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Abstract. In this paper we explore the relation between computability theory
and hypothesis identification via the notion of Kolmogorov complexity. Neces-

sary concepts such as Turing machines, partial recursive functions, and prefix

codes are defined in Sections 1-4 before we construct a universal semimeasure
which intuitively is “maximally ignorant”. This construction and its relation

to the prefix complexity allow us to formulate in Section 7 the ideal MDL
(Minimum Description Length) principle of hypothesis identification, which

requires neither a prior over hypotheses nor conditional priors over the sample

space for each hypothesis.
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1. Introduction

The principal problem which this paper addresses is, given some data D, to
identify a model or hypothesis H which best “explains” the data. In this context
the “data” D will be a binary string and the “hypothesis” H will often be some
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collection of binary strings which contains D or a parameter value which underlies
the generation of the data.

Example 1.1. Suppose that one is flipping a coin, and one knows that it is either
a “loaded” coin, in the sense that it always comes up heads, or a “fair” coin, in
the sense that heads and tails each occur with probability 1

2 . These are our two
hypotheses. Now suppose that one flips this coin n times, and observes n heads
consecutively. If n is relatively large (e.g. greater than 4 or 5) and if the two
hypotheses are a priori equally plausible then we know, intuitively, that the coin
is probably loaded, which is to say that we identify this hypothesis (“the coin is
loaded”) as the most probable given the generated data.

The “intuition” from which we drew above is none other than Bayesian inference.
Bayes’ rule says that for two events D ∈ D and H ∈ H, a prior probability measure
P over the class H of hypotheses, and for each H ∈ H a conditional probability
measure Pr(−|H) over the class D, we have the inverse conditional probability
P (H|D) — or likelihood of the hypothesis H given the data D — is defined by

(1.2) P (H|D) =
P (D|H)P (H)

P (D)
.

The principle of Bayesian inference selects the hypothesis HB ∈ H for which
Equation 1.2 is maximized, or in other words the most likely hypothesis given the
observed data. Bayesian inference aptly characterizes the “intuitive” at the cost of
reliance upon a prior distribution over the class of hypotheses under consideration.
The conclusion of the example (that the coin is loaded) follows for large n only
when the prior probabilities P (H1) and P (H2) for the two hypotheses are roughly
equal. In this way the conclusion depends upon the prior distribution, which, in
situations of statistical inference, is not always available or to be trusted.

Ideal Minimum Description Length — henceforth ideal MDL — by contrast, is
an approach to hypothesis identification which does not require a prior distribution.

To define ideal MDL and relate it to Bayesian inference we will begin in Section
2 by reviewing some conventions regarding binary strings. We will then introduce
the necessary computability theory in Section 3 by defining Turing machines and
partial recursive functions and constructing a universal Turing machine.

We will then proceed to consider prefix codes and a special sort of Turing machine
called a prefix machine. Kraft’s inequality in Section 4.1 describes the relation
between prefix codes and semimeasures. After explicitly constructing a universal
prefix machine we will define the prefix complexity.

We then (in Section 5.3) will construct a lower semicomputable discrete semimea-
sure m(x) which is universal in the sense that for any other lower semicomputable
discrete semimeasure P (x) there is a constant cP > 0 such that m(x) ≥ cP ·P (x) for
all x. When m(x) is used as a prior this universality condition can be interpreted to
mean that m(x) is “maximally ignorant”. The somewhat technical Theorem 5.23
in Section 5.4 describes a remarkable relation between the function m(x) and the
prefix complexity.

In Section 6 we formalize the notion of randomness of finite strings by introducing
P -tests and universal P -tests. We proceed to show that we may define a universal
P -test in terms of the universal lower semicomputable discrete semimeasure.

Finally in Section 7 we introduce ideal MDL, which is defined in terms of prefix
complexity. Using Theorem 5.23 we show that for certain classes H and for large
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enough data D ∈ D the hypothesis HM ∈ H selected by ideal MDL and the
hypothesis HB ∈ H selected by Bayesian inference coincide.

2. Binary strings

The purpose of this section is primarily to introduce notation and establish
conventions.

Definition 2.1. For each n ∈ N let {0, 1}n = {x1 · · ·xn |xi ∈ {0, 1}, i = 1, ..., n}.
We define the set of binary strings to be

{0, 1}∗ =
⋃

n∈N∪{0}

{0, 1}n.

Let ε denote the empty string, which is the unique string such that l(ε) = 0.
Letting · : {0, 1}∗ × {0, 1}∗ → {0, 1}∗ denote concatenation in {0, 1}∗ the 3-tuple
({0, 1}∗, ·, ε) defines a monoid (i.e. with ε the identity element).

Let the b : N ∪ {0} → {0, 1}∗ be the bijection defined (lexicographically) by
b(0) = ε, b(1) = 0, b(2) = 1, b(3) = 00, b(4) = 01, etc. The function b is related to the
standard binary representation bin: N ∪ {0} → {0, 1}∗ (which goes 0, 1, 10, 11, 100,
etc) in that b(n) equals bin(n+ 1) without its leading 1.

Let l : {0, 1}∗ → N ∪ {0} be the map which assigns to each binary string its
length, so that l(ε) = 0 and l(x1...xn) = n for all x = x1 · · ·xn ∈ {0, 1}∗. Thus for
each n ∈ N we have that {0, 1}n is the set of binary strings of length n. Notice that
l(b(i)) = blog2(i+ 1)c for each i ∈ N∪ {0}. We denote the cardinality of a set A by
d(A). The function log will always mean log2 .

Definition 2.2. A partial function f : X → Y is a function f : dom(f)→ Y where
dom(f) ⊆ X.

3. Basic computability theory

In this section we define Turing machines and partial recursive functions so that
we may formalize the intuition that the complexity of a binary string D ought to
be the length of the shortest “description” of D or “program” that computes D.

Definition 3.1. A deterministic Turing machine T is a 7-tuple

T = (Q,Γ, B,Σ, δ, q0, F )

satisfying the conditions

• B ∈ Γ,
• Σ ⊆ Γ \ {B},
• δ : Q× Γ→ Q× Γ× {L,R},
• q0 ∈ Q,
• F ⊆ Q, and
• Q,Γ are both finite.

We call Q the set of states, Γ the tape alphabet, Σ the input alphabet, B the blank
symbol, δ the transition function, q0 the initial state and F the set of halting states
of the Turing machine T .

Remark 3.2. We will restrict our attention only to those Turing machines with tape
alphabet Γ = {0, 1, B} and input alphabet Σ = {0, 1}.
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In this paper the term “Turing machine” will always mean deterministic Turing
machine. Intuitively, the transition function of a Turing machine determines its
behavior on any input in {0, 1}∗. Let T be any Turing machine and let w ∈ {0, 1}∗.
The Turing machine T begins its computation on w with the string w = w1 · · ·wn ∈
{0, 1}∗ written on its tape, with all other squares blank, with the “tape head”
pointed to the leftmost square of w, and in the initial state q0 ∈ Q.

We interpret the 3-tuple δ(qi, sa) = (qj , sb, D) — with D ∈ {L,R}, qi, qj ∈ Q,
and sa, sb ∈ Γ — to mean that if the tape head of T points to the symbol sa and
if T is in state qi, then the Turing machine T will change sa to sb on its tape, will
enter state qj , and will move left if D = L and right if D = R.

Repeatedly applying the transition function δ of the Turing machine T given the
input w ∈ {0, 1}∗ may eventually reach some state q ∈ F , in which case T is said
to halt and we define the output T (w) of T on w to be the the longest string s
uninterrupted by blanks on the tape of T and connected to the tape cell to which
T points once T has halted. Otherwise, T will indefinitely continue computing and
never enter a halting state, in which case the output T (w) is not defined.

Definition 3.3. For any Turing machine T the language L(T ) ⊆ {0, 1}∗ of T is
the collection of strings w ∈ {0, 1}∗ for which the Turing machine T , given input w
in the sense above, eventually enters a halting state q ∈ F .

Definition 3.4. For any Turing machine T define the partial function fT : {0, 1}∗ →
N ∪ {0} by fT (w) = b−1(T (w)). A partial recursive function is a partial function
φ : {0, 1}∗ → N∪{0} such that φ = fT for some Turing machine T . A total recursive
function is a partial recursive function that is defined on all of {0, 1}∗. We call fT
the partial recursive function associated to T .

Since the bijection b from Section 2 is total recursive we may extend Definition 3.4
to partial functions φ : N → N by requiring instead that φ = fT ◦ b for some
Turing machine T . We may do this similarly for partial functions N→ {0, 1}∗ and
{0, 1}∗ → {0, 1}∗.

Definition 3.5. Let 〈−,−〉 : N ∪ {0} × N ∪ {0} → {0, 1}∗ be a total recursive
bijection. For any Turing machine T define f2

T : {0, 1}∗ × {0, 1}∗ → N ∪ {0} by
fT (n, l) = b−1(T (〈n, l〉)).

One can iterate this process (e.g. by 〈−, 〈−,−〉〉) to associate an n-ary partial
recursive function to each Turing machine T for any n ∈ N.

Definition 3.6. An enumeration of a class C ⊆ {0, 1}∗ is a bijection f : N → C.
An effective enumeration is an enumeration that is total recursive.

The finiteness of the states and symbols of the Turing machine allows us to
encode each Turing machine with a finite binary string. Suppose that T is a Turing
machine with states Q and |Q| = n and tape alphabet Γ = {0, 1}∗ ∪ {B}. The
transition function

δ : Q× Γ→ Q× Γ× {L,R}
uniquely determines T and thus T may be represented by at most (6n)3n 5-tuples.
If, for instance, we represent the rule δ(qi, sa) = (qj , sb, D) with the binary string
ti,a = 0i10a10j10b10Dk , where Dk = 1 if D = L and Dk = 2 if D = R, then we
may encode the entire Turing machine T with the binary string

wT = t1,111t1,211 · · · 11t1,m11t2,111 · · · 11tn,m,
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which is of length at most nm(2n+ 2m+ 6) + 2(nm− 1), for m = |Γ| = 3. In this
way each Turing machine is represented by at least one binary string in {0, 1}∗.
Since any permutation of the strings ti,a in wT would yield the same transition
function δ this representation is far from unique.

The bijection b is an effective enumeration of {0, 1}∗. For each Turing machine
T , there is a binary string wT which represents its transition function, and hence
there is some j ∈ N such that wT = b(j).

Consequently we may construct an effective enumeration T1, T2, ... of Turing
machines by restricting the enumeration b(1), b(2), ... of {0, 1}∗ to those strings of
the form t111t211 · · · 11tr where ti = 0i110i210i310i410i5 for i1, i2, i3, i4 ∈ N and
i5 ∈ {1, 2}. For any Turing machine T there is an index k ∈ N such that T = Tk.

Though we are only considering Turing machines with input alphabet {0, 1} and
tape alphabet {0, 1, B} this is not for present purposes a restrictive assumption.

Definition 3.7. Let f : N∪{0}×{0, 1}∗ → {0, 1}∗ be a total recursive bijection. A
universal Turing machine U is a Turing machine such that for any Turing machine
T there exists a number nT ∈ N such that U(f(nT , x)) = T (x) for all x ∈ L(T ).

Note that Definition 3.7 depends upon a choice of bijective pairing function
f : N ∪ {0} × {0, 1}∗ → {0, 1}∗. Intuitively a universal Turing machine is a Turing
machine which can “simulate” any other Turing machine.

One can construct a relatively simple universal Turing machine V from the enu-
meration of Turing machines above as follows. For any Turing machine T we already
know that there exists a binary string wT ∈ {0, 1}∗ which unambiguously repre-
sents the transition function of T . Suppose that b(n) = wT , that is, that wT is the
n-th binary string. Given the input (nT , x) the machine U initially sets a counter
to 0 and then enumerates the strings in {0, 1}∗, checking whether each string is a
Turing machine: if it is, the machine increments its counter by 1, and if the counter
is less than nT then it continues enumerating strings in {0, 1}∗. Once the counter
reaches nT the machine V then simulates TnT = T on x using the representation
of its transition function.

Definition 3.8. An n-ary universal partial recursive function ψ is an (n+ 1)-ary
partial recursive function ψ : Nn+1 → N such that for any n-ary partial recursive
function φ there exists some i ∈ N such that

ψ(i,m1, ...,mn) = φ(m1, ...,mn)

for all m1, ...,mn ∈ N.

It follows from these definitions that the (n+ 1)-ary partial function associated
to a universal Turing machine is an n-ary universal partial recursive function.

Remark 3.9. For the remainder of this paper we fix an effective enumeration of
Turing machines T1, T2, ..., and the corresponding enumeration of partial functions
φ1, φ2, ... (i.e., such that fTi = φi).

We know that effective enumerations of Turing machines exist because the above,
explicit enumeration is effective, which follows since the bijection b from Section 2
is an effective enumeration of {0, 1}∗.

Definition 3.10. Let α : N∪{0} → Q and 〈−,−〉 : N∪{0}×N∪{0} → {0, 1}∗ be
total recursive bijections. Define the partial function gT : N ∪ {0} × N ∪ {0} → Q
by gT (n, l) = α

(
b−1(T (〈n, l〉))

)
, and define the partial function hT : N → R by



6 CONOR L. MAHANY

hT (x) = limn→∞ gT (x, n), when the limit exists. A real-valued partial recursive
function is a partial function h : N→ R such that h = hT for some Turing machine
T . We call hT the real-valued partial recursive function associated to T .

4. Basic coding theory and prefix machines

There is an intimate relation between prefix codes and discrete semimeasures
which is described by Kraft’s inequality. To formulate complexity in a way which
may be related to the universal lower semicomputable discrete semimeasure of Sec-
tion 5.3 we will introduce and subsequently work with a technical variant of the
Kolmogorov complexity called the prefix complexity.

4.1. Prefix codes.

Definition 4.1. A collection A ⊂ {0, 1}∗ of binary strings is called prefix-free if
for all x, y ∈ A we have that x = yz for some z ∈ {0, 1}∗ implies that z = ε, the
empty string.

In other words the collection A ⊂ {0, 1}∗ is prefix-free if it satisfies the condition
that x is not a prefix of y for any distinct x, y ∈ A.

Definition 4.2. Let D : {0, 1}∗ → N be a partial function. We call the domain
of D the set of code words, and we call the image of D the set of source words. If
D(x) = n then we say that x is a code word for the source word n, and D is the
decoding function. If the domain of D is prefix-free then D defines a prefix code.

Theorem 4.3. (Kraft’s inequality) If l1, l2, ... are a finite or infinite collection of
natural numbers then there is a prefix code with l1, l2, ... as the lengths of its code
words if and only if ∑

n∈N
2−ln ≤ 1.

Proof. (⇒). Note that there is a bijection between finite strings x ∈ {0, 1}∗ and
subsets of [0, 1) ⊂ R of the form Γx = [0.x, 0.x + 2−lx). Let x1, x2, ... be a prefix
code with these lengths, and note that

Γxi ∩ Γxj = ∅
for all i 6= j. Since Γxi ⊂ [0, 1) for all i we have that∑

n∈N
2−ln =

∑
n∈N
|Γxn | =

∣∣∣∣∣⋃
n∈N

Γxn

∣∣∣∣∣ ≤ 1.

(⇐). By the well-ordering principle of N — which is equivalent to the axiom
of choice — we may select a least element of {l1, l2, ...}, say m1, and we may then
select a least element of {l1, l2, ...} \ {m1}, and we may continue indefinitely in this
manner until m1,m2, ... is nondecreasing, and this rearrangement does not affect
the value of the sum. Let

In =

[
n−1∑
i=1

2−mi ,

n∑
i=1

2−mi

)
for each n and observe that since m1,m2, ... is nondecreasing each In is of the form
Γxn for some xn ∈ {0, 1}∗ with l(xn) = mn. The sequence x1, x2, ... defines a prefix
code via xi 7→ i. �



ALGORITHMIC PROBABILITY IN HYPOTHESIS SELECTION 7

4.2. Binary intervals. As suggested by the proof of Kraft’s inequality there is a bi-
jection between elements of x ∈ {0, 1}∗ and certain (half-open) intervals Γx ⊆ [0, 1).
Intuitively the binary interval Γx corresponds to all infinite binary strings y such
that x is a prefix of y. A simple example is Γ0 = [0, 1

2 ), where numbers 0.x1x2 · · ·
correspond to strings x1x2 · · · with 0 as a prefix, that is, with x1 = 0.

Definition 4.4. Let {0, 1}∞ denote the collection of infinite binary sequences. A
binary interval is a subset I ⊂ [0, 1) of the form

I = Γx := {0.xw : w ∈ {0, 1}∞}
for some x = x1 · · ·xn ∈ {0, 1}∗. We call Γx the binary interval associated to x.

As the name implies each binary interval Γx for x = x1 · · ·xn may be written as
the interval [

0.x, 0.x+ 2−l(x)
)

=

[
2n−1x1 + · · ·+ 20xn

2n
,

(2n−1x1 + · · ·+ 20xn) + 1

2n

)
.

Lemma 4.5. If I ⊂ [0, 1) is a nonempty interval and if

xI = min

{
arg max
x∈{0,1}∗

{2−l(x) : Γx ⊂ I}

}

= min

{
arg min
x∈{0,1}∗

{l(x) : Γx ⊂ I}

}
is the string which corresponds to the leftmost of the largest binary intervals con-
tained in I then I may be covered by at most four binary intervals of length 2−l(xI).

Proof. Let xI − 1 = b(b−1(xI) − 1). Observe first that ΓxI−1 * I since otherwise
ΓxI−1 would be binary interval contained in I that is further left than ΓxI , which
would contradict the definition of xI .

If the string xI ends with a 0 and if ΓxI+1 ⊂ I then observe that Γs =
ΓxI ∪ ΓxI+1 ⊆ I for some binary string s with l(s) < l(xI), which contradicts
the definition of xI . Hence I is covered by three binary intervals of size 2−l(xI),
namely ΓxI−1,ΓxI , and ΓxI+1.

If the string xI ends instead with a 1 and if ΓxI+1 ∪ ΓxI+2 ⊆ I then similarly
Γs = ΓxI+1∪ΓxI+2 ⊆ I for some binary string s with l(s) < l(xI), which contradicts
the definition of xI . Hence I is covered by four binary intervals of size 2−l(xI),
namely ΓxI−1,ΓxI ,ΓxI+1 and ΓxI+2. �

4.3. Prefix machines.

Definition 4.6. A partial recursive prefix function is a partial recursive function
φ : {0, 1}∗ → N such that the domain of φ is prefix-free.

Definition 4.7. A prefix machine is a Turing machine T for which L(T ) is prefix-
free.

We will modify the standard enumeration of Turing machines — and, correspond-
ingly, of partial recursive functions — so that we have an (effective) enumeration
of prefix machines — and therefore, correspondingly, of partial recursive prefix
functions.
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Proposition 4.8. There exists an effective enumeration of prefix machines.

Proof. We will first define an algorithm which modifies each partial recursive func-
tion φ : {0, 1}∗ → N so that it is a partial recursive prefix function, and then we
will apply this algorithm to an effective enumeration of Turing machines.

By “compute a step of the Turing machineM on w” we mean apply the transition
function of M in the computation of M(w).

Data: a partial recursive function φ : {0, 1}∗ → N ∪ {0} and some x in the
domain of φ

Result: φ′(x) ∈ N
begin

Let T be a Turing machine for which fT = φ
Let p := x
Let l := 1
for i = 1, 2, ... do

for j = 1, ..., i do
Compute a step of T on pb(j)
if T has halted on pb(j) then

if b(j) = ε then
Define φ′(p) = T (p)

else
Let p := pxl
Let l := l + 1

end

end

end

end

end

Algorithm 1: Modification of φ into a partial recursive prefix function

Intuitively, Algorithm 1 defines φ′ only on those inputs p such that the Turing
machine T halts first on p in a dovetailed computation of all binary suffixes of p.

If φ : {0, 1}∗ → N ∪ {0} is a partial recursive function and some distinct strings
xy, xz are in its domain then xy and xz cannot both be in the domain of φ′, for
φ halts first either on xy1 or xz1 in the computation of Algorithm 1. Hence the
partial recursive function φ′ determined by Algorithm 1 is indeed a partial recursive
prefix function.

For any partial recursive function f and any x in its domain let A1(f, x) denote
the result of the application of Algorithm 1 to f and x. Let T1, T2, ... be the effective
enumeration of Turing machines constructed in Section 3 and let φ1, φ2, ... be the
corresponding enumeration of partial recursive functions, i.e. so that fTi = φi.

For each i ∈ N and each x in the domain of φ define φ′i(x) = A1(φ, x) if the al-
gorithm eventually finishes, and keep φ′i(x) undefined otherwise. Since φ′i is partial
recursive there is a Turing machine T ′i for which φ′i = fT ′i . The machine T ′i is a pre-

fix machine since φ′i is a partial recursive prefix function and L(T ′i ) = dom(φ′i). If Ti
was already a prefix machine then φ = φ′ and Ti = T ′i . Consequently this procedure
yields an effective enumeration T ′1, T

′
2, ... of all and only prefix machines. �

The technique illustrated in Algorithm 1 is called dovetailing a computation,
and it was initially inspired by Cantor’s diagonalization argument.
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The following will be useful later and is a sort of consistency check for our
definitions.

Proposition 4.9. A partial recursive function ρ : {0, 1}∗ → N is a partial recursive
prefix function if and only if there is a prefix machine Tρ such that ρ = fTρ .

Proof. Since ρ is a partial recursive prefix function there is a Turing machine T
such that fT = ρ and dom(ρ) = L(T ). Thus ρ is a partial recursive prefix function
iff T is a prefix machine. �

5. Prefix complexity and universal semimeasure

We first introduce the asymtoptically unique definitions of Kolmogorov complex-
ity and prefix complexity, and we then construct an effective enumeration of lower
semicomputable discrete semimeasures in order to construct a universal lowersemi-
computable semimeasure m(x). In Section 7.2 we will show that, under certain
conditions, Bayesian inference using this semimeasure m(x) as a prior selects the
same hypothesis as ideal MDL.

5.1. Kolmogorov complexity.

Definition 5.1. Define the function 〈−,−〉 : N∪{0}×N∪{0} → {0, 1}∗ by 〈n,m〉 =
1l(b(n))0b(n)b(m).

The function 〈−,−〉 is in fact a total recursive bijection.

Definition 5.2. For any x, y ∈ N and any partial recursive function φ : {0, 1}∗ → N
we call a number p ∈ N such that φ(〈y, p〉) = x a φ-description of x given y.

Definition 5.3. For φ : {0, 1}∗ → N a partial recursive function, for any x, y ∈ N
we define the φ-complexity of x given y to be

Cφ(x|y) = min
p∈N
{l(b(p)) : φ(〈y, p〉) = x}.

We leave Cφ(x|y) undefined if x is not in the image of φ(〈y,−〉).

In other words the φ-complexity of x given y is the length of the shortest φ-
description of x given y.

Definition 5.4. Fix a Turing machine V which, given the input 〈y, 〈n, p〉〉 ∈ {0, 1}∗,
enumerates the first n Turing machines T1, T2, ..., Tn from Section 3 and then com-
putes Tn(〈y, p〉). Let Φ = fV be the partial recursive function computed by V .

For any x, y ∈ N we define the conditional Kolmogorov complexity of x given y
by

C(x|y) = CΦ(x|y) = min
n,p∈N

{l(b(〈n, p〉)) : Φ(〈y, 〈n, p〉〉) = Tn(〈y, p〉) = x},

and we define the Kolmogorov complexity of x to be

C(x) = C(x|ε),
where ε is the empty string.

Definition 5.5. Define the function f : N ∪ {0} × {0, 1}∗ → {0, 1}∗ by

f(n, x) =
〈
π1(〈−,−〉−1(x)), 〈n, π2(〈−,−〉−1(x))〉

〉
,

where πi denotes projection mapping onto the i-th coordinate.
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The Turing machine V is in fact a universal Turing machine since it satisfies
Definition 3.7 with respect to the total recursive bijection f from Definition 5.5.
Such a V may be constructed with respect to the effective enumeration T1, T2, ....

The following proposition justifies the terminology “the” Kolmogorov complexity
by showing the asymptotic uniqueness of the quantity C(x|y) relative to a fixed Ψ.

Proposition 5.6. For any partial recursive function φ : {0, 1}∗ → N there exists a
constant cφ ≥ 0 such that

C(x|y) ≤ Cφ(x|y) + cφ

for all x in the image of φ(〈y,−〉) : N→ N.

Proof. Let p ∈ N be the shortest φ-description of x given y, so that φ(〈y, p〉) = x
and l(p) = Cφ(x|y). Since φ is a partial recursive function there exists some j ∈ N
such that φ = φj = fTj , the partial recursive function associated to the j-th Turing
machine in the fixed enumeration. By the definition of V

φ(〈y, p〉) = φj(〈y, p〉) = Φ(〈y, 〈j, p〉〉) = x,

so that 〈j, p〉 is a Φ-description of x given y. Hence

C(x|y) = CΦ(x|y) ≤ l(〈j, p〉) = 2l(b(j)) + 1 + l(b(p)) = Cφ(x|y) + cφ

for all x, y ∈ N, where cφ = 2l(b(j)) + 1. �

It is worth noting that the particular constant cφ in the above proof depends
on both a particular choice of function 〈−,−〉 : N × N → {0, 1}∗ and a particular
Turing machine V satisfying the condition in Definition 5.5.

Since any such Turing machine V is a Turing machine (so that the function Φ
eventually shows up in the list φ1, φ2, ...) and since

lim
n→∞

C(n) =∞

this proposition shows that the function C(x) is asymptotically independent of the
choice of universal Turing machine.

5.2. Prefix complexity.

Definition 5.7. Let ψ : {0, 1}∗ → N be a partial recursive prefix function. We
define the prefix ψ-complexity of x given y to be Kψ(x|y) = Cψ(x|y).

Definition 5.8. Fix a Turing machine U for which U(〈y, 〈n, p〉〉) = Mn(〈y, p〉)
for Mn the n-th prefix machine. Such a machine U is known to exist since (as in
Section 4.3) prefix machines are effectively enumerable and 〈−,−〉 is total recursive.
Pending the following Lemma, we call U the reference universal prefix machine.

Lemma 5.9. The Turing machine U is a universal prefix machine.

Proof. Recall the definition of 〈−,−〉 just above Section 5.1.
Suppose that 〈y, 〈n, p〉〉 and 〈y, 〈n, p′〉〉 are both in the domain of U for b(p) a

prefix of b(p′). Notice that

〈y, 〈n, p〉〉 = 1l(b(y))0b(y)1l(b(n))0b(n)b(p).

Now note that U(〈y, 〈n, p〉〉 = Mn(〈y, p〉) and U(〈y, 〈n, p′〉〉) = Mn(〈y, p′〉) cannot
both be defined, since 〈y, p〉 is a prefix of 〈y, p′〉, and Mn is a prefix machine. Hence
U is a prefix machine.
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For any prefix machine M there exists some number n ∈ N such that M is the
n-th prefix machine in the enumeration of Section 4.3. Since 〈−,−〉 is a bijection
for any x ∈ {0, 1}∗ there exist unique y, p ∈ N such that 〈y, p〉 = x. Hence

U(f(n, x)) = U(f(n, 〈y, p〉)) = U(〈y, 〈n, p〉〉) = T ′n(〈y, p〉) = M(x)

for all x ∈ {0, 1}∗, where f is as in Definition 5.5. Therefore U is a universal prefix
machine. �

Definition 5.10. Let Ψ be the partial recursive prefix function computed by U .
For any x, y ∈ N we define the conditional prefix complexity of x given y to be

K(x|y) = KΨ(x|y),

and for each x ∈ N we define the prefix complexity of x by

K(x) = K(x|ε).

The following is proved analogously to Proposition 5.6.

Theorem 5.11. If ψ is a partial recursive prefix function then there exists some
kψ ≥ 0 such that K(x|y) ≤ Kψ(x|y) + kψ for all x in the image of ψ(〈y,−〉).

For a discussion of the relation between the functions K and C see section 3.1
of [1].

5.3. Universal lower semicomputable discrete semimeasure. In this section
we use the notation f(x) < ∞ to denote the fact that the partial function f is
defined on x.

Definition 5.12. We call a partial recursive function f : N → R lower semicom-
putable if there exists a partial recursive function φ : N × N → Q satisfying the
conditions

φ(x, k) <∞ only when φ(x, 1), ..., φ(x, k − 1) <∞,(5.13)

φ(x, k + 1) ≥ φ(x, k), and(5.14)

lim
k→∞

φ(x, k) = f(x)(5.15)

for all x, k ∈ N. We call f upper semicomputable if −f is lower semicomputable. A
partial recursive function f : N→ R is called recursive if it is both upper and lower
semicomputable.

Lemma 5.16. There exists an effective enumeration g1, g2, ... of lower-semicomputable
functions N → R.

Proof. We will prove the lemma by defining two algorithms and then applying these
algorithms to an effective enumeration h1, h2, ... of real-valued partial recursive
functions. For any partial recursive function h : N → R we already have a partial
recursive function φ : N × N → Q with limn→∞ φ(x, n) = h(x) but in general the
conditions Equation 5.13 and Equation 5.14 may not be satisfied by φ. Consider
the following algorithms.
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Data: A partial recursive function φ : N× N→ Q
Result: A partial recursive function φ′ : N× N→ Q that satisfies

Equation 5.13 for all x, k ∈ N
begin

Let M be a Turing machine for which f2
M = φ

for x in the domain of φ do
for i = 1, 2, 3, ... do

for j = 1, ..., i do
Compute a step of M on 〈x, j〉
if M has halted on 〈x, j〉 then

if M has halted on 〈x, 1〉, ..., 〈x, j − 1〉 then
Define φ′(x, j) = M(〈x, j〉)

end

end

end

end

end

end

Algorithm 2: Modifying φ so that it satisfies Equation 5.13

Data: A partial recursive function φ′ : N× N→ Q that satisfies
Equation 5.13 for all x, k ∈ N

Result: A partial recursive function ρ : N× N→ Q that satisfies
Equation 5.13 and Equation 5.14 for all x, k ∈ N

begin
Let T be a Turing machine for which f2

T = φ′

for x in the domain of φ′ do
Define ρ(x, 1) = φ′(x, 1)
Let k := 2
for i = 1, 2, ... do

for j = 2, ..., i+ 1 do
Compute a step of T on 〈x, j〉
if T has halted on 〈x, j〉 then

if b−1(T (〈x, j〉)) ≥ ρ(x, l) for l = 1, ..., k − 1 then
Define ρ(x, k) := φ′(x, j)
Let k := k + 1

end

end

end

end

end

end

Algorithm 3: Modifying φ′ so that it satisfies Equation 5.13 and Equation 5.14

From the effective enumeration of Turing machines in Section 2 and Defini-
tion 3.10 we obtain an effective enumeration h1, h2, ... of partial recursive functions
N→ R. For each i ∈ N let gi be the rational-valued partial recursive function from
Definition 3.10, namely for which limn→∞ gi(x, n) = hi(x). Define the function g′i
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to be the result of the application of Algorithm 2 to the function gi, and define ρi
to be the result of the application of Algorithm 3 to the function g′i. Now define

Hi(x) = lim
n→∞

ρ(x, n)

if the limit exists, and keep Hi(x) undefined otherwise. Then each function Hi

is lower semicomputable, and if hi was already lower semicomputable then hi =
Hi. �

Definition 5.17. A discrete semimeasure is a partial function P : N → R such
that ∑

x∈dom(P )

P (x) ≤ 1.

A discrete probability measure is a function P : N→ R such that
∑
x∈N P (x) = 1.

Via the effective bijection b from Section 2 we could equivalently define a discrete
semimeasure as a partial function P : {0, 1}∗ → R satisfying the same inequality.
Throughout this paper the terms “semimeasure” and “probability measure” will
always mean discrete semimeasure and discrete probability measure, respectively.

Proposition 5.18. There exists an effective enumeration P1, P2, ... of lower semi-
computable semimeasures.

Proof. We will prove the proposition by defining an algorithm to modify any lower
semicomputable function g into a lower semicomputable semimeasure P .

For any lower semicomputable function g there is a partial recursive function
φ : N×N→ Q satisfying Equation 5.13 and Equation 5.14 and for which limn→∞ φ(x, n) =
g(x) for all x in the domain of g.

Consider the following algorithm.

Data: A partial recursive function ρ : N × N→ Q satisfying Equation 5.13
and Equation 5.14

Result: A lower semicomputable semimeasure P : N→ [0, 1]
begin

Let P (x) := 0 for all x ∈ N
Let T be a Turing machine for which f2

T = ρ
for i = 1, 2, ... do

for j = 1, ..., i do
Compute a step of T on 〈j, i+ j − 1〉
if T has halted on 〈m, j〉 for all m ≤ j then

if
∑j
l=1 ρ(l, j) ≤ 1 then

Define P (1) := ρ(1, j), ..., P (j) := ρ(j, j)
else

Quit the algorithm
end

end

end

end

end

Algorithm 4: Modifying φ so that it is a semimeasure

Now let g1, g2, ... be the effective enumeration of lower semicomputable functions
from Lemma 5.8. For each i ∈ N let ρi : N × N → Q be a function satisfying
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Equation 5.13 and Equation 5.14 such that limn→∞ ρi(x, n) = gi(x). Define the
function Pi to be the result of the application of Algorithm 4 to the function ρi.
Then each function Pi is a lower semicomputable semimeasure, and if gi was already
a semimeasure then gi = Pi. �

Definition 5.19. Relative to the enumeration P1, P2, ... of lower semicomputable
semimeasures from Proposition 5.18 we define the function m(x) to be

m(x) =
∑
j∈N

2−K(j)Pj(x).

Theorem 5.20. The function m(x) is a lower semicomputable semimeasure. Among
lower semicomputable semimeasures the function m(x) is universal, in the sense
that for any other lower semicomputable semimeasure P there exists some constant
cP > 0 such that cP ·m(x) ≥ P (x) for all x in the domain of P .

Proof. One readily verifies that m(x) is a semimeasure since∑
x∈{0,1}∗

m(x) =
∑

x∈{0,1}∗

∑
i∈N

2−K(i)Pi(x)

=
∑
i∈N

2−K(i)
∑

x∈{0,1}∗
Pi(x) ≤

∑
y∈{0,1}∗

2−K(y) ≤ 1.

where the final inequality follows from Kraft’s inequality (since K : {0, 1}∗ → N is
a prefix code) and the penultimate inequality follows from the fact that each Pi is
a semimeasure.

For each lower semicomputable semimeasure Pj let ρj : N× N→ Q be a partial
recursive function satisfying Equations 5.13, 5.14, and 5.15. Now for each x in the
domain of Pj and each k ∈ N define

ρ(x, k) =
∑
j∈N

2−K(j)φj(x).

Observe that ρ satisfies Equation 5.13 and Equation 5.14 and that

lim
n→∞

ρ(x, n) =
∑
j∈N

2−K(j)Pj(x) = m(x).

Hence it follows from the fact that K(x) is lower semicomputable that the semimea-
sure m(x) is lower semicomputable.

If P is a lower semicomputable semimeasure then P = Pj for some j ∈ N, and

thus m(x) ≥ 2−K(j) · Pj(x), so that setting cp = 2K(j) yields

cp ·m(x) ≥ Pj(x) = P (x).

�

One should be wary that theorems above and below depend upon particular
enumerations of Turing machines. By contrast, it is not true that there exists a
recursive semimeasure which is universal among the class of all recursive semimea-
sures; c.f. Lemma 4.3.1 in [2].

Proposition 5.21. If P is a semimeasure then there exists a prefix code E : N→
{0, 1}∗ such that l(E(x)) < log

(
1

P (x)

)
+ 2 for all x ∈ N.
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Proof. Define adjacent intervals I(1), I(2), ... of respective lengths P (1), P (2), ...
such that the left edge of I(1) is at 0, and the left edge of Ij+1 is the right edge of
Ij for all j ∈ N. For each x ∈ N let E(x) be the binary string corresponding to the
largest binary interval ΓE(x) ⊂ I. By Lemma 4.2 we know that P (x) is covered by
at most four binary intervals of length l(E(x)), so

|Ix| = P (x) ≤ 4 · |ΓE(x)| = 4 · 2−l(E(x)),

from which we obtain

l(E(x)) ≤ log

(
1

P (x)

)
+ 2.

�

5.4. Coding theorem.

Definition 5.22. Relative to the reference universal prefix machine U defined in
Section 5.2 we define the universal a priori probability of x by

QU (x) =
∑

U(p)=x

2−l(p).

Intuitively the quantity QU (x) corresponds to the relative frequency of programs
p ∈ {0, 1}∗ on which the reference universal prefix machine U outputs the string x
and halts.

Theorem 5.23. (Coding theorem) There exists a constant c > 0 such that

log

(
1

m(x)

)
= log

(
1

QU (x)

)
= K(x)

up to the constant c for all x ∈ {0, 1}∗.

Proof. Since U is a prefix machine for all p ∈ {0, 1}∗ the association p 7→ x such
that U(p) = x defines a prefix code, so we have from Kraft’s inequality that∑

x∈{0,1}∗
QU (x) =

∑
x∈{0,1}∗

∑
U(p)=x

2−l(p) ≤ 1.

By dovetailing the computation of U on the enumeration of all programs (i.e. strings
in {0, 1}∗) as in the proof of Proposition 5.18 we see that QU (x) is lower semicom-
putable. From Theorem 5.20 there is a constant c1 > 0 such that c1m(x) ≥ QU (x)
for all x ∈ {0, 1}∗.

Since K(x) = minp∈{0,1}∗{l(p) : U(p) = x} we have that 2−K(x) ≤ QU (x), and
consequently

log

(
1

m(x)

)
≤ log

(
1

QU (x)

)
+ log(c1) ≤ K(x) + log(c1).

We now construct a partial recursive prefix function γ such that

Kγ(x) ≤ log
(

1
m(x)

)
+ 3, in a fashion similar to the proof of Proposition 5.21.

Let φ : {0, 1}∗×N→ Q be a partial recursive function such that for all x ∈ {0, 1}∗,
limk→∞ φ(x, k) = m(x) and φ(x, k + 1) ≥ φ(x, k) for all k ∈ N, which is known to
exist since m(x) is lower semicomputable.

For all x, k define the function

ψ(x, k) = max
i∈N
{2−i : 2−i ≤ φ(x, k) < 2−i+1 and φ(x, j) < 2−i, ∀ j < k}
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and let ψ(x, k) = 0 if no such bound exists. It follows that ψ is partial recursive
since φ is partial recursive.

We will now modify the function ψ into a function ψ′ which enumerates the
range of ψ without repetition for each x. More precisely, we construct ψ′ to satisfy
ψ′(x, n) 6= ψ′(x,m) for any n 6= m.

First define ψ′(x, 1) := ψ(x, 1), and for each i ≥ 2 let

ki = min
k∈N
{k : ψ(x, k) 6= ψ′(x, j), ∀ j < i}.

Now put ψ′(x, l) := ψ(x, kl) for all l ≥ 2. The function ψ′ thus defined is still
partial recursive.

Note that for any x there is a maximum ix ∈ N for which 2−i ≤ m(x) < 2−i+1,
from which it follows that

∑
k ψ
′(x, k) ≤ 2m(x). From this we deduce

(5.24)
∑
x,k

ψ′(x, k) =
∑
x

∑
k

ψ′(x, k) ≤
∑
x

2m(x) ≤ 2.

We will now define an algorithm to construct consecutive half-open intervals
contained in [0, 1) which we will then use to define a prefix code.

Data: A partial recursive function ψ : {0, 1}∗ × N→ Q satisfying inequality
Equation 5.24

Result: A collection of consecutive intervals {Jx,k} contained in [0, 1) such

that Jx,k is of length ψ(x,k)
2

begin
Fix a Turing machine M for which f2

M = ψ
Let z := 0
for i = 1, 2, ... do

for j = 1, ..., i do
for k = 1, ..., j do

if M has not halted on 〈b(j), k〉 then
Compute a step of M on 〈b(j), k〉
if M has halted on 〈b(j), k〉 then

Define Jb(j),k =
[
z, ψ(b(j),k)

2 + z
)

Let z := z + |Jb(j),k|
end

end

end

end

end

end

Algorithm 5: Construction of intervals for prefix code

Denote by {Ix,k} the family of consecutive intervals in [0, 1) obtained by applying
Algorithm 5 to the partial recursive function ψ′. Now define a partial function
γ : {0, 1}∗ → {0, 1}∗ by letting γ(p) = x if there exists some k ∈ N such that Γp
is the leftmost of the longest binary intervals contained in Ix,k. Since the intervals
{Ix,k} are disjoint γ is a prefix function, and γ is partial recursive since Algorithm
5 may be run on a Turing machine. Hence γ is a partial recursive prefix function.
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For each x ∈ {0, 1}∗ we know from the definition of ψ′ above equation Equa-

tion 5.24 that there is some sx ∈ N such that ψ′(x, sx) > m(x)
2 , namely the unique

sx ∈ N for which ψ′(x, sx) = 2−ix .
Any interval in [0, 1) of length 2−N contains a binary interval of length at least

2−N−1. Since the length of any nonempty Ix,k is a negative exponent of 2 we have
that there is a binary interval Γpx ⊂ Ix,sx for which

|Γpx | = 2−l(px) ≥ 1

2
|Ix,sx | =

ψ′(x, sx)

4
>
m(x)

8
,

from which one readily obtains l(px) ≤ log
(

1
m(x)

)
+ 3.

Since px is a program on which the partial recursive prefix function γ computes
x, we have that K(x) = KΨ(x) ≤ Kγ(x) + c3 ≤ l(px) + c4 for some c3, c4 ≥ 0 by
Theorem 5.11. Consequently, letting c5 = c2 + c4 we have

K(x) ≤ l(px) + c4 ≤ log

(
1

m(x)

)
+ c5

for all x ∈ {0, 1}∗.
Putting this all together we have that the three functions log

(
1

m(x)

)
, log

(
1

QU (x)

)
,

and K(x) are equal up to the constant max{c5, log(c1)} for all x ∈ {0, 1}∗. �

For convenience we state the conditional version of this Theorem; its proof is
virtually identical. By defining Pj(x|y) = Pj(〈x, y〉) we may define

m(x|y) =
∑
j∈N

2−K(j)Pj(x|y).

Theorem 5.25. For all strings y ∈ {0, 1}∗ we have that

log

(
1

m(x|y)

)
= K(x|y)

up to a fixed constant c > 0 independent of x and y.

6. Randomness tests

In this section we introduce the universal sum P -test — for P a recursive prob-
ability measure — as a rigorous notion of randomness. We proceed to show that
with the universal distribution m(x) we may construct a very natural universal
sum P -test. This allows us to formulate a very intuitive condition under which
conclusions of Bayesian inference (using m(x) as a prior) and ideal MDL coincide
for particular data samples.

6.1. Sum P -tests.

Definition 6.1. Let P : N→ R be a recursive probability measure. A sum P -test
is a total function δ : N→ N such that

• δ is lower semicomputable, and
•
∑
x∈N

P (x)2δ(x) ≤ 1.
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The intuition here is that the sum P -test δ measures some “property” or “regu-
larity” of N in the sense that larger values δ(n) indicate numbers n that possess this
property or regularity (e.g. number of 1’s in the string b(n)) to a larger extent, and
the inequality ensures that only a few numbers strongly exhibit this property (i.e.
have large δ(n)). The inequality ensures that elements which possess this property
to larger degrees are increasingly rare.

Definition 6.2. Let P be a recursive probability measure. A universal sum P -test
is a sum P -test δP : N → N such that for any sum P -test δ : N → N there exists
some cδ > 0 such that

δP (x) ≥ δ(x)− cδ

for all x ∈ N.

Roughly analogous to a universal partial recursive function a universal P -test
detects every property that every other P -test measures, up to the constant cδ.

Theorem 6.3. For any recursive probability measure P the function
κP : N→ N defined by

κP (x) = log

(
m(x)

P (x)

)
is a universal sum P -test, where m(x) is the universal lower semicomputable semimea-
sure constructed in Section 5.3.

Proof. By the definition of κP we obtain∑
x∈{0,1}∗

P (x)2κP (x) =
∑

x∈{0,1}∗
P (x)

m(x)

P (x)
≤ 1

since m is a semimeasure, so κP is a sum P -test.
Now suppose that δ : {0, 1}∗ → N is a sum P -test. Observe that P (x)2δ(x) is

necessarily a lower semicomputable semimeasure, and since m(x) is the univer-
sal lower semicomputable semimeasure there is some constant c > 0 such that
cm(x) > P (x)2δ(x) and therefore

κP (x) = log

(
m(x)

P (x)

)
≥ δ(x)− log(c)

for all x ∈ {0, 1}∗, so κ0(−|P ) is indeed a universal sum P -test. �

7. Hypothesis identification

We first discuss the notion of a two-part code and then formally introduce the
principles of Bayesian inference and ideal MDL. With simplified assumptions we
analyze the conditions under which these two principles select the same hypothesis.

In this section we will use the notation f
+
< g when there exists some nonnegative

constant c ∈ R such that f(x) < g(x) + c for all x in the domains of f and g, and

f
+
= g if both f

+
< g and g

+
< f.
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7.1. Two-part codes. The intuition behind two-part codes is rather natural with
respect to the computability theory discussed in this paper, especially when one is
looking to describe some data D (say, a string in {0, 1}∗) which is regular, random,
or anywhere in between.

In defining the complexities C(x) and K(x) we referred not only to a program
p ∈ {0, 1}∗ but also implicitly to a prefix machine Mi which the reference universal
machine simulates with the input p to compute x; we can think of the prefix machine
Mi as representing some regularity, and of p as representing x with respect to that
regularity.

In the ideal MDL approach we will be interested, given some data sample D, in
the hypothesis H which minimizes K(D|H) +K(H). This is intuitively the length
of the shortest two-part code for D, which first describes the hypothesis H and
then describes D relative to H, namely by giving its index in an enumeration of
the elements of H.

7.2. Principles of hypothesis identification. Consider the situation where the
data is some string D ∈ {0, 1}n and the class of contemplated hypotheses is
H = P({0, 1}n). We already know how to define the complexity K(D), but to
use ideal MDL we must also define K(H) and K(D|H).

As in previous sections we fix a reference universal prefix machine U .

Definition 7.1. For any subset H ⊂ {0, 1}n we define the prefix complexity
of the hypothesis K(H) to be the length of the shortest program p for which
U(p) = 〈h1, 〈h2, 〈· · ·hk−1, hk〉 · · · 〉, where H = {h1, ..., hk} and h1, ..., hk are or-
dered lexicographically (i.e. b−1(hi) ≤ b−1(hj) for all i < j).

We define the conditional complexity K(D|H) of the data given the hypothesis as
the length of the shortest program on which U(〈p, 〈h1, 〈h2, 〈· · ·hk−1, hk〉 · · · 〉〉) = x,
that is, such that U computes x given the enumeration of H.

For any H ⊂ {0, 1}n we have that K(D|H) ≤ log(d(H)) (where d denotes the
cardinality, e.g. the number of strings in H) since we could always compute x by
giving its index in the enumeration of the elements of H.

Definition 7.2. For a data sample D ∈ {0, 1}∗, a hypothesis class H and prior
probabilities Pr(−) over the class H and Pr(−|H) over {0, 1}∗ for each H ∈ H, the
principle of Bayesian inference selects the hypothesis

HB = arg min
H∈H

{− log(P (H))− log(Pr(D|H)} = arg max
H∈H

{P (H) · Pr(D|H)},

which is derived from Equation 1.2. If more than one hypothesis achieves this
minimum then we select the hypothesis with minimum complexity.

Definition 7.3. For a data sample D ∈ {0, 1}∗ and a hypothesis class H the ideal
MDL principle selects the hypothesis

HM = arg min
H∈H

{K(H) +K(D|H)},

where the complexity K(H) is defined to be the length of the first shortest program
on which the reference universal prefix machine U prints out the characteristic se-
quence of H (which has its i-th term equal to 1 iff b(i) ∈ H). If multiple hypotheses
achieve this minimum then we select the one with minimum complexity.
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Since a description of x relative to some hypothesis H together with a description

of H is a description of x, we always have that K(D)
+
< K(D|H) + K(H). The

idea of the Kolmogorov minimal sufficient statistic is to find the least complex
hypothesis for which K(D|H) +K(H) is close to K(D).

Definition 7.4. For a data sample D ∈ {0, 1}n and a hypothesis class H ⊂
{H : H ⊂ {0, 1}n} the Kolmogorov minimal sufficient statistic is the shortest pro-
gram H∗S that prints out the characteristic sequence of

HS = arg min
H∈H

{K(H) : K(D|H) + log(d(H))
+
= K(D)}.

The above principle is well-defined since for any D ∈ {0, 1}n one could always se-

lect the trivial hypothesis HD = {D} for which K(HD)
+
= K(D) and log(d(HD)) =

0 so there will always be some hypothesis H satisfying K(D|H) + log(d(H))
+
=

K(D).
The following theorem addresses only the situations in which the contemplated

hypotheses are finite collections of finite, binary strings.

Theorem 7.5. Let n be a large enough positive integer. Given some data sample
D ∈ {0, 1}n and the hypothesis class H = {H : H ⊆ {0, 1}n} the following three
principles select the same hypothesis:

a: Bayesian inference with P (H) = m(H) and
− log(Pr(D)) = log(d(H));

b: Kolmogorov minimal sufficient statistic;
c: Ideal MDL.

Proof. ([a] ⇔ [b]). Note first that for any hypothesis H ∈ H we have K(H) +

K(D|H)
+
> K(D) since the shortest description of D is less than the description

of D in terms of H. Note also that K(D|H)
+
< log(d(H)) for any H ∈ H since we

could always describe D given H with its index in an effective enumeration of the

elements of H. Thus for any H ∈ H we have K(H) + log(d(H))
+
> K(D).

For ease of notation let

HB =

{
H ′ : H ′ = arg min

H∈H
{− log(P (H))− log(Pr(D|H))}

}
,

so that HB = arg minH∈HB{K(H)}.
By Theorem 5.25 we have − log(m(H)) = K(H) +O(1) so that − log(m(H))

+
=

K(H) for n sufficiently large and therefore

HB = arg min
H∈H

{K(H) : K(H) + log(d(H))
+
= K(D)} = HS

as required.
([b]⇔ [c]). For the hypothesis HS selected by the Kolmogorov minimal sufficient

statistic we have K(HS) + log(D(H))
+
= K(D) so that

K(H) +K(D|H)
+
> K(D)

+
= K(Hs) +K(D|Hs)

for any hypothesis H ∈ H. Therefore, letting

H0 = {H ′ : H ′ = arg min
H∈H

{K(H) +K(D|H)}}
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we have that
HI = arg min

H∈H0

{K(H)} = HS .

�

The generalization of these findings to probablistic hypotheses can be found in
[2].
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