THE LOCAL THEORY OF ELLIPTIC OPERATORS AND THE
HODGE THEOREM

BEN LOWE

ABSTRACT. In this paper, we develop the local theory of elliptic operators with
a mind to proving the Hodge Decomposition Theorem. We then deduce a few
of its corollaries including, for compact, oriented manifolds, Poincaré Duality
and finite-dimensionality of the de Rham cohomology groups.
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1. INTRODUCTION

We will begin by putting an Ly inner product on the space E(M) of differential
forms on a manifold M. Questions about the kernel of the exterior derivative and
its adjoint relative to this inner product, as well as of the existence of energy min-
imizers with respect to this inner product in de Rham cohomology classes, prompt
the introduction of a Laplacian-type operator— the Laplace-Hodge operator— on dif-
ferential forms. The Laplace-Hodge operator will allow us to leverage the analytic
side of differential forms to produce a decomposition of E(M) that gives consider-
able topological insight. Toward this end, it will be necessary to develop the theory
of partial differential operators, in particular elliptic operators, a class of operators
that includes the Laplace-Hodge operator and generalizes the standard Laplacian.
The tools and setting for all this will be Fourier series and Sobolev spaces, respec-
tively. The approach, briefly, is, starting with a partial differential operator on C*
functions, to fatten this space of functions to get a space of functions— a Sobolev
space— that is easier to do functional analysis on, get information in this space, and
then bring the information back to the initial function space. The three main re-
sults we need to implement this are the Sobolev Lemma, the Rellich Compactness
Lemma, and Garding’s Theorem. They, together with elementary Hilbert space
methods, are all we will need to prove the Hodge Decomposition of E(M). We
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2 BEN LOWE

conclude by presenting a few of the topological results that come out of the Hodge
Decomposition.

2. SOME PRELIMINARIES

Let V be an n-dimensional real vector space, and let A(V) (resp. A,(V)) denote
the space of alternating multilinear functions on V' (resp. of degree p.) Given an
inner product (,) on V, we define one on A(V) as follows. An element of A(V) is
homogeneous of degree k if it has the form

* *
vy A Ao,

where v} is dual to v; € V. We define elements homogeneous of different degrees
to be orthogonal, and for those of the same degree we set

(VI A A Vg W A LA wy) = det (v, wy),

and then extend linearly to all of A(V'). Positive-definiteness follows from the fact
that

(v, v) = det(V)det(VT) = (det(V))?,
where V' is a matrix obtained by choosing an orthonormal basis for the subspace
spanned by the v; and expressing each v; in terms of this basis, and the other
properties of an inner product are easily verified.

The geometry of this inner product is as follows. For simplicity, suppose we are in
R3. Then a 2-form acts on two vectors by scaling the parallelogram given by the two
vectors by some factor, projecting onto some plane, and then taking the area of the
projected parallelogram. Ignoring the last part of the previous, we can view 2-forms
as acting by scaling and then projecting onto a plane. With this interpretation,
we can compose two 2-forms, by first performing the scaling and projection for
one, and then for the other. The inner product we have defined measures the
scaled closeness of two differential forms by the effect their composition has on
the areas of parallelograms. For instance, dz A dy acts by projecting onto the xy
plane and dz A dz by projecting onto the xz plane. The composition of these takes
parallelograms to degenerate parallelograms, and accordingly dz A dy and dz A dz
are perpendicular.!

Definition 2.1. An orientation on V is a choice of component of A, (V) — {0}, or
equivalently a choice of basis of V. For a given orientation, a linear transformation
x, called the Hodge Star, is defined by the requirements that, for any {dz1, ..., dz,}
dual to an orthonormal basis {eq, ...,e,} for V,

*(1) = £dzy A ... Adxy,
*(dzy A ... ANdzy) = £1, and
*(dzy Ao ANday) = £dagr A AN day,

where we take “4” in the above if dz; A ... A dx,, lies in the chosen component of
An (V) — {0} and “—” otherwise. This is well defined, and we observe that since

w(dxiy Ao Adag, Ax(dzy Ao ANdag,)) =1 =det{e;, ,e;.),
we can write

(o, B) = *(a A %).

LCredit to Nate Sauder for this interpretation of the inner product.
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It is also clear that on A,(V) the Hodge Star satisfies

*k — (_1)(17)("_1)).
Definition 2.2. For a compact, oriented, Riemannian manifold M, let E(M) (resp.
E,(M)) denote the space of differential forms on M (resp. of degree p.) For any
vector bundle F¥ with an inner product over a compact, oriented manifold N, we
can define an inner product on sections of E by integrating the pointwise inner

product over N. Choose a volume form dV. Then in the case of differential forms
this translates to

(a,B8) = /M<a,ﬂ>dV = /M*(aA «B)dV.

We define LoA(M) to be the completion of E(M) with respect to the norm
induced by the inner product.

Definition 2.3. For a p-form w, define the codifferential § by
dw = (=1)"PTDH 4 .
Let « be a (p-1)-form and § a p-form. Then
dlaANxf) =da A+ (=1)Pland* B
= da A + (=1) P DFEEDE—p=DInp+1)+1y A 464
=daA*f—aA=*05.

By Stokes theorem and the fact that M is a manifold without boundary, we therefore
have

0= [ tdanss) = [ (@ansd) = [ (@ndh) = (da.5) - (0.58)
(da, B) = (a,38).

Thus 6 is the adjoint of d relative to the inner product we have defined.

Definition 2.4. A non-degenerate pairing of two vector spaces V and W is a
bilinear map B on V' x W such that for every non-zero v € V there exists aw € W
for which B(v,w) # 0 and for every non-zero w € W there exists a v € V such
B(v,w) # 0. Consider the maps

v— B(v,w) and w — B(v,w)
from V and W to Wx and V* respectively. These have null kernels by the definition
of B and are therefore injections, so we see that V' and W have the same dimension,

and a non-degenerate pairing of V' and W induces isomorphisms between V and
W* and W and V*.

Example 2.5. The bilinear map B on A, x A,,_, defined by
B(a,B) = *(aAp)
is non-degenerate, since
B(a, xa) = (o, a) and B(x08,8) = £(x3,8).
This is one way to see that A, and A,_, have the same dimension and are iso-

morphic via *. It follows that % also gives an isomorphism between EP(M) and
E"P(M).
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Definition 2.6. For a manifold M, we define the pth de Rham cohomology group
HYy to be the vector space of closed forms modulo exact forms. In symbols, if

ZP(M) = Ker[d : AP(M) — APTY(M)] and BP(M) =Im[d : AP~}(M) — AP(M)],
then 20(0)
or, =
dR BP(M)
The de Rham cohomology groups are diffeomorphism invariants (as they have
to be if we are to study them in differential geometry) because pullbacks commute
with exterior differentiation. In fact, something much stronger is true.

Theorem 2.7. If M and N are homotopy equivalent manifolds, then HY, (M) =
HY, (N) for each p.

In particular, de Rham cohomology groups are topological invariants, a rather
surprising fact on the face of it. Let HP(M) be the pth smooth singular homology
group of M. The connection between de Rham cohomology and the topology of a
manifold is made explicit by the following theorem of de Rham.

Theorem 2.8. For any manifold M, the map HYp, — Hom(H?(M),R) defined to
be, for any [w] € HYy, the element of Hom(HP?(M),R) that maps the equivalence
class of a chain c to

/ "

For a reference on the material of the previous two theorems, we refer the reader
to [2].

Because * defines an isomorphism between EP(M) and E™ P(M), we might
guess that it also defines isomorphisms between HY, and H,". It does, in fact,
but this is more difficult to prove. Proving it will involve singling out representative
elements of each de Rham cohomology class. Differential forms being most basically
things we integrate, we would expect a way of choosing representative elements of de
Rham cohomology classes to have something to do with integration. The following
lemma will clarify the picture to an extent.

is an isomomorphism.

Lemma 2.9. Let M be a compact, oriented Riemannian manifold of dimension n.
Then if w is a closed k-form, dw = 0 if and only if w is the unique smooth form in
its de Rham cohomology class with minimum norm.

Proof. Suppose dw = 0, and denote by [w] the de Rham cohomology class of w.
Then for another element of [w], w + dn, we have

(w+dn,w + dn) = (w,w) + 2(w, dn) + (dn, dn),
= [|wl® + 2(6w, n) + |dn||*,
= [lw]|? +||dn]|* > ||wl?,

and w is the unique element with minimum norm.

Now assume w is the element of its de Rham cohomology class with minimum
norm, but dw # 0. Using the fact that dw # 0, we will show it is possible to shift
w slightly to get an element of smaller norm. Define

F(t) = llw + d(3t)[*.
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Then
£(0) = lim % ((w + d(8t),w + d(58)) — ||w]]?)

t—0
1
= gl_r)% n (2(w, dotw) + (ddtw, dotw))
= }gr(l) (2(0w, dw) + t{ddw, dow))
= 2(0w, dw) # 0,
so f cannot assume a minimum at 0 and w cannot be the minimum. O

The proof above showed that for a closed form w with dw # 0 and for small
t > 0, w — tdéw will be an element of the same de Rham cohomology class as w,
but with smaller norm. Although the previous theorem does not tell us that there
exists an element w of each cohomology class with dw = 0 and minimal norm, we
might expect that choosing an w from a cohomology class, subtracting tdéw for
small ¢, and repeating, will in the limit get us to a unique “energy minimizing”
element in that cohomology class.

To find energy minimizing elements, it makes sense to introduce a Laplacian
type operator.

Example 2.10. For real functions defined in a region U C R, consider the Dirich-
let energy functional

B =5 [ VAP

Taking the variation of £ and applying Green’s first identity, we have

d

— E(f—l—au):/Vf-Vu:—/Afu.

de le=0 U U
So if Af = 0, the Dirichlet energy functional is stationary at f. On the other hand,
the fundamental lemma of calculus of variations states that functions u vanishing
on JU separate continuous functions, so for any stationary point f of E, Af = 0.
Viewing f as a differential O-form, the vanishing of A f is equivalent to the vanishing
of

odf = Af.

The kernel of the operator we want to define should contain precisely those w
for which dw and éw vanish and, by the previous example, a good guess is that it
includes a dd term. Since as a Laplacian-type operator it should also be self-adjoint,
defining

A =dd+dd

does not seem like a bad bet at all. Indeed, if Aw = 0, then

0 = (Aw,w) = (dw, dw) + (dw, dw),
S0 dw = dw = 0, while if dw = dw = 0, then Aw = 0, so the vanishing of dw and dw
is equivalent to the vanishing of Aw. We also note that on smooth real functions
A=dd=-Y 88—;, which is just the normal Laplacian.

Definition 2.11. The operator A is called the Laplace-Hodge Operator, or just
the Laplacian for short. We define the space HP of Harmonic forms of degree p to
be

{we EP(M) : Aw = 0}.
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Note that harmonic forms are just our energy minimizing forms of before, and
therefore proving each de Rham cohomology class contains a unique energy min-
imizing form is the same as proving each de Rham cohomology class contains a
unique harmonic form. In addition to determining whether each de Rham coho-
mology class contains a unique harmonic form, we would also like to say something
about the range of A, as well as a way of projecting differential forms onto de
Rham cohomology classes. The Hodge Decomposition Theorem addresses all three
of these matters.

Theorem 2.12 (Hodge). For each compact, oriented, Riemannian manifold M of
dimension n, and each integer p with 0 < p < n, the space of Harmonic p-forms is
finite dimensional, and we have the following orthogonal direct sum decompositions
of the space EP(M) of smooth p-forms on M :

(2.13) EP(M) = A(E?) ® HP = d(EP™) @ 6(EP™) @ HP,
where HP is the space of Harmonic p-forms.

To prove Theorem 2.12, it suffices to show the equation
(2.14) Aw=a on M

has a solution w for all a in (HP)*.

The inner product structure we have put on E(M) will allow us to bring methods
from functional analysis into the picture. If Aw = « for a p-form «, then for all
B € EP(M) we have

(Aw, B) = (o, B),
or

(w, AB) = (a, B).
A solution to (2.14) consequently determines a bounded linear functional [ satisfying
(2.15) I(AB) = (. B).

A bounded linear functional on EP(M) satisfying Equation (2.15) is called a weak
solution of Aw = a.. One approach to solving Equation (2.14) involves demonstrat-
ing the existence of a weak solution and using properties of A and techniques from
functional analysis to show the weak solution corresponds to an actual solution. An
approach along these lines can be found in [4]. The approach we take will involve
the operator d+ 9, the “square root” of the Laplacian (d+0)(d+9) = dd +dd. The
Laplacian is a partial differential operator, and the crucial property we will use is
its ellipticity, which we will define later in the paper. We first need to develop some
of the machinery needed for dealing with partial differential equations in general.

3. FOURIER SERIES

Our basic framework for Sobolev spaces will be Fourier series. First, some def-
initions and notational points. If @ = («, ..., ), where the «; are integers, then
we define

[a] = a1 + ... + ap.
If the a; are non-negative, we define D® to be

1 [a] a[oc]
<z) Or{t...0xym’
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If i is another n-tuple of integers, we set
nt =mnetoangn.
Let & denote the space of smooth, 27-periodic functions from R™ to C™ and let
Q={zeR"|0<a; <2mi=1,..,n}.
For ¢ and v in &2, the standard Lo inner product is then

<¢,w>=/Q¢~wdx,

where 1 - ¢ is the Hermitian inner product and dz is Lebesgue measure divided by
1/2m)™ . If ¢ € & and € € Z™, the th Fourier coefficient of ¥, ¥(€), is defined to
be

(1, ™).
Proposition 3.1. For all ¢ € &2, the sum
(3.2) D b
£ezn
converges uniformly to 1.
Proof. We begin by showing that dezn 1&(5)6"5‘1’ converges uniformly. For any
positive integer k, integrating (3.2) by parts repeatedly and noting that the bound-

ary terms cancel, we see that for some ¢} depending on the derivatives of ¢ to order
2nk,
Ck

It’s not difficult to see by induction that
1+ [€]* < const €7...€2.

/

So, by (3.3), we can write
Cl

for some c¢j. Showing uniform convergence thus reduces to showing convergence of

1
&0 2 T+ PP

gezn

for sufficiently large k. Applying an integral test, this is the same as the convergence

of )
— dx.
/ 1+ Ja2)F

e o] n—1
r
const /_OO m d/r,

which converges when 2k > n + 1, or & > |Z] + 1. So the sum (3.2) converges
uniformly to a continuous function ¢ for £ > %] 4 1. Note that we are only using
the fact that ¢ is C* for k > | %] + 1.

Now let ¢ = 1) — ¢. By the completeness of the trigonometric system, for any
€ > 0 we can find a trigonometric polynomial P for which

In polar coordinates, this is

lp = Pl <e.
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Then, because ¢’s Fourier coefficients all vanish, (@, P) = 0. We therefore have

lell* = (e, o) = (.0 = P) < lelllle — Pl < llelle.
or

lleel| <e.
Since ¢ was continuous, it must be identically zero, and ¥ = ¢. [

4. SOBOLEV SPACES

We have shown that a sufficiently differentiable function will have a Fourier
series converging to it. One of the goals of the next part of the paper will be
to give conditions under which a sequence of candidate Fourier coefficients will
correspond to an actual function with a certain number of derivatives, in some sense
reversing the process of the proof of the last section. The natural environment for
this question will be the Sobolev spaces. These are function spaces equipped with
norms measuring the regularity of a function and its derivatives to a certain degree,
and they have all the nice functional analytic properties we could ask for.

Definition 4.1. For ¢ € & and non-negative integer s, we define a norm || - ||s to
be the square root of the sum of the Ly norms of the derivatives of ¢ to order s:

(4.2) =3 / D () 2.
[a]<s

The Sobolev space H is defined to be the completion of & relative to this norm.
Recall from the previous section that for n-tuples of integers £ and «,

e =g,
By Proposition 3.1, any @ € & is equal to its Fourier series. Hence, (4.2) is just
(4.3) [lE= D2 D2 D@ =D > €N
EEL™ [a]<s EEL™ [a]<s

There exists a ¢ > 0 depending only on s and n for which
e Y (e etlEa) < D0 D (EPREOP < Y A+(al+.+l&l)”.

fezn EEL™ [a]<s cen
Therefore, our norm in (4.2) can also be written as
(44) Rl = Y A (6l o [6a)*0(E) = D (L [E7) ()

gezr gezr

Although what we have in mind in Definition 4.1 is relatively clear, it’s not so
apparent what Hy, as an abstract completion, looks like. We might guess by (4.4)
that || - ||s takes a more tractable form in the frequency domain, and this is indeed
the case. Let . denote the space of all C™ sequences indexed by Z™. For real s,
we define a new H, to contain all o € . for which

Y (L [EP)ogl? < oo
fezn

This new H, will soon be seen to be the same as the old one in the case of non-
negative integer s. For o and 7 in H,, we set their inner product

(4.5) (o.7)s = Y (L+[E%) (o¢ - 7e),

£€Zn
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and denote the corresponding norm by || - ||s.
The previous sum is finite, since, by Cauchy-Schwartz,

(4.6) S+ Far| <3 HIEP) e D (1 + € el
¢

cezn czn cezn

This can also be stated as

(o, ) sl < lol]sel|7]|s—-

Note that when t < s, ||o||s > ||o||+, so Hs C H;. By Proposition 3.1, sequences
of Fourier coefficients of elements of &2 form a subspace of each H,, which we
identify with &2. Since every element of H, with only finitely many nonzero terms
corresponds to a trigonometric polynomial and member of &2, & is dense in Hy, as
for any element o of H the sequence {o,} obtained by taking o, to include only
the finitely many terms o¢ of o with [£| < n converges to o in H,. Thus, by the
uniqueness of completions, our new Hy is equivalent to the old H, for non-negative
integer s. The new H, is very simple from the standpoint of functional analysis.
It is just an [? space with respect to the counting measure weighted by (1 + |¢|?)®,
and therefore a Hilbert space.

Much of the utility of Sobolev spaces comes from the following lemma.

Lemma 4.7 (Sobolev). Ift > |%] +1 and o is in Hy, then the sum
(4.8) Z oee' ™t
3

converges uniformly.

Proof. 1t is enough to show . |o¢| converges. For positive integer N and by the
Cauchy-Schwartz inequality,

Yo oel= D0 ([P TAA+ [€) P o]

lel<N lel<N
1
<Y O (L IEP) oel
(1+1¢%)
€<V El<N

1 2
< ZW o[-

l€l<N

In the proof of Proposition 3.1, we showed that

1
(4.9) ; TRy <™

so we have absolute convergence in (4.8). O
Corollary 4.10. Ift > || +1 and o is in Hy, then there is a constant ¢ such that
llollee < c.

Proof. This follows from the proof of the Sobolev lemma and the inequality

llolloo <D loel.
€
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It is clear that the inclusion mapping H, — H; for t < s is continuous. The next
lemma states that it is also compact.

Lemma 4.11 (Rellich). Let {o;} be a sequence of elements in Hy with ||o;||s < 1.
Then if t < s, {o;} has a subsequence that converges in H;.

Proof. For any &, the sequence {(1+ |¢]|?)"/?(;)¢} is bounded and has a convergent
subsequence. A Cantor diagonal process gives a subsequence {o;, } such that for
each &, the sequence

{1+ 1€ (03,)e}

converges. We claim {o;, } is Cauchy and therefore convergent in H;. For a positive
integer N, we write ||o;, — o;_||?

D L+ IEP) (o3, )¢ — (o7 )el?

¢
= > WP o) = (i)l + D L+ ) (L +[€1%)°] (03, )¢ — (03, )el?
lEl<N [EI>N
< Y WHIER) I00,)e — (00 )el* + W Y WP N3 )el® +21(oi el (00, )el + (03, )el?

l€l<N l€I=N

< D (+ €3 (03,)e — (00 )el* + AN,
[§I<N

where to get the last inequality we’re using the fact that ||o;||s < 1. We can make
4N'~*% as small as we want by choosing large N, and since

(4.12) Y CHIER) (00)e = (0i)el

lEl<N

has only finitely many terms, the convergence of the sequences {(1 + |£]?)"/2(0;)¢}
allows us to make the quantity (4.12) arbitrarily small as well. The sequence {c;, }
is thus Cauchy, and the proof is complete. O

The following estimate will be useful.

Proposition 4.13 (The “Peter-Paul” Inequality). For s < t < u and € > 0, we
can find a constant ¢ for which

(4.14) o2 < elloll2 + cllo]?

forallo € Hy,.

Proof. For sufficiently large N and all |£| > N we have
(L4 [EP)" < e(1+ €)™

Therefore, ||o||? has to compensate for only finitely many terms, which it can if ¢
is made large enough. |

Since we are trying to get from the generalized functions of H; back to actual
functions with a certain degree of differentiability, we would like a notion of formal
differentiation on Hj.
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Definition 4.15. We define the map
D% : Hs — HS,[Q]

to be the extension of the usual differentiation map on & by density. More con-
cretely,

(D%(0))e = (§)%0e.
Proposition 4.16. For o € Hg,
ID%0|[s—(a) < llo]]s-
Proof. This follows from
(D0)e|? = [€%0e|* < (1 + [€]*)]oe|*.

Proposition 4.16 and the Sobolev lemma give us the following proposition.

Proposition 4.17. If o € H; fort > |§] +m + 1, then the sum
S (D%~ Y e
3 3

converges uniformly for (o] < m. Hence, o corresponds to an actual function with
derivatives to order m. Furthermore, there is a constant ¢ for which

ID%0]|oe < cllo]]s.
Definition 4.18. For ¢ € H,, we define
(Ki(0))e = (1 +[€*) oc.
It’s clear that
lolls = [ Kio|ls—2t

and that K; : Hy — H4_o; is an isometry. The operator K; will thus permit us to
transport information between different Sobolev spaces. We also have

(0,7)s = (0, KyT) s

Note that as a partial differential operator,

t
n 82
Ki=|1- — | -
t ( 2-13”«“?)

It will be useful later on to know how multiplication by a complex function affects
the Hg norm.

Proposition 4.19. Let w be a smooth, complex-valued periodic function on R™.
Then for any integer s, we can find constants ¢ and ', depending on s, n, and the
derivatives of w to order s, for which for all ¢ in 2,

(4.20) lwiplls < elllls—1 + llwllool[2]]s-

Corollary 4.21. There is a constant ¢ depending on s, n, and the derivatives of w
to order s, such that

[lwiblls < ell]s-
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Proof. We first handle the case of s > 0. By equation (4.4) in Definition 4.1,
(4.22) s < const 3 D (@w)]l.
[a]<s

The key observation is that D%*wiy —w D is a partial differential operator of order
[a] — 1. Forcing this term into (4.22), we get

YD)l < Y 11D (wy) —wD*|| + Y [lwD|

[a]<s [a]<s [a]<s

<const Y |ID*(W)|| +const ||wlloo Y (1D

[a]<s—1 [a]<s
< constl[l]s-1 + const] el [9]].

For s < 0, we use Cauchy-Schwartz and the operator K; to reduce ourselves to the
positive case:

||w¢||§ = (WK _s K, Kswi)o
= <KfsWszv sz'd}>0 + <(WK75 - K*SW)szv sz'lp>0

< |<K—szs1/1,sz¢>o| + Z |<CaDasz7sz’l/)>0|a
[a]<—2s5—1

by the fact that wK_ s — K_,w is a partial differential operator of order —s+1 and
where the ¢, depend on the derivatives of w to order —s + 1. By the positive case,
for the first term we have

(K swK s, Kswip)o| = (WK, Kswip) —s| < |lwK || || Kswip|| s
< (cllwlloo| [Ks¥[|-s + €[ Ksth|| - s—1) [ Kswip|| s
= (cllwllool[¥lls + ¢[[l[s—1)[lwtd]s.
For the other term,
Y HeaD*Koh, Kgwip)o| < comst > ||D* Kbl | Kswih]|
[a]<-2s-1 [@]<—25-1

<const Y [[Kutl ot pollKuw]

[a]<—25—1
< const| | K th||—s—1 || Kswi|| s
< const||Y]|s—1||wt]|s-

Dividing by ||w||s gives the inequality for s < 0. O

Definition 4.23. We define the translate of o by h to be
Ty(0)e = o
and the difference quotient o" for a nonzero h to be

Th(oc)—o
Bl

As the next proposition shows, uniform boundedness of different quotients in H,
corresponds to an additional degree of formal differentiability.
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Proposition 4.24. For o in Hg, if for some M and all nonzero h
llo"|ls < M,

then o" is in H, .

Proof. We want to use the fact that

(4.25) o™=

3

2

et —1 2\s 2 2
——| A+ &) oel” < M

I

to bound
SO+ €)1+ [¢2) o~
13
Fix an orthonormal basis {e;} and a positive integer N. Then,

citlerd) _ 1|7

t

Taking only the finitely many terms with |£] < N in (4.25) and sending ¢ to 0 gives
D LGP+ [EP)*loel” < M2,
lEl<N
so that
DA+ EP)A+IEP) |oe* <nd® +[[o]3.
[§]<N
Since this holds for all positive integers N,
D L+ P+ [E7)*|oe]* < oo,
§
and o is in Hgeyq. O

5. PARTIAL DIFFERENTIAL OPERATORS AND ELLIPTICITY

Definition 5.1. A linear partial differential operator P of order p on smooth C™-
valued functions on R is an m X n matrix of the form

Pj= ) ai;D%
[a]<p
where the ag'; are smooth complex-valued functions on R" and at least one af;
with [a] = p is nonzero. This operator is said to be periodic if the af'; are periodic.

Define the formal adjoint of a periodic partial differential operator P by
pij =2 D,
[0}

Then, integrating by parts, one can show

We use the word “formal” because P* is not the adjoint of P in the sense of Hilbert
space Hermitian adjoints, but just in that it satisfies (5.2).
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Proposition 5.3. If P is a periodic partial differential operator of order p, then
there are constants ¢, M, and c’, where ¢ depends onn, m, I, and s, M = max |ai°fj

[a]=p
where the ag'; are the coefficients P, and ¢’ depends onn, m, [, s and the derivatives
of the coefficients of P to order 1, such that for all v in 2,

(5.4) 1PYll < Ml lore + ¢[lloi-1.

A consequence is that
HPst < COTLStH’t/JHSHa],
and we can extend P to a bounded operator Hg, (o) — Hs.

Proof. For the case m = 1, this follows immediately from Proposition 4.19, which
stated that we had an inequality of the form

llwiplls < ell$lls—1 + ¢ llwlloc 2],
and the other cases follow from the fact that
|1P]]s < const Y [|Ps a5,
1,J
with the above constant depending only on m. ([

(£} e

if P, is the highest order part of a partial differential operator P on complex-valued
functions, we might expect the multilinear form

S(f) = aaga

Noting that

to be related to P.

Definition 5.5. The symbol S : R™ — M,(R) of a partial differential operator P
is defined by

S(8)i; = Z a?,‘jﬁa-
(67
A partial differential operator is elliptic if its symbol S is everywhere non-singular.

Example 5.6. The symbol of a second order partial differential operator P =
2
Zi’j ai,j#&” with a; ; = a;; is the bilinear form

> ai &g
,J

P is elliptic at a point exactly when this form is definite and the matrix A; ; = a; ;
has exclusively positive or negative eigenvalues. If this is the case, then we can
diagonalize P by some change of coordinates to get a multiple of the Laplacian.

Garding’s inequality will be the main tool in our work with elliptic operators.
Before proving it, we need a lemma.

Lemma 5.7. If s is an integer, w is a real-valued smooth periodic function, and
and ¢ are in &, then

(5.8) (W, 0)s < (¥, we)s| + const][¢]]s]|9]]s-1-
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Proof. For s = 0, (w, d)s = (¥, wd)s, and (5.8) is clear. Now suppose s < 0. To
get the w on the other side of the inner product, we put ourselves in Lo and then
go back:

<°J'(/)a ¢>s = <W¢’ Ks(b)O
= <K—ssz7WKs¢>O = <Ks1/)7K—s(WKs¢)>O
< <w>w¢>5 + <l/}7 (K—sw - WK—S)(KSQZJ»S'

Observing that (K_sw —wK_;) is a partial differential operator of order s — 1 and
applying Cauchy-Schwartz and Proposition 4.16 gives the inequality. The argument
is the same for s > 0, except we instead force (Ks;w —wK;) into our expression. [

Theorem 5.9 (Garding’s Inequality). Let P be a periodic elliptic operator of order
p. Then for every integer s there is a constant ¢ such that for all o in Hy

(5.10) lolls+p < clllolls + [1Palls)-

Proof. First assume P has constant coefficients and only terms D¢ of order p, and
let S be the symbol of P. S is everywhere non-singular, so because the unit sphere
is compact, there is a constant ¢ > 0 such that for || = |v| =1,

1S(&)v]? > c.
This means that for all £ and v, we have
1S(E)vf* > cl¢|*[v]*.

This implies
1Pol2 =D 1S(€)ael*(1 +[€°)* = const Y _ [ |oe|*(1 + [€]%)°,
13 3

and
(I1Polls + l|olls)? > |lo]2 + || Pa||?
> Joe (1 + €2)° + const Y [€1%|oe*(1 + [€[?)°
3 £

=D loe (1 + [€%)* (1 + const|¢]*7)
¢

> constz |U§|2(1 + [€]2)5tP = const||a\|§+p.
13

Now let P be a general elliptic operator of order p. The strategy is to prove the
inequality locally, and then use partitions of unity and compactness to reduce to
the local case. Consider a point ¢ in R™ and denote by P’ the constant coefficient
operator determined by the highest order part of P at ¢. Then, by the first case
and for some constant k, we can write

llolls4p < k(llolls + [1P'olls) < k(llolls + [|P'o — Polls + [[|Polls).

Let P be a periodic differential operator agreeing with P’ — P in a neighborhood U
of ¢ on which the coefficients of P’ — P are less than 1/2ck in magnitude for the ¢
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given by Proposition 5.3. Then, for ¢ in & supported in U, we have by Proposition
5.3 that

19]]5p < k15 + 1215+ [[1PY]5)

1
< Kl[PY[ls + Sl llstp + const][$][s+p—1 + ll¥lls

1 1
< Kl[PY[ls + Sl llstp + constl[p]]s + l19]]s1p + const][¢]]s,

where the last inequality comes from the Peter-Paul inequality. This proves (5.10)
for these 1. The neighborhoods U corresponding to each point are an open cover
of the torus T". Take a finite sub-cover, and a subordinate partition of unity
{wl,...,wl,}. Set

Then the w; are smooth and

Zw? =1

By Lemma 5.7 and the facts that multiplication by an w; is a bounded operator
and there are only finitely many w;,

111345 = D (Wit d)sts
< 3w, with) s + constl [l [l sp1
< const Y _ [[Puw;h||2 + const|[v][2 + const|[1[|sp[¢]|s1p1-
To get rid of the ||Pw;v||? terms, note that
(P, Py)s — |[P(wi)|[3] < [(Pw?, Py)s — (wPwip, Py)s| + [(wPwip, Py)s — (Pwip, Pwi))s]
= [(PY, Pw?t — wPwip)s| + |(Pwip, wPy — Pwi)|.

Both Pw?u —wPwu and wPu — Pwu are differential operators of order p — 1, so
applying Cauchy-Schwartz gives

(5.11) 1P(wi)l[7 < [(Pw?, Py)s| + const|[]|s+p| [l ]s4p-1-
Applying (5.11) and continuing where we left off,

16112, < const S (Puw?es, Pu) + const] 4412 + const il pll 1
— const|[Po||2 + const] []|? + const] [t [op ¢l o+p1

1
< const|| P[5 + const[[¢[[3 + SII¥I[54, + comst| ][54,

3
< const|| Py[[Z + const|[4[[7 + Z||¢||§+p + const||y|[2,

where in the last two steps we use first the arithmetic-geometric mean inequality
and then the Peter-Paul inequality. Thus, (5.10) holds for ¢ in &2 and consequently
all o in Hyp. [l

With a little more work, one can prove the regularity theorem for periodic elliptic
operators. We will not need it in this paper, but we state it here for completeness.
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Theorem 5.12 (Elliptic Regularity). If P is a periodic elliptic operator of order
p, o is in some Hg, T is in Hy, and

Po =,
then o is in Hyyp.

Thus if 7 is smooth, o must also be. We also note that the corresponding result
for elliptic operators with compact support or defined on R"™ is not difficult to
deduce from the periodic case.

Example 5.13. Consider the Cauchy-Riemann operator % + ia%' This is elliptic,
and so every holomorphic function is smooth.

6. A PrROOF OF THE HODGE THEOREM
The first thing is to lift our Sobolev Space technology to manifolds.

Definition 6.1. Cover a compact, oriented Riemannian Manifold M with finitely
many coordinate patches (¢;,U;) with each U; contained in T, and let ¢; be a

partition of unity subordinate to this cover. Define a norm || - ||s on the space of
C real functions on M by
(6.2) [1£lls =D _llif o @ills-

i

Hy(M) is defined to be the completion of this space. One can show that different
choices of covers and partitions of unity result in the same norm, and that Ho(M)
is naturally isomorphic to Lo(M). For a differential k-form w, we define

(6.3) llwlls = [[{w, w) 2],

where the inner product on differential forms is that defined in (2.2). We denote
the completion of the space of (mixed) differential forms relative to this norm by
H A(M). As in the case of real functions, H;A(M) is independent of the chosen
cover and partition of unity, and HyA(M) = LoA(M).

The Rellich lemma is seen to hold on Hy (M) and H;A(M) by applying the
normal Rellich lemma to take Cauchy subsequences in each coordinate patch.

Definition 6.4. An operator T that takes sections of a vector bundle E over M to
sections of F is a partial differential operator of order ¢ if it is a partial differential
operator in coordinates. That is, if ¢ and ¢ are coordinates for F,

P T(p™)"
is a partial differential operator of order ¢. This is well-defined, since for different
coordinates ¢ we have
P T (™) = (@ (™) )@ T~ ) )N (671",
and by the chain rule this is also a partial differential operator of order ¢. A partial
differential operator T' of order t is elliptic if for each point z in M, each non-
zero section u of E, and each smooth real function ¢ on M with p(x) = 0 but
Dp(z) #0,
T(¢tu)(@) #0.
This is equivalent to T being elliptic in coordinates. Garding’s inequality, like
Rellich’s lemma, holds for elliptic operators on a compact, oriented manifold M.
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Proposition 6.5. The Laplacian is elliptic.

For the proof, we refer the reader to [4]. We are now in a position to prove the
Hodge Decomposition Theorem.

Theorem 6.6 (Hodge). For each compact, oriented, Riemannian manifold M of
dimension n, and each integer p with 0 < p < n, the space H? of Harmonic p-forms
is finite dimensional, and we have the following orthogonal direct sum decomposi-
tions of the space EP(M) of smooth p-forms on M :

(6.7) EP(M) = A(EP) ® HP = d(EP™) @ 6(EP™) @ HP.
By the Laplacian’s ellipticity and Garding’s inequality, we have that for w in Hy,
[lw[ls < const([|w][s—2 + [|Aw[s—2)-
The operator D = d + § satisfies D?> = A. Hence,
||[Dw]||s—1 > const||D%*w||s_s = const||Aw||s_a,
so0, because ||w|[s—1 > ||w]|]s—2,
l|lw|ls < const(||w[|s—1 + [[Dwl]s-1),

and Garding’s inequality holds for the square root of the Laplacian as well. Thus,
given the form of the decomposition in (2.13) and the fact that ker D = ker A, it
makes just as much sense to work with D as A.

Lemma 6.8 (regularity for the operator D). If w is in Hs(M) for some s, n is
C®, and Dw =7, then w is C*°. In particular, Dw = 0 implies w is smooth.

Proof. By Garding’s Inequality,

llwlls+1 < const({|nlls + [|wl]ls),
so w is in Hgy1. Going on in this way we see that w is in every H;, and therefore
w is smooth. (]

We now prove Theorem 6.6.

Proof. Suppose ker A is infinite dimensional in LoA(M) = HoA(M), and let {w;}
be an orthonormal basis for ker D. By Garding’s inequality,

[[will1 < const(||willo),

and {w;} is bounded in Hip, so by Rellich’s lemma, {w;} has a convergent subse-
quence, a contradiction. This shows ker A has finite dimension.

To prove the decomposition of the space of C*° forms in (6.7), we will first find
a decomposition for LoA(M). In order to do so, we extend D in the following way.
For a and w in LyA(M), we say Dw = « if there is a sequence {w,} in LoA(M)
such that w, — w and Dw,, — «. For an operator T', denote the range of T by
Ran(7T). We claim that

(6.9) LyA(M) = ker(D) & Ran(D).
To see this, first note the following.
e Suppose Dw = «. Then for n in ker D,
(a,m)o = im(Dwy, n)o = lim{w,, Dn)o = 0,
and Ran(D) C ker(D)* N LaA(M).
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e Further, Ran(D) is closed. Let a be a limit point of Ran(D). Then there
is a sequence {3, } with DB, — « in Lo A(M). Without loss of generality,
we can take {3,} to be in ker(D)+ N LyA(M). {B,} is in HiA(M) by
Garding’s inequality; suppose it is unbounded in HyA(M). Then, if

D, — 0 in LyA(M). By Garding’s inequality, {v,} is bounded in Hj,
and so by Rellich’s some subsequence {7,, } converges to a v in ker(D)+ N
LoA(M). But for every smooth 6,

(D7, 0)0 = lim(Dy,,, 0)o = lim (v, , D8)o = 0,

and « is in both ker D and ker D+. This is impossible, though, because
[I7]l1 = 1, and so {8,} is bounded in H;. Hence, by Garding’s, it has a
convergent subsequence in LyA(M), a is in Ran(D), and Ran(D) is closed.

e Another fact about D is that if D(8) = « is smooth, then 3 is smooth
and DS = a. To see this, let {8,} — B with DS, — «. Then since D is
continuous as a map from Lo A(M) to H_q1 and Df,, - a«in H_1, D = «
in H_q. It follows from the regularity lemma for D that § is smooth.

Now since ker(D)* and Ran(D)* are closed subspaces, if the decomposition in
(6.9) does not hold, then we can find w # 0 in both ker(D)* and Ran(D)*. For all
C* forms 6, then,

(w7 D9>0 =0.
If {w,} is a C* sequence tending to w,
(Dwn, 9)0 — 0.

Consequently, Dw,, — 0, and Dw = 0. So by the fact that 0 is smooth, Dw = 0, a
contradiction because w was nonzero and in ker(D)+. We thus have that

LyA(M) = ker(D) @ Ran(D),

and any smooth w can be written as 1 + Da, where 7 is in ker(D). 7 is smooth,
and so w — 7 = Da is smooth, which implies « is smooth and Da = w — 7, or
Da + 1 = w. This proves the decomposition in (6.7).

O

7. COROLLARIES

A couple corollaries of the Hodge Theorem can now be obtained without much
effort.

Proposition 7.1. Every de Rham cohomology class of a compact, oriented mani-
fold M contains a unique harmonic form, and the de Rham cohomology groups are
therefore finite dimensional.

Corollary 7.2. The dimension of ker A is independent of the Riemannian structure
on M.

Proof. Every manifold can be given a Riemannian metric. Then, that each de Rham
cohomology class contains a harmonic form is clear from the Hodge Theorem, while
Lemma 2.9 gives us uniqueness. (I
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Theorem 7.3 (Poincaré Duality).
Hijp = (Hyp")"
Proof. First equip the manifold with a Riemannian structure. Then, in view of
Definition 2.4, it is enough to exhibit a non-degenerate pairing of HY, and H},".
We claim the function
I:HpxHj," =R
defined by

I([w1,[m>=/MwAndv

is such a pairing. For a nonzero element of HY,, take a representative harmonic
form h. Because * and A commute, *h is also harmonic, and therefore closed, so
that

I([h], [+h]) = / hoAshdV = [[h|]2 > 0.
M
This shows [ is a non-degenerate pairing. (Il

Corollary 7.4. For every compact, orientable, connected manifold M,
H}p(M) =R

Proof. This follows from the previous theorem and the fact that every closed 0-form
on a connected manifold is constant. O

Corollary 7.5. Fvery compact, oriented manifold M of odd dimension n has Fuler
characteristic zero.
Proof.

n

X(M) =" (=1)? dim Hj (M) = 0.

p=0
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