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ABSTRACT. Since the time of ancient Greece and India, Pell’s equation, a2 —

db? = 1, has been studied and its solutions sought after. These solutions are
significant, because they correspond to the units of the rings Z[v/d]. Along with
prime numbers, units are vital in understanding the structure and especially
the factorization within different rings. Dirichlect’s Unit Theorem establishes
the structure of the units of a number field as a finite abelian group. In addition
to describing the nature of units, Dirichlect’s Unit Theorem represents the
interconnectedness of geometry (namely Minkowski’s Theorem), algebra, and
number theory.
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1. UNITS OF Z[Vd]
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Definition 1.1. Given a ring R, u € R is a unit if there exists v € R such that

u-v = 1. We denote the set of units of a ring R as R*.

Example 1.2. Consider the ring Z. It is easy to check that Z* = {£1}.

Units are not generally as obvious as in the case of Z. Throughout this section,
we will consider the rings of the form Z[v/d] where d is a square-free integer. We
define Z[v/d] := {a+bVd | a,b € Z}. For identifying units of rings in this form, we
will rely on the useful property that the norm of a unit, which we will define below,
is equal to +1. First, we will define what it means to be a conjugate and then the

concept of a norm on Z[v/d].

Definition 1.3. Let a € Z[v/d]. This means that « is of the form a = a + bv/d

where a,b € Z. Then, we denote the conjugate of o as @, where @ = a — bv/d.

Date: August 29, 2014.
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Definition 1.4. For the rings R = Z[v/d], where d is a square-free integer, the
norm of a € R is defined as N(o) = a-@ € Z.

Example 1.5. For example, for all z € Z, z = Z. Therefore, the norm of z € Z is
Nz(z) = 2. As observed above, the norms of the units of Z are equal to +1. It
is clear that the norm in this case cannot be —1 for any z € Z, so we consider the
elements whose norms are 1. We see that 41 are units since Nz(+1) = (£1)? = 1.
Also, note that for all 2’ € Z such that 2’ # £1, 2’ is not a unit and Nz(z") # +1.
In this case, not only do the units of Z have a norm of 1 but also the non-units of
Z do not have a norm of £1. This is a special case of the fact that the norm of
an element a € Z[V/d] is £1 if and only if « is a unit of Z[v/d]. We will prove this
below, but first we need to show that the norm on Z[v/d] is multiplicative.

Lemma 1.6. The norm on Z[/d) is multiplicative.

Proof. N(a-B)=a-B-a-B=a-f-a-B=a-a--8=N(a) N O
Proposition 1.7. Let o € Z[v/d]. Then, N(a) = +1 <= «a is a unit of Z[\/d).
Proof.

(=) This direction is clear from the definitions.

(<=) Suppose that o is a unit. Then, there exists a~! € Z[v/d] such that a-a~* =
1. Now, we take the norm on both sides to get N(a-a~t) = N(1). As
seen in 1.5, N(1) = 1 and by 1.6, N(a-a™1) = N(a) - N(a™1). Therefore,
1 = N(a)- N(a™!). By 1.5, the only values of N(«) that makes this
statement true is N(a) = £1.

O

Now, we look more explicitly at the norm of the rings Z[v/d]. Suppose that
a € Z[Vd). Then, «a is of the form o = a + bV/d, where a,b € Z. Note that
@ = a — bV/d. Therefore, N(a) = a-a = (a + bv/d)(a — bV/d) = a®> — b*d. Then,
we can find the units of the ring Z[v/d] by setting N(a) = #1. This equation for
finding units, 1 = a? — db?, is commonly referred to as Pell’s equation. We now
look at two examples below to see the differing behavior of Pell’s equation for d < 0
and d > 0.

Example 1.8. First, consider an example in which d < 0. For instance, consider
the ring Z[i], where d = —1. The units of this ring then are those elements of the
form a + bi which satisfy +1 = a? + b?. It is clear that either a = 1 and b = 0 or
a =0 and b = £1. Therefore, the set of units in this case is {1, +i}. Similarly,
for any square-free integer d < —1, the set of units of Z[v/d] is {#1}.

Example 1.9. Now, we will consider an example in which d > 0. To find the
units of the ring Z[v/2], we again use Pell’s equation, which in this case, looks like
a? — 2b% = £1. We quickly see that +1 is a solution. With a little effort, we can
find other units, such as 1 + V2 and 3 + 2v/2. We will soon see that there are an
infinite number of units of the ring Z[v/2], which each have the form +(1 + v/2)™
for m € Z. This agree with the units we have already found as 1 = (1 + v/2)°,

14+v2=(1++v2)", and 3+ 2v2 = (14 v2)%

Now, we will use the concept of the fundamental unit to describe the behavior
of the units of the ring Z[/2] as well as others.
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Definition 1.10. A fundamental unit v is a unit of infinite order such that every
unit is of the form (u™, where ( is a root of unity and m € Z.

For all rings of the form Z[v/d], there exists a fundamental unit. Ireland [3]
provides a theorem to find the fundamental units in these cases, which we will use
to identify 1 4+ v/2 as the fundamental unit of the ring Z[v/2]. First, we need a
proposition.

Later, we will define a notion of the ring of algebraic integers for finite-dimensional
field extensions of Q. For quadratic field extensions, though, we know what the set
of algebraic integers looks like.

Proposition 1.11. For d € N and d square-free, the set of algebraic integers O

of Q(V/d) is either the set Z[v/d] when d Z1 mod 4 or the set Z[1+2\/E] when d =1
mod 4.

Theorem 1.12. Let d € N such that d is square free. Consider the set Q(v/d) C R.
Let O be the ring of algebraic integers of Q(v/d). There exists a fundamental unit
u € O, such that w > 1 and all the units of O are in the form of +u™, where
m € Z.

We will prove the above theorem in section 7, but for now, we will assume the
theorem in order to show that 1 + /2 must be the fundamental unit of Z[v/2].

Example 1.13. By the previous result, there exists a fundamental unit, which
without loss of generality is > 1, of Z[/2]. First, we will show that the fundamental
unit must be of the form a + bv/2, where a,b € N. Assume by contradiction that
u = £(a — by/2) > 1, where a,b € N. Then, by induction, for all m € N, u™ is
of the form +(z — yv/2), where 2,y € N. Also, for all n < 0, u” < 1. However,
we know that 1+ /2 > 1 is a unit of Z[/2]. Since 1+ /2 is clearly not plus or
minus an integer power of +(a — bv/2), then the fundamental unit cannot be of this
form. Also, note that for the fundamental unit, a,b # 0, because the only only
units in this case would be £1, which cannot be the fundamental unit as we have
seen other units such as 1 + /2. Therefore, the fundamental unit must be of the
form v = a + b\/i, where a,b € N. Thus, because 1+ v/2 is the unit of this form
that is closest to 1, 1 + v/2 must be the fundamental unit of Z[\/§]

The above reasoning fails to say anything about the unit group of other rings.
For this reason, we will prove Dirichlet’s Unit Theorem so as to build up an answer
to the structure of unit groups in general as well as prove 1.12.

2. MINKOWSKI’S THEOREM IN THE PLANE

To provide an intuition for Minkowski’s Theorem, we will first show this theorem
for the specific case of the integer lattice in R?. We will follow the proof provided
by Hardy [1]. In the next section, we will rigorously define a lattice, but for now,
we will only consider the integer lattice Z? C R2.

Lemma 2.1. Let Ry be an open region containing 0 and R, = R + p, where
p € Z2. If for all distinct q,r € Z*, R, N R, = 0, then the area of Ry is less than
or equal to 1.

Proof. Let Cy be the set of points on the boundary of Ry. Then, define m =
m%x(|N (¢)]). In other words, m is the largest distance from 0 over all points in
ceCp
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Co. Now, for n € N, we look at the regions R, such that |N(p)| < 2n?. Consider
the square N formed by the points (n,+n), (—n,+n) € Z2. Then, we look at the
regions R, such that p is in or on the boundary of N. Define A as the area of
Ry. By the hypothesis, none of the R,’s intersect each other, so the area of all
regions situated around points in or on the boundary of N is given by (2n + 1)2A.
Furthermore, (2n + 1)2A is clearly contained in the square (2n + 2m)? so that:

(2n 4+ 1)2A < (2n 4 2m)?
Then, by dividing both sides by (2n + 1)2:
A < (2n + 2m)?
— (2n+1)?
Thus, as n — oo, we see that A < 1. O

Definition 2.2. A region R is convex if for all p,q € R, the line connecting p and
q that lies in R.

Definition 2.3. A region R is centrally symmetric or symmetric about 0 if for
allz € R, —x € R.

Theorem 2.4. If a convez region R is symmetrical about 0 and has area greater
than /4, then there exists p € R such that p € Z* \ {(0,0)}.

Proof. Contract the region R linearly about 0 to get the region Ry which has half the
linear dimensions of R. The area of Ry is greater than 1, and by the contrapositive
of 2.1, there exists a congruent, similarly situated region, R,, around some point
P e 72\ {(0,0)} such that Ry N R, # 0. Refer to figure 1 below. Let Q be a
point in the intersection. Then, there exists Q' € Ry such that the segment OQ’
is congruent and parallel to PQ. Because Ry is symmetric, there exists the point
Q" € Ry, where Q" is the point resulting from reflecting @’ about 0. This creates
the parallelogram OQPQ", with diagonals QQ” and OP that bisect each other.
Since Ry is convex and Q, Q" € Ry, then QQ" lies within Rq. Therefore, the point
B at which QQ" bisects OP lies within Ry, which implies that OB lies within Rjg.
Therefore, since Ry has linear dimensions that are half of R, then the line OP lies

in R. Thus, there exists a point P € Z2\ {(0,0)} in R. O
Figure 1
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3. MINKOWSKI’S THEOREM IN GENERAL

Before we give a proof of the general form of Minkowski’s Theorem, we will follow
Neukirch [4] to establish a definition of a lattice as well as to recall some important
properties about lattices.

Definition 3.1. Let V be an n-dimensional R vector space. A lattice T' is a
subgroup of V of the form I' = Zvy + ... + Zv,,, where m < n and vy, ...,v,, are
linearly independent vectors of V.

Definition 3.2. A set A is discrete if for all @ € A there exists a neighborhood
around a that contains no other points of A.

Proposition 3.3. A subgroup I' C V is a lattice if and only if T is discrete.

Definition 3.4. For an n-dimensional vector space V', a lattice I' = Zvy +... + Zv,,
is complete if m = n.

Proposition 3.5. A lattice ' C V is complete if and only if there exists a bounded
subset M C V such that V.C U M +7.

yel’
Definition 3.6. A euclidean vector space V is equipped with an inner product,
which gives us the concept of volume.

Definition 3.7. Let V be a euclidean vector space with dimension n. Then, for
the linearly independent vectors vy, ..., vy, we define the fundamental mesh as
o ={x1v1+ ... + Ty | 7 ER,0 < z; < 1}. If vy, ..., vy, spans the lattice T', then
¢ is the fundamental mesh of T'.
Proposition 3.8. If ¢1 and ¢ are both fundamental meshes of T, then vol(¢1) =
vol(p2).
Theorem 3.9. Let V' be an n-dimensional euclidean vector space, I' be a complete
lattice in V', and ¢ be a fundamental mesh of I'. If X C V is centrally symmetric
and convex and

vol(X) > 2"vol(¢)
then X NT\ {0} # 0.

Proof. First, we will show that there exists distinct v1,72 € T' such that (%X +
Y1) N (3X +72) # 0. Assume by contradiction that for all distinct 1,72 € T,
(AX +71) N (LX +2) = 0. This implies that for all v € T\ {0}, N (X +~) = 0.
Therefore, .
vol(¢) > vol(p N (=X +
(9)2 3 wolton (X +9)
Since volume is conserved under translation,

vol(6) > 3 wol((6 —7) N 2 X)

2
vel
Because I' is complete, then %X cV c U ¢+~ and more importantly, %X -
yeTr
V C U ¢ —~. This implies that > vol((¢ — ) N $X) = vol(3X) and,

yel’ yel
1

vol(¢) > vol(%X) = 2—nvol(X)
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This contradicts the hypothesis that vol(X) > 2™vol(¢), and therefore, there exists
distinct 1,72 € T’ such that (X +71) N (2X +72) # 0. Now, we can take a point
in the intersection where there exists x1,x2 € X such that

L + 1 +
—XT = =X
D) 1T™T 5 2T 72

Let y =7 — 2 = %(xl — 29). Because T is a subgroup and therefore closed under
linear combinations, then «v € I'. Since X is centrally symmetric, —xo € X, and
since X is convex, the chord connecting ;1 and —x5 lies inside X. Therefore, the
midpoint of this chord, (z1 —25), is in X. Thus, v € X, and X NI\ {0} #0. O

4. BASIC PROPERTIES OF NUMBER FIELDS

To understand number fields, we first need to introduce the concepts of an alge-
braic number and the minimal polynomial of an algebraic number.

Definition 4.1. «a € C is an algebraic number if there exists f(z) € Qz] \ {0}
such that f(«a) = 0.

Definition 4.2. Let a be an algebraic number. The minimal polynomial mg(x) €
Q[z] is the unique monic polynomial with root o and smallest degree among other
polynomials with rational coefficients and « as a root.

Before we show that such a polynomial exists and is unique, we need the following
lemma.

Lemma 4.3. Q[z] is a PID.

Proof. Tt is clear that (0) and Q[z] are principal ideals. So consider a non-zero ideal
J such that J # Q[z]. If there exists a constant function ¢ € J, then since Q is
a field, there would also exist ¢=' € J which contradicts the fact that J # Q[z].
So, the degree of all polynomials in J is greater than or equal to 1. Because the
possible degree of polynomials in J has a lower bound of 1, we can find a non-zero
polynomial d € J with the smallest degree n > 1. Now, let f € J. By the euclidean
division algorithm on Q[x], there exists ¢,r € Q[z] such that f = gd + r, where
degr < n. This implies that r = f — qd € J. Therefore, as to not contradict the
fact that d is a non-zero polynomial in J with smallest degree, r = 0. So, f = ¢d
and J = (d). Thus, Q[z] is a PID. O

Proposition 4.4. m,(x) exists and is unique.

Proof. Let I C Q[z] be the ideal of all polynomials with rational coefficients and
a as a root. Because Q[z] is a PID, there exists a monic and therefore unique
polynomial m, (x) that generates I. For mq(x) to generate this ideal, it must be
the smallest degree polynomial with rational coefficients and root . Thus, m (z)
is the minimal polynomial and it is unique. ([

Proposition 4.5.
Let us establish some basic properties of my(x):
(i) mq(x) is irreducible.
(ii) If f(z) € Q[z] has the root a, then mqo(x) | f(z). We then call my(z) a
minimal polynomial of «.
(iil) mq has no repeated roots.
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Proof.

(i) Suppose that mq () is reducible with degree m. Then, there exists g(z), h(z) €
Q[z] with 1 < degg(x),degh(z) < m such that m,(x) = g(x)h(z). Since
a is a root of my(z), then 0 = my(a) = g(a)h(a). This implies that ei-
ther g(ow) = 0 or h(a) = 0. However, both g(x) and h(x) have smaller
degrees than m,(z), which contradicts the fact that m, is the smallest
degree polynomial with the root «. Thus, m,(z) is irreducible.

(ii) By the Euclidean Division algorithm on Q[x], there exists ¢(z), r(x) € Qx],
such that f(z) = q(x)ma(z) + r(z), where degr(z) < degmey(z). After
plugging in «, f(a) = q(a)me(a) + r(a) = 0 = q(a) - 0+ (@) = r(a).
If r(z) # 0, then this implies that there exists a polynomial with the root
a and smaller degree than m,(z), which is a contradiction. Therefore,
r(z) =0, and thus, mq(2) | f(z).

(iii) Assume by contradiction that mq(x) has a repeated root 8 € C, where
[ may be equal to . So, the minimal polynomial for o must also be
the minimal polynomial for 3, or in other words, mq(z) = mg(x). Then,
there exists g(z) € C[z] such that mg(z) = (z — 8)?q(z). Now, consider
the derivative of the minimal polynomial mj(x) = 2(z — B)gq(z) — (z —
B)*¢'(x). Since mg(x) € Qz], then its derivative mj(x) € Q[z]. Also,
mj(z) clearly has a smaller degree than mg(z). Therefore, there exists
a rational polynomial of smaller degree than mg with the root 3, which
contradicts 4.2. Thus, m,(z) has no repeated roots.

O

Now that we have defined algebraic numbers and minimal polynomials, we can
look at number fields and their relationship with algebraic numbers.

Definition 4.6. A number field is a finite-dimensional field extension of Q.

Lemma 4.7. Let K be an n-dimensional number field. For all x € K, x is an
algebraic number.

Proof. Let + € K. Consider the elements z°,...,2". Because K has dimension

n, 20,...,2" must be linearly dependent over Q. In other words, there exists
g, ..., a, € Q where at least one a; # 0 such that a,z" + ... + a9 = 0. Thus,
by 4.1, x is algebraic. ]

Example 4.8. Let a be an algebraic number. As an abstract example of a number
field, we define Q(«) as the smallest field that contains Q and a. We will see in
4.14 that such a field exists and is finite-dimensional. Therefore, Q(«) is a number
field.

Example 4.9. As a more specific example of a number field, consider the set of
Gaussian rationals: Q(i) = {a + bi | a,b € Q}. Q(7) is clearly a field extension of
Q. Now, we need to find a finite basis for Q(¢). Consider the vectors 1,i. They
are linearly independent and span(1,7) = Q(¢). Therefore, 1, provides a basis for
Q(4), and Q(¢) is two-dimensional.

Now, we will establish some important properties of the dimension of a number
field. Let K be a number field such that Q C K C C. We define the symbol [K : Q]
as the dimension as a vector space with coefficients in Q of the number field K.
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For instance, K is finite-dimensional, so [K : Q] < co. To continue talking about
the dimension of number fields, we need a useful theorem.

Theorem 4.10 (Primitive Element Theorem). For a number field K, there exists
a € K such that K = Q(«).

Next, we will show that the number of embeddings of K into C is equal to
[K : Q). First, we show that the number of embedding of K is equal to the degree
of the minimal polynomial.

Lemma 4.11. A number field K = Q(«) has precisely deg(mqs(x)) embeddings into
C.

Proof. Let o be an embedding of K into C, so that o : Q(a)) < C. This means
that a + o(a). Now, consider the minimal polynomial m, (z) = 2™ + a, 12"~ ' +
.. + ap € Q[z], where Q[z] is the set of polynomials with rational coefficients.
By the fundamental theorem of algebra, m,(z) has exactly n roots counted with
multiplicity, and by 4.5, mq(x) has n distinct roots. Because embeddings are
linear, my(c(a)) = o(mqa()) = o(0) = 0. So, o(a) is also a root of f(x). Since
« must be mapped to another root of m, (), then there must be n = deg(mq(z))
embeddings. O

Now, we want to show that K = Q(a) = Q[z]/mqQ. We will show this isomor-
phism by proving that there exists an injective, surjective mapping ¢: Q[z]/m,Q —

Q).

Proposition 4.12. There exists an injective map from Qlz]/mq(z)Qx] to K =
Q).

Proof. First, we will define the map ¢ : Q[z] — Q(«). Constant functions in Q[x]
will be mapped to themselves in Q(«). So, if ¢ € Q, then we define ¢ : ¢ — ¢q. The
rest of the functions in Q[z] are mapped to analogous functions in Q(«). In other
words, ¢ : & — «, or similarly, for the rational polynomial f(x) € Q[z], ¢ : f(z) —
f(@). So, because m, () = 0, then my(z) — 0. Then, the ker ¢ = {mq(z)Q[z]}
Therefore, we can define the map ¢ : Q[x]/m4(z)Q[x] — Q(a), where for some
q € Q[z], ¢(q + ma(2)Q[z]) = ¢(q) ¢ has the kernel {0} and thus, ¢ is an injective
map. ([

Before we show that ¢ is surjective, we require a lemma.
Lemma 4.13. If m(z) € Q[x] is irreducible, then Q[z]/m(z)Qx] is a field.

Proof. Because Q] is a PID and m(x) is irreducible, the principal (m(x)) is maxi-
mal. There is a bijection from the ideals of Q/m(z)Q[z] and the ideals of Q[z] that
contain m(z). Since m(z) is irreducible, there are only two ideals of Q[x] which
contain m(z) (the ideals (1) and (m(z))). Therefore, Q/m(z)Q[z] has two ideals
and Q/m(z) is a field. O

We can now show that ¢ is surjective.

Proposition 4.14. The injective function ¢: Q[x]/ma(2)Qlx] — Q(a) is surjec-
tive.
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Proof. Because ¢ is a ring homomorphism, if its domain is a field, then its image
is also a field. By 4.13, Q[z]/m(z)Q[z] is a field so ¢(Q[x]/mq(z)Q[x]) is also a
field. Recall that Q(c) is the smallest field that contains both Q and «. Therefore,
the image of ¢ must be Q(a). Thus, ¢ is surjective and along with 4.12, this shows

that Q[z]/mq(2)Qx] = Q(«). O

Now that we have shown that Q[z]/m (2)Q[z] = Q(«a), we can show that [K: Q]
is equal to the degree of my(x). To do this, we will show that 1 mod mq(x),x
mod mq(x),...,a” 1 mod my(z) forms a basis of Q[x]/m(z)Q[z].

Proposition 4.15. 1 mod my(z),r mod mg(x),...,z"*

basis of Qz]/ma (x)Ql].

Proof. 1 mod my(x),z mod mg(z),..., mod m,(z) are clearly linearly in-
dependent, so it is sufficient to show that they span Q[z]/mq(x)Q[z]. Let f(z) €
Q[z]/ma(z)Q[z]. Since Q[x]/mq(x)Q|x] is a field, it is a Euclidean Domain. Then,
there exists g(z),r(x) € Q[z]/mq(x)Q[x] such that f(z) = g(x)ma(z) + r(z),
where degr(z) < degmy(x) = n. Therefore, f(x) = r(z) mod mg(z), which im-
plies that f(z) €span(l mod m,(x),r mod my(x),...,2"~! mod me(z)). Thus,
1 mod mu(x),x mod my(x),...,2"" 1 mod me(x) forms a basis of Q[z]/m (z)Q[z].
(]

mod me(z) forms a

n—1

Therefore, [K: Q] = n = degmq(z). Since there are no repeated roots of mq (),
then n is also the number of embeddings of K into C. Thus, [K: Q)] is equal to the
number of embeddings of K into C.

Finally, we define the norm on a number field.

Definition 4.16. Let K = Q(«), where « is an algebraic number, and let v be an
algebraic number in K. Then, we consider the minimal polynomial m.(z) € Q[z]
and its roots f1, ..., Bx for some k € N. Note that for some 1 < i < k, v = ;. We

can now define
k

Niesg(r) = ([ ] 8t @0

i=1
5. ALGEBRAIC INTEGERS

We will very briefly define an algebraic integer and recall some basic properties
of algebraic integers .

Definition 5.1. An algebraic integer « is the root of a monic polynomial in Z[z].

Example 5.2. Any root of unity is an algebraic integer. Let u be a root of unity.
Then, there exists n € Z such that v = 1. Counsider the polynomial 2" — 1 € Z[z].
Clearly, u is a root of this polynomial, so u is an algebraic integer.

We now state a theorem about algebraic integers that Neukirch proves [4].

Theorem 5.3. Let O be the set of algebraic integers of K. Then, O is a subring
of K.

Finally, we recall an important statement about the norm of an algebraic integer.

Theorem 5.4. Let § be an algebraic integer. Then, Nk, q(d) € Z. Moreover, the
minimal polynomial of an algebraic integer has integer coefficients.
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6. REAL AND IMAGINARY EMBEDDINGS

We will follow Conrad [2] for a proof of Dirichlet’s Unit Theorem. First, we will
establish some definitions. Let K be a number field with dimension n. Then, by
what was shown above, the number of embeddings of K into C is also n. We will
now make a distinction between real embeddings (those whose image is in R) and
complex embeddings (those whose image is not in R). Let r; be the number of K’s
real embeddings and 2ry be the number of K’s complex embeddings. Let us quickly
explain why there are 2ry complex embeddings. Recall that an embedding of K =
Q(«) maps « to a root of the minimal polynomial m,(z). So, if @ maps to a complex
root [, then there is another embedding that maps « to the complex conjugate of
B. Therefore, complex embeddings of K must come in conjugate pairs. Now, let
01,...,0r, be the real embeddings of K and let o, 11,0141, Or 419, O 4ry, DE
the conjugate pairs of complex embeddings of K. We also define the vector space
V =R" x C™ and note that dimgr V = n.

Definition 6.1. The Fuclidean Embedding is defined as 0 : K — V, where for
v €K,

O (v) = (01(7); s 0 ()5 00 12 (7)s 05 Ory 4 (7))

Definition 6.2. We define N: V — R, where for x4, ...,z,, € Rand z1, ..., 22 € C,
N(Xqy ooy Ty y 21y ey 2p2) = XL+ Ty 2121 ** * Zry B

Remark 6.3. Note that for all a € K, Ng,g(a) = N(8(a)).

Proposition 6.4. The norm defined in 4.16 is equivalent to that of 6.2 when the
norm s restricted to the euclidean embedding.

Proof. We claim that the norm of v is given by the product of the roots of the
minimal polynomial m.(z). The roots of the minimal polynomial are also the
possible embeddings of v. There could be non-distinct embeddings of ~, and in
fact, each embedding is repeated [K: Q(7)] times. Then, taking the product of the
embeddings of v is equivalent to taking the product of the roots of the minimal
polynomial m.,(z) raised to the power of [K: Q(v)]. Therefore, this definition of
the norm in 4.16 is equivalent to that of 6.2. ([l

Definition 6.5. Let V* = (R*)™ x (C*)"2. Then, we define the set
G={veV*|INw)|=1}

Definition 6.6. We define
U=0k(0")=GnNOk(O)

7. DIRICHLET’S UNIT THEOREM

Before we begin the proof, we need the Integral Bases Theorem [4], a restatement
of the norm N in geometric terms, and a few lemmas.

Theorem 7.1 (Integral Bases Theorem). Let K be a number field and O the set
of algebraic integers of K. Then, there exists a set of algebraic integers {a, ..., }
whose Z-span is O and whose Q-span is K.
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Remark 7.2. Let v € V* so that multiplication of V' by v forms a linear map that
is a matrix with determinant N (v). Then, we can view |N(v)| as the scaling factor
of a finite volume in V. In other words, let R C V be a finite volume. Then, the
volume of vR is equal to the volume of R multiplied by |N(v)].

Lemma 7.3. For alla € O\ {0}, [O: (a)] = |[Ng/g(a)|

Proof. By 7.1, there exists algebraic integers vy, ..., v, that form a basis of O, where
n = [K: Q]. Consider the parallelepiped formed by the basis vectors vy, ..., vy,.
Since v1,...,v, form a basis of O, then this parallelepiped does not contain any
algebraic integers except on its vertices. Now, consider the parallelepiped formed
by avi,...,av,, where a € O\ {0}. The number of algebraic integers that this
parallelepiped contains equals the cardinality of @/a® and is determined by the
determinant of the linear transformation given by multiplication by a. As seen
in 7.2, the determinant of this linear transformation is |Ng/g(a)|. Therefore,

[0: (a)] = [Nk/q(a)]. .

Lemma 7.4. For every M € N, there are finitely many a € O, up to multiplication
by a unit of O, such that |Ng,q(a)| = M.

Proof. Suppose |Ng g(a)] = M, where a € O and M € N. Since a € O, (a) C O,
and by 4.16, a|M, which implies MO C (a) C O. Also, by 7.3, [O: (a)] = M, and
therefore, O/MO is finite. Then, there are finitely many principal ideals between
MO and O, which will be denoted as (a1), ..., (ar), where k € N and (a) = (a;) for
some 1 <4 < k. Thus, for any a € O that satisfies |[Ng/g(a)| = M, a is a unit
multiple of some a;. O

Lemma 7.5. The group G/U is compact in the quotient topology.

Proof. We need to find a compact subset of G that represents all of the cosets
of G/U. To do this, we will start by considering a compact, convex, centrally
symmetric region C' C V such that vol(C) > 2"vol(0x(O)). By vol(0x(O)), we
mean the volume of the fundamental mesh of the lattice 85 (O). Now, for g € G,
consider gC'. Because multiplication by g is a linear map, as described in 7.2, gC
is also compact, convex, and centrally symmetric. Note that g~! € G, so consider
the set ¢g71C. Since g7! € G, then |[N(g71)| = 1 and vol(g~'C) =vol(C). Then,
by Minkowski’s Theorem,

g7 CNOk(0)\ {0} #0

Let a # 0 be in this intersection. By 6.3, and because N is multiplicative,
|Ngg(a)] = |N(a)| € [N(g~*C)| = |[N(C)|. Since C is compact and therefore
bounded, then |N(C)| is also bounded in R. Consider the set P = |[N(C)| N
IN(0k(0O))|. Since |N(C)| is bounded and [N (0 (O))| C Z by 4.16, P is a finite
set. Because [Nk g(a)| € P, it is in a finite set. By 7.4, there exists finitely many
ai,...,ar € 0x(0O) such that every ¢g~'C meets some a;0x(0*) = a;U. By mul-
tiplying both ¢~'C and a;U by ga;l, we see that every gU meets some a;lC.

k
Therefore, the quotient group G/U is represented by GN | a; LC. Now, we will
i=1

1=

k
show that GN |J a; 1C is compact. Because C is compact, every a;lC is compact.
i=1
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k
Therefore, the union J a; 'C is compact. It is then sufficient to show that G is
i=1
closed. Consider the continuous map v — N(v). Under this continuous map, the
image of G is {1}, which is closed. Therefore, G is also closed and the intersection

k
Gn{ a;lc is compact in G. Now, we can construct a continuous, surjective map
i=1

1=
k k

from G N |J a;'C — G/U. Because G N |J a;'C is compact and the map is
i=1 1=1

continuous, then G/U is compact in the quotient topology. (I

Theorem 7.6. Let K be a number field with r1 real embeddings and 2rs complex
embeddings (the 2 comes from pairs of complex conjugate embeddings). Define
r =11 +1ry— 1. Then, for the set of algebraic integers O in K, O contains
multiplicatively independent units €1, ..., €, of infinite order where for all o € OF,
there exists a root of unity ¢ € O and integers my, ..., m, € Z such that

O:CGTl"‘quvnr

Proof. Forallv € V =R" xC", visinthe form of v = (1, ..., Zpyy Zr 41y ooy Zry 1 )-
Now, we define the logarithmic mapping L: V* — R"™ %2 guch that

L(’l}) = (log |I1|, "'alog “Tf’l ‘7 210g |ZT‘1+1|7 RS 210g |Z7"1+7“2|)

where the coeflicients of 2 comes from the pairs of complex conjugate embeddings.
Recall that G = {v € V | [N(v)| = 1}. Define the set H C R™*"2 such that
H={(y1, s Yri+r) | 2 yi =0}. If g € G, then L(g) € H, and likewise, if h € H,
then h € L(G). So, L(G) = H, which implies that dim(L(G)) = 1 + r2 — 1 over
R. To complete the proof, we look at the set L(U). First, we look at the kernel
of L restricted to U, which we denote ker L|y;. It is clear to see that ker L =
{£1}™ x (S1)"2, where S! is the set of points on the unit circle in R?. Moreover,
ker L is compact because the sets {1} and S are compact. The roots of unity of
U are in ker L, so we want to show that these are the only elements of U in ker L.
First, recall that U = 0 (O) N G. By 7.1, O is a lattice and therefore discrete.
So, U is also discrete. Also, G is closed, so since U is a discrete subset of a closed
set, U is also closed. Because U is discrete and closed, ker L]y C U is discrete and
closed. Since ker L|s is a closed subset of the compact set {£1}" x (S1)"2, ker L|yy
is compact. Since ker L|yy is compact and discrete, it is finite. Because ker L]y is
a finite subgroup of U, it can only contain roots of unity, and because ker L|y is a
finite subgroup of K*, the elements of ker L|; form a cyclic group.

Now, we will look at the image L(U) in L(G). We want to show that L(U)
is discrete in L(G), or in other words, there are only finitely many elements of
L(U) in any bounded region of R™**"2. To show this, consider the bounded region
B = {(y1,-sYry+r) | |yi] < b}, where b € R. Let u € U = 0x(O*) such that
L(u) € B. Let a € K such that u = 0 (a), where « is the set of original coordinates
of u. The real embeddings of the original coordinates of u are bounded above
by e’, and the complex embeddings of the original coordinates of u are bounded
above by e%. In other words, if we define u = (@1, ..., Ty, Zr 415 -y Zry 4 ), then
D1y Ty < €Pand 2y 11y ey 2y iy < es. Then, there is an upper bound, related to
b, on the coefficients of the polynomial [[T—o(«) € Z[T]. Because « is an algebraic
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integer and the aforementioned polynomial is a power of the minimal polynomial
of o, then it must have integer coefficients. Because there is an upper bound on
the coefficients of all such integer polynomials, then there are finitely many such
polynomials. Since u is a root of such a polynomial, then there are finitely many
such that L(u) € B. Therefore, L(U) is discrete.

Since L: G — L(G) is continuous and surjective, then the map L': G/U —
L(G)/L(U) is also continuous and surjective where both quotient groups get the
quotient topology. By 7.5, G/U is compact, and since L’ is continuous, then
L(G)/L(U) is also compact. Now, since L(U) is discrete in L(G) and L(G) =
Rritre=l [(U) = 7", where ' < ry +ro — 1. For a Euclidean space, such as
L(G), modulo a discrete subgroup, such as L(U), to be compact, as L(G)/L(U) is,
the subgroup must have the same rank as the dimension of the space. Therefore,
L(U) =z F271 Since Z" 727! forms a lattice in R T2~ [(U) forms a lattice
in L(G).

Let r = r14+ro—1and €, ..., €, be elements in O* such that Ok (e1), ..., 0k (e,) € U
form a Z basis for L(U). Now we will show that €j,...,¢, are multiplicatively
independent. Suppose pi, ...,p, € Z such that €]* - --ePr = 1. Then, L(e}* - --€lr) =
p1L(e1)+...+p-L(e) = L(1) = 0. Because L(ey), ..., L(e,) are linearly independent,
p1 = ...=p, =0, and €y, ..., ¢, are multiplicatively independent. Finally, consider
e € O*. Because €1, ..., €, provide a Z basis of L(U), L(e) = miL(e1)+...+m,.L(e,),
where my,...,m, € Z. This implies that L(e) = L(e[" ---€™). Therefore, ¢ =
Cef' - el where ¢ € ker K|y O

Now, we have an understanding of unit groups in general, we can use Dirichlet’s
Unit Theorem to prove 1.12.

Theorem 7.7. Let d € N such that d is square free. Consider the set Q(\/d) C R
Let O be the ring of algebraic integers of Q(v/d). There exists a fundamental unit
u € O, such that w > 1 and all the units of O are in the form of +u™, where
m € Z.

Proof. We will split this proof into the cases d > 0 and d < 0.

(a) Suppose d > 0. Then, the minimal polynomial for Vd, which is 22 — d, has
two real roots: £+/d. Therefore, there are two embeddings of Q(v/d) into
C and both of them are real. Using notation of Dirichlet’s Unit Theorem,
because there are two real embeddings and zero complex embeddings, r = 1.
Let O be the set of algebraic integers of Q(v/d) (this is only equal to Z[/d]
if d£1 mod 4). Then, by Dirichlet’s Unit Theorem, there exists one unit
€ € O such that for all 0 € O*, 0 = +€™, where m € Z. Notice that
O C Q(v/d) C R because Vd € R in this case. Therefore, the only roots of
unity in O are +1.

(b) Now, suppose d < 0. Then, the minimal polynomial for V/d has one pair of
complex conjugate roots: +v/d. There is only one pair of complex conjugate
embeddings of Q(v/d) into C, so 7 = 0. Let O be the set of algebraic integers
of Q(v/d). Then, by Dirichlet’s Unit Theorem, for all o € O*, there exists
a root of unity ¢ € O such that o = (. There exists a smallest root of unity
¢*, where the smallest is defined as the root that is raised to the largest
power to equal 1 (i.e. e*# is the smallest third root of unity, because to
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equal 1, it must be raised to the third power). Because every root of unity
is some power of (*, then for all o € O*, 0 = £(™, where m € Z

O

Finally, we will consider two examples in which we apply Dirichlet’s Unit Theo-
rem.

Example 7.8. First, we will consider the number field Q(v/2). Because 2 # 1
mod 4, the set of algebraic integers of Q(v/2) is Z[v/2]. As shown in 1.11, the units
of Z[\/2] are of the form +(1 + 1/2)™, where m € Z. This agrees with Dirichlet’s
Unit Theorem as 1+ /2 is an algebraic integer of infinite order, since |1+ /2| # 1.
Every unit of Z[v/2] is an integer power of 1+ /2 up to multiplication by =+1.

Example 7.9. The next example we will consider is the number field Q(1/—3).
Because 3 = 1 mod 4, we know that the set of algebraic integers of Q(v/—3) is
Z[”T‘/:Q'} The algebraic integers of Q(v/—3) contains the sixth roots of unity.

Because these are roots of unity, they are also units. The norm on Z[HT V3],
N(a-&-b\/—S) _ a?+43b?
2 1

, clearly shows that the aforementioned elements are the only

units. Then, in accordance with Dirichlet’s Unit Theorem, the units of Z[%‘/TP’]
take the form of a root of unity.
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