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Abstract. This paper is an exposition of the mathematics behind the Black-

Scholes model of pricing a European option. After we briefly mention the main

definitions of measure-theoretic probability, we define Brownian motion and
prove its key properties. Next, we introduce stochastic calculus by constructing

the Itō integral and proving Itō’s formula. Finally, we use these tools to derive

the famous Black-Scholes partial differential equation.
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1. Mathematical Probability

Here, we will define some of the basic machinery of probability.

Definition 1.1. A σ-algebra F on Ω is a collection of subsets of Ω such that the
following are true:

(1) ∅ ∈ F .
(2) If A ∈ F , then Ac ∈ F .
(3) If {Ai}i∈N is a countable subset of F , then

⋃∞
i=1Ai ∈ F .

We also define a sub-σ-algebra as a subcollection of F that is also a σ-algebra.

Definition 1.2. The function P : F → [0, 1] is a probability measure if the following
hold:

(1) If {Ai}i∈N are pairwise disjoint sets in F , then P(
⋃∞
i=1Ai) =

∑∞
i=1 P(Ai).

(2) P(Ω) = 1.

A set Ω, a σ-algebra F , and a probability measure P make up a probability space,
which we denote (Ω,F ,P).
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Definition 1.3. The Borel σ-algebra B(R) is the smallest σ-algebra that contains
all open sets in R.

Definition 1.4. A real-valued function f : Ω → R is F-measurable if for all
B ∈ B(R),

f−1(B) ∈ F .

Definition 1.5. A random variable X is a function X : Ω → R that is F-
measurable. Note that we can also get random vectors by replacing R with Rn.

Proposition 1.6. σ(X) := {X−1(B) : B ∈ B(R)} forms a σ-algebra.

Proof. We see that ∅ = X−1(∅). If A ∈ σ(X), then there exists BA ∈ B(R) such
that X−1(BA) = A. Thus, we see that Ac = (X−1(BA))c = X−1(BcA) ∈ σ(X). If
A1, A2, ... ∈ σ(X), then there exists B1, B2, ... ∈ B(R) such that X−1(Bi) = Ai.
We get that

⋃∞
i=1Ai =

⋃∞
i=1[X−1(Bi)] = X−1 (

⋃∞
i=1Bi) ∈ σ(X). �

We call σ(X) the σ-algebra generated by X.

Definition 1.7. The distribution measure of X is the probability measure µX that
assigns to each B ∈ B(R) the measure µX(B) = P{X ∈ B}. If X is a random
vector, we can get joint distributions by replacing R with Rn.

Definition 1.8. The cumulative distribution function of X is the function F : R→
[0, 1] such that

F (x) = P[X ≤ x].

Definition 1.9. A random variable X has a density function f : R→ [0,∞) if

P[a ≤ X ≤ b] =

∫ b

a

f(x)dx.

Definition 1.10. A random variable X is a normal random variable with mean µ
and variance σ2, denoted N(µ, σ2), if its probability density function is equal to

φ(x) =
e−(x−µ)2/(2σ2)

σ
√

2π
.

In particular, a standard normal random variable is a normal random variable with
mean 0 and variance 1.

Definition 1.11. The expectation of X is defined to be

E[X] =

∫
Ω

X(ω)dP(ω),

given that X is integrable.

Definition 1.12. The variance of X is defined to be

Var(X) = E[(X − E[X])2].

Definition 1.13. The covariance of X and Y is defined to be

Cov(X,Y ) = E[(X − E[X])(Y − E[Y ])].
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Definition 1.14. A random vector (X1, ..., Xn) is jointly normal if it has the joint
density function

f(x) =
1√

(2π)n detC
exp (−1

2
(x− µ)C−1(x− µ)T ), x = (x1, · · · , xn) ∈ Rn,

where µ = (µ1, · · · , µn) is a row vector with µi = E[Xi] , denoted the mean vector,
and C is an n by n matrix, with cij = Cov(Xi, Xj), denoted the covariance matrix.

Definition 1.15. We call σ-algebras G1,G2 ⊆ F independent if

P(A1 ∩A2) = P(A1) · P(A2)

for all Ai ∈ Gi. We say random variables are independent if the σ-algebras generated
by them are independent.

Definition 1.16. Let X be an integrable random variable with respect to F and
let G be a sub-σ-algebra of F . The conditional expectation of X given G, denoted
E[X|G], is a random variable on Ω such that

(1) E[X|G] is G-measurable,
(2) For all A ∈ G, ∫

A

E[X|G](ω)dP(ω) =

∫
A

X(ω)dP(ω).

The existence and uniqueness of conditional expectation is guaranteed by the
Radon-Nikodym theorem.

The key properties of conditional expectations are stated here:

Proposition 1.17. Let X,Y be integrable random variables. The following are
true about conditional expectations:

(1) If a, b ∈ R, then E[aX + bY |G] = aE[X|G] + bE[Y |G].
(2) If X is G-measurable, then:

E[XY |G] = XE[Y |G].

(3) If H is a sub-σ-algebra of G, then

E[E[X|G]|H] = E[X|H].

(4) If X is independent of G, then

E[X|G] = E[X].

Definition 1.18. A stochastic process is a collection of random variables {Xt}
indexed by t ∈ T , where T is an index set. In this paper, we consider T = [0,∞),
which represents time. We denote a stochastic process {Xt} or {Xt}t∈T .

There are typically two ways to think about a stochastic process. For each
fixed t, we have a random variable. So we could think of a stochastic process as a
collection of random variables indexed by T . For each fixed ω, we have a function
from T to R. So, we could think of a stochastic process as a collection of functions
indexed by ω. In the latter, we will call these functions paths.

Definition 1.19. The collection {Ft} of σ-algebras of Ω indexed by t ∈ T is a
filtration if for all t, s ∈ T such that s ≤ t, we have Fs ⊆ Ft. We denote the
filtration {Ft} or {Ft}t∈T .
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Definition 1.20. A stochastic process {Xt} is Ft-adapted if, for each t, the random
variable Xt is Ft-measurable.

Definition 1.21. Consider an Ft-adapted stochastic process {Mt}. If

E[Mt|Fs] = Ms for all 0 ≤ s ≤ t ≤ T,
Then {Mt} is a martingale.

2. Brownian Motion

Brownian motion will be our model of random motion and will be a fundamental
building block as we construct our models representing underlying asset prices. We
define the standard Brownian motion as follows:

Definition 2.1. A standard Brownian motion is a stochastic process {Bt}t∈T with
the following properties:

(1) With probability 1, B0 = 0.
(2) For all 0 ≤ t1 ≤ t2 ≤ ... ≤ tn, the increments Bt2 −Bt1 , Bt3 −Bt2 , ..., Btn −

Btn−1
are independent.

(3) For t ≥ s ≥ 0, Bt −Bs ∼ N(0, t− s).
(4) With probability 1, the function t 7→ Bt is continuous.

For a rigourous proof of existence of the standard Brownian motion using linear
interpolation on the dyadic rationals, see [1].

We create a filtration to model information available at each time t in a stan-
dard Brownian motion. We typically equip a standard Brownian motion with an
augmented filtration {Ft}t∈T which satisfies the following properties:

(1) For each t, Bt is Ft-measurable.
(2) E[|Bt|] <∞ for all t.
(3) For all t ≥ s ≥ 0, E[Bt|Fs] = Bs.

The details of the construction of {Ft}t∈T can be found in [5].
For our purposes, we aim to prove three important properties of standard Brow-

nian motion that will be used later in our construction of the stochastic integral.
These properties are that a standard Brownian motion is a martingale, is nowhere
differentiable with probability 1, and accumulates quadratic variation at a rate of
one unit per time.

Theorem 2.2. Standard Brownian motion is a martingale.

Proof. Fix s, t such that 0 ≤ s ≤ t. Then

E[Bt|Fs] = E[Bt −Bs +Bs|Fs]
= E[Bt −Bs|Fs] + E[Bs|Fs]
= E[Bt −Bs] +Bs

= Bs.

�

Martingales are often thought of as a model of a “fair game”. In a financial
context, if we model an asset’s price as a Brownian motion, then the martingale
property says that the expected future price based on all information up to this
point in time will be the price today. The martingale is the mathematical formula-
tion of the Efficient Market Hypotheisis.
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Theorem 2.3. With probability 1, the paths generated by a standard Brownian
motion are nowhere differentiable.

Proof. It suffices to show that the paths are nowhere differentiable on the interval
[0,1]. Our first observation is that if f(t) is a continuous function on [0,1] and is
differentiable at some s ∈ [0, 1], then f satisifes a Lipschitz condition at s. That is,
there exists L ∈ N such that

|f(t)− f(s)| ≤ L|t− s| (0 ≤ t ≤ 1).

This is true because

lim
h→0

f(s+ h)− f(s)

h
= f ′(s)

implies ∃δ > 0 s.t. for |t− s| < δ, we have |f(t)− f(s)| < (|f ′(s)|+ 1) |t− s|. On
the other hand, for |t − s| ≥ δ, we have |f(t)− f(s)| ≤ 2M = 2M

δ δ ≤
2M
δ |t − s|,

where M is an upper bound of |f(t)| on [0,1]. Thus,

|f(t)− f(s)| ≤ max

{
(|f ′(s)|+ 1) ,

2M

δ

}
|t− s|.

For L ∈ N, let

AL := {ω ∈ Ω : ∃s ∈ [0, 1] s.t. ∀t ∈ [0, 1], |Bt(ω)−Bs(ω) ≤ L|t− s|}.

Using our previous observation, we see that
⋃∞
L=1AL contains all ω ∈ Ω in which

the sample path is continuous and differentiable for some s ∈ [0, 1]. We will show
that P [

⋃∞
L=1AL] = 0.

Fix n ≥ 3. For each ω ∈ AL, there exists 0 ≤ k ≤ n − 3 such that for some
s ∈ [k/n, (k + 3)/n], we have

|Bt(ω)−Bs(ω)| ≤ L|t− s| (0 ≤ t ≤ 1).

It follows that for j = k, k + 1, k + 2,∣∣B(j+1)/n(ω)−Bj/n(ω)
∣∣ ≤ ∣∣B(j+1)/n(ω)−Bs(ω)

∣∣+
∣∣Bs(ω)−Bj/n(ω)

∣∣
≤ 3L

n
+

3L

n

=
6L

n
.

However, B(j+1)/n(ω)−Bj/n(ω) ∼ N(0, 1/n), thus

P
[∣∣B(j+1)/n(ω)−Bj/n(ω)

∣∣ ≤ 6L

n

]
= P

[
|Z| ≤ 6L√

n

]
≤ 12L√

n2π
.

By independence of Brownian increments, we see that for each 0 ≤ k ≤ n− 3,

P

 ⋂
k≤j≤k+2

{∣∣B(j+1)/n(ω)−Bj/n(ω)
∣∣} ≤ ( 12L√

2πn

)3

<
1728L3

n3/2
.
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Finally, by taking the union over these sets for k = 0, 1, ..., n− 3, we see that

0 ≤ P[AL] ≤ P

n−2⋃
k=0

 ⋂
k≤j≤k+2

{∣∣B(j+1)/n(ω)−Bj/n(ω)
∣∣}

≤ (n− 2)
1728L3

n3/2
→ 0 as n→∞.

Hence, P[AL] = 0. �

The idea of an everywhere continuous function that is nowhere differentible is
pretty bizzare for its own sake. The first of these functions to be explicitly con-
structed was by Weierstrass in 1872. It can be proven that the Riemann-Stieltjes
integral is defined only for an integrator of bounded variation. But a function of
bounded variation is almost everywhere differentiable. The nowhere differentiabil-
ity of a standard Brownian motion implies that Brownian motion is not of bounded
variation, and hence, the Riemann-Stieltjes integrals cannot be applied. This is one
of the primary reasons for the creation of the Itō integral.

Definition 2.4. Let f : [0,∞)→ R be a function. Define

QΠ(f, T ) =

n−1∑
j=0

[f(tj+1)− f(tj)]
2,

where Π = {t0, t1, ..., tn} with ti = iT
n . The quadratic variation of f up to time T

is defined to be

Q(f, T ) = lim
||Π||→0

QΠ(f, T ),

provided the limit exists.

Theorem 2.5. For each T ≥ 0, Q(Bt, T ) = T with probability 1, where Bt is a
sample path of Brownian motion.

Proof. To prove our claim, it suffices to show that QΠ(Bt, T ), which is a random
variable, has expectation T and its variance approaches 0 as ||Π|| → 0. We start
by proving the first part of this by observing that

E[QΠ(Bt, T )] =

n−1∑
j=0

E[(Btj+1 −Btj )2]

=

n−1∑
j=0

Var(Btj+1 −Btj )

=

n−1∑
j=0

tj+1 − tj = T.

Next, we consider the variance.
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Var[(Btj+1
−Btj )2]

= E[((Btj+1 −Btj )2 − (tj+1 − tj))2]

= E[(Btj+1
−Btj )4]− 2(tj+1 − tj)E[(Btj+1

−Btj )2] + (tj+1 − tj)2

= E[(Btj+1 −Btj )4]− 2(tj+1 − tj)(tj+1 − tj) + (tj+1 − tj)2

= E[(Btj+1
−Btj )4]− (tj+1 − tj)2

We know that Btj+1
−Btj ∼

√
(tj+1 − tj)Z, where Z ∼ N(0, 1). Since E[Z4] = 3,

we have that

E[(Btj+1
−Btj )4] = E[(tj+1 − tj)2Z4] = 3(tj+1 − tj)2.

Hence,

Var[(Btj+1
−Btj )2]

= E[(Btj+1
−Btj )4]− (tj+1 − tj)2

= 3(tj+1 − tj)2 − (tj+1 − tj)2 = 2(tj+1 − tj)2,

and

Var[QΠ(B(t), T )] =

n−1∑
j=0

Var[B(tj+1)−B(tj)]
2

=

n−1∑
j=0

2(tj+1 − tj)2

≤
n−1∑
j=0

2||Π||(tj+1 − tj)

= 2||Π||T.
Thus, we have

lim
||Π||→0

Var[QΠ(Bt, T )] = 0.

Applying Chebyshev’s inequality gives us that for any λ ≥ 0,

P (|QΠ(Bt, T )− T | ≥ λ)

= P (|QΠ(Bt, T )− E [QΠ(Bt, T )]| ≥ λ)

≤ 1

λ2
E [QΠ(Bt, T )]→ 0 as λ→ 0.

Hence QΠ(Bt, T ) converges to T in probability. Because of this, there exists a
subsequence of QΠ(Bt, T ) that converges to T with probability 1. That is,

Q(Bt, T ) = lim
||Π||→0

QΠ(Bt, T ) = T, with probability 1,

and we prove the theorem. �

The significance of this calculation is that the quadratic variation is not zero. It
can be shown that the quadratic variation of functions with continuous derivatives is
zero. Hence, quadratic variation terms are almost never seen in standard calculus.
Due to this difference, when we are developing stochastic calculus, the stochas-
tic “fundamental theorem of calculus” (Itō’s formula) will look different from the
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standard fundamental theorem of calculus to incorporate the effects of quadratic
variation.

3. The Itō Integral

So why are we trying to build this stochastic integral? In the big picture, we
will have two pieces. First, we will have a stochastic process with its accompanying
filtration representing a random asset price. Second, we want to create a stochastic
process that will represent a particular portfolio management strategy. The purpose
of the integral will be to show how much money will be made given the strategy
and a model for asset price movements. The strategy will be represented by the
integrand and the movement of the asset will be represented by the integrator. Our
construction will very closely follow the construction in [2].

Definition 3.1. Let V = V (S, T ), where S, T ∈ R≥0, be the set of functions
(stochastic processes)

X : [0,∞)× Ω→ R
which satisfies the following properties:

(1) X(t, ω) is B × F measurable, where B is the Borel σ-algebra on [0,∞).
(2) X(t, ω) is Ft-adapted.

(3) E
[∫ T
S
X2(t, w)dt

]
<∞.

Just like the Riemann integral is built using step functions, we will first define
stochastic integrals directly on a very well-behaved subset of V , which we will call
elementary processes. Then, for the remaining processes in V , we will define the
stochastic integral by approximation using elementary processes

Definition 3.2. We call Hn ∈ V an elementary process if for each ω, the path can
be written in the form

Hn(t, ω) =
∑
j≥0

ej(ω)I[tj ,tj+1)(t),

where ej are indexed random variables, n is a fixed positive integer, I[tj ,tj+1) is an
indicator function, and

tj :=


j2−n if S ≤ j2−n ≤ T
S if j2−n < S

T if j2−n > T.

Definition 3.3. Given the elementary process in definition 3.2, we define its Itō
integral as follows:∫ T

S

Hn(t, ω)dBt :=
∑
j≥0

ej(ω)[Btj+1
−Btj ](ω).

Example 3.4. Let

Hn(t, ω) =
∑
j≥0

BtjI[tj ,tj+1)(t).

If we go back to our portfolio allocation analogy,∫ T

S

Hn(t, ω)dBt
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represents the returns we will get from initially holding B0 of the asset and at times
tj , j = 1, 2, ..., we change to holding Btj of the asset. We see that

E

[∫ T

S

Hn(t, ω)dBt

]
=
∑
j≥0

E[Btj (Btj+1
−Btj )]

=
∑
j≥0

E[Btj ]E[(Btj+1
−Btj )]

= 0.

The following lemma is crucial for extending the Itō integral to general inte-
grands.

Lemma 3.5. If Hn(t, w) ∈ V is elementary, then

E

(∫ T

S

Hn(t, ω)dBt

)2
 = E

[∫ T

S

(Hn(t, ω))2dt

]
.

Proof. Notice that for i < j,

E
[
ei(Bti+1 −Bti)ej(Btj+1 −Btj )

]
= E

[
ei(Bti+1 −Bti)ej

]
E
[
(Btj+1 −Btj )

]
= 0

because (Btj+1
−Btj ) is independent of Ftj . Thus,

E

(∫ T

S

Hn(t, ω)dBt

)2
 =

∑
i,j

E
[
ei(Bti+1

−Bti)ej(Btj+1
−Btj )

]
=
∑
i

E
[
ei(Bti+1 −Bti)ei(Bti+1 −Bti)

]
=
∑
i

E
[
(ei)

2
]

E
[
(Bti+1

−Bti)2
]

=
∑
i

E
[
(ei)

2
]

(ti+1 − ti)

= E

[∫ T

S

(Hn(t, ω))2dt

]
.

�

Lemma 3.6. Let H ∈ V . Then there exists a sequence of elementary functions
Hn ∈ V such that

E

[∫ T

S

(H −Hn)2dt

]
→ 0

as n→∞.

Details of the proof can be found in [2].
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Using lemmas 3.5 and 3.6, we can show that
{∫ T

S
HndBt

}
is a Cauchy sequence

in L2(P ) space. Since L2(P ) is complete, we see that

lim
n→∞

∫ T

S

Hn(t, ω)dBt

is a well-defined limit. This allows us to define the Itō integral.

Definition 3.7. Let H ∈ V (S, T ). We define its Itō integral as∫ T

S

H(t, ω)dBt = lim
n→∞

∫ T

S

Hn(t, ω)dBt (in L2(P ))

where {Hn} is a sequence of elementary functions such that

E

[∫ T

S

(H(t, ω)−Hn(t, ω))2dt

]
→ 0

as n→∞.

4. Itō’s Formula

In this section, we prove the “stochastic fundamental theorem of calculus” or
Itō’s formula.

Theorem 4.1. (Itō’s formula for the time-independent case with respect to Brow-
nian motion) Suppose f is a C2 function and {Bt}t∈T is a standard Brownian
motion. Then for each t,

f(Bt)− f(B0) =

∫ t

0

f ′(Bs)dBs +
1

2

∫ t

0

f ′′(Bs)ds.

This can also be written in differential form as

df(Bt) = f ′(Bt)dBt +
1

2
f ′′(Bt)dt.

Proof. We define a partition of the interval [0, T ] by ti = iT/n for 0 ≤ i ≤ n. Then

(4.2) f(BT )− f(0) =

n∑
i=1

(
f(Bti)− f(Bti−1)

)
.

We will estimate each term f(Bti)−f(Bti−1
) using a two-term Taylor expansion

f(y)− f(x) = (y − x)f ′(x) +
1

2
(y − x)2f ′′(x) + r(x, y).

Here, r(x, y) is the remainder term, which is bounded by∣∣r(x, y)
∣∣ ≤ (y − x)2h(x, y),

where h(x, y) is a nonnegative, uniformly continuous, bounded function with h(x, x) =
0.

We can rewrite equation 4.2 using the Taylor expansion, so we have
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(4.3)

f(BT )− f(0) =

n∑
i=1

(
f(Bti)− f(Bti−1

)
)

=

n∑
i=1

f ′(Bti−1
)(Bti −Bti)

+
1

2

n∑
i=1

f ′′(Bti−1)(Bti −Bti−1)2

+

n∑
i=1

r(Bti−1 , Bti),

with the remainder terms r(Bti−1
, Bti) bounded by∣∣∣∣∣

n∑
i=1

r(Bti−1
, Bti)

∣∣∣∣∣ ≤
n∑
i=1

(Bti −Bti−1
)2h(Bti−1

, Bti).

We deal with the terms of (4.3) one by one. For the first term of (4.3), since f ′

is continuous,
n∑
i=1

f ′(Bti−1
)(Bti −Bti)→

∫ T

0

f ′(Bt)dBt, in probability.

We rewrite the second term of (4.3) as follows:

(4.4)

1

2

n∑
i=1

f ′′(Bti−1
)(Bti −Bti−1

)2

=
1

2

n∑
i=1

[
f ′′(Bti−1

)(Bti −Bti−1
)2 − (ti − ti−1)

]
+

1

2

n∑
i=1

f ′′(Bti−1)(ti − ti−1).

Since f ′′ is continuous, the limit of the second term of (4.4) is equal to

lim
n→∞

1

2

n∑
i=1

f ′′(Bti−1
)(ti − ti−1) =

1

2

∫ T

0

f ′′(Bt)dt.

We bound the first term of (4.4) using that fact that for Z ∼ N(0, 1), we have that
E[Z4] = 3, which implies that Var[Z2] = E[Z4]− E[Z2]2 = 3− 1 = 2.

Using the definition of Brownian motion and the properties of expectation and
variance, we get that

Bti −Bti−1 ∼ N(0,
T

n
) ∼

√
T

n
Z,

which implies that

E[(Bti −Bti−1
)2] = E

[
T

n
Z2

]
=
T

n
E[Z2] =

T

n

and

Var((Bti −Bti−1
)2) = Var

(T
n
Z2
)

=
T 2

n2
Var
(
Z2
)

= 2
T 2

n2
.
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Next, we show that the summands in the first term of (4.4) have mean zero. This
is true because

E

[
f ′′(Bti−1

)
(
(Bti −Bti−1

)2 − T

n

)∣∣Fti−1

]
= f ′′(Bti−1)E

[(
(Bti −Bti−1)2 − T

n

)∣∣Fti−1

]
= f ′′(Bti−1

)E

[(
(Bti −Bti−1

)2 − T

n

)]
.

Now, we check that the summands are uncorrelated. If i < j, then

E

[
f ′′(Bti−1)

(
(Bti −Bti−1)2 − T

n

)
f ′′(Btj−1)

(
(Btj −Btj−1)2 − T

n

)∣∣Ftj−1

]
= f ′′(Bti−1

)
(
(Bti −Bti−1

)2 − T

n

)
f ′′(Btj−1

)E

[(
(Btj −Btj−1

)2 − T

n

)∣∣Ftj−1

]
= 0, a.s.

Thus we have that

Var

(
n∑
i=1

[
f ′′(Bti−1)(Bti −Bti−1)2 − T

n

])

=

n∑
i=1

Var

(
f ′′(Bti−1)(Bti −Bti−1)2 − T

n

)

≤ ‖f ′′‖2L∞
n∑
i=1

Var

(
(Bti −Bti−1

)2 − T

n

)

= ‖f ′′‖2L∞
n∑
i=1

Var
(
(Bti −Bti−1

)2
)

= ‖f ′′‖2L∞n
2T 2

n2
→ 0, as n→∞

Thus, we see that the limit of the first term of (4.4) becomes

n∑
i=1

[
f ′′(Bti−1

)(Bti −Bti−1
)2 − T

n

]
→ 0, as n→∞.
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To prove that the third term of (4.3) goes to zero as n → ∞, we use the Cauchy-
Schwartz inequality and get

E

[∣∣∣∣∣
n∑
i=1

r(Bti−1
, Bti)

∣∣∣∣∣
]
≤ E

[
n∑
i=1

(Bti −Bti−1
)2h(Bti−1

, Bti)

]

=

n∑
i=1

√
E[(Bti −Bti−1

)4]E[h(Bti−1
, Bti)

2]

=

n∑
i=1

√
E

[
T 2

n2
Z4

]
E[h(Bti−1

, Bti)
2]

=

n∑
i=1

√
3T 2

n2
E[h(Bti−1 , Bti)

2]

=

n∑
i=1

√
3T

n

√
E[h(Bti−1 , Bti)

2].

By construction, we now that for any ε > 0, there exists δ > 0 such that |h(x, y)| <
ε, given that |x− y| < δ. Thus, we know that

E[h(Bti−1
, Bti)

2] ≤ ‖h‖2L∞P
(
|Bti −Bti−1

| > δ
)

+ ε2

= ‖h‖2L∞P(

√
T

n
|Z| > δ) + ε2 ≤ 2ε2

for sufficiently large n. Therefore,

E

[
n∑
i=1

(Bti −Bti−1)2h(Bti−1 , Bti)

]
≤
√

6Tε

for sufficiently large n, which implies that
n∑
i=1

(Bti −Bti−1)2h(Bti−1 , Bti)→ 0

in probability as n→∞. We thus finish the proof of the theorem. �

Example 4.5. Let f(x) = x3. Then f ′(x) = 3x2, f ′′(x) = 6x. Thus,

f(Bt) =

∫ t

0

3B2
udBu +

1

2

∫ t

0

6Budu =

∫ t

0

3B2
udBu +

∫ t

0

3Budu

We now define a standard Itō process to expand the class of stochastic processes
that we can use as integrators for our stochastic integral. In our context, it allows us
to use other stochastic processes for underlying price movement besides a standard
Brownian motion.

Definition 4.6. We say that a process {Xt} is a standard Itō process if

Xt = X0 +

∫ t

0

a(ω, s)ds+

∫ t

0

b(ω, s)dBs,

where t ∈ [0, T ], and a and b are adapted, measurable processes that satisfy the
integrability conditions

P

(∫ T

0

|a(ω, s)|ds <∞

)
= 1 and P

(∫ T

0

(b(ω, s))2ds <∞

)
= 1
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We now state the general form of the Itō formula. The proof is similar, and will
be omitted here.

Theorem 4.7. (Itō formula for a general Itō process) Suppose f(t, x) is a function
where ft(t, x), fx(t, x) and fxx(t, x) are defined and continuous and {Xt} is an Itō
process with the format above. Then,

f(t,Xt) = f(0, 0) +

∫ t

0

∂f

∂t
(s,Xs)ds+

∫ t

0

∂f

∂x
(s,Xs)dXs

+
1

2

∫ t

0

∂2f

∂x2
(s,Xs)b

2(ω, s)ds.

This equation can also be written in differential form as

df(t,Xt) =
∂f

∂t
(t,Xt)dt+

∂f

∂x
(t,Xt)dXt

+
1

2

∂2f

∂x2
(t,Xt)b

2(ω, t)dt.

5. Derivation of the Black-Scholes Equation

Definition 5.1. A derivative is a financial security in which the value is dependent
on the state of another financial security (the underlying security).

Definition 5.2. A call option is a derivative that gives the owner the right (but
not obligation) to buy an underlying asset for a predetermined price (the strike
price).

Similarly, a put option gives the owner the right to sell for a predetermined
price. European options predetermine the date that the owner can exercise the
option, while American options give the user freedom to exercise at anytime before
a specified date.

The general approach to pricing a derivative security is to

(1) Outline how much the security pays at each time given each possible state
of the underlying security.

(2) Create a replicating portfolio. That is, create a portfolio allocation strategy
that has the same value at each time and at each possible state as the
derivative.

(3) Calculate the price of the replicating portfolio. This will be the price of the
derivative security.

The philosophy for pricing derivatives this way is rooted in the no-arbitrage
assumption. An arbitrage opportunity is a way to make riskless profit. More
precisely, it is an asset allocation strategy that is guaranteed to have no negative
net cash flows at any time and positive net cash flow in at least one state. This
assumption is theoretically sound and for the most part empirically true. Arbitrage
opportunities are often quickly discovered, and quickly exploited until prices move
to eliminate the opportunity.

If the price of the derivative is any other price than the price of the replicating
portfolio, then there will be an arbitrage opportunity. If the derivative is overpriced,
sell it and buy the replicating portfolio. If the derivative is underpriced, doing
the opposite. Either way, this will violate the no-arbitrage assumption. Thus,
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the derivative will have the same price as the replicating portfolio, assuming no
arbitrage.

Here we will contruct a very simple example to illustrate these ideas.

Example 5.3. Suppose we live in a two-period world consisting of time 1 and time
2. Let S be a stock that is worth $2 at time 1, and could be worth either $4 or $1
at time 2. Let V be a derivative security that, at time 2, is worth $3 if the price
of S moves to $4 and is worth $0 if the price of S moves to $1 (V is a European
call option with strike price $1). Assume also that we lend and borrow money with
no interest (using a bond, β). So the question is, what should the price of the
derivative security be at time 1?

To find the replicating portfolio, we need to find weights a and b such that aS+bβ
gives the same payoff as the derivative V . We know that:

(1) if S is worth $4 in period 1, the derivative is worth $3 and the replicating
portfolio is worth 4a+ b. So we need 3 = 4a+ b.

(2) if S is worth $1 in period 1, the derivative is worth $0 and the replicating
portfolio is worth a+ b. So we need 0 = a+ b.

Thus, we get that a = 1 and b = −1 and the price of V at time 1 should be
1 · 2 + (−1) · 1 = 1.

Remark 5.4. An important observation is that the price does not depend on the
probability of the stock going up or down. As a consequence, the price does not
depend on the expectation. Take for example, if S in the above example had a 1/2
probability of going up and 1/2 probability of going down. Then E[V ] = 1.5 6= 1.

For the European call option, on the exercise date, if the price of the underlying
security is less than the strike price, then the call option is worthless. In example
5.3, when the price of S is $1 at time 2, V is worthless. Otherwise, the contract is
worth the price of the underlying security minus the strike price. In example 5.3,
when the price of S is $4 at time 2, V is worth $3. The value of the call option as
a function of the stock price on the expiration date is

h(x) = max{0, x− (strike price)}

Now we begin our derivation of the Black-Scholes equation. Let St model the
price of the underlying security, which is assumed to follow a geometric Brownian
motion

(5.5) dSt = µStdt+ σStdBt.

Let βt model the price of a bond, which is assumed to be a deterministic process
that increases in value exponentially

(5.6) dβt = rβtdt.

Now we want to build our replicating portfolio. Let at and bt be adapted pro-
cesses that represent the combination of stock and bonds we hold at time t, respec-
tively. At any given time, the value of the portfolio is

Vt = atSt + btβt

Since this is a replicating portfolio, we have

VT = h(ST ).



16 ZACHRY WANG

Next, we assume that our replicating portfolio is self-financing. That is, any
change in value in the portfolio must come from either a change in value of the
stock or a change in value of the bond.

(5.7) dVt = atdSt + btdβt.

Now, substitute (5.5) and (5.6) into (5.7) to get

(5.8)
atdSt + btdβt = dVt = at [µStdt+ σStdBt] + bt [rβtdt]

= [atµSt + btrβt] dt+ [atσSt] dBt.

On the other hand, we assume that Vt = f(t, St) for some well-behaved, smooth
function f . Thus we apply the Itō formula for a general Itō process (theorem 4.7)
to get that

(5.9)
dVt = ft(t, St)dt+

1

2
fxx(t, St)dSt · dSt + fx(t, St)dSt

=

[
ft(t, St) +

1

2
fxx(t, St)σ

2S2
t + fx(t, St)µSt

]
dt+ fx(t, St)σStdBt.

Since (5.8) and (5.9) must be equal, the coefficients of the dt terms must be equal
and the coefficients of the dBt terms also must be equal.

When we set the coefficients of the dBt terms equal, we get

at = fx(t, St).

Similarly, setting the coefficients of the dt terms equal gives us

(5.10) bt =
1

rβt

[
ft(t, St) +

1

2
fxx(t, St)σ

2S2
t

]
.

Thus, we substitute (5.10) for bt to get

f(t, St) = Vt = atSt + btβt

= fx(t, St)St +
1

rβt

[
ft(t, St) +

1

2
fxx(t, St)σ

2S2
t

]
βt.

If we substitute x for St, we get

ft(t, x) = −1

2
σ2x2fxx(t, x)− rxfx(t, x) + rf(t, x).

Adding the original condition

f(T, x) = h(x) for all x ∈ R≥0.

gives us the Black-Scholes model for European call options.
Solving the partial differential equation gives us that the price of the European

call with a stock price of S, strike price of K, and time remaining of τ = T − t is
equal to

SΦ

(
log(S/K) + (r + 1

2σ
2)τ

σ
√
τ

)
−Ke−rτΦ

(
log(S/K) + (r − 1

2σ
2)τ

σ
√
τ

)
,

where Φ is the cummulative distribution function of a standard normal random
variable.
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6. Assumptions and Potential Risks

Up until this point, we have carefully built up the mathematical theory. However,
it is of paramount importance to understand the assumptions that were used to get
the formula. Some of these assumptions include:

(1) Underlying securities move according to a geometric Brownian motion.
(2) Trading is instant and cost-free.
(3) There is a single, constant interest rate and constant volatility.
(4) Security prices move continuously.
(5) Option cannot be exercised until expiration.
(6) No dividends are paid on the security.

Understanding the assumptions allows users to be aware of and appropriately
hedge risks that were assumed away in the derivation, such as tail risk, liquidity
risk, or volatility risk. In addition, an understanding of the assumptions allows
users to seek out the many extensions that exist and are being researched that
incorporate real-world features like dividends and American options and broaden
the scope of the model by incorporating bells and whistles like geometric fractional
Brownian motion for underlying security movements and stochastic interest rates
and volatility.
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