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Abstract. We develop some of the basic theory of algebraic number fields
and cyclotomic extensions and use this to give a proof of quadratic reciprocity.

We construct the discrete valuation rings corresponding to the completion of
the ring of integers at each prime and then piece together this information

to find the ring of integers of the cyclotomic extensions. We prove quadratic

reciprocity by considering the action of the Frobenius automorphism on the
unique quadratic sub-extension of the splitting field of pth roots of unity for

prime p.
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I seek to develop some of the basic theory of algebraic number fields and then
use this to give a proof of quadratic reciprocity. In order to prevent the preliminary
sections from becoming too lengthy, I expect the reader to be familiar with under-
graduate ring and Galois theory. Moreover, the reader is referenced to another text
for certain select proofs.

1. Discrete Valuation Rings

Definition 1.1. Let K be a field. A function v : K → Z ∪ {∞} is a discrete
valuation if it satisfies the following properties.

1)v(a) =∞ if and only if a = 0
2)v(ab) = v(a) + v(b)
3)v(a+ b) ≥ min(v(a), v(b))

Definition 1.2. Corresponding to a discrete valuation v : K → Z ∪ {∞} is the
discrete valuation ring: DK = {x ∈ K : v(x) ≥ 0} ∪ {0}.
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It is an exercise to check that the set DK as defined above is a ring.
One of the most familiar examples of a discrete valuation is the p-adic valuation

on Q for each prime p of Z, which is given by v(ab ) = n if a
b = a′

b′ p
n and (p, a′) =

(p, b′) = 1. In this case, the valuation ring is Z(p)-the localization of Z at p. We
will discuss this example in detail later, but this is a good ring to keep in mind for
the following propositions.

Alternatively, one can consider F (x) for F a field and a valuation defined by

v( gh ) = n where a
b = fn a

′

b′ where f does not divide a′ or b′ and is an irreducible
polynomial in F (x).

Proposition 1.3. a ∈ DK is a unit in DK precisely when v(a) = 0.

Proof. Observe that v(1) = v(1 · 1) = v(1) + v(1) so that v(1) = 0 If a ∈ DK is a
unit, then 0 = v(1) = v(a · a−1) = v(a) + v(a−1). Both a, a−1 ∈ DK so in order for
the preceding equation to hold, v(a) = v(a−1) = 0. Conversely, if v(a) = 0, then
the preceding equation gives that v(a−1) is also 0. �

Proposition 1.4. If v(π) = 1, then π generates the unique maximal ideal of DK .

Proof. First we observe that such a π does indeed exist since v|K∗ is by definition
a surjection onto Z. If a ∈ DK is not a unit then v(a) = n for some n ≥ 1 and so
v( a
πn ) = v(a)−nv(π) = 0. Thus, a

πn = u for some unit in DK and so a = uπn ∈ (π).
Thus, (π) contains all non-units and so is a maximal ideal (no proper ideal contains
a unit). Any other proper ideal is therefore also a subset of (π). �

Proposition 1.5. Any nonzero proper ideal of DK is of the form (π)n for some
n ∈ N. In particular, this means (π) is the unique nonzero prime ideal of DK .

Proof. If I is a proper ideal of DK then pick some a ∈ I with minimal valuation.
Then if v(a) = n, we have shown that a = uπn for some u ∈ DK and so (π)n ⊂ I.
Conversely, if b ∈ I, then v(b) = m ≥ n and b = vπm for some unit v ∈ DK . Thus,
b ∈ (π)n. �

We have seen that DK is a principal ideal domain with some rather striking
properties. In fact, DK is also a Euclidean domain. Indeed we see that v gives a
Euclidean norm since if a, b ∈ DK , then a = uπn, b = vπm and if we assume m ≥ n,
then b = a · ( vuπ

m−n) + 0. Finally, we observe that a discrete valuation on K gives
a notion of absolute value on K

Proposition 1.6. Corresponding to a discrete valuation v is an absolute value
| · |v : K → R satisfying the following properties:

1) |x|v ≥ 0 with equality if and only if x = 0
2) |xy|v = |x|v · |y|v
3) |x+ y|v ≤ max(|x|v, |y|v)
Proof. We define | · |v by picking some positive r ∈ R and defining |x|v = r−v(x) for
all x ∈ K∗ and |0|v = 0. Then property 1) is trivially satisfied and for 2) we see
that

|xy|v = r−v(xy) = r−v(x)−v(y) = r−v(x)r−v(y) = |x|v · |y|v
For 3), we observe that

|x+ y|v = r−v(x+y) ≤ r−min(v(x),v(y)) = rmax(−v(x),−v(y)) = max(|x|v, |y|v)
�
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2. Completions and the p-adics

Definition 2.1. Given a rational number a
b ∈ Q and a prime p, we can write

a
b = pn a

′

b′ where (a′b′, p) = 1. Then the p-adic valuation on Q is given by v(ab ) = n.

Proposition 2.2. The p-adic valuation gives a discrete valuation on Q.

Proof. The proof follows the definitions and is a good exercise for the reader. �

As we noted above, any discrete valuation gives rise to an absolute value. In fact,
such an absolute value also defines a metric and topology on Q via d(x, y) = |x−y|v.

Definition 2.3. Given any field K with a metric d(x, y), we say a sequence (an)
in K is Cauchy if for any ε > 0, there is an N ∈ N so that if m,n ≥ N , then
d(an, am) < ε.

Proposition 2.4. Every convergent sequence in K is Cauchy.

Proof. If (an) converges to x ∈ K then for each ε, there is an N so that d(an, x) < ε
2 .

Then if n,m ≥ N , d(an, am) < d(an, x) + d(am, x) < ε. �

Notice that this proof uses the triangle inequality which holds for all metrics.
For a discrete valuation, we have the stronger ultrametric inequality d(x, z) ≤
max(d(x, y), d(y, z)) for all x, y, z ∈ K which follows from property 3) of | · |v.

Definition 2.5. A metric space is complete if every Cauchy sequence converges. L
is a completion of K if there is a dense embedding of K into L and L is complete.
If the completion of K is with respect to the discrete valuation v, I will refer to the
completion as Kv.

The space L of all Cauchy sequences of K modulo the equivalence (an) ∼ (bn) if
lim
n→∞

(an− bn) = 0 is a completion of K. The completion is unique since if L,L′ are

completions of K, then the map T : K ⊂ L→ K ⊂ L′ extends to an isomorphism.
We can define a metric on L by d((an), (bn)) = lim

n→∞
d(an, bn). K embeds into

L as the constant sequences and in the case where v is a discrete valuation on K,
we define v((an)) = lim

n→∞
v(an). If (an) is Cauchy, we see that this is well defined,

and we observe that v((an)) =∞ precisely when (an) ∼ (0). Thus, the completion
is also a discrete valuation ring. We denote by Qp the completion of Q with the
p-adic valuation.

Proposition 2.6 (Milne, 7.25). If a field K has a discrete valuation v, then
DK/(π) ∼= DKv/πDKv .

Proof. K embeds as a subfield into Kv and clearly this embedding respects the
valuation v. Thus, DK embeds into DKv and DKv ∩ K = DK . Thus, πDK =
πDKv ∩K ( if x ∈ πDKv ∩K then x is of the form aπ for a ∈ DKv . aπ ∈ K and
π ∈ K so a ∈ K. Then a ∈ DK and so aπ ∈ πDK and the converse is clear) and so
we have a natural injection i : DK/(π)→ DKv/πDKv .

Now, a+πDKv = {x ∈ DKv : |x−a|v < 1} which is open. Thus, if x ∈ a+πDKv ,
we can find some open ball about x contained within a+ πDKv . K is dense in Kv

and so there is some x′ ∈ i(DK) contained within this ball. Thus, we have found a
representative in DK for the equivalence class a+πDKv and so i is a surjection. �

The following proposition will prove useful later.
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Proposition 2.7 (Neukirch 2.4.9). If K is complete with respect to a discrete val-
uation v and V is an n-dimensional normed vector space over K, then all norms
are equivalent (in the sense that they generate the same topology) on V . In partic-
ular, we show that each norm is equivalent to the maximum norm on a fixed basis
(v1, ..., vn) given by ||x1v1 + ...+ xnvn|| = max(|xi|v).

Before proving the proposition, we observe that in the maximum norm, a se-
quence (ym) in V is Cauchy precisely when the sequences of coefficients (xi)m of
(ym) are all Cauchy. Thus, since K is complete, each of these sequences is conver-
gent and this allows us to construct a limit for (ym) in V . So V is complete. Thus,
a proof of the proposition implies that V is complete under any norm.

Proof. If || · ||′ is the given norm, it suffices to find positive constants p, q so that
for all x ∈ V , p||x|| ≤ ||x||′ ≤ q||x||. For q, we notice that

||x||′ = ||x1v1+...+xnvn||′ ≤ |x1|v·||v1||′+...+|xn|v·||vn||′ ≤ max(|xi|v)·nmax(||vj ||′)
Thus we let q = nmax(||vj ||′).

We construct p by induction. In the base case when n = 1 we pick some nonzero
vector v1 and then, ||x|| = ||x1v1|| = |x1|v and so we can let p = ||v1||. Suppose
that we have shown the n− 1 case. Then suppose V is n-dimensional and pick any
basis v1, ..., vn. Choose some vi and let Vi be the span of the other n − 1 vectors.
Now, the norms || · ||, || · ||′ restrict to the n − 1-dimensional subspace Vi and so
by the induction hypothesis and our remark above, Vi is complete with respect to
|| · ||′ and therefore closed in V . Thus, the translation Vi + vi is also closed. But
then

⋃n
i=1 Vi + vi is a closed set, and we observe that 0 /∈ Vi + vi since v1, ..., vn is a

basis. Thus, 0 /∈
⋃n
i=1 Vi + vi and since the complement is open, there is some ball

about 0 of some radius p so that for each wi ∈ Vi, ||wi + vi||′ > p. Then for any
x = x1v1 + ...+xnvn, we have for each i, || xxi ||

′ = ||x1

xi
v1 + ...+ vi + ...+ xn

xi
vn||′ > p

so that ||x||′ > p|xi|v for each i and therefore ||x||′ ≥ p||x||. �

Alternatively, one can define completions algebraically

Definition 2.8. If R is a ring and I is an ideal, then the completion of R at I which

we denote lim←−R/I
n is {(an) : πn(an+1) = an} ⊂

∞∏
n=1

R/In (where πn : R/In+1 →

R/In are the canonical projections).

Let (bk) be a Cauchy sequence of integers according to the p-adic valuation.
Then for each n, there is some Mn so that if k, k′ > Mn, then v(bk − bk′) > n
in other words, k, k′ are all in the same coset of the ideal Z/pnZ. If we label this
coset an, then we get a sequence (an) that clearly satisfies the projection condition
we wanted above. Conversely, given (an) we can construct a Cauchy sequence (a′n)
by letting a′n be some random element in the coset an. Then we observe that for
any n, if k > max(Mn, n), then v(a′k − bk) > n so that these Cauchy sequence
are equivalent. Thus, we have given a correspondence between our two notions
of completion for the p-adic integers. One can check that this correspondence is
well-behaved under the ring operations. For a module M over a ring R, we can
define a similar notion of completion by picking some ideal I of R and then letting

Mn = InM and then lim←−M/Mn = {(m) : πn(mn+1) = mn)} ⊂
∞∏
n=1

M/Mn. Recall

that an R sub-module of a ring R is just an ideal and observe that in this case, the
definitions match.
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Proposition 2.9 (Atiyah, McDonald 10.12). Let 0→M ′ →M →M ′′ → 0 be an
exact sequence of finitely generated modules over a Noetherian ring R. Then if I
is an ideal of R and we take completions with respect to I, then 0→ lim←−M

′/M ′n →
lim←−M/Mn → lim←−M

′′/M ′′n → 0 is exact.

Proposition 2.10 (Atiyah, McDonald 10.15). If R is Noetherian and lim←−R/I
n

its completion with respect to I, then lim←− I/I
n = I · lim←−R/I

n and lim←− I
k/In =

(lim←− I/I
n)k

If we take the natural map M → lim←−M/Mn where x 7→ (x) (the constant

sequence of x), then the kernel of this map is clearly
⋂
n
Mn. Krull’s Thereom gives

another characterization of this kernel.

Proposition 2.11 (Atiyah, McDonald 10.17). [Krull’s Theorem] If M is an R
module and we take the completion with respect to the ideal I, then the kernel of
the natural map M → lim←−M/Mn is precisely the set of x ∈M that are annihilated
by some element of 1 + I.

Proposition 2.12. If M is an R-module, then M = {0} if and only if M(m) = {0}
(localization at m) for every maximal ideal m of R.

Proof. If M = {0}, then clearly the localizations at every maximal ideal will be {0}.
Conversely we see that M(m) = 0 means that every x ∈ M is annihilated by some
s ∈ R − m. But now, let x ∈ M be some nonzero element. Then the annihilator
of x is some proper ideal and so must be contained within some maximal ideal m.
Then M(m) 6= {0} since no element of the annihilator of x is in R−m. �

Proposition 2.13 (Atiyah, McDonald chapter 10 exercise 3). Let R be Noetherian,
I an ideal, and M a finitely generated R-module. Then

⋂∞
n=1 I

nM =
⋂

m⊃I ker(fm :
M →M(m)) for m a maximal ideal.

Proof. By Krull’s theorem proposition 2.11,
⋂∞
n=1 I

nM are the elements of M an-
nihilated by some element of 1+I. Now consider the set M ′ =

⋂
m⊃I ker(fm : M →

M(m)). Then this is an R sub-module of the finitely generated module M . Since
R is Noetherian, M is Noetherian and so M ′ is a finitely generated R module as
well. Consider M ′/IM ′ as a finitely generated R/I-module and observe that by
construction (and since localization preserves exact sequences) that for each maxi-
mal ideal m of R/I, (M ′/IM ′)(m) = M ′(m)/IM

′
(m) = {0}. Thus, by the proposition

above, M ′/IM ′ = {0} and so M ′ = IM ′. Thus, by Nakayama’s lemma, there is
some x ∈ 1 + I that annihilates M ′ and so M ′ ⊂

⋂∞
n=1 I

nM .
Conversely, if a is annihilated by x ∈ 1 + I, then x = 1 + i for some i ∈ I and

so if x ∈ m for any maximal ideal containing I, then 1 ∈ m, which is impossible.
Thus, x ∈ R−m for each m, and so a

1 ∼ 0 ∈M(m) so that a ∈
⋂

m⊃I ker(fm : M →
M(m)). �

Proposition 2.14. If M is a finitely generated R-module over a Noetherian ring
R, then M = {0} if and only if lim←−M/Mn = {0}, completing at each maximal ideal
m of R.

Proof. If M = {0}, then the completions at any maximal ideal must be {0}.
Conversely, if m is a maximal ideal and we take the completion lim←−M/Mn at

m, then we proved in the above proposition that the kernel of the natural map
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M → lim←−M/Mn is
⋂∞
n=1 m

nM = ker(fm : M → M(m)). Then if lim←−M/Mn = {0},
then the kernel of this map is M and so ker(fm : M → M(m)) = M . Thus,
M(m) = {0}. If this holds for all maximal ideals m of R, then by proposition 2.12,
M = {0}. �

3. Number Fields and Rings of Integers

Definition 3.1. We call K a number field if it is a finite algebraic extension of Q.

Definition 3.2. If A,B are rings and A ⊂ B, then an element b ∈ B is integral
over A if b is the root of a monic polynomial with coefficients in A. The integral
closure of A in B is the set of all integral elements of A in B

We state some of the basic results of integral extensions without proof. The
proofs are standard and can be found in any commutative algebra text, such as [1],
pg59

Proposition 3.3. b is integral over A if and only if A[b] is a finite A-module.

Proposition 3.4. Integrality is transitive in the sense that if B is integral over
A (i.e. all elements of B are integral over A) and C is integral over B then C is
integral over A.

Proposition 3.5. The integral closure of A in B is a ring and is integrally closed.

Proposition 3.6. Let K be the field of fractions of a ring A and let L be an
extension of K. Then if α is algebraic over A, there exists a d ∈ A so that dα is
integral over A.

Proposition 3.7. If A is a UFD, then A is integrally closed in its field of fractions
K.

Definition 3.8. If K is a number field, then we define the ring of integers of K,
OK , to be the integral closure of Z in K.

Definition 3.9. A ring R is a Dedekind Domain if it is Noetherian, integrally
closed, and has Krull dimension 1.

It is a theorem that R is Dedekind if and only if ideals in R admit a unique
factorization into prime ideals. This is an important result but the proof uses a
significant amount of commutative algebra and so instead of reproducing it here,
we reference the reader to three proofs in increasing order of succinctness. [4] pg
765; [1] pg 95 ; [5] pg 10

Theorem 3.10 (Milne 3.29). If A is a Dedekind Domain with field of fractions
K and L is a finite separable extension of K, then B, the integral closure of A in
L is a Dedekind Domain. In particular, since Z clearly has the Dedekind Domain
property, the ring of integers of a number field is a Dedekind Domain.

We remind the reader that an element of L is separable if its minimal polynomial
over K has distinct roots and that L is a separable extension of K if every element
in L is so. Any finite field or field of characteristic zero can only have separable
extensions, so this is not a serious restriction in our present situation.

Given A ⊂ B rings such that B is a free A-module of rank n, we define three
very important functions from B to A.
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Definition 3.11. Given b ∈ B and a basis e1, ..., en of A, there exists a matrix
Mb which, when applied to x ∈ B gives bx. We define the trace of b, Tr(b), to be
the trace of this matrix and the norm N(b) to be the determinant. We define the
discriminant of an n-element subset {b1, ..., bn} ⊂ B to be det(Tr(bibj)).

The following propositions are very useful for analyzing algebraic extensions of
fields but they are also useful in other situations (for instance, rings of integers as
Z-modules). Thus, care has been taken to present results in terms of free modules
in general rather than just vector spaces.

Proposition 3.12. The Norm and Trace of an element are independent of the
choice of basis of B. Norm and Trace satisfy for all α, β ∈ B and a ∈ A:

1) N(αβ) = N(α)N(β), Tr(α+ β) = Tr(α) + Tr(β)
2) Tr(aβ) = aTr(β)
3) N(a) = an, Tr(a) = na

Proof. Suppose f1, ..., fn is a new basis and U is the corresponding change of basis
matrix. Then det(UMbU

−1) = det(U) det(Mb) det(U−1) = det(UU−1) det(Mb) =
det(Mb). For Trace, we observe that Tr(CD) =

∑
ij CijDji = Tr(DC). Thus,

Tr(U(MbU
−1)) = Tr(MbU

−1U) = Tr(Mb).
Property 1) follows immediately from the behavior of the determinant and trace

operations on matrices. If β ∈ B, and βei =
n∑
j=1

aijej , then we see that aβei =

n∑
j=1

aaijej . Thus, taking traces of the corresponding matrices, Tr(aβ) = aTr(β).

Since a ∈ A, Ma is a scalar matrix with a on the diagonal, and so property 3)
follows. �

Proposition 3.13. If e1, ..., en is a basis of B, and f1, ..., fn are elements in B
and U is the matrix of coefficients for the fi as a linear combination of ej, then
disc(f1, ..., fn) = det(U2)disc(e1, ..., en).

Proof. Take the matrix

[Tr(fkfl)] = [Tr((

n∑
i=1

uikei)(

n∑
j=1

ujlej))] = [
∑
i,j

uikujlTr(eiej)] = U [Tr(ei, ej)]U
T

So taking determinants of both sides gives the desired result. �

Proposition 3.14. If L/K is a finite separable extension of fields then if Hom(L/K)
denotes the different embeddings of L/K into its Galois closure,
NL/K(α) =

∏
σ∈Hom(L/K)

σ(α) and Tr(α) =
∑

σ∈Hom(L/K)

σ(α).

Proof. For each σ ∈ Hom(L/K), we see that σ(α) is some other root of the minimal
polynomial of α. Thus, we see that

∏
σ∈Hom(L/K)

σ(α) is simply the product of all

the roots of the minimal polynomial of α, raised to the exponent [L : K[α]] and
similarly, that

∑
σ∈Hom(L/K)

σ(α) is the sum of all the roots multiplied by [L : K[α]].

If a0, an−1 are the last and second coefficients of the minimal polynomial of α, then

we see that these products and sums are just (−1)[L:K]a
[L:K[α]]
0 and −[L : K[α]]an−1

respectively.
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We must show that the definition of norm and trace we have given also yields
these numbers. First, we consider the case where L = K[α] and take the basis
1, α, ..., αn−1. Then α satisfies the characteristic polynomial of the matrix Mα.
But the characteristic polynomial is monic, and of the same degree as the minimal
polynomial of α (since the size of Mα corresponds to [L : K]) and so must be
the minimal polynomial. Then the determinant and trace of Mα are precisely
(−1)[L:K]a0 and −an−1 where a0, an−1 are the last and second coefficients of this
minimal polynomial.

In the general case, let β1, ..., βk be a basis of L/K[α] and 1, α, ..., αl−1 be a
basis of K[α]. Then the products βiα

j form a basis of L/K. Then if (aij) are the

elements of Mα, we see that α · αiβj =
l−1∑
r=0

ariα
rβj and so the matrix is simply

blocks of Mα down the diagonal and zeroes elsewhere. Thus, the determinant and
trace of this matrix are what we want. �

Proposition 3.15. If L ⊃ K ⊃ F are finite separable extensions of fields, then
TrL/F = TrK/F ◦ TrL/K , NL/F = NK/F ◦NL/K .

Proof. If we take the Galois closure L of L over F , then there is a natural action of
Gal(L/F ) on Hom(L/F ) given by g · σ = g ◦ σ as well as an action on Hom(K/F )
of the same form. Then since every element of Hom(L/F ) lifts to an element of
this Galois group and groups act transitively on themselves, this action must be
transitive.

Moreover, there is a natural surjection R : Hom(L/F ) → Hom(K/F ) given by
σ 7→ σ|K and this map is Gal(L/F )-equivariant. Note that Hom(L/F ),Hom(K/F )
are not necessarily groups and so we cannot call R a homomorphism. However, we
can work out the size of the pre-image of each point by noticing that the action of
Gal(L/F ) is transitive on both sets and so the stabilizers are all the same cardinality.
Thus, if x, y are the sizes of stabilizers in the Hom(L/F ),Hom(K/F )-actions then
the pre-image of a point has y/x elements and this is the same for each point.
But the pre-image of the identity homomorphism is just Hom(L/K). The upshot
of this is that the different pre-images partition Hom(L/F ) into sets of the same
cardinality.

We would like to show the set of pairs {σ, γ} for σ ∈ Hom(K/F ), γ ∈ Hom(L/K)
is in bijection with Hom(L/F ) and moreover, that if for each σ ∈ Hom(K/F ) we
choose some lift σ ∈ Gal(L/K), then the set {(σ ◦ γ)L} is precisely Hom(L/F ).
To show this, we need to show that if σ′, σ are lifts of σ′, σ respectively, γ, γ′ ∈
Hom(L/K), and we have (σ′ ◦ γ′)L = (σ ◦ γ)L, then σ = σ′ and γ = γ′. First we
observe that γ, γ′ fix K and so (σ′)L, (σ)L must be pre-images of the same point
under R and so σ = σ′. Applying σ−1 to both sides gives γ = γ′.

It follows that if σ is some arbitrary element in R−1(σ),

NK/F (NL/K(α)) =
∏

σ∈Hom(K/F )

σ(
∏

γ∈Hom(L/K)

γ(α)) =
∏

σ∈Hom(K/F )

σ(
∏

γ∈Hom(L/K)

γ(α))

=
∏

σ∈Hom(K/F ),γ∈Hom(L/K)

σ(γ(α)) =
∏

η∈Hom(L/F )

η(α) = NL/F (α)

The same is true for Trace. �

Proposition 3.16. If e1, ..., en is a basis of B, then f1, ..., fn is also a basis of B
if and only if disc(e1, ..., en), disc(f1, ..., fn) differ by the square of a unit of A.



CYCLOTOMIC EXTENSIONS AND QUADRATIC RECIPROCITY 9

Proposition 3.17. f1, ..., fn is a basis if and only if the transformation matrix U
is invertible if and only if the determinant is a unit. The discriminants differ by
the square of this determinant.

Proof. These propositions follow directly from 3.13. The key fact is that U takes
bases to bases if and only if it is invertible, if and only if det(U) is a unit. �

For B a free A-module, we can define disc(B/A) to be the set of discriminants
of bases of B as an A-module. In general, this is an element in the collection of
cosets A/(A∗)2. However, for the case that A = Z, we observe that 1 is the only
square of a unit, so that disc(B/A) is a well-defined integer.

Proposition 3.18 (Milne 2.24). Let A ⊂ B and assume B is a free A-module of
rank m and disc(B/A) 6= 0. γ1, ..., γm form a basis for B as an A-module if and
only if (disc(γ1, ..., γm)) = (disc(B/A)) as ideals.

Proof. By the previous propositions, γ1, ..., γm form a basis for B precisely when the
discriminant differs from any element of disc(B/A) by the square of a unit. But then
any element of the set of disc(B/A) is in (disc(γ1, ..., γm)) and so (disc(γ1, ..., γm)) =
(disc(B/A)). Conversely, if the discriminant ideals are the same, there is some unit
u so that disc(γ1, ..., γm)u = k for some k ∈ disc(B/A). Thus, γ1, ..., γm gives a
basis. �

Proposition 3.19. If K[α] is a finite separable extension of a field K and f is
the minimal polynomial of α over K, then disc(1, α, ..., αn) =

∏
i<j

(αi − αj)2 where

α1, ..., αn are the different roots of f .

Proof. We have disc(1, α, ..., αn) = det(Tr(αiαj)) = det(
n∑
k=1

σk(αiαj))

= det(
n∑
k=1

σk(αi)σk(αj)) = det(σk(αi)) det(σk(αj)) = det(σk(αi))2 = det(αk
i)2

(where σk are the homomorphisms of K[α] into its Galois closure). Now, by ma-
nipulating the matrix of this determinant we can show that the determinant is equal
to

∏
k<i

(αk − αi)2 which is what we wanted. �

We observe that the discriminant is symmetric in the roots of f and therefore is
fixed by every homomorphism of K[α] into its Galois closure. Thus, the discrimi-
nant lies in K.

The following proposition gives a fairly general situation in which we can use
the above theory. In particular, this will show that the ring of integers of a number
field is a free Z-module.

Proposition 3.20 (Milne, 2.29). Let A be an integrally closed domain with field
of fractions K and let B be the integral closure of A in a separable extension L of
K of degree m. Then there exist free (and finitely-generated) A-sub-modules M,M ′

of L such that M ⊂ B ⊂ M ′. In particular, if A is a PID, then we recall that a
sub-module of a free module over a PID is itself free and so B is free. B is finitely
generated as long as A is Noetherian.

We first prove the following lemma.

Lemma 3.21. If e1, ..., em is a basis for L over K, then there exists a basis e′1, ..., e
′
m

so that Tr(eie
′
j) = δij. This is the dual basis of e1, ..., em.
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Proof. Pick some i. We write e′i = a1ie1 + ... + amiem. Then each condition
Tr(eke

′
i) = 0 gives us an equation 0 = a1iTr(eke1) + ... + amiTr(ekem) and

Tr(eie
′
i) = 1 gives us 1 = a1iTr(eie1) + ... + amiTr(ekiem). Then if we consider

what these equations are telling us in matrix form, they say that if a = (a1i, ..., ami),
then Ma = (0, 0, ..., 1, 0, ..., 0) with 1 in the ith position. Thus, if we apply M−1

to both sides, we see that the coefficients in the ei basis of e′i are just the result of
applying M−1 to the coefficient vector for ei. Since M−1 is a linear transformation,
it takes bases to bases and so the e′i form a basis. �

We observe that by construction, if each ei is integral, then each e′i is integral.
Now we prove the proposition.

Proof. Let e1, ..., em be a basis of L. By proposition 3.6 we have that there is some
d so that dei is integral for each i. de1, ..., dem is still a basis for L so we can assume
that e1, ..., em were all elements of B from the start. Now by the previous lemma,
we have a basis e′1, ..., e

′
m so that Tr(eie

′
j) = δij . To conclude the proof, we need to

show that Ae1 + ...+Aem ⊂ B ⊂ Ae′1 + ...+Ae′m.
The first inclusion is clear since the ei are elements of B. Pick some β ∈ B and

write β = b1e
′
1 + ... + bme

′
m. It suffices to show each bi ∈ A. For each i, we have

β, ei ∈ B so Tr(βei) ∈ A. But Tr(βei) =
m∑
j=1

bjTr(e
′
jei) = bi. �

4. Extending Valuations

Suppose L/K is a finite separable extension. If P ⊂ OL is a prime ideal, then
we define a valuation on L as follows. v(α) for αOL is the exponent of the maximal
power of P that divides the ideal (α). Then we extend v to L by defining v(αβ ) =

v(α)− v(β).

Proposition 4.1. The above construction is indeed a valuation. Moreover, we
observe that the valuation is clearly discrete.

Proof. Clearly, v(α) = 0 if and only if (α) = 0 if and only if α = 0. We also see that
v(αβ) = v(α) +v(β). Consider v(α+β) for α, β ∈ OL. Pn is in the factorization of
α precisely when (α) ⊂ Pn. Then if min(v(α), v(β)) = n, then (α) ⊂ Pn, (β) ⊂ Pn
and so (α, β) ⊂ Pn. Thus, v(α + β) ≥ min(v(α), v(β)). These statements hold for
L in general if we consider fractional ideals. �

Theorem 4.2 (Milne 7.38). Let K be complete with respect to the discrete valuation
v and let L be a finite separable extension of degree n. Then v extends uniquely to
a complete absolute value w on L. For all β ∈ L, w(β) = 1

nv(NL/K(β)).

By proposition 2.7, L is complete with respect to w.

Definition 4.3. Let K be a field that is complete with respect to the discrete
valuation v and maximal ideal (π). Then f ∈ DK [X] is primitive if min(v(ai)) = 0
for ai the coefficients of f .
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Theorem 4.4 (Neukirch 4.6, Milne 7.33). (Hensel’s Lemma)
Take conditions as in the previous definition and f ∈ DK [x] primitive. Then if

f ≡ gh mod (π) and g, h are relatively prime in (DK/(π))[x], there exist g(x), h(x) ∈
DK [x] so that f(x) = g(x)h(x), g(x) ≡ g(x), h(x) ≡ h(x) mod (π), deg(g) =
deg(g),deg(h) = deg(h), and (g(x), h(x)) = DK [x].

Proof. The proof proceeds by recursively constructing g, h in DK/(π)k for succes-
sively higher values of k. The details can be found in the cited references.

�

Proposition 4.5. Let K be complete with respect to the discrete valuation DK .
Then if f(x) = a0 + a1x + ... + anx

n ∈ K[x] is irreducible and a0an 6= 0, then
min(v(ai)) = min(v(a0), v(an)).

Proof. Each ai ∈ K and so we can multiply through by some power of a generator π
of DK so that we get some f ′(x) whose coefficients are all in DK and min(v(ai)) = 0.
Then let ar be the first coefficient satisfying v(ar) = 0. Then f ′(x) ≡ xr(ar +
ar+1x+ ...+ anx

n−r) mod (π). Now, if both v(a0), v(an) are greater than 1, then
0 < r < n, in which case f ′(x) has coprime factors modulo (π) but not in DK (since
f(x) is irreducible) which contradicts Hensel’s Lemma. �

Proposition 4.6. Suppose that L is a separable extension of K of degree n with
K complete with respect to a discrete valuation v. Then if w is the extension of v
to L, we have that DL is the integral closure of DK in L.

Proof. DL ⊃ DK and DL is integrally closed in L (DL is a PID and so UFD and
so by proposition 3.7 is integrally closed). Thus, DL contains the integral closure
of DK in L.

Since w(α) = 1
nv(NL/K(α)) for each α ∈ L, we have that DL is precisely the

set of elements of L whose norm is in DK . Pick such an α and let f(x) = xm +
am−1x

m−1 + ...+ a0 be the minimal polynomial of α in L. Then f(x) is irreducible
and so the minimal valuation of the coefficients is min(v(a0), v(1)). But v(1) = 0
and v(a0) ≥ 0 since NL/K(α) ∈ DK by assumption and up to a sign, this norm is
just a power of a0. Thus, all the coefficients of f are in DK and so α is integral
over DK . This proves the opposite inclusion. �

To finish this section, we briefly discuss the relation between the ideal structure
in the number fields OL, OK where L is a finite separable extension of K.

Proposition 4.7. If B is a finitely generated A-module and is also a ring, and I
is a proper ideal of A, then IB is a proper ideal.

Proof. If IB is not a proper ideal, then IB = B and so by the Nakayama Lemma,
there is some i ∈ I so that (1+ i)B = 0. But then (1+ i)1 = 0 and so i = −1 which
contradicts i ∈ I (since I is proper). Thus, IB is a proper ideal. �

Suppose P is a non-zero prime ideal of OK . Then POL is a proper ideal and so

factors into a product of prime ideals. Thus, POL =
m∏
i=1

Qi
ei for Qi prime. Observe

that if P, P ′ are primes in OL, then if Q is a prime in OL it can only contain one
of P, P ′ (since otherwise since non-zero primes are maximal in a Dedekind domain,
it would contain all of OK and so all of OL). Thus, Q is in the factorization of
precisely one prime in OK and so we can unambiguously call ei the ramification
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index of Qi over OK . Now, Qi ∩OK is a prime ideal in OK and so must be P . So
OL/Qi ⊃ OK/P . Both of these are fields and so we call the degree of the extension
[OL/Qi : OK/P ] = f the inertia degree of Qi over OK .

Proposition 4.8 (Neukirch 8.2). If [L : K] = n is an extension of number fields

and P ⊂ OK a prime that factors in OL as POL =
m∏
i=1

Qi
ei and inertia degrees fi,

then
m∑
i=1

eifi = n

Proof. First we consider the case where K = Q. We take the completion of
OL as a Z-module at the prime p. On the one hand, OL is a free Z-module
(proposition 3.20) and so is isomorphic as a Z-module to Zd for some d so that

the completion is lim←−Zd/pnZd = Zpd (the inverse limit commutes with the di-

rect product since completions preserve exact sequences). On the other hand,

lim←−OL/p
nOL ≡ lim←−OL/(

m∏
i=1

Qi
ei)nOL ≡

m⊕
i=1

lim←−OL/(Qi
ei)nOL. The completion

at an ideal I is the same as the completion at Ik (having the value at OL/I
kOL of

some coherent sequence automatically determines the value at OL/I
jOL for j ≤ k.

Thus,
m⊕
i=1

lim←−OL/(Qi
ei)nOL ≡

m⊕
i=1

lim←−OL/Qi
nOL.

Now, if we pick some element OLi = lim←−OL/Qi
nOL of this product, then we

can determine the dimension of this completion as a Zp-module. Completing OL
with respect to the prime Qi gives DLi , the discrete valuation ring of Li where Li
denotes the completion of L at Qi. If we take a maximal collection a1, ..., am of Zp-
linearly independent units of OLi , then we see that this has dimension [OLi/Qi :
Zp/pZp] = fi. The Zp span of such a set only includes elements with valuation
some multiple of v(p). Now, if π is a uniformizer, consider the set of elements aiπ

j

for 0 ≤ j ≤ ei − 1. Then if we have a dependence relation over Zp of the form∑
i,j

cijaiπ
j = 0. Now, the πj are all independent and we must have

∑
i

cijai = 0

and so all of the cij must be 0. Thus, these elements form an independent (and
spanning) set for OLi of dimension eifi and so we have d =

∑
i

eifi. We conclude

by noting that since the field of fractions of OL is L, the dimension of OL over Z is
the same as L over Q. Thus, n = d =

∑
i

eifi.

For the case when K 6= Q, we use the fact that degrees are multiplicative and
that we know the situation for K/Q and L/Q. �

Proposition 4.9 (Milne 3.35). Let L/K be a finite separable extension of number
fields. Then if OL is a free OK module and P is a prime of OK , P ramifies in OL
if and only if P |disc(OL/OK).

5. Computing Rings of Integers Locally

We eventually aim to show that if ζN is a primitive Nth root of unity over Q,
then the ring of integers of Q(ζN ) is Z[ζN ]. We attack the problem locally by
working at the completion of each prime and then use this to piece together the
structure of the ring of integers in the global case.

Let f ∈ Z[x] be an irreducible polynomial satisfying Eisenstein’s criterion and
let π be some root of f . Consider the completion Qp of Q at the prime ideal (p).
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Then since Q[π] is a finite algebraic extension of Q, we must certainly have that
K = Qp[π] is finite and of some degree e.

We observe that the standard valuation v on Qp extends to a discrete valuation
w on all of K given by w(α) = 1

ev(NK/Qp(α)). Also, w(π) = v(NK/Qp(π)) = v(a ·p)
where a ∈ Q and w(a) = 0 (by the Eisenstein property). Thus, w(π) = v(a · p) =
v(a) + v(p) = 0 + 1 = 1. So π generates the unique maximal ideal of the valuation
ring DK corresponding to w.

Proposition 5.1. pDK factors as (π)e in K.

Proof. pDK is some ideal in DK and so must be of the form (π)n for some n. But
(π)n is generated by p and w(p) = 1 = w(πe). Thus, n = e. �

Proposition 5.2. DK/(π) ∼= DQp/(p) under the natural embedding.

Proof. Note that DQp/(p) is a subfield of DK and that (π) ∩ Qp = (p) so that
DQp/(p) ⊂ DK/(π). Then if f = [DK/(π) : DQp/(p)] is the inertia degree of (π),
then we recall prop 4.8 which shows ef = [K : Qp] = e. Thus, f = 1 and so we
have the desired result. �

Lemma 5.3. If x ∈ DK , there exists some a0 ∈ Z so that w(x− a0) ≥ 1.

Proof. From the previous proposition, we know that DK/(π) = Zp/(p). From
proposition 2.8, we know that since Qp is the completion of Q at p, that Zp/(p) ∼=
Z(p)/pZ(p)

∼= Z/pZ under the natural embedding. Now, 0, 1, ..., p− 1 is a collection
of representatives of each equivalence class of this last quotient. Thus, we consider
x modulo π and get that x ≡ a0 mod (π) for a0 ∈ Z. Then x = a0 + x1π for
x1 ∈ DK and w(x− a0) ≥ 1. �

Proposition 5.4. DK = Zp[π]

Proof. Pick x ∈ DK ⊂ K[π]. By the lemma, we can take some a0 ∈ Z so that
x = a0 + x1π for some x1 ∈ DK . We can then apply the lemma to x1 to get a1
so that x1 = a1 + x2π and, therefore x = a0 + a1π + x2π

2. It is clear that we can
continue this process to any finite number of stages. Let sn be the expansion after
finitely many stages. Now we note that if we have a term of the form aiπ

i for i ≥ e
then we can use the minimal polynomial of π to rewrite this as an expansion in
1, π, ..., πe−1 with coefficients in Z. Thus, we see that each sn can be written as a
sum of terms of the form aiπ

i with 0 ≤ i < e. Now, |x − sn|w ≤ 1
pn and so (sn)

converges in K to x. In particular, this means (sn) is Cauchy. Now by proposition
2.7 we see that the given absolute value | · |w is topologically equivalent to the
max norm given by ||a0 + a1π + ... + ae−1π

e−1|| = max(|ai|v). Thus, we observe
that for each i, if we write sn = a0,n + a1,nπ + ...+ ae−1,nπ

e−1, then the sequence
(ai,n) must also be Cauchy. This is a sequence of integers and so converges to some
ai ∈ Zp. Then clearly sn converges to a0 + ...+ae−1π

e−1 ∈ Zp[π]. Since a sequence
can only converge to one point in a Hausdorff space such as Qp[π] (our absolute
value gives a metric and all metrizable spaces are Hausdorff), this must be x and
so x ∈ Zp[π]. �

Proposition 5.5. Let p be a prime number in Z and let K be a finite extension of
Qp. Let L = K[α] be a degree n extension such that the minimal polynomial of α
has coefficients in Zp and let ∆ = disc(1, α, ..., αn−1). Then ∆ ∈ Zp and if ∆ is a
unit in Zp, then DL = DK [α].
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Proof. To show that ∆ ∈ Zp, it suffices to show that Tr(αiαj) ∈ Zp for each i, j.
But this follows from the fact that the matrix given by the operation of α on DL

contains only elements of Zp since the minimal polynomial of α has coefficients in
Zp.

For the other part of the result, we aim to apply proposition 3.18 to 1, α, ..., αn−1

since it would tell us that 1, α, ..., αn−1 is a basis for DL if and only if (∆) =
(disc(DL/DK)). Since Dk[α] ⊂ DL, we have (∆) ⊂ (disc(DL/DK)). Now, ∆ is a
unit and so both ideals are just (1).

To apply prop 3.18, we need to show that DL is a free DK-module. To do this,
we aim to apply prop 3.20 for which we need to show that DK is integrally closed,
and that DL is the integral closure of DK in DL and DK is a PID. To prove the
first two, it suffices to show that if we have an extension L over K, then the integral
closure of DK is DL (but this is just proposition 4.5). The third requirement is
satisfied in virtue of the fact that DK is a discrete valuation ring. �

6. Cyclotomic Extensions

Definition 6.1. An Nth root of unity is a root of the polynomial in xN − 1. An
Nth root of unity ζ is primitive if there is no 0 < M < N such that ζM = 1.

Proposition 6.2. The polynomial xp
α
−1

xpα−1−1
=
p−1∑
i=0

xp
α−1i is the minimal polynomial

of the primitive pα roots of unity where p is prime.

Proof. Clearly, any primitive pα root of unity satisfies this equation and all its roots
are primitive pα roots of unity. To show this cyclotomic polynomial is irreducible,

it suffices to show that (x+1)p
α
−1

(x+1)pα−1−1
is Eisenstein. But modulo p, (x+1)p

α
−1

(x+1)pα−1−1
=

p−1∑
i=0

(x+ 1)p
α−1i ≡

p−1∑
i=0

(xp
α−1

+ 1)i = (xp
α−1

+1)p−1
xpα−1 , which by the binomial theorem

has all but the first coefficient congruent to 0 mod p. Finally, the constant term

in this expansion is given by
p−1∑
i=0

(0 + 1)p
α−1i = p. Thus, the polynomial is indeed

Eisenstein. �

Proposition 6.3. There are ϕ(N) primitive N th roots of unity where ϕ(N) is
Euler’s ϕ-function and they satisfy a polynomial of degree ϕ(N) that divides XN−1.

Lemma 6.4.
∑
d|N

ϕ(d) = N .

Proof. The group Z/NZ is cyclic and so there is precisely one subgroup of order d
for each d dividing N . Then each such subgroup has ϕ(d) generators and these are
of order d. Thus, Z/NZ has ϕ(d) elements of order d. But any element has order
d for some d dividing N and so

∑
d|N

ϕ(d) = N . �

Proof. We prove the proposition by induction on N . Observe this is trivial for
N = 1.

Suppose we have shown this for every natural less than N . Then if we consider
xN − 1, we can divide out all the polynomials for the primitive dth roots of unity
for each d dividing N . By the induction hypothesis, these all have degree ϕ(d) and
so by the lemma, we are left with a polynomial of degree ϕ(N) whose roots are
precisely the primitive Nth roots of unity. �
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We call the polynomial we found in the above proposition ΦN .

Proposition 6.5. ΦN is irreducible.

Proof. Take some p not dividing N . Then the derivative of XN − 1 is NXN−1.
The function and its derivative don’t share any roots modulo p and so XN − 1 has
all distinct roots modulo p. ΦN |XN − 1 and therefore this has distinct roots as
well. Now, working over Z/pZ, we see that for any polynomial f , if ζ is a root of
f and K is the splitting field of f over Z/pZ, then in K, f(ζp) = f(ζ)p = 0. In
other words, since the Frobenius map is indeed a field automorphism, it permutes
the roots of f . What this means is that if ζ is a primitive Nth root of unity with
minimal polynomial f over Q, then ζp is a root of f modulo p. But ζp can only be
a root of one factor of xN − 1 modulo p (since its roots are distinct) and so ζp is a
root of f over Q. This works for each prime not dividing N and so we see that since
any integer coprime to N is a product of such primes, all primitive Nth roots of
unity have the same minimal polynomial over Q, which must therefore be ΦN . �

Proposition 6.6. The splitting field of ΦN has Galois group (Z/NZ)∗.

Proof. If ζ = e
2πi
N , the roots of ΦN are given by ζa for (a,N) = 1. Notice that

adjoining a single root gives all the others and so the splitting fieldK is degree ϕ(N).
Observe that ζaζb = ζa+b. Thus, there is a group isomorphism T : {ζa : 0 ≤ a ≤
n} → Z/NZ given by T (ζa) = a. Then for any automorphism σ, we have σ(ζa) =
σ(ζ)a so that the action of σ on the Nth roots of unity is determined by σ(ζ). If
σ(ζ) = ζb, then σ corresponds to the automorphism defined by multiplication by b
in Z/NZ. In other words, Gal(K/Q) ⊂ (Z/NZ)∗. By degree considerations, this
inclusion is an equality. �

Proposition 6.7. If ζm, ζn are primitive mth, nth roots of unity respectively and
(m,n) = 1, then Φn is the minimal polynomial of ζn over Q(ζm).

Proof. Since (m,n) = 1, the ϕ-function is multiplicative and so ϕ(mn) = ϕ(m)ϕ(n).
Also, we can pick integers x, y so that xm+ yn = 1. Then ζm

y + ζn
x is a primitive

mnth root of unity, and so Q(ζm, ζn) contains all primitive mnth roots of unity.
Since this splitting field is degree ϕ(mn), adjoining ζn to Q(ζm) must be a degree
ϕ(n) extension and so Φn is the minimal polynomial. �

Proposition 6.8. The discriminant of Φpα over Q is

disc(1, ζ, ..., ζp
α−1) = (−1)ϕ(p

α)(ϕ(pα)−1)/2p(αp−α−1)p
α−1

Proof. Let K be the splitting field of Φpα over Q. The discriminant is given by∏
i<j

(ζi − ζj)2 where ζi, ζj are the roots of Φpα . We observe that this is simply

(−1)ϕ(p
α)(ϕ(pα)−1)/2

∏
i

Φ′pα(ζi) = (−1)ϕ(p
α)(ϕ(pα)−1)/2NK/Q(Φ′pα(ζ))

where ζ is some primitive pαth root of unity. We have (xp
α−1−1)Φpα(x) = xp

α−1.
Differentiating both sides, we get

pα−1xp
α−1−1Φpα(x) + (xp

α−1

− 1)Φ′pα(x) = pαxp
α−1

If ζ = e
2πi
pα is a root of Φpα , then plugging in, we get

(ζp
α−1

− 1)Φ′pα(ζ) = pαζp
α−1
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Taking norms, we get

NK/Q(ζp
α−1

− 1)NK/Q(Φ′pα(ζ)) = NK/Q(pαζp
α−1)

The norm on the right hand side is of a constant times a root of Φpα which has

norm (−1)ϕ(p
α). So the right-hand side is pαϕ(p

α)(−1)ϕ(p
α). On the left-hand side,

we have the norm we want and then the norm of ζp
α−1 − 1. This is just one less

than a primitive pth root of unity. The minimal polynomial is simply (x+1)p−1
x

which has p as its constant term and so has norm [(−1)p−1p]
ϕ(pα)
p−1 . Thus, the norm

that we want is

(−1)2ϕ(p
α)p(αp−α−1)p

α−1

= p(αp−α−1)p
α−1

and the discriminant we end up with is

(−1)ϕ(p
α)(ϕ(pα)−1)/2p(αp−α−1)p

α−1

�

Proposition 6.9. If ζ is a primitive pαth root of unity (for some prime p ∈ Z)
and q is any prime of Z, then if we denote the splitting field of ζ over Qq as K,
then DK = Zq[ζ].

Proof. If q = p, then the minimal polynomial of ζ − 1 over Q is Eisenstein in
Zp and irreducible over Zp. Thus, we can apply proposition 5.4 to show that
DK = Zp[ζ − 1] = Zp[ζ] in this case.

If q 6= p, then we have shown that all the roots of Φpα are distinct in Q. By
proposition 3.19, we see that if n is the degree of the minimal polynomial M of ζ
over Zq, then disc(1, ζ, ..., ζn−1) =

∏
i<j

(ζi−ζj)2 where ζi are the roots of the minimal

polynomial of ζ. Notice, that this must divide
∏
i<j

(ζi− ζj)2 = disc(1, ζ, ..., ζϕ(p
α)−1)

in K (where this time the product ranges over all primitive pαth roots of unity).
But we have just computed this discriminant and it is a unit in Zq and also K.
Thus, the discriminant corresponding to M must also be a unit in Zq.

If we can show that the minimal polynomial M of ζ over Qq has coefficients in Zq
then by proposition 5.5, we will have DK = Zq[ζ]. But Φpα has integer coefficients
and Z ⊂ Zq. Thus, by Gauss’s Lemma, Φpα factors in Zq if and only if it factors in
Qq. Thus, M ∈ Zq[x]. �

Suppose K/Q is a finite separable extension. Now pick a primitive element α of
K and let f ∈ Q[x] be the minimal polynomial of α over Q. Let (p) ⊂ Z be a prime
and let P ⊂ OK sit over (p). Then we can complete K with respect to the p-adic
valuation extended to P and this gives some completion KP . We have a natural
map T : K → KP which embeds a canonical copy of Qp into KP . Then if we take
the minimal polynomial of T (α) over this copy of Qp, we see that it is equal to
some fi where fi is an irreducible factor of f over Qp. Now, by proposition 2.7,
Qp[T (α)] is complete and since it contains T (K), we must have Qp[T (α)] = KP .

Alternatively, we can consider the polynomial f over Qp. f factors into irre-
ducible polynomials f1, ..., fr over Qp and we can pick any factor fi and adjoin
some root αi to Qp. Then Qp[αi] is complete and the valuation on Qp extends
uniquely (proposition 4.2). αi is some root of f , and so Qp[αi] must contain a copy
of K and therefore is a completion of K. Then the intersection of the maximal ideal
of the valuation ring with K is some prime Pi of K sitting over p. Thus, we have
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shown there is a correspondence between primes sitting over (p) and the extensions
of the p-adic valuation to K and the irreducible factors of f over Qp.

Now, we prove a result that allows one to use the structure of the discrete
valuation rings over each Qp corresponding to a given extension to compute the ring
of integers over Q of that extension. Specifically, we prove the following proposition.

Proposition 6.10. Suppose K/Q is some finite separable extension. Let α be some
primitive element of K with minimal polynomial f ∈ Z[x]. If at each prime ideal P
of OK , we have DKP

∼= Zp[αi] (where p is the prime in Z that P sits over) for αi
some root of f , then OK ∼= Z[α] if and only if no prime of Z[α] splits into distinct
primes in OK .

One direction of the biconditional is trivial. Before diving into the proof of the
second direction, we discuss the proof strategy. We use the algebraic description of
completion. Now, OK is a finite Z-module and so definitely a finite Z[α]-module.
Moreover, since α is an algebraic integer by assumption, Z[α] ⊂ OK . Moreover,
OK is integral over Z[α] and so every prime in Z[α] is the restriction of some prime
of OK to Z[α]. Observe that we have the exact sequence 0 → Z[α] → OK →
OK/Z[α] → 0. By Hilbert’s basis theorem, Z[α] is Noetherian and OK is a finite
Z[α]-module and so by the exactness property of completions (proposition 2.9) if we
complete at some ideal I, then we have the exact sequence 0→ lim←−Z[α]/InZ[α]→
lim←−OK/I

nOK → lim←− (OK/Z[α])/In(OK/Z[α]). If we can show that the inclusion

lim←−Z[α]/InZ[α]→ lim←−OK/IOK is in fact an isomorphism, then by exactness, this

will show that the completion of OK/Z[α] at I is {0}. If P is a prime ideal of
Z[α] containing I, then since for each n, (OK/Z[α])/Pn(OK/Z[α]) is a quotient of
(OK/Z[α])/In(OK/Z[α]), it will follow that the completion of OK/Z[α] at P will
be 0 also. If we can show that the completion of OK/Z[α] at P for each nonzero
prime P is {0}, then by proposition (2.14) this will mean that OK/Z[α] = {0}
which is the same as OK = Z[α] as desired.

If we pick a prime p of Z, then f factors as
n∏
i=1

fi
ei over Z/pZ where each fi is

irreducible and the fi
ei are all pairwise coprime. By Hensel’s lemma, each power

fi
ei lifts to some factor Fi of f over Qp so that we can write f =

n∏
i=1

Fi where if

i 6= j, then (Fi, Fj) = Zp[X].

Proposition 6.11. Let Ii be the ideal (p, fi(α)n) of Z[α] ⊂ OK where fi
n is the

maximal power dividing f of some irreducible factor fi of f modulo p. Suppose that
no prime in Z[α] splits over OK . Then every prime P sitting over p ∈ Z contains
fi(α)n for some i and no prime can contain more than one such term. Moreover,
(p, fi(α)n)OK = P k where P k is some prime sitting over p and containing fi(α)n.

Proof. Z[α] ∼= Z[x]/(f(x)) and the prime ideals of this ring are of the form (p, fi(α))
for p ∈ Z prime and fi is an irreducible factor of f modulo p. Since each prime in
OK sits over some prime of Z[α], each prime contains some fi(α) and therefore some

fi(α)n. Now, if i 6= j, then fi
n, fj

n′ are coprime modulo p and so in particular,

there exist polynomials r, s, t ∈ Z[x] so that rfi
n + sfj

n′ + pt = 1. Plugging

in α everywhere, we observe that any ideal of OK containing fi(α)n, fj(α)n
′
, p

must contain 1 and so is all of OK . Thus, no prime in OK contains more than
one fi(α)n. Finally, (p, fi(α)n)OK is some ideal of OK . Any prime containing it
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contains p, fi(α)n and so also fi(α) (by primality). By assumption, (p, fi(α))OK
does not split into distinct primes and so only one prime can be in the factorization
of (p, fi(α)n). Thus, (p, fi(α)n)OK must factor as Pi

k for some k ∈ N and prime
Pi ⊂ OK . �

Lemma 6.12. If Ii is the ideal (p, fi(x)n) ⊂ Z[x]/(f(x)) as defined above, then for
each k, ((p, fi

n)k, f) = (pk, Fik) where Fik is some element with integer coefficients
of the equivalence class containing Fi mod p (where Fi is the lift of fi

n in Qp).

Proof. We proceed by successively reducing the left ideal until it is the one on the
right. Fix some k. We have Fik ≡ fi mod p and so fi

n = Fik + pr for r ∈ Z[x].
Thus, expanding out (p, fi

n)k, we get the ideal (pk, fi
npk−1, ..., f i

nk). Substituting,
fi
npk−1 becomes Fikp

k−1 + pkr. Since pk is already in the ideal, this term reduces
to Fikp

k−1. Continuing, fi
2npk−2 becomes (Fik

2 + 2Fikpr + p2r2)pk−2. Since
pk, Fikp

k−1 are in the ideal, this reduces to Fik
2pk−2. Continuing to reduce in this

way, we show that the original ideal is equivalent to (f, pk, Fikp
k−1, ..., Fik

k). Now,
f ≡ FikGk mod pk where Gk is some element in with integer coefficients in the
equivalence class of f/Fi mod pk and since pk is in the ideal, we can replace f by
FikGk. By Hensel’s Lemma, (Fi, G) = Zp[x] and so we can find polynomials A,B
so that AFi+BG = 1. Then modulo pk, this becomes AkFik+BkGk ≡ 1 mod pk.
Then AkFik

k + (BkFik
k−2)FikGk = Fik

k−1 and the elements on the left are in our
ideal, so the right is too. Continuing, we conclude that Fik is in our ideal. Since
any element of the ideal is a combination of Fik, p

k and these elements generate
the ideal, we are done. �

Now, we are ready to prove the key proposition. We take Z[α] and com-

plete it at some Ii. By the lemma, Z[α]/Ii
k ≡ Z[x]/(pk, Fik). If we can show

that lim←−Z[x]/(pk, Fik) = Zp[x]/(Fi), then we can find lim←−OK/Ii
kOK . By the

above proposition, IiOK = Pi
m for some prime Pi of OK and so this is just

lim←−OK/Pi
mkOK which is Zp[x]/(Fi) by assumption. Thus, the completions are

the same and so by the exact sequences property, we conclude that OK = Z[α] as
desired.

We need to show that lim←−Z[x]/(pk, Fik) = Zp[x]/(Fi). Suppose g + (Fi) ∈
Zp[x]/(Fi). Then we have a map T : Zp[x]/(Fi) → lim←−Z[x]/(pk, Fik) that takes

g+ (Fi) to the sequence [gk + (pk, Fik)]k. i.e, it reduces the coefficients of g modulo
pk to some polynomial gk with integer coefficients. If g, g′ differ by some element of
(Fi), then modulo p, then their projections into (Z/pkZ)[x] differ by some element
of (Fik) and so T is well-defined. If T (g) = 0, then gk + (Fik, p

k) = (Fik, p
k) for

each k. Thus, we can write gk−hk ≡ 0 mod pk for some hk ∈ (Fik). Observe that
gk ≡ gk+1 mod pk. Thus, hk ≡ hk+1 mod pk as well. Thus, (hk) is a coherent
sequence in lim←−Z[x]/(pk) and so we can think of it as some element h ∈ Zp[x].

hk ∈ (Fik) for each k and the elements for which this is the case are those that are
actually multiples of F . Thus, h ∈ (F ) and so h+(F ) = (F ). But also g ∼ h and so
g+(F ) = (F ). This proves injectivity. For surjectivity of T , we take some coherent
sequence [gk + (pk, Fik)]k. Then we have g1 ≡ g2 mod p1, Fi1 and so there is some
c1 so that g2 + c1Fi1 ≡ g1 mod p1. Let g′1 = g1, g

′
2 = g2 + c1Fi. In this way, we

can build a sequence (g′k) so that g′k+1 ≡ g′k mod pk. Thus, (g′k) ∈ Zp[x] and we
see that T (g′k) = (gk). This completes our proof of the result.
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Before proving a useful corollary, we give a word of warning to the reader. One
may be tempted to think that the requirement that primes in Z[α] do not split in
OK can be removed somehow. In general, this is not the case. For instance, the

ring of integers of the splitting field of x2 + 7 over Q is Z[−7+
√
−7

2 ] which is strictly

bigger than Z[
√
−7]. However, for any odd prime p ∈ Z, 1

2 ∈ Zp so that Zp[
√
−7] =

Zp[−7+
√
−7

2 ]. If p = 2, then Z2 actually contains
√
−7. Thus, −7+

√
−7

2 ∈ Q2 and
since Z2 is integrally closed (among other reasons, it is a UFD), it must contain
−7+

√
−7

2 . Thus, in all cases, ζp[
√
−7] = ζp[

−7+
√
−7

2 ] and so the above theorem would

force us to conclude that the ring of integers for this extension is Z[
√
−7] which it

is not. However, the reader can check that the prime (2, 1 +
√
−7) ⊂ Z[

√
−7] splits

in Z[−7+
√
−7

2 ].

Corollary 6.13. For ζ a primitive pαth root of unity, K = Q[ζ], OK = Z[ζ].

Proof. By 6.8, we need only conclude that no prime in Z[ζ] splits over OK . Pick
some prime q ∈ Z, let (q, fi(ζ)) be a prime sitting over q in Z[ζ] (so fi is an
irreducible factor of Φpα modulo q. Crucially, we recall that the primes of OK
sitting over q correspond to factors of Φpα over Qp. If q = p, then Φpα is actually

Eisenstein and so irreducible over Qp. Also, Φpα ≡ xϕ(p
α) mod p. Thus, there is

only a single prime over q in both OK and Z[ζ] and so there can be no splitting. If
q 6= p, then all the roots of Φpα are distinct modulo q. In other words, there are no
repeated irreducible factors of Φpα mod q. Thus, each irreducible factor is coprime
to the others and so lifts to a factorization in Qq via Hensel’s Lemma. Thus, the
factorization of Φpα is the same over Qq as over Z/qZ. and so the number of primes
sitting over q is the same in Z[ζ]. Since we have argued that no prime in OK can sit
over two different primes in Z[ζ] and that each prime in OK sits over some prime,
it follows that each prime of OK sits over exactly one prime of Z[ζ]. Thus, there is
no splitting. �

Incidentally, this sort of argument will work for any polynomial that at each
prime q is either Eisenstein or has all its factors distinct modulo q.

We now show how to combine our knowledge of the ring of integers and discrim-
inants of primitive pαth roots of unity, to find the ring of integers at any N .

Proposition 6.14. If L,K are finite separable extensions of a field F so that
LK/F is in extension of degree [L : F ][K : F ], then if e1, ..., em is a basis for L and
f1, ..., fn a basis for K, we have that eifj form a basis for LK/F and disc(eifj) =
disc(ei)

ndisc(fj)
m.

Proof. A typical element of the matrix whose determinant gives disc(eifj) is of the
form TrLK/F (eifjekfl). Now, we observe that since e1, ..., em are all elements of
L, TrL/F (eiek) = TrLK/K(eiek) (we can construct the matrix Meiek in L and then
the same matrix works in LK). In particular, this means TrLK/K(eiek) ∈ F . Then
by proposition 3.15,

TrLK/F (eifjekfl) = TrK/F (TrLK/K(eifjekfl)) = TrK/F (fjfl · TrLK/K(eiek))

= TrK/F (fjfl · TrL/F (eiek)) = TrL/F (eiek) · TrK/F (fjfl)

Thus, if we consider the matrix A for the discriminant of (eifj), the matrix B for
disc(ei), and C for disc(fj), then we simply have A = B ⊗ C. It is a well known
fact that det(B ⊗ C) = det(B)n det(C)m. �
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Notice that if we can show that OK ·OL = OKL then this gives an expression of
disc(OLK/Z) in terms of disc(OK/Z),disc(OL/Z).

Proposition 6.15 (Milne 6.5). Suppose that L,K are finite separable extensions
of Q so that [LK : Q] = [L : Q][K : Q]. Then OK·L ⊂ 1

dOK · OL where d is the
GCD of disc(OK/Z), disc(OL/Z).

Proof. Let (α1, ..., αm), (β1, ..., βn) be integral bases of K and L respectively. Then
αiβj is a basis for K ·L and so any element of γ ∈ OKL can be written in the form
γ =

∑
ij

aij
r αiβj for aij , r ∈ Z. After cancelling out common divisors between the

aij and r, it suffices to show that r|d.
We consider the set of field homomorphisms from LK/L → C and notice that

these are in bijection under the restriction map with the homomorphismsK/Q→ C.
If we let xi =

∑
j

aij
r βj and consider the homomorphisms σ1, ..., σm from LK/L→ C,

then applying each one gives an equation
∑
i

σk(αi)xi = σk(γ).

If we let D = det(σj(αi)), then Cramer’s rule gives Dxi = Di (Di is the matrix
where we replace the ith column of D with xi). D2 = disc(OK/Z) = δ and so
δxi = DDi. By construction, both D,Di are algebraic integers and so therefore so is

δxi. But then δxi =
∑
j

δaij
r βj and since δxi is algebraic and the βj form an integral

basis,
δaij
r ∈ Z so that r|δ. Similarly, we can get this result for disc(OL/Z). �

In particular, if the discriminants disc(OK/Z),disc(OL/Z) are relatively prime,
then we see that OKL = OK ·OL.

By proposition 6.14, we can combine the discriminant values for each prime

power dividing N to get that disc(ΦN ) = (−1)
ϕ(N)

2
nϕ(n)∏

p|N
p
ϕ(N)
p−1

. Moreover, we can

multiply the rings of integers to show that the ring of integers of a primitive Nth
root of unity is Z[ζ].

7. Galois Extensions

Suppose L,K are fields and L is a finite extension of K. Suppose we consider
a prime ideal P of OK . Then since OL is a Dedekind domain, POL has a unique
factorization into prime ideals of OL. POL contains P which is a maximal ideal
of OK , and POL ∩ OK is prime. Thus, POL ∩ OK = P so that POL sits over P .
Conversely, if Q sits over P , then P ⊂ Q and so Q is in the factorization of P .

Proposition 7.1. If Aut(L/K) is the group of automorphisms of L fixing K, and
P is a prime ideal of OK then Aut(L/K) acts on the set of prime ideals lying over
P .

Proof. Suppose a ∈ OL. Then a is the root of some of some polynomial f ∈ OK [X].
Then σ(a) must also be a root of f and so is in OL. Thus, each σ ∈ Aut(L/K)
restricts to an automorphism of OL. Now, the image of a prime ideal is prime under
an automorphism. Moreover, if Q sits over P then σ(Q)∩P = σ(Q∩P ) = σ(P ) = P
and so σ(Q) sits over P . �

Proposition 7.2. If L is Galois over K, then Gal(L/K) acts transitively on the
prime ideals sitting over P .
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Proof. Suppose that Gal(L/K) does not act transitively on the primes over P .
Then if Q lies over P , there is some Q′ not in the Gal(L/K)-orbit of Q. Now all
the primes ideals of OL are maximal and so pairwise coprime. Thus, by the Chinese
Remainder Theorem, we can pick some x ∈ OL so that x ≡ 1 mod σ(Q) for all
σ ∈ Gal(L/K) and x ≡ 0 mod Q′. Then NL/K(x) =

∏
σ∈Gal(L/K) σ(x) ∈ K.

Since x is one of the terms of this product, the product is in Q′ and so in P .
However, since x /∈ σ(Q) for each σ, σ−1(x) /∈ Q for each σ. This is true for each
σ and since Q is prime, this implies NL/K(x) /∈ Q and so cannot be in P . This is
a contradiction and so proves transitivity as desired. �

If Q,Q′ are primes in OL sitting over P , then there is some σ ∈ Gal(L/K) so
that σ(Q) = Q′. Thus, σ(Qe) = Q′

e
and so if one of the prime powers contains P ,

so does the other. Such a σ also gives an isomorphism between OL/Q and OL/Q
′.

Thus, if L/K is a Galois extension, then any prime P of OK factors as
n∏
i=1

Qi
e

where the ramification index e and the inertia degree f is fixed for all Qi.

Proposition 7.3. Suppose L = K[α] is a finite separable extension of fields. Sup-
pose that OL = OK [α]. If f(x) is the minimal polynomial of α and P is a prime
ideal of OK , then the factorization of f(x) modulo P determines the factorization of

the ideal POL. In particular, if f(x) ≡ g1(x) · ... ·gn(x) mod P , then POL =
n∏
i=1

Pi

where Pi = (P, gi(α)) and is prime.

Proof. OL ∼= OK [x]/(f(x)). The prime ideals of OL sitting over P are precisely
the prime ideals of OK [X] that contain (f(x), P ) or in other words, prime ideals of
OK [x]/(f(x), P ) which is the same as prime ideals of (OK/P )[x]/(f(x)). But OK is
a Dedekind domain and so prime ideals are maximal. Thus, OK/P is a field and so
(OK/P )[x] is a PID. If (g(x)) is a prime ideal of (OK/P )[x] containing (f(x)), then
g(x)|f(x) ∈ (OK/P )[x] and g(x) is irreducible. In other words, the prime ideals
sitting over P in OL correspond precisely to the irreducible factors of f mod P
and are given by (P, gi(α)).

�

Observe that the situation described in the previous proposition is precisely the
situation we have for the primitive cyclotomic extensions. Thus, to determine how
the prime ideals (p) ⊂ Z decompose in Q(ζN ), we need only investigate how ΦN (x)
factors modulo (p). Moreover, the extension Q(ζ) is Galois and so by the remark
after proposition 7.2, the irreducible factors of ϕN (x) modulo (p) all have the same
degree and divide ΦN (x) the same number of times. To figure out the factorization
of ΦN (x) modulo (p) we consider its splitting field over Z/pZ.

Proposition 7.4. There is precisely one finite field of characteristic p of cardinality
pn for each n ∈ N.

Proof. We recall that splitting fields are isomorphic. Thus, we need only show that
if K has cardinality pn, then it is the splitting field of a particular polynomial.

If α ∈ K∗, then α|K
∗| = 1 and so α is a zero of xp

n−1 − 1. Thus, any element of
K is a zero of xp

n − x. But the derivative of this polynomial is pnxp
n−1 − 1 = −1

in any field of characteristic p, so that this polynomial has no multiple roots. Since
it is degree pn, it has exactly pn roots and so these must be all the elements of K.
Thus, K is precisely the splitting field of xp

n − x. �
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Proposition 7.5. A splitting field K of cardinality pN has Galois group Z/NZ over
Z/pZ and the Frobenius automorphism σp : α 7→ αp generates the Galois group.

Proof. Just by consideration of elements, K is an N -dimensional vector-space over
Z/pZ and so must be a degree N extension. Thus, the Galois group has N elements.
We recall that the multiplicative group of a finite field is cyclic and so is isomorphic
to Z/(pN − 1)Z. Thus, we can pick some generator g ∈ K and we observe that

gp
N

= g but this is true for no smaller power. Thus, σp has order N and so generates
the entire Galois group. �

Proposition 7.6. If K is the finite field of cardinality pN , then it is the splitting
field of every irreducible polynomial f of degree N over Z/pZ.

Proof. Let L be the splitting field of some irreducible polynomial f of degree N .
By the previous arguments Gal(L/(Z/pZ)) must be cyclic and generated by the
Frobenius automorphism σp. Now, since f is irreducible, Gal(L/(Z/pZ)) acts tran-
sitively on the roots of f and so for any roots α, β, there is some power a of σp so
that σp

a(α) = β. Thus, the orbit of any root of f given by the action of σp contains
all roots. In particular, this means that the order of σp is just N (since f has N
distinct roots) and so the Galois group is Z/NZ. Thus, the extension is degree N
and so L = K. �

Proposition 7.7. Let K be the splitting field of ΦN over Z/pZ. Then if pα is the
maximal power of p that divides N , we have that e, the ramification index of primes
dividing pOK , is ϕ(pα) where ϕ is Euler’s ϕ-function.

Proof. The Nth roots of unity are given by ζa where ζ = e
2πi
N . All of these are

contained in K and since K = [Z/pZ](ζ), the action of any automorphism is totally
determined by its action on ζ. Now, if σp is the Frobenius map, then we observe
that this must be an automorphism of K (in fact it generates the Galois group). If
pα is the largest power of p dividing N , then consider the action of σp

α. This takes
any Nth root of unity to an N/pαth root of unity. Moreover, if ζa is primitive, then
it has order N , and so σp

α has order N/pα and so is a primitive N/pαth root of
unity. If we consider the action of σp

α on the exponents of the ζa, then we see that
it gives a homomorphism from Z/NZ to pαZ/NZ ∼= Z/(N/pα)Z. Since we know
σp
α is an automorphism, it follows that all the roots in the kernel of this map must

be the same element in K. However, since (N/pα, p) = 1 all the roots in the image
of the homomorphism are distinct (proof of proposition 6.5) and so this is precisely
the number of roots that are the same. σ is surjective, since for any cpα ∈ pαZ/NZ,
σp
α(c) = cpα. Thus, the kernel has pα elements. Now, since the irreducible factors

of ΦN don’t share roots, we see that the number of primitive Nth roots of unity that
are actually the same element gives the exponent of each factor in the factorization
of ΦN modulo p and this corresponds to the ramification index. Now, primitive
Nth roots map to primitive N/pαth roots. There are ϕ(N)/ϕ(pα) of the latter
roots and ϕ(N) of the former. Thus, each primitive Nth root is identified with
ϕ(pα) others. �

We recall that the inertia degree of p with respect to the splitting field L of ΦN
over Q is precisely the degree of the field extension (OL/POL)/(Z/pZ) which is just
K/(Z/pZ) whose degree is the order of σp. σp acts as multiplication by p on the
exponents of the primitive N/pαth roots of unity and so f is precisely the order of
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p in the multiplicative group Z/(N/pαZ). Since we have determined e, f , it follows
from proposition 4.7 that the number of different primes that (p) splits into is given
by ϕ(N)/ef .

Proposition 7.8. If Q(
√
n) is a quadratic extension (so n is squarefree), then the

rings of integers are Z[n+
√
n] if n ≡ 2, 3 mod 4 and Z[n+

√
n

2 ] otherwise.

Proof. By propositions (5.4, 5.5, 6.10) it suffices to show the ring of integers in Qp
are Z[n+

√
n],Z[n+

√
n

2 ] respectively and that at any prime p, these polynomials are
either Eisenstein or have distinct roots modulo p. If n ≡ 2, 3 mod 4, then consider
n +

√
n. Its minimal polynomial is x2 − 2nx + n2 − n which has discriminant

4n2 − 4(n2 − n) = 4n. This polynomial is Eisenstein for any prime dividing n
and is also Eisenstein for 2. So for each prime dividing the discriminant, DQp =
Zp[n+

√
n]. If p does not divide the discriminant over Q, it certainly does not divide

the discriminant over Qp and so then DQp = Zp[n +
√
n] also. The derivative of

x2−2nx+n2−n is 2x−2n which modulo p for any odd p not dividing n (i.e. when
we are not in the Eisenstein case) has the root n. But n2− 2n2 + n2− n ≡ −n 6≡ 0
mod p and so n is not a root of the polynomial. Thus, its roots are distinct modulo
p.

If n ≡ 1 mod 4, then we consider n+
√
n

2 which has minimal polynomial x2−nx+

(n
2−n
4 ). This has discriminant n2−n2 +n = n. Modulo each prime dividing n, this

polynomial is Eisenstein, and any other prime does not divide the discriminant. So

at each p, the ring of integers is Zp[n+
√
n

2 ]. The derivative is 2x − n and so when
we are not in the Eisenstein case and are at some odd prime, the root is n

2 . But
n
2
2 − n2

2 + n2−n
4 = −n

4 . n 6≡ 0 mod p and so this is not a root. If p = 2, then
there is no root of the derivative. So in all cases, the roots are all distinct and so

Z[n+
√
n

2 ] is the ring of integers. �

Consider Q(ζp). Then the Galois group is cyclic and so there is exactly one

subgroup of order p−1
2 , and this corresponds to a unique quadratic extension within

Q(ζp). Now the discriminant of a quadratic extension is 4n or n, and by proposition
4.9 the primes that ramify are those that divide the discriminant. But if a prime
ramifies in a quadratic subextension of Q(ζp), then it must ramify in Z[ζp] as well.
This means one of 4n, n divides disc(Q(ζp)) = ±pp−2. Thus, the only possibility is
if n = ±p and n ≡ 1 mod 4.

8. Frobenius Elements and Quadratic Reciprocity

Let K/Q be a finite Galois extension. If we pick some prime (p) ⊂ Z, then we
can choose a prime P ⊂ OK that sits over (p) and consider the stabilizer GP of P
with respect to the action of the Galois group on the primes sitting over p. This
is a subgroup of the Galois group called the decomposition group of P . Since GP
maps P to itself and OK to OK , each element of GP restricts to an automorphism
of (OK/P )/(Z/pZ).

Proposition 8.1. If K ′ is the fixed field of GP and P1 is some lift of (p) in OK′

so that P sits over P1, then the inertia degree f and ramification index e for P1

over K are both 1.

Proof. Observe that by the identity of proposition 4.8 we have for P ⊂ OK that for
P over Q, efr = [K : Q] where r is the number of primes P splits into. Similarly,
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we can consider the same identity for P over K ′ (K is a Galois extension of K ′).
We get that e′f ′r′ = [K : K ′]. But since every element of the Galois group GP
fixes P and recalling that the Galois group acts transitively on primes sitting over
P1, we see that P1 cannot split over K. Thus, r′ = 1. Also, the number of
cosets of Gal(K/Q)/GP (this need not be a group but we can still look at cosets)
correspond to the number of primes that (p) splits into. Thus, [K ′ : Q] = r and so
e′f ′r′ = e′f ′ = [K : K ′] = ef . We can also consider the inertia and ramification

behavior of P1 and observe that since we have the identity
r∑
i=1

eifi = r, we must

have each ei = fi = 1 and so in particular, e1 = f1 = 1. Now, e = e′e1, f = f ′f1
and so e = e′, f = f ′. �

Proposition 8.2. The restriction map R : GP → Gal((OK/P )/(Z/pZ)) defined in
the above discussion gives a surjective homomorphism of groups. If the extension
is unramified at P , it is an isomorphism.

Proof. Observe that if K ′ is the fixed field of GP , then since the inertia degree of any
prime P ′ sitting under P in OK′ is 1 over Q, we have Z/pZ ∼= OK′/P

′ and so clearly
any element of Gal((OK/P )/(Z/pZ)) is also an element of Gal((OK/P )/(OK′/P

′)
(since we also have the inclusions Z ⊂ OK′ , (p) ⊂ P ′).

Pick some primitive element α ∈ OK/P so that Z/pZ[α] = OK/P and so
OK′/P

′[α] = OK/P as well. Then we can choose some α ∈ OK as a represen-
tative of the α equivalence class. If f is the minimal polynomial of α over OK′ and
g the minimal polynomial of α over OK′/P

′, we see that g divides f mod P ′. Since
K contains a root of f and is Galois, it splits f and so gives a transitive action on
the roots. Now take some σ ∈ GP . Then the action of σ is determined by where
it maps α and so to find a σ ∈ GP satisfying R(σ) = σ, we need only find some σ
that maps α to some α′ that restricts to σα. But σα is a root of g and so is the
restriction of some root α′ of f . Since Gal(K/K ′) = GP acts transitively on the
roots of f (since f is minimal and so irreducible) we can pick some σ ∈ Gal(K/Q)
that maps α to α′. This shows surjectivity.

If K is unramified at P , then |GP | = f and since |Gal((OK/P )/(Z/pZ))| = f
we must have an isomorphism. �

Suppose we are in the situation where K/Q is a Galois extension and is unram-
ified at the the prime (q) ⊂ Z. Then if Q is some prime sitting over (q) in OK ,
Gal((OK/Q)/(Z/qZ)) is generated by the Frobenius automorphism σq and this has
a unique lift to an automorphism σq ∈ Gal(K/Q) that restricts modulo Q to σq.
Let K = Q(ζp) for some prime p and let q be an odd prime of Z with p 6= q. Now,
pick some prime Q ⊂ OK sitting over (q) and consider σQ. Suppose Q′ is some
other prime sitting over Q. Then Gal(K/Q) acts transitively on Q and so there is
some τ ∈ Gal(K/Q) so that τ(Q) = Q′. Then by definition, for any α ∈ Gal(K/Q),
σQ(α) = αq+a for some a ∈ Q. Then (τ ◦σp◦τ−1)(α) = τ(τ−1(α)q+a) = αq+τ(a)
where we see that τ(a) ∈ Q′. Thus, σQ′ = τσQτ

−1. Since the Galois group of K/Q
is Abelian (in fact it is isomorphic to Z/p−1Z) we see that σQ = σQ′ for any Q,Q′

sitting over (q) and so we can unambiguously call such an element σq. Now, the
primitive pth roots of unity are all distinct mod q and so σq must map ζp 7→ ζp

q.
There is only one automorphism that does this and so this is σq.
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Proposition 8.3. q is a square in Z/pZ if and only if q
p−1
2 ≡ 1 mod p.

Proof. If q is a square in Z/pZ, then there is some a so that a2 ≡ q mod p. Then

1 ≡ ap−1 ≡ q
p−1
2 mod p. Conversely, if q

p−1
2 ≡ 1 mod p, then pick some g that

generates the multiplicative group (since it is cyclic). We have gx = q for some x

and g
p−1
2 x ≡ q

p−1
2 ≡ 1 mod p. Since g is a generator of the multiplicative group,

this means that p−1|p−12 x, and so in particular, x is even. Then (g
x
2 )2 ≡ q mod p

and so q is a square. �

In particular, we have proven that q is a square mod p if and only if it lies in
the maximal subgroup of the multiplicative group that is of order p−1

2 . But this is
precisely the subgroup of Gal(K/Q) that fixes the unique quadratic sub-extension

Q(

√
(−1)

p−1
2 p). In other words, σq acts as the identity map on K ′ and so for any

prime lying above Q, Gal((OK′/Q)/Z/qZ) is trivial. Thus, x2 − (−1)
p−1
2 p must

factor modulo q and so (−1)
p−1
2 p is a square modulo q precisely when q is a square

modulo p. In Legendre Symbols, this is (−1)
p−1
2

q−1
2 (pq ) = ( (−1)

p−1
2 p

q ) = ( qp ) which

is quadratic reciprocity.
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