CONVERGENCE OF FOURIER SERIES IN L? SPACE

JING MIAO

ABSTRACT. The convergence of Fourier series of trigonometric functions is easy
to see, but the same question for general functions is not simple to answer.
We study the convergence of Fourier series in LP spaces. This result gives us
a criterion that determines whether certain partial differential equations have
solutions or not.We will follow closely the ideas from Schlag and Muscalu’s
Classical and Multilinear Harmonic Analysis.
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1. FOURIER SERIES, PARTIAL SUMS, AND DIRICHLET KERNEL

Let T = R/Z be the one-dimensional torus (in other words, the circle). We
consider various function spaces on the torus T, namely the space of continuous
functions C(T), the space of Holder continuous functions C*(T) where 0 < o < 1,
and the Lebesgue spaces LP(T) where 1 < p < co. Let f be an L' function. Then
the associated Fourier series of f is

(1.1) f@)~ Y fetrine

n—=—oo

and

(1.2) f(n) = /0 f(x)e™ 2 dy,

The symbol ~ in (1.1) is formal, and simply means that the series on the right-hand
side is associated with f. One interesting and important question is when f equals
the right-hand side in (1.1). Note that if we start from a trigonometric polynomial

(13) f@ =3 anerine,

n=—oo
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where all but finitely many a,, are zero, then
(1.4)

1 o0 00 1
f(?’b) _ / < Z a 627rimm> 67271’2’77,1 dr = Z / a 627rima:6727rinz dx
- m - m .
0 m=—o0 m=—oco"0
We can interchange summation and integration here because only finitely many
ay’s are nonzero. Note that the integral of the last term of (1.4) is 0 if n # m and
1if n = m. Thus, we get f(n) = a, for all n € Z. The {a, }nez are also called
Fourier coefficients.
o ~ .
Therefore, we see that f(n) = Y. f(n)e?™® when only finite many Fourier
n=—oo
coefficents of f are nonzero. In general, we want to know when the Fourier series
of a function will converge to the original function. We will specify the sense of
convergence of the infinite series later in this paper.
It is natural to start from the most basic notion of convergence, namely that of
pointwise convergence. The partial sums of f € Ll(T) are defined as

N N
Z f(n)e27rin:c — Z /6727rinyf(y) dy 627rin:c
n=—N n=-N"T
N

- /T 3 AT () dy = /T Dz — ) f(y) dy,

S f(x)
(1.5)

N
where Dy (z) = Y. e*® is called the Dirichlet kernel. If we simplify and bound

n=—N
the Dirichlet kernel, we get
(1.6)
N 27i(N+1)z —2miNz
. e — €
Dy(z)= ) &= e

n=—N
~ cos(2m(N + 1)x) — cos(2rNx) + i[sin(2m (N + 1)x) + sin(2r Nx)]
cos(2mx) — 1 4 isin(27x)
(cos(2mz) — 1)(cos(2m(N + 1)x) — cos(2nrNx)) + sin(27x) (sin(27(N + 1)z) + sin(2rNz))
2 — 2cos(2mx)
n i[(cos(2rx) — 1)(sin(2n (N + 1)z) + sin(2nrNz)) — sin(27z) (cos(2m(N + 1)x) — cos(2mrNx))]

2 — 2cos(27x)
—2sin((2N 4+ 1)7z) sin(mz)(—2) sin®(7z) + sin(27x)2sin((2N + 1)7z) cos(mz)
4 sin® ()
sin((2N + 1)7z) cos?(rx)
sin(mrx)

= sin((2N + 1)mz) sin(nz) +

sin((2N + 1)mz)
sin(mx)
Looking at Figure 1, we see that Dy is very large at x = 0 and as N increases,
the value at x = 0 will become larger. We have Dy_,(0) = oco. Also Dy is

bounded by \71| away from zero. When 7wz < g, z < 3 Our previously defined

domain is T = R/Z, which is the same as periodic function with period 1. Thus,
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FIGURE 1. The Dirichlet kernel Dy for N =9

we can translate the domain to [_71, %] Now let’s bound the Dirichlet kernel for
each N. Since |sinna| < n|sinal, we know that |Dy(z)| < 2N +1 < CN where C

2||

. T,
is some finite constant. Also note that when 0 < x < 57 |sinz| >
T

_|sin((2N + 1)7x)| < L1
N | sin(7z)| = 2rlz|/m 2|z

(1.7) D ()] < Cmin (N, |i|> 7

for all N > 1 and some absolute constant C. Next, we try to find a bound of the
L' norm of Dy. From (1.7) we know that

/1|DN(x)|dx§/ ialir/ N dz
0 o> 1] i<k
(1.8) =2 <1og (;) —log (;I) + 1)
<2(log N +1) < CjlogN.
The last inequality is true if N > 2. Also, if we only integrate the part where
|sin(2N + 1)7x| > %, we get

. Therefore,

we have | Dy ()|

. To sum up, we have

1 1

1 1
1.9 D dr > — > (Cylog N.
(1.9) /0 D (@)|de = 2/0 |sinmz| — 2708
Since |sin7z| < 1, we have m > 1. We are only integrating over the range

of z where [sin(2N + 1)rz| > . The length of this range has a 1/N factor. This
is how the log N comes up in the last inequality above. Thus, we proved that

(1.10) C5'log N < | Dy|lpr(r) < C3log N
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for all N > 2 where Cj3 is another absolute constant.

2. CONVOLUTION

The convolution of functions arises naturally in the discussion of the Dirichlet
kernel. We define and discuss further properties of this operation here.

Definition 2.1. If f, g are two functions on T, and both f, g are continuous, then

(22) (F+9)@)i= [ @ =)y = [ o)) dy
is the convolution of f and g.

It is helpful to think of g or f as dirac delta functions which are generalized
functions, or distributions, on the real number line that are zero everywhere except
at zero, with an integral of one over the entire real line. Here we list and prove
some useful lemmas about convolution.

Lemma 2.3. (1) Let f,g € L'(T). Then ||f = gll» < fllpllglly for all 1 < r,
p,qg<oo, 1+ % = % + %, feLP, ge Li. This is called the Young’s inequality.

(2) For f,g € L*(T) one has that for all n € Z, m(n) = f(n)g(n).

Proof. (1) By Fubini’s theorem, since f(x — y)g(y) is jointly measurable on T x T
and belongs to L'(T x T), we know that ||f * g|l1 < || f|l1|lg]l1 < co. The details of
the proof of the Young’s inequality are shown in the appendix.

(2) is a consequence of Fubini’s theorem and the homomorphism property of the
exponentials e27in(z+y) — g2minz  2miny.

- (-
(o) o)

(n).

(2.4)

O

One of the most basic as well as oldest results on the pointwise convergence of
Fourier series is the following theorem. Note that it requires a function to be Hoélder
continuous, instead of just continuous.

Theorem 2.5. If f € C*(T) with 0 < a < 1, then ||[SNf — flloo — 0 as N — co.

Proof. One has, with ¢ € (0, %) to be determined,
Sxf@) = @) = [ (@ =) = 1) Dy o) dy
26) = [ U= s@Dxway

+ [ ()~ f@) Dy
I>ly|>6
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Equation (2.6) is true becausefo1 Dy (y) dy = 1, since the integration of e>™"* over
[0,1] is 0 except when n = 0. Also since Dy (z) is periodic with period 1, integration
over [0,1] is the same as that over [~3, 1]. We now use the bound from (1.8), i.e

(2.7) IDa(y)| < Cmin (N, é) .

Here and in what follows, C' will denote a numerical constant that can change
from line to line. The first integral in (2.6), which we denote by A, can be estimated
as follows

(2.8) A< C/l » [f(z) = f(z - ) dy < C[f]a/ ly|*~* dy < C[f]ad®,

[y ly|<s
with the usual C® semi-norm:

flx) = flez -y
(29) (7l = sup L= 0],

To bound the second integral in (2.6), which we denote by B, we need to use the
oscillation of Dy (y). We can rewrite the expression as

B - / ) = @)D ) dy

= /> |>5h +(y) sin((2N + 1)7y) dy

1
=— h.(y) sin 2N+17T<+>)d
/MN ) (( i (vt sy ) )

1
=— hy (y - > sin((2N + 1)my) dy,
‘/U_ 2Nl+1 |>6 2N +1

where h;(y) = W Therefore, with all integrals being understood to be in

the interval (—3, 1), we get

2B = / haz(y) sin((2N + 1)my) dy
ly|>6

_ /|y2N11>5 hy <y - 2N1+ 1) sin((2N + 1)my) dy
(2.11) = /|y>5 (hz(y) —hy (y - 2N1+1>> sin((2N + 1)my) dy
_ /[6,6+2N11] ha (y - 2N1+ 1) sin((2N + 1)my) dy

1
+/[55 ]hx (y—2N+1>Sin((2N+1)7Ty)dy.
O+ anTT

We bound first the last two integrals. Note that we have
fla—2) = f@)| o 2[fllc _ Cllflloc

sin(7z) = |sin(wz)] T 7]

(2.10)

(2.12) ‘

The last inequality is true by Jordan’s inequality |sinz| > y when |z] <

5. Provided that § > %er it follows that |z| > C|| for all z in the intervals
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[0, —d + Wl-&-l} and [4,0 + ﬁ] Therefore, we obtain the following inequality:

o) < Ol Ol
s STl

z

This inequality allows us to bound each of the last two inequalities in (2.11) by

Cllflleo
CRESN

Now we bound the remaining integral:

R I e
fle—y) ~ fz—y 1)
= sin(7y)
219 e -v-n-r0) (G - g y)
(=)~ @)~ (fle—y— 1)~ f(z)
- sin(my)
1 1
e —v-0- 100 (i - i) |

If |y| > 6 > 27. Using similar ideas, we bound the first term by
alrl* _ [lalrl®
ly| 0]
Using similar arguments, we bound the second term by
Cllflloomr < Gl flloomT
sin(my) sin(m(y + 7)) — |62
Letting 7 < 1/N, we get

N=fla = N7Yfllw
5 T2 )

Choosing § = N~%/2 we can conclude from (2.8) and (2.14) that

(2.14) |B| < C(

(2.15) (SnF)(@) = f(2)] < C(N=/2 4 N7o/2 4 N~
Thus, as N — oo we have |[(Syf)(x) — f(z)| — 0, which means that ||Syf —
flloo = 0. O

3. FEJER KERNEL AND APPROXIMATE IDENTITY

The Dirichlet kernel is not ideal in the sense that its L' norm is not uniformly
bounded as shown in (1.10). Why this unboundedness of the Dirichlet kernel is a
problem that will be seen later in the paper. Thus, we introduce another form of
partial sum, namely the average of the partial sum operator:

1 N—-1
(3.1) onfi= Z Spf.

Setting Ky = Z D,,, which is called the Fejér kernel, we therefore have

onf=Kn=x*f. Here we list some useful properties of the Fejér kernel.
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FIGURE 2. The Fejér kernel K for N = 10 (blue), and N = 30 (green)
- . |\ " »
Proposition 3.2. (1) Kn(n)=(1- ~) where fT means the positive part of
the function f,

(2) Kn(z) = % (WY

(3) 0 < Ky(z) < CN~!min(N?% 272).

Proof. (1) By definition
1
0=,
Z e27rikxe—27rinw dr.

/1
0 0k=—m

Note that [ e2™*7e=2mne dy — 1 if and only if k = n. Property (1) follows from
this fact. Using formula for summation of geometric sequence, we can get (2). By

Jordan’s inequality for =z € [— 2, 2] and the inequality |sinnz| < n|sinz|, we get
(3). O

2

Dme—ZTrznm dr

2=

(3.3)

2 3
=]

2=

m

We can see from Figure 2 that as N increases, the graph of Ky “squeezes up”
around x = 0.The above property of Ky ensures that Ky are what we call an
approximate identity.

Definition 3.4. We say that the family {®x}%_, € L*°(T) form an approximate
1dent1ty provided
Al) fo Oy (z)dx =1 for all N;

A2) suprO \@N x)| dr < o0;

A3) for all 6 > 0 one has [,/ s|®n(z)|dz — 0as N = 0.
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The name “approximate identity” derives from the fact that &5 * f — f as
N — o0 in many reasonable senses, which we will prove soon. Note that {Dy}n>1
are not an approximate identity since A2) does not hold. Also note that Definition
3.4 has nothing to do with the torus T. It applies equally well to the line R, tori
T<, or Euclidean spaces R?. Next, we verify that the function K belong to this
class.

Lemma 3.5. The Fejér kernels {Kn}%%_, form an approzimate identity.

Proof. Since fol e?™n® = 1 if n = 0 and 0 otherwise, we clearly have fol Ky(z)dr =

1. Since Kn(z) > 0 by Proposition 3.2, we have fol |Ky(z)|dx =1 for all N, so
A2) holds. By part (3) of Proposition 3.2 we have

(3.6) / K (2)| do < / CON—o=2dz < C'(6N)~,

|z[>8 |z|>8
where C and C’ are constants. Then clearly as N — oo, the integral goes to 0. All
of these prove the result. ([

Now we establish the basic property of an approximate identity.

Proposition 3.7. For any approzimate identity {®n}3%_, one has
(1) If f € C(T), then |®Px * f — flloc = 0 as N — 0.
(2) If f € LP(T) where 1 < p < oo, then ||®n * f — f|l, = 0 as N — 0.

Proof. We begin with the uniform convergence. Since T is compact, f is uniformly
continuous. Given € > 0, let § > 0 be such that

(3.8) |Sl‘1<p& If(z —y) = f@)] <e

for all x € T. Then, by the definition of approximate identity we have
(3.9)

(@ % f)(x) — fla)| = \ [ =) - rpenty dy‘

< df@—y) - 1) / B (4)] dy + /|y25|¢N<y>2||f||oody
< Ce

when N is large enough so that the second term in the second to last line of (3.9)
is less than 2| f||cc€e. Thus, we proved (1). To prove (2), fix any f € LP(T) and let
g € C(T) be such that || f — g||, < e. Then

(3.10) [Pn 5 f = fllp < [1®n % (f = 9)llp + 1F = gllp + 1P5 %9 = gllp-
By Young’s inequality (Theorem A.1 in the appendix) we have
(3.11) [@n* (f =9)llp < N1Pnl2llf = gllp-
Using the fact that sup||®x|[1 < oo and (1) we get || Py * f—f]|, = 0as N — oo.
N

O

Here we also list some basic and useful theorems about Fourier transform that
will be used to prove the LP convergence of Fourier series later.
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Corollary 3.12. (1) For any f € L*(T), we have

(3.13) I£15 =" 1f(n))?

nez

This is called Plancherel’s theorem.
(2) For f,g € L*(T) we have Parseval’s identity

(3.14) / f@g@) dz =3 fn)a(m)

nez

Proof. For (1) we have

Hf”? / |f|2d$ = / Z |f 27Tlnm|2 dx

ne”Z

3 DGR IO

nez nez

(3.15)

The second equality is due to the orthogonality of {€2™"*}, ;. The last equality
is true because f(n) is independent of x for all n.
For (2) the proof is similar:

[ wtor o= [ (3 g ) g o

nez
(316) / (Z f 27rmm> (m)6727rz’mx) dx
nez
=>_ f(m)(n)
nez
The last equality results from the orthogonality of the basis. O

4. LP CONVERGENCE OF PARTIAL SUMS

We now turn our attention to the convergence of the partial sums Sy f in LP(T)
or C(T) (substituted for L>°(T)).

Proposition 4.1. The following statements are equivalent for any 1 < p < oo:

(a) For every f € LP(T) (or f € C(T) if p = o0) we have
(4.2) ISnf—fllp = 0as N — o0

(b) We have SljprSN”p%p < 0o where ||SN||p%p = sup ||SNpr-

p=

Proof. “=" AssumeSy f converges to f in LP. Then we have ||Snfll, = [Ifllp
by the triangle inequality. Since f € LP(T), we know that ||f|, < oo. Thus,
supy||Sn fllp < co. By the Uniform Boundedness Principle (see the appendix), we
have sup || SN |lp—p < 0.
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“<” Let Ky(x) be the Fejér kernel. We have
[SNf = fllp = IS8 (f = K+ f) + (SN (En + f) = F)llp
= IS8 (f = En* f) + (Kn = f = fllp
< Sn(f = En* fllp + 1 En * f = fllp
< ISNllp—pllf = En* fllp + (1 K5 % f = fllp
= (ISnllp—p + DIIf = En = flip
< (M +1)e,
where M = supy||Sn|p—p < 00 by assumption and e can be made arbitrarily small

as N — oo since the Fejér kernel forms an approximate identity. This finishes the
proof. O

With the above proposition, we can now settle the question of the convergence
of Fourier series in LP space for p =1 and p = co.

Corollary 4.4. Fourier series do not converge in C(T) and L*(T), i.e., there exists
f € C(T) so that ||Sxf — fllee = 0 and g € L*(T) so that ||Sxyg — g|l1 - 0 as
N — oo.

Proof. By Proposition 4.1 it suffices to verify the limits

SUp||.Sn|loo—so0 = 00
N

sup[|Sn |11 = 0.
N
Recall that || Dylj1 — oo as N — oo by (1.9). Notice that

SN lloosoo = sup [[Dn * flloo

co—

> sup [(Dy * f)(0)]
1 loe=1

(4.5) > sup /DN W) dy

Hf”oo—l
:/|DN<y>\dy: I Dwlls.

The second to last inequality is true because |f|lcoc= 1, so Dn(—y)f(y) <
|Dn(—y)| for all y. We can then let f be a continuous approximation (in L')
of signDy(y). Thus, Fourier series do not converge in C(T).

Recall that we proved that for the Fejér kernel, we have [ [Ky(z)|dz =1 for
all M. Similar to (4.5), we have

(4.6) [ISnll1s1 = [Dn * Knlls = Dy
as M — oo. Thus, Fourier series do not converge in L!(T). O
Now our goal is to prove that for any p such that 1 < p < oo we have that the

Fourier series do converge in LP(T). The case p = 2 is relatively easy. Recall the
Plancherel theorem we proved earlier which states

(4.7) I£15 =" 1f(n)?

nez
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Thus, by the Plancherel theorem, we have
1/2
(4.8) ISnf=flla=1 > f)e™ |l = > [fm)l]
In|>N [n|>N

for all f € L?(T) which goes to 0 as N — oo.

2

For 1 < p < 0o and p # 2, we prove it in the following way which is a bit tricky.
We start by defining the conjugate function.

Definition 4.9. For f a trigonometric function, define the conjugate function f
by

(4.10) flx) =

(m)e%rimz’

Q
|
~
v
<
=8
2
~»

(4.11)

Thus, we have that f = Py (f) + P_(f) 4+ f(0), where f = —iP,(f) +iP_(f),
when f is a trigonometric function. The following is a consequence of Proposition
4.1.

Proposition 4.12. Let 1 < p < oo. Then the expression Sy(f) = Dnxf converges
to f in LP(T) as N — oo if and only if there exists a constant C, > 0 such that
£l ey < CollfllLe(ry for all trigonometric polynomials.

Proof. By the previous definition, it is easy to show that

(4.13) Pof) =5 (£ +if) - 5 0)

Therefore, the LP boundedness of the operation f — f is equivalent to that of
the operator f — P, (f).

Next, we need to show that

) 2N . . N X -
(414) 6727”1\“3 Z (f(I)GZﬂ'iNm)(m)SQ‘MmI — Z f(m)GQﬂ'zmm.
m=0 m=—N

To prove this, note that
(f(x)/e2\me) (m) — / f(x)GQWiNze—Zm'mz dr = / f(x)e—Qm‘(m—N)m dz
T T
= f(m—N)

(4.15)

2N ) N R .
Thus, the left hand side of (4.14) is equalto Y. f(m—N)e2m(m=Nz — 3~ f(mp)e2mime,
m=0 m=—N
which is the right hand side of (4.14).
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Since multiplication by exponentials does not affect LP norms, (4.15) implies
that the norm operator Sy(f) = Dy * f from LP to LP is equal to that of the
operator

2N

(4.16) S(g)(@) =Y §(m)e*m

m=0

from LP to LP. Therefore, we have the following equivalence:

(4.17) sup |Sn || r—rr < 00 & sup||Sy|lLr—rr < oo
N>0 N>0

“= ”. Suppose now that for all f € LP(T), we have Sy(f) — f as N — oo.
Proposition 4.1 then yields sup||Sn||zr—rr < 0o and thus sup||Si||Lr—rr < 00 by
(4.17). Let A(f) = P(f)+ f(0). We know that A(f) is bounded on L?(T). Hence
so is Py. Thus, f is also bounded.

“<”. Conversely, suppose that P, extends to a bounded operator from LP(T)
to itself. For every trigonometric function f we then have

Sn(f)(@) = Z f(m)ermime Z f(m)e2rima
m=0 m=2N+1

4.18 > . . > ,
( ) — Z f<m>e2mmx _ 627rz(2N);c Z f(m + 2N)627rzm3:

0 m=1
= Pu(f)(a) — NP, (2N ) 1 f(0),
(4.18) implies that
(4.19) sup Sy (Nl < @lIP4lr—rr + DIl

for all trigonometric polynomials, and, by density, for all f € LP(T). Thus, estimate
(4.19) also holds for Sy. By Proposition 4.1, we have that Sy(f) — f in LP for all
feLr(m). O

We now have that convergence of Fourier series in LP is equivalent to the LP
boundedness of the conjugate function. We now establish that these operators are
bounded on LP.

Theorem 4.20. Given 1 < p < oo, there is a constant A, > 0 such that for all f
in L*°(T) we have

(4.21) 1Fler < Al Flle-

Consequently, the Fourier series of an LP function converge to the function in LP
for1 < p<oo.

Proof. There is a short proof for this due to Bochner. Let f(t) be a trigonometric
polynomial on T with coefficients c¢;. We write

N

(4.22) fey= > ¢!

j=—N



CONVERGENCE OF FOURIER SERIES IN L? SPACE 13

Assume f(t) is complex-valued. Then

f)+ f(®)
2
Z ¢ 627”7t+ Z ¢ 627r1]t
j=—-N Jj=-N
2

Re(f) =

(4.23) N
Z ce27rzjt+ Z ce—27rz]f

j=—N j=—N

2

N
_ Z Cj+C—j 2mit
) 2
j=-N

Similarly, the imaginary part can be expressed as

f(t) = f(#)
I =7
m(f) = 1
S et ﬁ P
J
_ j=—N =—N
B 2i
(4.24) N - N -
Z Cje27rzgt_ Z ij672ﬂ'1]t
_ j=—N j=—N
N 2i
N .
- Z e
Pyt 2i
Thus, we have
al N c:; N c/—\;
_ i e ‘ e
(4.25) f(t) = Z cje?™It = Z < 5 L e2mijt | 4 Z < o 1 g2mijt
j=—N j=—N j=—N

Note that the expressions inside the square brackets are real—val}led trigonometric
polynomials. Since |[f[[p < |[Refll, + [Tnfll, < 2[|fllp, and [[£(0)], = [f(0)] <
| f]lp, we can assume that f is real-valued and f(0) = 0. Since f is real-valued, we
have that f(—m) = f(m) for all m, and since f(0) = 0, we have
(4. 26)

= — Z Fm)e2mimt 4 Z F(=m)e=2mmt — 2 Re [~ Z Fmyezimt),

m>0 m>0 m>0

which implies that f is also real-valued. Note that

+Zf Z f 27rznt ( Z-2) Z sgn (n)f(n)627rinz

nez nez
(4.27) — Z ]?(n)e%rint + Z ]E(n)e}m’nz _ Z f(n)EQﬂ—inx
nez n>0 n<0

— Z f(n)e%rint'

n>0
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Thus, f +if only has non-zero Fourier coefficients for n > 0, which means the
polynomial f + if contains only positive frequencies. Then we claim:

(4.28) /T(f(t) +if(t))* dt = 0.

To prove this, note that since f-+if is a sum of trigonometric functions, (f+if)2*
can also be a sum of trigonometric functions. Thus, we have

(4.29) (f) +if ()™ =>" (F + )2k (n)e2mint.

n>0

The summation is over non-negative integers because f + if only has positive
frequencies. Thus, we have

(4.30) / (F() + i (6)) dt = / SO (FtifE et | dt = (7 + i) (0).
n>0

By our assumption we know that f + zf(O) = 0. Since f + if only has non-

— 2 —
negative frequencies, we have f+if (0) = ((f +if)(0))?* = 0. Therefore, we
know that (4.28) is true. Expanding the 2k power and taking real parts, we obtain

k 4 ‘
(4.31) St (50 [ f™ o ar=o.

Jj=0

where we used that f is real-valued. Separating the j = 0 term from the rest in
(4.31), we get

az) vt [T a-- i(—l)’“-j (3’;) i e a

Then, we have

(4.33) /T f(t)%dtgi(z];) /T FOX T p) ar.

=2k

Notice that the left hand side of (4.33) is just ||f| 2x. Now apply Hélder’s
inequality to the right hand side of (4.33) with exponents 2,372]. and % (The
statement and proof of the Holder’s inequality can be found in the Appendix.) We

5o
i (3];:) /Tf(t)zk—mf(t)zj dt < il (ZI;) I1f(t )2k*2j (t)2j||§—’;f
T -

<.
Il
—

|
]~

2k 2k—2j
(Qj)unm 1712

<.
I
—
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Thus, by (4.34) we have

k
(4.35) vu%<§j(:)mifWNmk

Dividing (4.35) by || f]|2%. we get

2k
(4.36) R <y "R,
j=1

where R = |||l z2t /|| f]| L2+ Tt is easy to see from (4.36) that there exists a positive
Cs, such that R < Cgj,. Therefore, we conclude that

(4.37) ||fHLp < Cp||fllzr when p = 2k.

Now we want to generalize (4.37) to functions where f(0) # 0. Apply (4.37)
to f — f (0), and we know that the conjugate function of a constant is zero (since
constant functions only have Fourier terms for n = 0). Since |f(0)| < ||f]lx
| £]l, (the second inequality is true by Hélder’s inequality), we have that || f||,

1(f = £(0) + F(O)llp < [If = FO)lp + £ Ol < Cpllfllp + £ (Ol < (Cp+ DI flp-
Thus, (4.37) is true for p = 2k and f real-valued trigonometric polynomial. Since
a general trigonometric polynomial can be written as P + i) where P and @ are
real-valued trigonometric polynomials, we have | f||r» < 2(C, 4+ 1)||f|l,. Since
trigonometric polynomials are dense in LP, (4.37) holds for all smooth functions
when p = 2k.

IIA

Riesz-Thorin Interpolation implies that if the conjugate operator is bounded on
LP and LY, where p < g, then it is bounded on L" where p < r < ¢. Since every
real number lies in an interval of the form [2k, 2k + 2], for some k € ZT, we have
that (4.37) is true for all p such that 2 < p < oo when f is a trigonometric function.
By density the same result is valid for all LP functions when p > 2.

Finally, we need to prove that the result is valid for 1 < p < 2. The LP norm of
a polynomial can also be computed in another way:

(438)  flly= sup ﬂ/f ‘rM®M=L;+;=1}

g(t)eLa
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Let p € (1,2), so that ¢ > 2. Then by Corollary 3.12, we have

oo

/T fHgdt=S" fn)alm

n=—oo

> f(n)(~isgnn)g(n)

n—=—oo

S Fn)isgn (0)5(n)
S fn)Zg(n)

n—=—oo

/T F(0) =g () dt.

(4.39)

By (4.38) we have

(4.40) 1Ol = sup {

g(t)eL4

F(HVald) 1 1
/’Jl‘f(t)g(t) dt| : [lg@®)llqg =1, » + 4 = l} .

Thus, by (4.39) we have

1fllr = sup {

g(t)eLa

/ [F(®g(#)dt] - llg@®)llg =1,~ + = = 1}
T P q
< sup 111310 < sup £ Gy lgle

geLa geLa

<[l ze Co.

The second inequality in (4.41) is true by Holder’s inequality. The third inequal-
ity is true because ¢ > 2 and we proved the boundedness of the conjugate operator
in L? spaces for ¢ > 2. The last inequality is true because we chose the g such that
llglle = 1. Therefore, we proved the boundedness of the conjugate operator on LP
forall 1 <p < oco.

(4.41)

O

By Proposition 4.12 and Theorem 4.20 we conclude that for all p such that
1 < p < o0, the partial sum of the Fourier series of any LP function converges to
the original function.

APPENDIX A. PROOFS OF THEOREMS AND LEMMA

Theorem A.1. (Holder’s inequality) Let (S,3, 1) be a measure space and let
p,q € [1,00] with 1/p+ 1/q = 1. Then, for all measurable real- or complex- value
functions f and g on S, we have || fgllx < || flpllgllq-

Proof. If || f||, = 0, then f is zero p-almost everywhere, and the product fg is zero
- almost everywhere. Hence the left hand side of Holder’s inequality is zero. The
same is true if || f||; = 0. Therefore, we may assume | f||, > 0 and ||g||; > 0 in the
following.

If | fl|, = oo or ||g|l; = oo, then the right hand side of Holder’s inequality is
infinite. Therefore, we may assume that || f||, and | g||4 are in (0, c0).
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If p = oo and ¢ = 1, then |fg| < ||fllslg| almost everywhere and Holder’s
inequality follows from the monotonicity of the Lebesgue integral. Similarly for
p =1 and ¢ = co. Therefore, we may also assume p, ¢ € (1,00).

Dividing f and g by || f|l, and ||g||q respectively, we can assume that ||f|, =
llgll; = 1. We now use Young’s inequality which states that

P q

(A.2) <Y

p q
for all nonnegative a and b, where equality is achieved if and only if a? = 9. Hence

f)IF | lg(s)l
(A3) Fa() < L O

p q

for all s € S. Integrating both sides gives
(A.4) Ifgll < + ~
which proves the theorem. [

Theorem A.5. If1 <p,q,r < oo, %—1— % =1+ %, f € LP(T) and g € LY(T), then

(A.6) 1+ gllr < W fllpllgllq-

Proof. if r = 0o, then % + % = 1. Hence by Holder’s inequality and the translation
invariance of Lebesgue measure, we have

(A7) / £ — g dy < 11,19l

Thus, f * g(z) exists for each z and || f * gllco < || flIpll9llq-

Next suppose 1 < r < co. Notethat p <rand g <r. Let s =p(1-1/q) = 1—p/r
and note 0 < s < 1. Let t = r/q and note that 1 < ¢ < co. Define ¢’ by
1/g+1/¢’ =1 and note 1 < ¢’ < co. Now let

(A8 )= [ I -yaldy= [ 17 = I lawllf e ) dy
By Hoélder’s inequality we have
(A9 2) < ([ 1@ = )& gw) 1" d) 1151

If s =0 then ¢ = 1. If s # 0 then sq¢’ = p. In either case taking the ¢*" powers
we obtain

(A.10) / £ — )| g()]7 dy ]| £l g™

Thus, by Minkowski’s inequality we have
t
[1Pllge = [1A%l:

< 1" / ( / (@ — )| 9g(y)|7 dy)' da) "
< £l / ( / (@ — )| g ()] dar) iy
= 1£1" N gl 1l 1syqe 7.

(A.11)
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But gt = 7 and (1 — s)r = p. Taking the ¢*® roots we obtain the inequality in
the conclusion of the theorem.
O

Theorem A.12. (Uniform Boundedness Principle). Let X be a Banach space
andY be a normed vector space. Suppose that F is a collection of continuous linear
operator from X to Y. If for all z in X we have

(A.13) sup|| T (z)|ly < oo,
TeF

then

(A.14) sup || T B(x,y) < o0.
TeF

Proof. Suppose that for every x in the Banach space X, we have:

(A.15) sup|| T (z)]ly < oo.
TeF

For every integer n € N, let
(A.16) X, ={x € X :sup||T(z)|ly <n}
TeF

The set X, is a closed set and by the assumption,
(A.17) UnenX, = X # 0.

By the Baire category theorem for a non-empty complete metric space X, there
exist m such that X,, has non-empty interior, i.e., there exists xg € X,, and € > 0
such that

(A.18) Be(zo) =z € X : ||z — 0] <€ C Xp.
Let u € X with |Ju|| <1 and T € F. we have:
IT()lly = eI T (o + eu) — T(xo) |
(A.19) < e (1T (zo + ew)lly + 1T (x0)ly)
< e tm+m).

Taking the supremum over w in the unit ball of X, it follows that

(A.20) sup || Tl p(x,v) < 2¢7'm < oo
TeF

O
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