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Abstract. This paper aims to develop the theory of p-adic integers and their

basic algebraic and topological properties. It introduces the field of p-adic

numbers and the p-adic completion of the rationals, though this is not the
main focus of the paper and some proofs are omitted in the interest of brevity.

Hensel’s lemma concerning roots of polynomials over Zp is introduced along

with limits, concluding with a discussion of Newton polygons. This paper
assumes a basic knowledge of analysis, abstract algebra, and Galois theory,

though many of the most important definitions are nonetheless provided.
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1. The p-adic Integers

Definition 1.0.1. Let p be a fixed prime number. A p-adic integer is defined as a
series of the form:

∞∑
i=0

aip
i = a0 + a1p+ a2p

2 + · · ·

where each coefficient is an integer with 0 ≤ ai ≤ p− 1.

We denote the set of p-adic integers Zp. Just as we would express a natural number
in alternative base, we can express any natural number in base p as a p-adic integer
with finitely many non-zero coefficients. Note that Zp is uncountable. Suppose we
express the natural numbers as a sequence of p-adic integers:

1 =
∑
i≥0

aip
i, 2 =

∑
i≥0

bip
i, · · · .

Here a0 = 1 and ai = 0 for all i ≥ 1, and similarly for all other natural numbers.
Now, we can construct a new p-adic integer x =

∑
i≥0 xip

i, letting

x0 6= a0, x1 6= b1, · · ·
so that x 6= n for all n ∈ N, and thus N ⊂ Zp.

1.1. Addition in Zp. For two p-adic integers, a =
∑
i≥0 aip

i, b =
∑
i≥0 bip

i,

we define the sum c = a + b as c =
∑
i≥0 cip

i, where c0 is defined as a0 + b0 if
a0 + b0 ≤ p − 1 and if not, we let c0 = a0 + b0 − p and add a “carry” term to the
next coefficient, as we would when adding real numbers. We define each subsequent
ci similarly.

1.2. Multiplication in Zp. The product of two p-adic integers is defined as the
product of their respective series expansions. As with addition, we carry when the
product of two coefficients is greater than p− 1 (following the same procedure that
we use when multiplying real numbers).

2. What is Zp?

2.1. (Zp,+) is an Abelian Group. In order to study further the properties of
the p-adic integers, we want to know what sort of object Zp is. By analogy with
real numbers, it is clear that addition of p-adic integers is closed, associative, and
commutative, and that the additive identity element is just the series with all
coefficients equal to 0. What about additive inverses? Let’s start with −1. We
want to find a p-adic integer a =

∑
i≥0 aip

i such that a+ 1 = 0. Keeping in mind
the carry system, we see that if we let a be the series

a =
∑
i≥0

(p− 1)pi = (p− 1) + (p− 1)p+ (p− 1)p2 + · · ·

the first component of the sum will be 1 + (p− 1) = p. We carry and are left with
0. The next term is 0 + (p − 1) + 1 (once we add the carry term) which becomes
zero once we carry again, and so on. The desired equality holds, and we see that
a = −1. Now, if we have any p-adic integer α =

∑
i≥0 αip

i, we can define an
additive inverse:

γ =
∑
i≥0

(p− 1− αi)pi
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This number is well-defined as a p-adic integer since 0 ≤ αi ≤ p − 1 =⇒ 0 ≤
p − 1 − αi ≤ p − 1. By the above argument, α + γ + 1 = 0, so for any α ∈ Zp we
have an additive inverse, specifically, γ + 1. Since the p-adic integers have additive
inverses, Zp together with addition form an abelian group. As a consequence, we
see that we can now represent the negative integers as p-adic integers. In other
words, Z ⊂ Zp.

2.2. (Zp,+, ·) is a Ring. As with addition, multiplication of p-adic integers is
closed, commutative, and associative by analogy with multiplication of real num-
bers. The multiplicative identity is just 1 = 1 + 0 · p+ 0 · p2 + · · · , so (Zp,+, ·) is a
ring.

2.3. (Zp,+, ·) is an Integral Domain. We already have a commutative ring, so
we only need to show that there are no zero divisors in Zp

Proposition 2.3.1.

For all a, b ∈ Zp a · b = 0 ⇐⇒ a = 0 or b = 0

Proof. Let a =
∑
i≥0 aip

i, b =
∑
i≥0 bip

i ∈ Zp and suppose a · b = c =
∑
i≥0 cip

i. If
a and b are both non-zero, they each have some non-zero coefficient, say an for a
and bm for b. By definition of p-adic multiplication, we will have:

cn+m ≡ anbm mod p.

Since p doesn’t divide an or bm it does not divide anbm ⇒ cn+m 6= 0, so c 6= 0 and
thus

a · b = 0 ⇐⇒ a = 0 or b = 0

�

Since Zp is clearly not just {0}, Zp must be an integral domain.

2.4. (Zp,+, ·) Is Not a Field. We have shown that Zp is an integral domain,
so the question becomes, “Do the p-adic integers form a field?” Unfortunately, the
answer is no. As it turns out, most nonzero p-adic integers, specifically, those whose
first coefficient is equal to zero, fail to have inverses. Before we prove this fact, we
need a new definition.

Definition 2.4.1. We define reduction modulo p as the map ε : Zp → Z/pZ given
by

a =
∑
i≥0

aip
i 7→ a0 mod p.

It can easily be shown that ε is a surjective ring homomorphism. Note that the
kernel of this map is the set {

∑
i≥0 aip

i : a0 = 0} = pZp.

Proposition 2.4.2. A p-adic integer a =
∑
i≥0 aip

i is invertible if and only if
a0 6= 0. In other words,

Z×p =

a =
∑
i≥0

aip
i ∈ Zp : a0 6= 0

 .
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Proof. Since ε is a homomorphism, we know that if a p-adic integer has an inverse,
then its reduction mod p must also have an inverse. Since the kernel of the reduction
mod p map is the set of p-adic integers with first coefficients equal to zero, we must
have Z×p ⊂ {

∑
i≥0 aip

i : a0 6= 0}. Now we need to show that the sets are equal.

Clearly, given a ∈ Zp with a0 6= 0, ε(a) is nonzero and, since p is prime, has
an inverse b0 satisfying 0 < b0 < p and a0b0 ≡ 1 mod p. We can express this
congruence as a0b0 = 1 + kp. If we let a = a0 + pα, we will have

a · b0 = (a0 + pα)b0 = a0b0 + pαb0 = 1 + tp

for some t ∈ Zp. If we can show that 1 + tp is invertible, then we will have an
inverse for a, since we can write

a · b0(1 + tp)−1 = 1, a−1 = b0(1 + tp)−1.

We have shown that if we can find an inverse for p-adic integers of the form a =
1 + tp, then we can find an inverse for any p-adic integer whose first coefficient is
nonzero. But we can always let

(1 + tp)−1 = 1− tp+ (tp)2 − · · · = 1 + c1p+ c2p
2 + · · · ,

ensuring that all coefficients ci satisfy 0 ≤ ci ≤ p − 1. Now that we have found
an inverse for 1 + pt, we have an inverse for any p-adic integer with a nonzero first
coefficient, and we have proved the equality. �

Of course, most p-adic integers are of the form pα, where α ∈ Zp, so invertibility is
actually a very special trait among the p-adic integers, and thus Zp is not a field.
However, there is another important property that the p-adic integers do have,
which we will use later, but will not prove.

Proposition 2.4.3. Zp is a compact topological space.

Now that we have seen that Zp is not a field, we might wonder how to make it into
one. Considering the analogy with the set of regular integers Z, a natural way to
approach the problem would be to use the quotient field of the p-adic integers.

Definition 2.4.4. Let R be an integral domain. We define the field of fractions,
or quotient field, of R as the set{a

b
: a, b ∈ R, b 6= 0

}
,

which we denote Frac(R). Given a/b and c/d in Frac(R), we define the sum and
product:

(1)
a

b
+
c

d
=
ad+ cb

bd

(2)
a

b
· c
d

=
ac

bd

It is easy enough to show that Frac(R) is always a field, and a very familiar example
is the quotient field of the integers. In fact, by the definition of “normal fractions,”
we have Frac(Z) = Q. The rules for “canceling,” finding multiplicative inverses,
and such that hold in Q hold in any quotient field. Just as we can build the rational
numbers with the integers, we can construct a field of fractions using the p-adic
integers. However, before we do this there are some essential preliminaries that we
will have to address.
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3. Valuations, the p-adic Absolute Value, and Qp, the Field of p-adic
Numbers

3.1. Valuations. In order to continue our discussion of the p-adics, we will intro-
duce a new absolute value function, but we will start by defining it on the rationals,
and extend it to the p-adics later. Before we can do this, we need to introduce the
idea of a valuation, with which the reader may not be familiar. Now we introduce
the symbol ∞, along with the conventions ∞+∞ =∞ and a+∞ =∞+ a =∞
for all a ∈ Zp.

Definition 3.1.1. We define a valuation on a space K as a map v : K → R∪ {∞}
satisfying the following properties for all x, y ∈ K:

(1) v(x) =∞ ⇐⇒ x = 0
(2) v(xy) = v(x) + v(y)
(3) v(x+ y) ≥ min{v(x), v(y)}

Proposition 3.1.2. The following hold for all valuations v.

(1) v(1) = 0 for any valuation v.
(2) v(x) 6= v(y) =⇒ v(x+ y) = min{v(x), v(y)}

Proof. Easy. �

Definition 3.1.3. First, note that any x ∈ Q can be written as

x = pk
a

b
, ,

where p is a prime, k, a, b ∈ Z, and (p, a, b) = 1. Let x = pk(a/b) ∈ Q. We define
the p-adic valuation as v(x) = k, or the greatest power of p that divides x. The
p-adic valuation of a number is also referred to as its order.

Proposition 3.1.4. The map we have defined as the p-adic valuation satisfies the
conditions requisite for a valuation.

Proof. Easy. �

3.2. The p-adic Norm. Now that we have defined the p-adic valuation, we can de-
fine a p-adic norm and corresponding metric, giving us an alternate way to compare
the sizes of rational numbers (instead of the usual absolute value) and, eventually,
p-adic numbers.

Definition 3.2.1. If x is some rational number we define the p-adic norm |·|p : Q→
R as

|x|p =

{
p−v(x) , x 6= 0
0 , x = 0

.

This definition of absolute value gives us a corresponding metric, or a way to mea-
sure the distance between two rational numbers x and y: dp(x, y) = |x− y|p.

Proposition 3.2.2. Let x, y ∈ Q. The p-adic absolute value satisfies the following
properties

(1) |xy|p = |x|p · |y|p
(2) |x+ y|p ≤ max{|x|p, |y|p} ≤ |x|p + |y|p
(3) |x|p = 0 ⇐⇒ x = 0



6 JULIAN MAROHNIC

Proof. Left to the reader. �

Notice that the second property tells us that the p-adic absolute value satisfies an
inequality stronger than the usual triangle inequality. Norms satisfying this inequal-
ity are called non-archimedean or ultrametric. It turns out that non-archimedean
metric spaces have some truly fascinating properties, but we will not have time to
discuss them in depth here.

We know that Q is not complete with respect to the usual absolute value, and so
we introduce R as its completion. However, we now have an entirely new absolute
value function, and an entirely new set of Cauchy sequences. For example, the
sequence

1, p, p2, p3, · · ·
is Cauchy with respect to the p-adic metric, and it can easily be shown that this
sequences converges to zero. However, consider the sequence

p, p+ p2, p+ p2 + p3, · · · .
Clearly, this is also a Cauchy sequence, though it certainly does not converge to
anything in Q. In fact, it converges to the series

∑
i≥0 p

i, which we know as a p-adic
integer. This “convergence” of course suggests a solution to our problem and a way
to complete Q with respect to the p-adic metic. However, we will certainly need
something more than the p-adic integers, since we have already seen that Zp is not
a field.

3.3. The p-adic Numbers.

Definition 3.3.1. We define the field of p-adic numbers to be the set Qp = Frac(Zp)
along with the operations + and · as they were defined for a general quotient field.

Note that Zp is a subset of Qp, and since Z ⊂ Zp, we get that Q ⊂ Qp. We might
hope that there is some simple relationship between the p-adic numbers and the
series expansions that we used for the p-adic integers, and as it turns out, there is.

Proposition 3.3.2. Any x ∈ Qp can be represented as a series of the form
∞∑
i=m

aip
i = amp

m + am+1p
m+1 + · · ·+ a0 + a1p+ · · · ,

where m is an integer and we have integral coefficients ai ∈ [0, p− 1].

Proof. We are trying to prove the equality∑
i≥m

aip
i : m, ai ∈ Z, 0 ≤ ai ≤ p− 1

 = Frac(Zp).

Suppose we have a series of the above form, and more specifically, one for which
m < 0 (i.e., not a p-adic integer). Then we can rewrite the series as a sum of several
terms:

amp
m + am+1p

m+1 + · · ·+ a0 + a1p+ · · ·

= am
1

p−m
+ am+1

1

p−(m+1)
+ · · ·+

∑
i≥0

aip
i,

where each ai ∈ Z and p−m ∈ Zp since m < 0. It follows that every term of the sum
that is not part of the infinite series term is of the form a/b where a, b ∈ Zp, and
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the infinite series is just a p-adic integer which is of the form a/1, where a ∈ Zp.
Now we just have a sum of elements of Frac(Zp), and of course if the first index m
is greater than or equal to zero, then the series will just be that of a p-adic integer,
which is also an element of Frac(Zp), so we see that {

∑
i≥m aip

i : m, ai ∈ Z, 0 ≤
ai ≤ p− 1} ⊂ Frac(Zp). Note that given a p-adic integer of order k, we can always
decompose it into the form pku, where u ∈ Z×p . Given any a/b ∈ Frac(Zp) with
v(a) = n and v(b) = k, we can express the quotient as

a

b
= ab−1 = cpn(dpk)−1 = (cd)pn−k.

Since c and d are p-adic units, v(cd) = v(c)+v(d) = 0 and the product cd ·pn−k will
be a series of the form

∑
i≥n−k aip

i, which is identical to the series representation
of the p-adic unit cd with coefficients “shifted” so that the series starts with index
n−k. If we have n < k, then the series will start with negative indices and negative
powers of p, and thus {

∑
i≥m aip

i : m, ai ∈ Z, 0 ≤ ai ≤ p− 1} ⊃ Frac(Zp). �

Now we can extend our definitions of the p-adic valuation and norm to Qp. Since
the p-adic valuation of a rational number x is equal to the highest power of p that
divides x, it follows that the p-adic valuation v(a) for some a ∈ Qp is just the
power of p corresponding to the first nonzero coefficient in the series expansion.
This number is also referred to as the order of a. We will now proceed to show
that Qp is a completion of Q with respect to the metric | · |p.

Proposition 3.3.3. Qp is complete with respect to | · |p.

Proof. Suppose we have a Cauchy sequence (xn) ∈ Qp. In other words, given ε > 0,
we can make |xi−xj | < ε by making i and j large enough. But that means that we
can make the p-adic order of the difference between two terms of the sequence as
large as we want. To make this idea more explicit, let ε = 1/pk. Then since (xn) is
Cauchy, we can ensure that v(xi − xj) > k. But this means that the first k terms
of xi and xj are the same, and clearly, that is the same as making the terms of the
sequence arbitrarily close to some p-adic number. Thus any sequence in Qp that is
Cauchy with respect to the p-adic metric will converge, and Qp is complete. �

Of course, it only remains to show that Q is dense in Qp, and the proof of this
fact will be left to the reader. It can also be shown (Ostrowski’s theorem) that the
p-adic absolute value (for all primes p) and the regular absolute value are the only
nontrivial absolute values that can be defined on Q.

4. Limits

Now that we have introduced the p-adic numbers, we will leave them behind for
a time and focus on just the p-adic integers, though we will return to Qp in the
section on polynomials. The definition of p-adic integers given above in terms of
infinite series is only one possible definition, and, as it turns out, of limited utility.
We can completely reformulate our definition of the p-adic integers using projective
limits, which will be referred to as simply “limits,” but once again we will have to
introduce several other new definitions before we can get to the central idea of this
section.
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Definition 4.0.1. Let x be some p-adic integer, x =
∑
i≥0 aip

i. We define reduc-
tion modulo pn as we defined reduction mod p:

εn(x) =
∑
i<n

aip
i mod pn.

Since εn(x) ∈ Z/pnZ, we have a mapping εn : Zp → Z/pnZ, and using arithmetic
in Zp, we see that this is actually a homomorphism.

Now, εn(x) approaches x as n tends to infinity, and likewise we can see that in
some sense the quotient rings Z/pnZ approach Zp.

Definition 4.0.2. We define a sequence (En, ϕn) of sets En and maps ϕn : En+1 →
En (n ≥ 0) as a projective system. We define the set E along with maps ψn : E →
En as the limit of the projective system (En, ϕn) if: For each set X and maps
fn : X → En such that fn = ϕn ◦ fn+1 there exists a unique factorization f of fn
through the set E:

fn = ψn ◦ f : X → E → En (n ≥ 0)

Proposition 4.0.3. For every projective system (En, ϕn) there exists a limit

E = lim←−En = {(xn) : ϕn(xn+1) = xn ∀n ≥ 0} ⊂
∏
n≥0

En

together with maps ψn : E → En. If (E′, ψ′n) is a limit of the same sequence, then
there exists a unique bijection f : E′ → E such that ψ′n = ψn ◦ f .

Proof. Omitted. �

Proposition 4.0.4. A limit of nonempty compact spaces is nonempty and compact.

Proof. By Tychonoff’s theorem, the product of any collection of compact topolog-
ical spaces is compact. If we have a projective system (En, ϕn), where each En is
compact, then their product will be compact as well, and by definition, we have
E = lim←−En ⊂

∏
n≥0En, so the limit must also be compact. The proof that the

limit is nonempty is left to the reader. �

Proposition 4.0.5. If we have a commutative ring A together with a sequence of
decreasing ideals In in A which form a projective system (A/In, ϕn) of quotient

rings and maps ϕn : A/In+1 → A/In then the limit Â = lim←−A/In is a topological

ring with continuous homomorphisms ψn : Â→ A/In.

Proof. Omitted. �

4.1. Limits and the p-adic Integers. We can now make use of the idea of limits
to formalize our thoughts about the quotient rings Z/pnZ converging to Zp. To
apply (4.0.5) to the p-adic integers, we need a decreasing sequence of ideals, which
we already have, since pn+1Z ⊂ pnZ. Moreover, Z is clearly a commutative ring.
We now have a projective system (Z/pnZ, ϕn), with maps ϕn : Z/pn+1Z→ Z/pnZ.

Theorem 4.1.1. The mapping Zp → lim←−Z/pnZ that maps the p-adic integer x =∑
i≥0 aip

i to the sequence (xn) of sums xn =
∑
i<n aip

i mod pn is an isomorphism.
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Proof. Referring to (4.0.3) we see that the limit of a projective system is the set
of sequences (xn) ∈

∏
Z/pnZ that satisfy ϕn(xn+1) = xn. In this case, the map

ϕ : Zp → Z/pnZ is given by:∑
i<n+1

aip
i mod pn+1 7→

∑
i<n

aip
i mod pn.

Thus the sequences (xn) that we are looking for are just p-adic integers reduced
mod pn, in other words, the partial sums of the series

∑
i≥0 aip

i. We still need to

show that we have an isomorphism. Given some p-adic integer x =
∑
i≥0 aip

i ∈ Zp,
the obvious choice is to map x to the corresponding sequence (xn) ∈ lim←−Z/pnZ.

Thus we have a map f : Zp → Z/pnZ:

x1 = a0, x2 = a0 + a1p, x3 = a0 + a1p+ a2p
2

as well as a map g : Z/pnZ→ Zp:

a0 = x1, a2 =
x2 − x1

p
, a3 =

x3 − x2

p2
, · · · .

We see that we have a continuous bijection between two rings, so we have an
isomorphism of topological rings. �

5. Polynomials in Zp and Qp
We have begun to explore the relationship between Zp and Z/pnZ. Now we will
consider the relationship between polynomials and their solutions over these rings,
and we will see how a solution in Z/pnZ is an “approximate” solution to the same
polynomial over Zp. Once we have spent some time studying polynomials over Zp,
we will move on to polynomials over all of the p-adic numbers.

Proposition 5.0.1. Let P (X,Y ) ∈ Z[X,Y ] be a polynomial in two variables with
integral coefficients. The equation P = 0 has a solution in Zp if and only if for all
n ≥ 0, P = 0 has a solution in Z/pnZ.

Proof. First, note that when we say that P (X,Y ) = 0 has a solution in some ring A,
we mean that there exists some pair (x, y) ∈ A×A such that P (x, y) = 0. Suppose
that we have a solution for P = 0 in Zp. Then there exists some x =

∑
i≥0 aip

i, y =∑
i≥0 bip

i ∈ Zp such that P (x, y) = 0. But if we define xn =
∑
i<n aip

i mod pn

and yn similarly, we see that P (xn, yn) = P (x, y) mod pn. So if we have a solution
in Zp, we have a solution in Z/pnZ.

Now, suppose we have a solution in Z/pnZ. We can always construct a solution in
Z/pn+1Z, so we can construct a sequence of finite sets

Xn = {(x, y) ∈ Z/pnZ× Z/pnZ : P (x, y) = 0}
along with maps ϕ : Xn+1 → Xn given by:∑

i≤n

aip
i,
∑
i≤n

bip
i

 7→ (∑
i<n

aip
i mod pn,

∑
i<n

bip
i mod pn

)
.

We have a sequence of sets and maps (Xn, ϕn), which must therefore have a limit
X = lim←−Xn ⊂ Zp × Zp. Since the limit of nonempty finite sets in nonempty, we
will have solutions for P = 0 in Zp. �
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There is one more fact that we will need to make use of later on.

Proposition 5.0.2. Let P (X) be a polynomial over some ring A. Then there exist
polynomials P1(X,Y ) and P2(X,Y ), also over A, such that

P (X + h) = P (X) + h · P1(X,h) = P (X) + h · P ′(X) + h2 · P2(X,h).

Proof. We will need to express the polynomial P (X) as a series with coefficients
an and a finite number of terms: P (X) =

∑
anX

n. Now we have

P (X + h) =
∑

an(X + h)n.

Using the binomial theorem, we get

P (X + h) =
∑

an(Xn + nXn−1h+ h2(· · · ))

=
∑

Xnan + h ·
∑

nanX
n−1 + h2 · P2(X,h)

= P (X) + h · P ′(X) + h2 · P2(X,h)

�

5.1. The Newtonian Algorithm. As mentioned earlier, a solution x to the poly-
nomial P ∈ Z/pnZ[X] is also an approximate solution for the same polynomial over
Zp, since we will still have P (x) ≡ 0 mod pn. Now we want to be able to improve
our solution. In other words, we want to be able to construct some new number x′

such that P (x′) ≡ 0 mod pn+1.

Suppose we have some polynomial P ∈ Z[X] and some x ∈ Z such that P (x) ≡
0 mod p. Since we only care that x is a solution modulo p, we can assume without
loss of generality that x is some integer a0 that satisfies 0 ≤ a0 ≤ p− 1. As before,
we want to construct some integer x̂ such that P (x̂) ≡ 0 mod p2. Since we are
looking for solutions modulo p2, we can express x̂ as some integer x̂ = a0 + a1p
(again, 0 ≤ a1 ≤ p− 1). Now, we must have P (x̂) ≡ 0 mod p2. Here we can apply
(5.0.2):

P (x̂) = P (a0 + a1p) = P (a0) + a1p · P ′(a0) + (a1p)
2 · b

where b is some integer. Since P (x) ≡ 0 mod p, we can write P (a0) = P (x) = pt
for some t ∈ Z, so now we have:

P (x̂) ≡ 0 mod p2 ⇐⇒ pt+ a1p · P ′(a0) ≡ 0 mod p2

Dividing through by p, we see that the congruence relation holds if t+ a1P
′(a0) ≡

0 mod p. Assuming P ′(a0) 6≡ 0 mod p, we can let a1 ≡ −t/P ′(a0) mod p, which
gives us

x̂ = a0 + a1p = a0 −
pt

P ′(a0)
= x− P (x)

P ′(x)
= Np(x)

which satisfies P (x̂) ≡ 0 mod p2. This formula may look familiar: it is the same as
Newton’s formula for approximating the roots of a real function.

Proposition 5.1.1. Let P ∈ Zp[X] and x ∈ Zp be such that P (x) ≡ 0 mod pn.
If v(P ′(x)) = k < n/2, we can use Newton’s algorithm to construct x̂ = Np(x) =
x− P (x)/P ′(x). We claim that x̂ satisfies

(1) P (x̂) ≡ 0 mod pn+1

(2) x̂ ≡ x mod pn−k

(3) v(P ′(x̂)) = v(P ′(x))
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Proof. First we show that x̂ ≡ x mod pn−k. Since P (x) ≡ 0 mod pn we know that
P (x) is of order n, so we can let P (x) = pny for some y ∈ Z×p , and likewise we let

P ′(x) = pku, where u ∈ Z×p . This is always possible if P ′(x) 6= 0 because we know
that P ′(x) is of order k. Substituting into Newton’s algorithm and subtracting x,
we get

x̂− x = − P (x)

P ′(x)
= −pn−kyu−1 ∈ pn−kZp.

Here we see when P ′(x) is of a small order, we get a “better” congruence relation.
In other words, when the order of the derivative at x is small, x is very close to x̂.
This is reminiscent of Newton’s approximation method for real functions. When
a p-adic number is of a larger order, it is small, by the p-adic metric we defined
earlier, and as a consequence the root obtained by the Newton algorithm is not
very close to it: it is only congruent modulo pn−k. Likewise, with real functions,
when the derivative small, the root obtained using Newton’s method can be quite
far away. Now, we want to show that P (x̂) ≡ 0 mod pn+1. Here we use a Taylor
expansion in x̂ at the point x.

P (x̂) = P (x) + (x̂− x)P ′(x) + (x̂− x)2 · t

= P (x)− P (x)

P ′(x)
P ′(x) + (x̂− x)2 · t = (x̂− x)2 · t

where t is some p-adic integer, since P ∈ Zp[X]. This gives us

P (x̂) = (x̂− x)2 ∈ p2n−2kZp = pn · pn−2kZp
By our assumption that k < n/2, we get that n − 2k ≥ 1, so pn · pn−2k ≥ pn+1

and thus P (x̂) ∈ pn+1Zp, so P (x̂) ≡ 0 mod pn+1. Finally, we need to show that
v(P ′(x̂)) = v(P ′(x)) = k. We will once again consider a Taylor expansion, this
time of P ′(x̂) at the point x:

P ′(x̂) = P ′(x+ (x̂− x)) = P ′(x) + (x̂− x) · s

= pku+ pn−kz = pk(u+ pn−2kz)

where z = −su−1y. We will once again use the condition that n − 2k > 0, so
n− 2k ≥ 1, as well as the fact that u ∈ Z×p , to get:

u+ pn−2kz ∈ u+ pZp ⊂ Z×p =⇒ pk(u+ pn−2kz) ∈ pkZp =⇒ v(P ′(x̂)) = k

�

5.2. Hensel’s Lemma. Using the Newtonian algorithm, we can take a solution x
to P mod pn and construct x̂ satisfying P (x̂) ≡ 0 mod pn+1. However, we want to
be able to produce a true solution ξ to P (X) ∈ Zp such that P (ξ) = 0.

Theorem 5.2.1 (Hensel’s Lemma). Suppose we have a polynomial P (X) ∈ Zp[X]
and x ∈ Zp satisfying P (x) ≡ 0 mod pn and k = v(P ′(x)) < n/2. Then P has a
unique root ξ ∈ Zp with ξ ≡ x mod pn−k and v(P ′(ξ)) = v(P ′(x)) = k.

Proof. First we need to show that such a root exists. Given such an x, which we will
rename x0, we can use the Newtonian algorithm described in (5.1.1) to generate
a p-adic integer x1 that satisfies P (x1) ≡ 0 mod pn+1, x1 ≡ x0 mod pn−k, and
v(P ′(x1)) = v(P ′(x0)) = k. We can continue this process indefinitely, generating
an infinite sequence (xm) of p-adic integers satisfying
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P (x0) ≡ 0 mod pn

P (x1) ≡ 0 mod pn+1

P (x2) ≡ 0 mod pn+2

...

as well as

x1 ≡ x0 mod pn−k

x2 ≡ x1 mod pn−k+1

...

and finally, we have v(P (xm)) = v(P (x0)) = k for all m. Note that this sequence
is Cauchy with respect to the p-adic metric that we defined earlier. Let xi and xj
be terms in the sequence and, without loss of generality, let i < j. Then we have

xi ≡ xj mod pn−k+i =⇒ |xi − xj |p ≤
1

pn−k+i
,

so by taking i sufficiently large, we can make the difference arbitrarily small, and
we have a Cauchy sequence. Since Zp is compact, the sequence converges to some
limit ξ ∈ Zp with P (ξ) = 0.

It remains to show that the root ξ is unique in Zp. Suppose that for a given x
satisfying P (x) ≡ 0 mod pn as well as the other conditions given in the hypothesis,
the polynomial had two roots in Zp, say ξ and η. We will certainly have

ξ ≡ η mod pn−k.

Since n > 2k, we have that n− k ≥ k+ 1 because n and k are integers, so it is also
true that

ξ ≡ η mod pk+1.

Here will use a Taylor expansion of P in η at ξ:

P (η) = P (ξ) + P ′(ξ)(η − ξ) + (η − ξ)2a.

But by definition P (η) = P (ξ) = 0, so we have

(η − ξ)
(
P ′(ξ) + (η − ξ)a

)
= 0.

Furthermore, v(P ′(ξ) = k and since η ≡ ξ mod pn−k we have v(η − ξ) ≥ n − k ≥
k + 1. This gives us v((η − ξ)a) > v(P ′(ξ)). Now we have

P ′(ξ) + (η − ξ)a 6= 0 =⇒ (η − ξ) = 0 =⇒ η = ξ

so the root not only exists, but is unique. �

It is worth noting that if a polynomial has multiple solutions mod pn, then it may
have multiple solutions in Zp. For example, we could consider which numbers have
square roots in Zp.
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5.3. Square Roots in Zp. Consider solutions to polynomials of the form P (X) =
X2 − a, with P ∈ Zp[X]. If for a given a we can find some x satisfying P (x) ≡
0 mod pn (as well as the other conditions we imposed on x), then we will be able to
find a solution to the polynomial in Zp and thus a will have a square root in Zp. As
an example, let us try to find the square root of 2 in Z7. Since we are trying to find
a solution x ∈ Z7 to x2 − 2 = 0, we can use Hensel’s lemma, provided we can find
a suitable solution modulo 7n for some n. Now, we know that 32 = 9 ≡ 2 mod 71.
Note that v(P ′(3)) = 0 < 1/2, so we can apply the Newtonian algorithm from
Hensel’s lemma, which gives us

N7(3) = 3− 7

6
=

11

6
≡ 10 mod 72.

By (5.1.1), this should be a solution to P modulo 72: P (10) = 98 ≡ 0 mod 72, and
by part (3) of (5.1.1), we can continue this process indefinitely. If we repeated it
one more time, we would get

N7(10) = 10− 98

20
=

51

10
≡ 108 mod 73.

As expected, P (108) = 11602 ≡ 0 mod 73. Continuing this process, we have a

Cauchy sequence that converges to
√

2 in Zp. Furthermore, we can express
√

2
directly as a 7-adic integer by expressing the terms of the sequence in base 7:

3 = 3, 10 = 3 + 1 · 7, 108 = 3 + 1 · 7 + 2 · 49, · · ·
so we see that the terms of the sequence are actually just giving us successive
coefficients of the 7-adic representation of the square root of 2. In other words,
. . . 2137 =

√
2. Notice that we could just as easily have started with 4, since

42 = 16 ≡ 2 mod 7. Using the same procedure as we did before, we would ob-
tain another, distinct square root in Zp. It is important to remember that the
uniqueness condition in Hensel’s lemma applies only when considering one “seed.”
A polynomial may certainly have multiple roots in Zp.

5.4. Newton Polygons. Hensel’s lemma gives us a method for finding roots to a
polynomial over Zp, and it is indeed a useful tool. However, we will now begin to
expand our horizons and consider polynomials over all of Qp.

Definition 5.4.1. Given a set X of points in two dimensional Euclidean space, we
define the convex hull as the minimal convex set containing X. The lower convex
hull is simply the lower section of the convex hull bounded on the left by the point
having the least x-value and on the right by the point having the greatest x-value.

Definition 5.4.2. Let f(x) = a0 + a1x+ · · ·+ anx
n be a polynomial over Qp such

that a0an 6= 0. Now we make pairs (i, v(ai)) ∈ R2 for each term in the polynomial,
which gives us the set

{(1, v(a1)), , (2, v(a2)), · · · , (n, v(an))}
If we take the lower convex hull of this set of points, we will have a polygonal
chain made of a sequence of line segments with increasing slopes. This is called the
Newton Polygon of the polynomial f(x).

Proposition 5.4.3. Again, let f(x) = a0 + a1x+ · · ·+ anx
n be a polynomial over

Qp such that a0an 6= 0, and let w be an extension of the p-adic valuation to L, the
splitting field of the polynomial f . If the line segment (r, v(ar))↔ (s, v(as)) of slope
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−m appears in the Newton polygon of f , then f(x) has s− r roots (α1, · · · , αs−r)
with valuations w(α1) = w(α2) = · · · = w(αs−r) = m.

Proof. Since we are studying the Newton polygon of f , we can assume an = 1. If it
is not, we can always divide through by an, which will only translate the polygon
up or down. Now, we will number the roots of the polynomial as follows:

w(α1) = · · · = w(αs1) = m1

w(αs1+1) = · · · = w(αs2) = m2

...

w(αst+1) = · · · = w(αn) = mt+1.

We split up the roots into groups which have the same valuation, so the roots of
the given polynomial can take on any one of t+ 1 valuations. We also require that
m1 < m2 < · · · < mt+1. The ith coefficient of any polynomial will be a function of
its roots, and moreover, they follow a certain pattern. This is easy enough to see
when we are dealing with a polynomial of a low degree. For example, consider an
arbitrary third degree polynomial in its fully factored form:

(x− α1)(x− α2)(x− α3) = 0.

If we multiply the expression out fully, we obtain the standard form of the polyno-
mial:

−(α1α2a3) + (α1α2 + α1α3 + α2α3)x− (α1 + α2 + α3)x2 + x3

= a0 + a1x+ a2x
2 + a3x

3

There is an important pattern here. Notice that the constant term a0 is a product
of all three roots of the polynomial. a1 is a sum of products of two roots, and so
on. In an nth degree polynomial, the ith coefficient is always a sum of products of
n− i roots. Recalling the definition of a valuation, we can derive the following:

v(an) = v(1) = 0

v(an−1) ≥ min
i
{w(αi)} = m1

v(an−2) ≥ min
i,j
{w(αiαj)} = 2m1

...

v(an−s1) = min
i1,··· ,is1

{w(αi1 · · ·αis1 )} = s1m1,

making special note of the final equality, which comes from (3.1.2). Continuing this
process, we have:

v(an−s1−1) ≥ min
i1,··· ,is1+1

{w(αi1 · · ·αis1+1)} = s1m1 +m2

v(an−s1−2) ≥ min
i1,··· ,is1+2

{w(αi1 · · ·αis1+2)} = s1m1 + 2m2

...

v(an−s2) = min
i1,··· ,is2

{w(αi1 · · ·αis2 )} = s1m1 + (s2 − s1)m2.

We can continue this process until we have written out the valuations of all n + 1
coefficients, and now that we know the valuations of all of the coefficients (or at least
have lower bounds for them) we can say something about the Newton polygon of the
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polynomial. Clearly, the rightmost vertex will be the point (n, 0). Moving leftward,
we have a set of s1 + 1 points which all lie on or above a line with slope −m1, so we
know that the points (n, 0) and (n− s1, v(n− s1)) will definitely be vertices in the
polygon. Moving farther to the left, we encounter a new line segment of slope −m2.
Consider the (j+1)th line segment in the Newton polygon, punctuated on the right
side by the point (n−sj , v(n−sj)) = (n−sj , s1m1+(s2−s1)m2+· · ·+(sj−sj−1)mj).
Its slope can be calculated quite easily:

(s1m1 + · · ·+ (sj − sj−1)mj)− (s1m1 + · · ·+ (sj+1 − sj)mj+1)

(n− sj)− (n− sj+1)
= −mj+1,

so we see that the result holds for all faces of the polygon. Since m1 < m2, we
know for sure that we will have a distinct line segment between (n− s1, v(n− s1))
and (n− s2, v(n− s2)) with s2 − s1 + 1 points lying on or above it, and this result
can also be generalized to any line segment in the polygon. Furthermore, notice
that because of the way we labelled our coefficients and roots we can easily see that
for each ordered pair (i, v(ai)) there is a root whose valuation is equal to minus
the slope of the segment that contains (or lies beneath) the point, and hence the
proposition. �

5.5. Factoring Polynomials in Qp with Newton Polygons. We will now in-
troduce one final result, concerning Newton polygons, to conclude our discussion of
polynomials. We have shown how Newton polygons can be used to investigate the
valuations of roots. They can also be used to investigate the way a polynomial fac-
tors over its field. As it turns out, given some polynomial over Qp, it’s factorization
in Qp corresponds to the slopes of its Newton polygon.

Proposition 5.5.1. Suppose f(x) is a polynomial over Qp whose Newton polygon
has slopes −mr < · · · < −m1. If the p-adic valuation v has a unique extension w
to the splitting field L of f , then we have the factorization

f(x) = an

r∏
j=1

fj(x),

where each factor is an element of Qp as follows:

fj(x) =
∏

w(αi)=mj

(x− αi) ∈ Qp[x].

Proof. As in the previous proof, we can let an = 1. If f(x) is irreducible, the
proposition clearly holds. Given a root αi ∈ L we have αi = σiα1 for some σi ∈
G(L|K). Since the extension w to L is unique, and since w◦σi is another extension,
we have w(αi) = w(σiα1) = m1, so f1(x) = f(x) and thus the polygon has only one
segment, corresponding to its one factor. We will now proceed to treat the general
case by way of induction on the degree n of f . The case where n = 1 is trivial.
Let p(x) be the minimal polynomial of α1 over Qp and g(x) = f(x)/p(x) ∈ Qp. All
of the roots of p(x) will have valuation m1, so by definition of fj(x), p(x) divides
f1(x). Let g1(x) = f1(x)/p(x). Now we can factor g(x) by its slopes as we did with
f(x):

g(x) = g1(x)

r∏
j=2

fj(x).
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Now, by our definitions of f1(x) and g1(x), the degree of g(x) is smaller than the
degree of f(x), and we have that fj(x) ∈ Qp for all j ∈ 1, · · · , r. �

This gives us a powerful tool: we can now look at a Newton polygon for any given
polynomial over Qp and learn quite a bit about how it factors. In short, if its
Newton polygon contains r line segments, it will factor into r pieces, which may or
may not themselves be irreducible.
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