expressions such
as n =III. What we want to say is something like‘n equals three’, but
we write 111 instead of the English language token‘three’. In the same
way, I is treated as a pseudo expression that is used as an element in
forming other expressions.

Proposition 20. For every expression E there exists a predicate E
that expresses the singleton set containing E. Hence I' is non empty
and indexes the set of all expressions.

Proof. In order for us to prove this result, we need to define what it
means for a sentence to be true in ZFC. However, in order to do that,
we need to make some more definitions regarding the substitution of
variables for sets, and hence give the proof at the end of this section. [J

Hence we may treat any expression E as having a corresponding
token E' that is a set-expression from I'that can be used to represent
E in formulas, such as in x = FE.

Remark 21. Our construction of set expressions is such that the only
sets we care about are expressions. The reader should note that there
are other sets that do not have a corresponding formula that expresses
the singleton set containing it. This is because formulas are finite
ordered tuples of alphabet symbols, so there are only countably many
formulas. There are however, uncountably many sets. One example
is the real numbers. For if every real number, taken as constructed as
a set, has a corresponding formula, then there would be uncountably
many formulas.

3.2.4. Substitution of variables for sets.

Definition 22. 1. When we write a formula as F(v;,, .., v;,) we mean
that v;,,...,v;, are the only variables with free occurrences in F'. Let



INCOMPLETENESS IN ZFC 12

F(vyy,...,v;,) be such a formula. If myq, ..., m, are set-expressions, then
F(m1,...,y,) is the expression that results from replacing occurrences
of v;, with 7y where j ranges from 1 to n. We say that F'(my, ..., m,)
is an instance of F(v;,,..,v;,).

We will employ the following abbreviations to our language. The
left hand side of each line below is defined by the right hand side. F,
G, H, are formulas, x is a variable, and m and n are set-expressions or
variables. Whenever we may omit parenthesis in expressions without
giving rise to ambiguity, we may do so. For example, (F' D G) may be
written as F' O G, and ~ F' may be written instead of ~ (F).

(FVG)=(~F>G)
(FAG) =~ (F>~G)
F=G=(FOG)AN(FDGQG))
JxF =~ Vr ~F
m#n=~m=n
(Ve e y)F =Vz((xr €y)AF)

We note that the above abbreviations are just formalizations of the
standard meanings of A, V, =, 4 for the working mathematician as con-
junction, disjunction, equivalence and existence quantifier respectively.

Recall that in section 1, we required a language to have a predication
function ¢ that associated every predicate H and every expression E
with a sentence H(F). ¢ is precisely the substitution of vy in H(v;)
with the set-expression of E, so ¢(H, E) = H(E).

3.2.5. Substitution of Variables for Variables:

Definition 23. Let F(vy,...,v,) be a formula of the n variables. For
any tuple of variables vy, , ..., vg,, we define F'(vy,, ..., vk, ), or the substi-
tution of the variables vy, ..., vk, for vq,...,v, in F' to be the expression
such that:

1. If none of the vy, occur in F' as a bounded vairbale, then F'(vy,, ..., vk, )
is the result of replacing all free occurrences of v; for w; for each
1=1,..,n.

2. If there exists a 7 such that vy, occurs in [ as a bounded variables,
then we first take the smallest such ¢. We the replace every occurrence
of vy, in F' with the smallest j such that v; does not occur in F, and
then repeat the process for the next variable vy, that occurs in F' as an
bounded variable, and so forth until we remain with a formula F” that
has no vg,as a bounded variable. We then apply step 1 and substitute
Uky s +y Ug,, fOT 01, ..., 0, in F’ and define the result to be F(v;,, ..., v;,).
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Example 24. Consider the formula v; # vy D vy € vy of two free
variables v; and vy. The substitution of vy,v9 for vy,v3 by applying
part 2 of the definition results in first in v; # v3 D v3 € vy, and then
vy # v3 D v3 € vy as the final result.

3.2.6. True Sentences.

Definition 25. What it means for a sentence to be true and for two
sentences to be equivalent shall be defined inductively as follows.

1. An atomic sentence m = n, where m and n are set expressions, is
true if the sets represented by m and n are equal. An atomic sentence
m € n is true if the set represented by m is an element of the set
represented by n.

2. If X is a sentence, the sentence ~ X is true if X is not true.

3. If Y is another sentence, then X D Y is true if either X is not
true, or both X and Y are true.

4. If x is a variable, Vo F(z) is true if for every expression M, F'(M)
is true.

5. X and Y are equivalent if they are both true or both false.

6. If F(vy,...,v;,) and G(v;,...,v;,) are open formulas with the
same free variables, F' and G are equivalent if for all sets my, ...my, the
sentences F'(my,...,m,) and G(my,...,m,) are equivalent.

We have thus defined the notion of an expression and true sentences.
We now define the notion of a predicate.

Definition 26. A formula F(v;,,...v;,) isregularifi; = j. So F(v;,,...,v;,) =
F(vq,...,v,) if Fis regular. A predicate is a regular formula with only
one free variable, i.e. it can be written as H (v;).

We now prove the proposition that every expression E has a set-
expression F.

Proof. We prove this proposition in several steps.

1. The singleton set containing the empty set ¢ is expressible.

The empty set is just the set with no elements. Hence {¢} is ex-
pressed by Va(~ z € y).

2. For every alphabet element K of 5, K is expressible.

The first alphabet element is just ¢, so {¢} is expressed by the
same formula as the empty set. Now we construct formulas expressing
the next seven alphabet elements inductively. Let n = 2,...,8. Each
alphabet element apart from the first is nonempty and contains the
previous. So 3z(r € y) AVz(z € y D = ¢,_1) is the expression
expressing the singleton set {¢,}.
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3. For every expression £ = FEi...F, consisting of of n symbols,
where each E; is an alphabet element in 3, the singleton set containing
(Er, ..., E,) is expressible.

Let funct(xz) be an expression saying that the set x is a function.
Let dom,,(z) be an expression saying that the domain of x is the first
n natural numbers. Let n(x) be an expression saying that x is the first
n natural numbers. Now let E' be an alphabet element. Let f.(y, E)
be an expression saying that the value of y in the function z is E. The
requisite expression expressing the singleton set containing (FEy, ..., E,)
is funct(z) A dom,(z) A (Vz(n(z) D Yy(y € z D f.(y,E,))). The
expressions above are expressible, and given below.

n(z) =Vz(z€x D (2=0A ... ANdn))

funct(xz) = Vz((z € x D pair(z)) AVuVvu(first(z,u) A first(z,v) A
u = v D VIVk(second(z, k) N second(z,l) D1 =k)

where pair(z) = Jaedy(xr € 2Ny € z2Az#yANVz(z €2 D 2z €
Y)ANx # dNy # ¢ A Elti(x) A Elts(y)) A Elts(z), where for any n € N,
Elt,(z) says that = has exactly n elements, and it is expressed by
Blty(x) = Fr1.. 30, ( A\ cicjcn Ti # ) AV2(2 € 2 D Vi, @ = 1),
first(z,y) and second(z, y) say that the first or second elements of z is
y respectively, expressed by first(z,y) = Va(Elti(x) Ny € x D x € 2)
and second(z,y) =V (Elta(x) Ny € x Dz € 2).

domy,(z) = Elt,(x) AN\Vz(2z € x DV, -, first(z,1))

fo(y, E) =Vz((z € x A first(z,y)) D second(z, E)) O

3.3. The Axiom System of ZFC. The aim of this subsection is to
describe the sets P and R in ZFC and show that they are expressible.
In doing so, it is necessary to define precisely what is a proof in as an
expression, which involves notions of axioms, inference, and sequences
of expressions.

3.3.1. Azioms and Rules of Inference: Informally, a proof of a theorem
is a ordered finite list of expressions, starting from axioms and even-
tually getting to the statement of the theorem, with rules of inference
that govern what is allowed in between. In order to formalize the no-
tion of a proof in ZFC, we first need to define the axiom system of
ZFC.

ZFC has two types of axioms. The first few axioms are the axioms
that govern propositional and first order logic, the second group are
those particular to ZFC. What the axioms precisely are is not particu-
larly important for this paper, so we give a cursory presentation. What



INCOMPLETENESS IN ZFC 15

is important is that we can explicitly write the axioms down in the lan-
guage of ZFC, and the very fact that we designate a special subset of
expressions A C £ as axioms in the first place.

In order to write down some of the axioms of ZFC, we first make
some preliminary abbreviations.

Definition 27. Let x,y, 2 and w be distinct variables.
1. The expression z = x Uy is defined as
(Vw € z(w € x) V (w € y))A(Vw € z(z € 2))AVw € y(w € 2)).
2. y=x Nz or "y is the intersection of x and 2” is defined as
Vz(zey=ze€x Nz €w).
3. dlyF, or “there is a unique y such that F' holds” is
Jy(F /\VZ(Fj Dz=y))

where F'z is the formula that results from substituting all free oc-

Y
currences of y in F for z.
4. w = {z} or “w is the singleton set containing 2” is defined as
zewAVulu € w D q=2).

Now we present the axioms of ZFC:

Definition 28. Let F, GG, H be formulas, and let u, v, w, x, y, 2
be distinct variables, and let m be a set-expression. Recall that ¢ is
the empty set and ¢ is its set expression. An axiom of ZFC is any
expression of the following forms:

1. Axioms of Propositional and First Order Logic

Li: (FD(GDF))

LQZ (

Lgi (
Ly: (Vx(FDG) D (VaFD VzQ))
Ls: (F D VzF) if  does not occur in F

Lg: Jx(z =m)

Lz (x =m D (XzY D XmX)) where X and Y are any expressions
such that XY is an atomic formula.

2. Axioms specific to ZFC

Z FCy: Extensionality

VaVy(Vz(z €x =2 €y) Dz =y)

Z FC5: Seperation

V.. Vo, Ve3yVz(z € y = z € © A F) where F has at most n+ 1 free
variables vy, ..., vy, 2.

Z F(C5: Small Union

VaVyFuVz(z €exVz €y D z € w)

ZFCy: Big Union

VwIyVaVz(r e wNhz € x Dz €y)
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ZFC5: Power Set

VedyVz(z Cx Dz €y))

Z FCg: Infinity

Jr(pexAVz(z €2 D Vw(w=2U{z}) Dw € x))!

Z FC7: Replacement

Yoy, ..., Yo, (VeI lyF D YudoVaVy(x € u AN F D y € v)) where F
contains at most n + 2 free variables vy, ..., v,, x, y.

Z F(Cy: Foundation

Vw(w# {} D3z(r cwAzNw = ¢))

Z FCy: Choice B B

Vw(VaVy(z e wAy €w D x#dN(x #y DxNy=¢)) D FoVe(z €
w D Iz(vNa={z})))

In writing a proof, the list of expressions one writes down must follow
specific rules. Generally at the beginning of a proof, one starts with
some axioms, and the expressions further on in the list may be addi-
tional axioms or they were “inferred” from the preceding expressions
by some rule.

Definition 29. The following are the inference rules of ZFC. For all
formulas F' and G and for all variables x,

1. We say G is inferred from F' and (F' D G).

2. We say VzF is inferred from F

3.3.2. Provability and Refutability in ZFC:. We now wish to define the
notion of provability and express the set P of provable sentences and the
set R of refutable sentences in ZFC. Informally, a sentence is provable
if there exists a proof of it, and we define every proof to be a special
type of finite tuple of expressions, of the form (Fi,..., F,). Dually, a
sentence is refutable if there is a refutation of it, and a refutation is
just a proof of its negation.

Definition 30. We denote the set of all finite tuples of expres-
sions by £<¥ = (J &", where &" = {(F, ..., E,) : E; € £} is the set of

neN
finite tuples of n members, each of which is an expression.

The notation < w comes from the standard notation that w refers to
the first infinite cardinal; here it refers to the fact that we are taking
the union of powers of £ that are finite, and hence have cardinality less
than w.

Definition 31. Let K be an sentence of ZFC. We say that a tuple
of expressions P = (Fy,....,E,) € £<“ is a proof of K if there is a

'The expression w = z U {2} is a shorthand for w = z Uu A u = {z}
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member E; such that F; = K and every member ¢ satisfies one of the
following:

1. E; is an axiom of ZFC

2. There exists a j < k < such that £ is inferred from E; and Ej
by the first inference rule.

3. There exists a j < 7 such that F; is inferred from F; by the second
inference rule.

4. We say a sentence X is provable in ZFC if there exist a proof of
X.

5. A sentence Y is refutable if the sentence ~ Y is provable. A
refutation of Y is a proof of ~ Y.

Note that our definition of a proof of K did not require K to be the
last member of its proof. This does not matter because the existence
of a proof that contains K not as itd last member implies the existence
of a shorter proof that has K as its last member by cutting off all the
members after K.

4. PROOF OF THE FIRST INCOMPLETENESS THEOREM IN ZFC

Recall that the proof shall be done in three parts. First we shall prove
that the set of provable sentences P is expressile. Then we shall prove
that for any expressible set, the complement is expressible. Finally we
prove that for any expressible set, the pre-image of the diagonal is also
expressible. The result is that (P’)* is expressible, and by the abstract
first incompleteness theorem, if ZFC is correct then it is incomplete.

4.1. Basic Definitions about Expressibility. Here we make some
new definitions that will be required in the proofs in the later subsec-
tions.

Recall that for a set A of expressions, we defined A to be expressible
if there is a predicate H, i.e. formula with one free variable such that
H(m) that is true if and only if m € A. Now we extend the notion
of expression to sets of tuples of expressions, and formulas with more
than one free variable.

Definition 32. A relation R(ky,...,k,) of n variables is a set of n
tuples (my,..,m,) of expressions or finite tuples of expressions. For
such an n tuple (my, .., m,,), we say R(myq,..,m,) holds if (m,..,m,) €
R(ky, ..., kp).

Example 33. The relation R(z,y) = {(x,y) : * € y} of two variables
is the set of all tuples (x,y) of sets such that x is an element of y. For
the tuple, (z,{z}), we say R(x,{z}) holds.
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Definition 34. A relation R(ky, ..., k,) of n variables is expressible
if there is a regular formula F'(vq, ..., v,) with n free variables such that
F(my,...,my,) is true if and only if (71, ...,m,) € R(ki, ..., ky).

Example 35. The relation R(z,y) = {(z,y) : * € y} is expressible,
and the regular formula expressing it is v; € vs.

To avoid clunky vocabulary when we talk about relations or even sets
of expressions, we shall rarely explicitly refer to them as sets of tuples.
Instead, we may informally refer to them by a specific property that
defines the relation or set. For example, instead of writing R(x,y) =
{(z,y) : © € y}, we may simply write “the relation z € y”. Whenever
we talk about such properties, the context will be clear so that there
will be no ambiguity as to what relation we are referring to.

Additionally, we may use the term “property” formally to mean a
relation of one variable, i.e. just a set of single expressions. So Var(z)
could be the property that x is a variable, and it formally means the
set of expressions that only have single letters v; or vy or vs etc.

Definition 36. A property is expressible if the relation or set defined
by the property is expressible.

Example 37. The property of provability is expressible if the set P is
expressible.

4.2. Expressibility of P. In order to show that P is expressible, we
need to find a formula with one free variable H(v;) that says‘v; is prov-
able’. When we take the set-expression representing x and substitute
it for the free variable in H, H(m) will be true if and only if m € P
. Additionally, the only symbols allowed in constructing such an ex-
pression are the elements of 5. Such a task would be impossible to do
directly. So instead, we will build a vocabulary of auxiliary relations
and formulas, such as formulas that say‘v; is an axiom of ZFC’, and
then express H(vp) in terms of these auxiliary relations and formulas.

The most important auxiliary properties and relations will be:

Var(xz) and Setexp(x) - informally stating that “x is a vairable” and
"x is a set expression”.

Fm(z) - informally stating that “x is a formula”.

A(z) - informally stating that “x is an axiom”.

P(z) - informally stating that "z is provable in ZFC”

4.2.1. Basic Auziliary Relations: Given two expressions F' = Fi, ..., I,
G = Gy, ..., Gy, the concatenation of F'and G'is F'xG = Fi, ..., F,,Gy, ...,G),
that refers to the expression resulting from first writing the symbols of
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F and then immediately after writing the symbols of G. One auxiliary
relation we want to use is the relation Z = F' x G.

Proposition 38. The relation Z = F x G is expressible.

Proof. We express Z via auxiliary expressions.

1. The relation Z7 = X UY, or “z is the union of x and y” is
expressible, and expressed by the following predicate, as introduced
before in the defintion of the axioms of ZFC:

VeeZ(xe X)V(x e Y)A(Vx € X(x € Z))ANVz € Y (z € 2)).

2. The relation X C Y, or “X is a subset of Y” is expressible:

Vee X(ze€Y).

3. The relation Z = X — Y, or " Z is the set X without elements of
Y” is expressible:

ZCXNVzr(ze XNxgY DaxeZ)

4. Note that for two natural numbers n, m, n < m iff n is a proper
subset of m. Define x Cy =2 # y Ax Cy. We define the expression
that “Z is the concatenation of F' and G and follows. First we require F’
to be a subset of Z. Then we take the smallest element of the domain of
Z — F and require Z — F' to agree with GG on the smallest element of G.
Then we put an inductive statement saying that it Z — F' and G agree
on one element, they agree on the next element. Thus inductively, it
shows that Z agrees with F' on the first few elements appropriate to
the domain of F, and on the remaining elements it agrees with G.

Then Z = FxG = (F C Z)N\VK{(K = Z—F D NVk(smallest(k, K) D
VE(fa(1,E) D fx(k,K)) N VE\YEYuVoWVuVz(u = v+ 1Az = w+
LA fr(u, E1) A fo(w, Ey) D (Fp(w, E2) A Fg(v, E3))]}

where smallest(k, K) = Jz3y(first(y,z) Ny € K ANk = x) A
VaVy(first(y,z) O k C x) means that of all numbers in the domain of
K, k is the smallest. O

Definition 39. 1. For any two expressions ' = Fi,...,F,, G =
Gy, ...,Gp, we say ' begins G if G = F}, ..., F,,G,11,...G,,. In short-
hand, we write FBG to mean that F' begins GG. Similarly, we say that
F ends G, or FEG if G = G1...G,_p, F1, ..., F,,. Finally, we say that
Fis a part of G, or FPG, if G = G1...G,F1..F,G 1 1...Gyy.

Proposition 40. The relations FBG, FEG and FPG are are express-
ible.

Proof. 1. Again keeping in mind that an expression F' = {{F1},...,{F}, ..., F,.} },
FBG is expressed by:

Vo € F(z € G)

2. FEG is expressed by:

(F=G)Vv (3H(G*F = H)).
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3. If Fis a part of GG, then there is an expression H such that H
begins G and F' ends H. So FPG s expressed by:
JH((HBG) A (FEH)) O

Definition 41. 4. We say ' ~ PG if F is not a part of G, and
F\..F,PGif F} x...x F}, is a part of GG.

Exercise 42. Show that ' ~ PG and F...F,,PG are expressible.
(Hint: ~ FPG; and Fy + ... % F,, = H is expressible by induction on n)

Definition 43. Let Z = (F, ..., E,) be a sequence of expressions. We
say X ; Y or X precedes Y in Z if there exists 7, j less than or equal

to n such that i < j and E; = v and E; = y.

Proposition 44. The relation X ? Y s expressible.

Proof. 1. First we say X is a member of Z if X = E; some i. Let XeZ
be the relation that X is a member of Z. X€Z is expressible:

dr € Z(X € x)
2. Now X ; Y is expressible:

(XeZ) A (Y € Z) AIW((WBZ) A (X € W)A(~Y EW)) 0

Using these auxiliary relations, we now employ the following abbre-
viations. Let F' be a formula:

(VXeY)F =VX(XeY D F)
(AX,)Y < Z)F =3X3Y (X < ZAY < ZAF)
W w w

4.2.2. Formation Sequences for Set-expressions and Formulas: We have
previously defined formulas and set-expressions inductively in terms
of atomic formulas and the empty set, i.e. the atomic set, respec-
tively. This means than an expression is a formula or a set-expression
if and only if there is a sequence of formulas or set-expressions, start-
ing from atomic formulas and atomic set-expressions and containing
set-expression desired. In order to express the auxiliary properties
Setexp(x) and F'm(x) that each say “z is a set-expression” or “z is
a formula”, we need to formalize the notion of a sequence of formu-
las or sequences of set-expressions that generate desired formulas and
set-expressions.

For any expressions X, Y and Z define Ry (X, Y, Z) to be the relation
that Z is the set-expression{X} or {X,Y}. We say R,(X,Y,Z) is a
formation relation of set-expressions.
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Similarly, define R;(X,Y, Z) to be the relation that Z is one of the
expressions ~ X or (X DY) or Vu; X for some variable v;. We say
Rs(X,Y, Z) is a formation relation of formulas.

The reader may note that the definition of a formation sequence for
set expressions and the definition of a proof in ZFC are very similar.
Both proofs and formation sequences are sequences of expressions, with
rules that each member of the sequence is some kind of atomic expres-
sion, such as an atomic formula or axiom of ZFC, with rules that each
member must satisfy some relation with preceding members. Thus, the
proofs for the expressibility of P, Fim(z) and Setexp(z) are similar.

Definition 45. 1. A formation sequence of set-expressions is a finite
sequence of expressions (Ej,..., E,) such that each E; is the empty
set, or there exists preceding members F;, Ej , j # k such that
(E;,ELE;) €Rs(E;,Ey,E;).

2. Similarly, a formation sequence of formilas is a finite sequence of
expressions (FEy, ..., E,) such that each F; is an atomic formula, or there
exists preceding E;, Ej, , j # k such that (E;,ExE;) €R;(E;,Ey,E;).

4.2.3. Auziliary Properties Var(x) and Setexp(x):

Definition 46. The property Var(x) is the property that = is a vari-
able.

Recall that a variable expression is of the form (v where there
is an arbitrary finite string of commas after v. Let’s call a string of
subscripts a finite expression of the form ... An expression is a
string of subscripts if and only if every part of that expression contains
a comma.

" //)

Proposition 47. Var(z) is expressible

Proof. 1. Let us first define the property Sb(x) that z is a string of
subscripts. First we show that Sb(z) is expressible:

Vy(yPx D 5Py)

2. Then we express Var(z) using Sb(x):

Jy(So(y) Ne =8xvxy*T7 O

Definition 48. The property Setexp(x) is the property that x is a set
expression.

Proposition 49. Setexp(x) is expressible. (i.e. the previously intro-
duced set T, defined as the set of all set expressions, is expressible and
it is expressed by Setexp(x)).

Proof. Most of the work was done in the previous section in explaining
the idea of T for every set expression x. Setexp(z) is expressed by the
formula.



INCOMPLETENESS IN ZFC 22
Fy(y =7) O
4.2.4. Auziliary Property Fm(x):

Definition 50. The property F'm(z) is the property that = is a for-
mula.

Proposition 51. Fm(z) is expressible.

Proof. 1. First define the property atom(X) that X is an atomic for-
mula. atom(X) is expressible:

3z((X = (y=2) A (X = (y € 2)))

2. Next define the relation Gen(X,Y) that X is an expression of the
form Vv;Y for some variable v;. Gen(X,Y") is expressible:

z(Var(z) Ny = (V*zxx))

3. R¢(X,Y,Z) is expressible:

Z=XDOY)ANZ=(~X)NZ=(Gen(X,Y))

4. Define Seqf(z) that x is a formation sequence for formulas.
Seqf(x) is expressible:

(Vy € z)(atom(y) vV (Fz,w < y)Rp(z,w,y))

5. F'm(z) is expressible:
Fy(Seqf(y) A € y) -

4.2.5. Auziliary Property A(x):
Definition 52. A(z) is a property that x is an axiom of ZFC.
Proposition 53. A(x) is expressible.

Proof. Recall that we listed the axioms of ZFC earlier, split into two
group: the axioms of first order and predicate logic L; to L, and the
axioms specific to ZFC ZFC to ZFC5. Let L;(z) and ZFC;(x) be the
property that = is an axiom of the form L; and ZFC; respectively. We
show that Ly (z), ..., L7(z) and ZFC,(x),...,Z FCy(z) are all expressible,
and the define A(z) = Li(x) V ...V Ly(z) V ZFCy(z) V ... V ZFCy(x),
and hence A(x) is expressible.

1. The properties Li(x),..., L7(x) can be routinely, and we give an
example of a proof of the expressibility of Li(x). If x is an expression,
then it is an axiom of the form L; if and only if there are formulas
F and G such that x = (F D (F D G)). The expression expressing
Ly(z) is (FyFz(Fm(y) AN Fm(z) Az = (y D (2 D y))). Using the auxil-
iary properties such as F'm(z), Var(z) and atom(z) previously defined
and the over-line notation T for denoting the set-expression of x, the
expressibility of Lo, ..., Lg are very similarly proved.
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2. The properties ZFCy(x), ..., ZFCy(x) are all expressible, though
not as routine as Lj(x),.., Ly(x). Similarly, the expression expressing
ZFC;(x) is still just K A x = zfc; where z fc; is the corresponding ex-
pression we listed previously with axiom Z F'C;, the expression K is the
concatenation of appropriate quantifiers JuVar(u) and IF(Fm(F)) for
each variable u and formula f used in the axiom and declared in the
beginning of the definition of axioms of ZFC.

The only difficulty is that some axioms require a formula F' to have
at most a specific number m specific of free variables.

We thus first define a new relation F'ree(v, F') that v is a free variable
of F' and prove it is expressible. Then, for axioms such as one of the
form Z FCy, that require a formula F' to have at most n+1 free variables
V1, ..., U, T, we add the expression

JxJvy, ..., v Var(z) AVar(v) A... AVar(v,) AVy(Free(y, F) Dy =
zVy=vV..Vy=u,)

to K.

To prove the expressibility of Free(v, F'),we first define the relation
Bounded(v, F') that every occurrence of v in F' is bounded.

A variable is not free in F' if an only if every occurrence in F' is
bounded, which is to say that for every expression E of two characters
long that is a part of F, if v is a part of E then V precedes v in E or
v is the first member of E. However, this is equivalent to saying it is
true for expressions E of any length. In one direction proving this for
an expression of any length proves it for expressions of length 2. In the
other direction proving it only for expressions of length two proves it
for expressions of any length, because an expression of length 1 with v
in it will automatically have v as the first member, and an expression
of length more than two has a an expression of length two inside it.

So Bounded(v, F) is expressible and expressed by

Var(w) AFm(F)A (VE(EPF ANvPE DV = vV Vy € Ely=xVuv =

y) N E)).
Then Free(v, F') is expressible and is expressed by ~ Bounded(v, F)

O

4.2.6. Expressibility of P.

Proposition 54. The set of provable sentences P s expressible in
ZFC.

Proof. 1. Define the relation Der(X,Y,Z) that Z is inferred from X
and Y by the first inference rule (ie. Y is the expression X D Z), or Z
is inferred from X by the second inference rule (i.e. Z is the expression
Vv; X for some variable v;). Der(X,Y, Z) is expressible:
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Y=(XDZ)NGen(X,Z)

2. Define the property Pf(x) that = is a proof. Pf(x) is expressible:

(Vy € 2)(A(y) V 3z, w < y)Der(z,w,y))

3. The set P and the property Prox(z) that x is provable is expressed
by:

W(Pfy)Arey) O

Even though it is not required for the proof, for the sake of com-
pleteness , we also have:

Proposition 55. The set of refutable sentences R is expressible in
ZFC.

Proof. 1t is expressed by Prov(~7=). O

4.3. Expressibility of P’and (P')*.

Proposition 56. Let A be a set of sentences that is expressible in ZFC.
Then A’ ={S €S8 :S5 ¢ A} is expressible in ZFC.

Proof. Let H be a predicate expressing A. Then ~ H expresses A’. [
Corollary 57. In ZFC, P’ is expressible.

For a set of expresions A, in order to prove the expressibility of the
the pre-image of the diagonal, i.e. A*, we shall define what it means
for a function to be expressible.

Definition 58. A function of n variables f(xy,...,x,) : & — £ is
expressible if the relation defined by f(xy,...,2,) = z is expressible.

We briefly re-define the predication function in order to express it in
ZFC.

Definition 59. If H(v;) is a predicate and and F is an expression, the
expression H(FE) is defined as the expression Vv, (v; = E) D H(vy).

Proposition 60. The predication function defined by ¢(H, E) = H(E)
15 expressible in ZFC.

Proof. The expression Z = Vv,(v; = E) D H expresses the relation
{(H,E,Z) : Z = H(E)} that is defined by the predication function.
U

Proposition 61. Let A be an expressible set in ZFC. Then A* =
d=(A) is expressible in ZFC.
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Proof. The diagonal function d(H) = H(H) = ¢(H,H) is express-
ible, since the predication function is expressible. Let D(vy,v9) be
a regular formula expressing the relation defined by d(z) = y. Let
F(v1) be a formula expressing A. Then A* is expressed by the formula
E'UQ(D(Ul,UQ) N F(Ug). ]

Corollary 62. (P’')*is expressible in ZFC.
Corollary. If ZFC is correct, then ZFC is incomplete.

5. ABSTRACT INCOMPLETENESS BASED ON CONSISTENCY

Now we return to the abstract language system L introduced in
section 2.

Definition 63. A set of expressions A is representable if there exists
a predicate H such that A = {E € £ : H(E) € P}, i.e. A consists
exactly of the expressions E such that H(FE) is provable. We also say
H represents A.

Given any arbitrary predicate H, we can easily construct a set H’
that is represented by H. We simply define H' = {F € £: H(F) € P}.

Additionally, we require the notion of separability in order to intro-
duce some conditions, other than consistency, for language system to
be incomplete.

Definition 64. A set of expressions A is separable from a set of ex-
pressions B if there exist a predicate H such that for all E € A, H(E)
is provable, and for all £ € B, H(F) is refutable. We say A is separable
from B.

Now we are able to prove an abstract version of the first incomplete-
ness theorem.

Theorem 65. If R*is separable from P*in a language system L, and
L is consistent, then L is incomplete.

This theorem follows from the two lemmas below, taking A = R*
and B = P* in the second lemma.

Lemma 66. If some superset of R*, disjoint from P*, is representable
in L, and L is consistent, then L is incomplete.

Proof. Let K be a superset of R* disjoint from P* and let H be an
expression representing K. Consider the sentence H(H). By definition
of the diagonal function, H(H) is provable if and only if H € P*.
Additionally since H represents K, H(H) is provable if and only if
H € K. Combining there two equivalences, we have H € P* if and
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only if H € K. But P* is disjoint from K and therefore H ¢ P*
and H ¢ K. Since K D R*, we have h ¢ R*. Then H(H) is neither
provable nor refutable in £, so £ is incomplete. O

Lemma 67. For any sets of expressions A and B, if A is separable
from B, then some superset of A disjoint from B is representable in L.

Proof. Let H be a predicate that seperates A from B. Consider the
set H' ={F € £ : H(E) € P}. By definition, H' is represented by H.
Since for all E € A the sentence H(FE) is provable, we have A C H'.
Suppose there is some expression L that was in both H' and B. Then
H(L) would be both provable and refutable in £, implying that £ is
inconsistent. Hence if £ is consistent, no such L can exist and H' is

disjoint from B, so H' is a representable superset of A disjoint from
B. O

6. APPENDIX - TARSKI'S THEOREM

In this paper, we proved an incompleteness theorem for ZFC. We also
defined a proof in ZFC as a set which is a finite sequence of expressions.
One might think then, that perhaps the proof in this paper can be found
in the language system of ZFC as a finite sequence of expressions. This
however, is not possible. Indeed one theoretical disadvantage of our
proof is that is a meta proof about ZFC but it cannot be formulated in
the language of ZFC itself. The reason for this lies in our assumption of
the correctness of ZFC, which we made for the sake of simplifying the
proof, that required us to explicitly define what is a true statement in
ZFC. It turns out that that section in our paper outlining the conditions
for a sentence to be true cannot be realized as a predicate of one free
variable that takes in a set expression and returns true or false. Here
we prove Tarski’s theorem, which states that no language can have a
predicate H that expresses the set of all true sentences.

Theorem 68. (Tarski’s Theorem) The set T of true sentences is not
expressible in ZFC.

Proof. Suppose T is expressible. We proved earlier that in ZFC, for
any expressible set A, the sets A" and A* are also expressible. So then
the set (1")* is expressible. Let H be an expression expressing it. Then
consider the sentence H(H). Since H expresses (7')*, H(H) is true
if and only if H(H) € T" if and only if H(H) is false. So H(H) is a
sentence that is true if and only if it is false. So it is neither true nor
false, because if it was either true or false it would be both true and
false, which is a contradiction. So 7T is not expressible. O
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Although stated for ZFC, Tarski’s theorem applies to any language
system that satisfies the requirement that for any expressible set A,
the sets A" and A* are also expressible, which include many other first
order theories such as Peano Arithmetic. The idea behind the theorem
is that in such a language system, if 7 were expressible, then it would be
possible to construct a sentence H(H) that say‘This sentence is false’,
which can be neither true nor false if we assume that every sentence
cannot be both true and false. The contraction comes from the fact
that every sentence must either be true or false.

Tarski’s theorem has similar and perhaps even more significant im-
plications than the first incompleteness theorem. It states that as long
as a language system is capable of some simple conditions expected
of a non trivial mathematical system, it is impossible to express the
concept of truth in that system.
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