
THE FREUDENTHAL-HOPF THEOREM

SOFI GJING JOVANOVSKA

Abstract. In this paper, we will examine a geometric property of groups:
the number of ends of a group. Intuitively, the number of ends of a group
is a measure of the number of components at the boundary of the graph of a
group. It turns out that any �nitely generated group has a determined number
of ends. The Freudenthal-Hopf Theorem shows that �nitely generated groups
can have either zero, one, two or in�nitely many ends. This paper is directed
at readers with elementary knowledge of group theory, but not necessarily of
graph theory.
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1. Introduction

The number of ends of groups is a geometric property of groups when represented
as graphs. Naively, the ends of a group can be seen as the structure of the graph
of a group at its boundary. Suppose there is a group whose graph looks like a
tree, then the ends of this graph are the outer most branches of the tree; and the
number of ends would be the number of the outer most branches of the tree. Of
course there is a more precise de�nition of ends, which can be seen in Section 4.

What is very interesting about the number of ends of �nitely generated groups
is that it cannot be any number. The Freudenthal-Hopf Theorem shows that any
�nitely generated group can only have zero, one, two, or in�nitely many ends. The
purpose of this paper is to provide a proof of this theorem, along with de�ning all
the prerequisite concepts and proving the lemmas needed to construct the proof of
the Freudenthal-Hopf Theorem.
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Since the number of ends is a geometrical property, we will �rst need to under-
stand certain properties of graphs. I will dedicate the second section to de�ning
graphs and related concepts, such as vertices, local �niteness and connectedness.

Then I will establish the relation between these two types of mathematical ob-
jects: groups and graphs. We need to show that groups can be represented by
graphs in a meaningful manner, which is done by Cayley's Theorem, which states
that �nitely generated groups can be represented as locally �nite, connected graphs,
which are called Cayley graphs. And in particular, there exists a surjective map
from the group to its graph. I will prove Cayley's Theorem in Section 3. I will
provide a few examples of Cayley graphs of groups.

The fourth section introduces the concept of ends of graphs. The main objective
of this section is to show that the number of ends of any group is unique. To be
more precise, the number of ends of a group is independent of the generators used
to construct the Cayley graph. The proof of this result requires the construction of
maps among the graphs of groups with respect to di�erent generators.

Then I will provide a proof of the Freudenthal-Hopf Theorem. The Freudenthal-
Hopf Theorem shows that any �nitely generated group has either zero, one, two or
in�nitely many ends.

I will also include a short discussion about the classi�cation of groups with
di�erent numbers of ends. Due to the restriction on length, I will not prove those
theorems, but I will provide references for further reading.

The paper is based on Chapters 1 through 3 and 11 from the published book
Groups;Graphs; and Trees by John Meier. All de�nitions and statements of the-
orems, lemmas and corollaries are taken verbatim from the book, unless more ex-
planation is needed. Most of the proofs I give in this paper are more detailed than
the original proofs in the book. Given that I have encountered a few di�culties
understanding the proofs from the book, I have added more explanation on certain
statements within the proof that the author found straightforward, but could be
confusing for readers who �rst encounter this topic. Some of the examples given
in this paper are taken from the book, since I intend to provide the most repre-
sentative examples for groups with di�erent numbers of ends. I have also included
some original examples that I considered helpful for understanding the theorems in
a more concrete manner.

2. Graphs

This paper focuses on the geometric nature of groups in tems of graphs. Ths it
is necessary �rst to show that groups can be mapped to graphs. In this section, we
de�ne the concepts relevant to graph, and identify certain types of graphs that are
required to prove the Freudenthal-Hopf Theorem.

De�nition 2.1. A graph � consists of a set V (�) of vertices and a set E(�) of
edges, each edge being associated to an unordered pair of vertices by a function
\Ends": Ends(e) = fv; wg where v; w 2 V . In this case we call v and w the ends
of the edge e and we also say v and w are adjacent.

Graphs can be easily visualized. There are two examples of graphs on the next
page.

De�nition 2.2. A graph is locally finite if �nitely many edges come out of each
vertex. Or, in other words, each vertex has �nite valence.
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Figure 1. Example of two graphs

De�nition 2.3. A directed graph consists of a vertex set V and an edge set E
of ordered pairs of vertices. Thus each edge has an initial vertex and a terminal
vertex. Graphically this direction is often indicated via an arrow on the edge.

De�nition 2.4. An edgepath, or simply a path, in a graph consists of an alternating
sequence of vertices and edges, v0; e1; v1; :::; vn�1; en; vn where Ends(ei) = fvi�1; vig
for each i. A graph is connected if any two vertices can be joined by an edge path.

Example 2.5. The graphs in Figure 1 are two examples of graphs. Fig. 2.1 is
connected, locally �nite and undirected. Fig. 2.2 is disconnected, locally �nite and
directed. The union of the two graphs is, of course, disconnected.

Locally in�nite graphs cannot be drawn. In such graphs, at least one vertex is
connected to in�nitely many edges.

3. Cayley's Theorem

We want to study the properties of groups by looking at them geometrically.
This is possible when we can represent a group in terms of a graph. Cayley's
Theorem shows that there is indeed a geometric way to represent �nitely generated
groups.

Before proving the theorem, let us �rst remind ourselves of some examples and
properties of groups.

De�nition 3.1. If X is a mathematical object such as a group, a shape, or a
sequence, let SYM(X) denote all bijections from X to X that preserve the structure
of the indicated mathematical object. SYM(X) is usually written Aut(X) and called
the automorphism group of X. If the mathematical object is directed, let SYM+(X)
denote the group of bijections that preserves the direction.

Example 3.2. All �nite dihedral groups are symmetry groups of regular polygons.

De�nition 3.3. An action of a group G on a mathematical object X is a group
homomorphism from g to SYM(X) (the symmetry group of X). Equivalently, it is
a map G�X ! X such that

1. e � x = x, for all x 2 X; and
2.(gh) � x = g � (h � x), for all g; h 2 G and x 2 X.
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Since not all groups are abelian, we need to distinguish between left and right
actions. For a group G and a mathematical object X, a left action of g 2 G on X
can be written as g �X, and a right action of g on X can be written as X � g.

De�nition 3.4. Given a group action on a mathematical object, the associated
homomorphism as described above is a representation of G. The representation is
faithful if the map is injective.

De�nition 3.5. If G is a group and S is a subset of G, then S generates G if
every element of G can be expressed as a product of elements from S and inverses
of elements of S. A group G is �nitely generated if it has a �nite generating set.

Remark 3.6. Every �nite group is �nitely generated. The largest generating set in
a �nite group is the group itself.

Example 3.7. Groups with more than one generating sets:
(1). The generators of the group D3 include fr; sg, that is, a rotation of

�
3
degree

and a reection through one of the heights of the equilateral triangle, and fs; s�g,
two reections about two di�erent heights of the triangle. Imagine D3 to be the
symmetry group of a triangle, then s� stands for reection through another axis
connecting the midpoint of an edge of the triange and its opposite vertex.

(2). The generating sets for Z include f1g and f2; 3g.

Theorem 3.8. (Cayley's Theorem). Every �nitely generated group can be faithfully
represented as a symmetry group of a connected, directed, locally �nite graph, which
is called the Cayley graph of the group.

Proof. We prove the theorem by constructing the graph of a �nitely generated
group.

Let G be a group and let S, a �nite subset of G, be a generating set of G. Let �
be the graph of G such that each vertex of � represents an element of G. And let
each edge be labeled with an element of the generating set S [ S�1. Thus, every
s 2 S form a directed edge with initial vertex g, and terminal vertex g � s. And
every vertex in � is connected with at most 2jSj edges.

Now we want to show that the graph is connected. This means that there exists
an edge path from any g 2 G to any h 2 G. To prove this, it is su�cient to prove
that every g 2 G is connected to the identity element e, because then any two
vertices can be connected by a path through e.

Let g be any element in G. Since S is a generating set, g can be written as the
product of the elements in the generating set. That is, g = s1s2s3:::sn. Since every
vertex in � is connected with edges corresponding to every element of S, one can
arrive at the element g starting from e, by �rst taking the left action of e act on
s1, to arrive at the vertex corresponding to s1, that is, vs1 . Then let s2 act on
vs1 from the right, to get vs1s2 ... until we arrive at g. This show that the graph �
is connected.

The graph � is locally �nite because the generating set is �nite. Each vertex in
� is connected to edges corresponding bijectively to every element in S [ S�1.

The graph is directed. Let all edges associated with elements in S be in one
direction. Then the edges associated with elements in S�1 point in the negative
direction. In the case that s = s�1 for some element s 2 S, the two edges cor-
responding to s and s�1 coincide. The two edges form a loop that contains the
vertices corresponding to v and v � s.
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Figure 2. Cayley Graph of D3 with respect to two di�erent gen-
erating sets. Any vertex can be chosen to be the identity vertex.
The one on the left is the graph with respect to the set with one
rotation and one reection. The generating set of the graph on the
right consists of two rotation regarding two di�erent axes. Notice
that in both graphs there are edges with two arrows. These are in
fact a simpli�ed way to representing two coincident edges pointing
at opposite directions. These edges are associated with s and s�1.

Figure 3. Cayley Graph of D1 with respect to the generator
fa; bg. For those who are not familiar with this group, D1 can be
thought of as reections of a point with regard to two parallel lines
a and b.

The presentation is faithful because every element in a group has a corresponding
vertex.

�

Example 3.9. Figure 2, Figure 3, Figure 4, and Figure 5 are examples of Cayley
Graphs for groups D3, D1, Z

2, and F2 respectively. The explanations are within
the captions of the �gures.
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Figure 4. Cayley Graph of Z2 with respect to the generating set
S = f(1; 0); (0; 1)g. Any point in the graph can be considered as
the identity vertex. Edges with white arrow are associated with
(0; 1), and edges with black arrows are associated with (1; 0). The
edges associated with S�1 are not labeled. But it is not hard to
see that the white arrowed edge can be seen as (�1; 0), by letting
the arrow point in the negative direction.

3.1. Frucht's Theorem. One important corollary of Cayley's Theorem is that
any �nitely generated group is isomorphic to the symmetry group of a labeled and
directed, locally �nite graph, namely, its Cayley graph.

In the examples above, it is observed that in most cases, any vertex can be
associated with the identity, and the Cayley graph is isomorphic to the original
graph. Let vg be a vertex of the Cayley Graph. Say that we decide to treat this
vertex as the vertex associated with the identity element of G. We know that any
element h 2 G can be written as e � h, where e is the identity element of G. Thus
the Cayley Graph of G is isomorphic to the image of the right action of e on �.
Now that g stands for the identity, we can obtain the new graph by letting g act
on the Cayley Graph of G. But since every �nitely generated group is isomorphic
to the symmetry group of its Cayley Graph, each element of G corresponds to an
element of SYM+(�). Thus e � � is isomorphic to g � �. Hence for a Cayley Graph
of a �nitely generated group, we can choose any vertex as the identity vertex.

Now we will state and prove the theorem mentioned above.

Theorem 3.10. (Frucht's Theorem) Let � be the Cayley graph of a group G with
respect to a �nite generating set S. Consider � to be decorated with directions
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Figure 5. Cayley Graph of F2 with respect to the generating set
fx; yg. In this graph, the vertex v denoted the identity vertex.
The edges associated with x and y are clearly labeled, and those
associated with S�1 are easy to see. Note that in fact any vertex
can be considered the identity vertex, because this in�nite graph
is the same no matter which vertex is placed at the center.

on its edges and labels of its edges, corresponding to its generating set S. Then
SYM+(�) �= G.

Proof. In the proof of Cayley's Theorem, we constructed a left action to show that
every vertex in � is connected to the vertex. Since it is a left action, it does not
change the directions and labels on the edges of � (the proof of this is simple,
therefore we will let the readers verify this for themselves).

To show that this homomorphism  : � ! SYM(�) is surjective, we pick an
arbitrary element  2 SYM+(�) and show that there is a g 2 G such that g =
 (). Let  be an arbitrary element of SYM+(�), and let vg be the vertex in �
corresponding to the element g 2 G. Then there is g 2 G such that (ve) = vg.
Since g � � is isomorphic to �,  � g�1 also sends � to a graph isomorphic on it.
Therefore,  � g�1 2 SYM+(�). In particular, this homomorphism maps ve to ve.
Since ve is �xed under this action, all edges connected to ve are merely permuted.
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And since an element of SYM+(�) also �xes the direction and labeling of the edges,
the vertices adjacent to ve are also unchanged. By the Principle of Mathematical
Induction, all the vertices are �xed. So  � g�1 is identity element in SYM+(�). So
it follows that  corresponds to g. Thus the map is surjective.

Since  is an injective homomorphism, and we have now proven that the map is
surjective, we have a bijection. Therefore SYM+(�) �= G. �

4. Ends of Graphs

In this section we will introduce the ends of graphs. Namely, those of Cayley
graphs. The most important result we want to achieve is to show that the number
of ends of a Cayley graph of a group is unique. To do so, we will need to introduce
maps between graphs, and their properties. Again, we will start with preliminary
de�nitions.

De�nition 4.1. Given a set S, a �nite sequence of elements from S and S�1,
possibly with repetition, is called a word in S. Let fS [ S�1g� be the set of words
in S.

It is not hard to see that, given a �nitely generated group G, there is a one-to-
one correspondence between words in fS [S�1g� and the �nite edgepaths starting
from the identity vertex in the Cayley Graph of G with respect to the generating
set S.

De�nition 4.2. Let g 2 G, then the word length of g with respect to a generating
set S is the shortest length of a w in fS [ S�1g� representing G.

4.1. Maps between Graphs.

De�nition 4.3. Let � and � be two graphs. A map from � to � is a function �
taking vertices of � to vertices of � , and edges of � to edges of �, such that if v
and w are vertices attached to an edge e 2 G, then �(e) joins �(v) to �(w).

Proposition 4.4. Let S and T be two �nite generating sets for a group G and
let �S and �T be the corresponding Cayley graphs. Then there are maps �T S :
�S ! �T and �S T : �T ! �S such that

1. The compositions �T S � �S T and �S T � �T S induce the identity on
V (�S) and V (�T ) respectively.

2. There is a constant K > 0 such that the image of any edge e 2 �S under
�S T � �T S is contained in the ball B(v;K) � �S, where v 2 ENDS(e). This
similarly holds for edges of �T .

Proof. Let vg be a vertex in �S , and v
0

g a vertex in �T . De�ne �T S(vg) = v0g, and
�S T (v

0

g) = vg. This proves the �rst claim.
Cayley's theorem shows that an edge e of a graph �S is associated with a gen-

erator s 2 S, and joins g and g � s. For each generator s 2 S, choose a word
ws = t1t2:::tk 2 fT [ T�1g�, and de�ne a map � : ws 7! s. This map is surjective
because T is the generating set of G. Let the map �T S send every edge to the
edgepath

g ! g � t1 ! gt1 � t2 ! gt1t2:::tk

in �T .
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Figure 6. Map between two Cayley graph of Z with respect to
two di�erent sets of generators.

De�ne the map �S T similarly, by switching the position of S and T in the maps
de�ned above. Let k be the maximal length of the words wt and ws. Then �T S

is an edge path of length � k. The image �S T of this path s then an edge path
of length � k2. Let the constant K in the claim of the proposition be k2. This
completes the proof of the second claim.

�

Corollary 4.5. Let G, S and T be as above. Then there is a constant � > 1 such
that for any g and h in G,

1

�
dS(g; h) � dT (g; h) � �dS(g; h)

where ds(g; h) and dT (g; h) are the distances between g and h in �S and �T , re-
spectively.

Proof. Recall that wT is a word with respect to the generating set T . Let �1 be
the maximum word length of wT 2 fS [S�1g� as de�ned in the proposition above.
Suppose dT (g; h) = n, then there is an edge path between vg and vh of the length
n. Apply the map �S T on this path, then

dS(g; h) � �1 � n = �1 � dT (g; h)

The same argument works for the map �T S . Let the maximum word length
of wS 2 fT [ T�1g� be �2, we eventually get that dT (g; h) = �2 � dS(g; h). Let
� = Max (�1;�2), then we can write our result as that in the statement of the
corollary. �

Example 4.6. Figure 6. shows the graph of Z with respect to the generating set
f1g (above) and f2; 3g (below). The curves with arrow outlines the map from one
graph to another.

4.2. Uniqueness of Number of Ends.

De�nition 4.7. Let k�nB(n)k be the number of connected unbounded components
in the complement of B(n), a ball of radius n is the number of vertices from the
center to the boundary of the ball, centered around some vertex of �.

Lemma 4.8. Let � be a locally �nite graph and let m < n be two positive integers.
Then

k� nB(m)k � k� nB(n)k



10 SOFI GJING JOVANOVSKA

Figure 7. k� nB(n)k of F2 with di�erent values of n.

Proof. Let �0 be an unbounded, connected component of k�nB(m)k. By extending
B(m) to B(n), �0 either remains connected or it does not. Therefore k� n B(m)k
has either equal of more connected unbounded components, comparing to k� n
B(n)k. �

Example 4.9. Figure 7 visualizes an example of the fact that, by increasing n,
k� n B(m)k either remains the same or increases. The ball on the left graph has
n = 1, which leaves the complement set of the ball with 12 unbounded, connected
components. The ball in the has n = 2, which leaves the complement with 36
unbounded, connected components.

The Cayley graph of Z2 has the same number of unbounded, connected compo-
nents, and this number is independent of the size of the ball taken in the graph.
Now we see that, while the number of connected, unbounded components increases
with every increment of the radius in certain graphs, it never decreases.

De�nition 4.10. (Ends of a graph) Let � be a connected, locally �nite graph,
and let B(n) be the ball of radius n about a �xed vertex v 2 V (�). Then the
number of ends of � is

(4.11) e(�) = lim
n!1

k� nB(n)k

This limit exists because graphs are static objects, and will have a de�nitive
number of components outside of any subset of it. Therefore the limit is de�ned,
though examples later shows that the limit can be in�nity.

Remark 4.12. From the de�nition, we can immediately infer that a group has zero
ends if and only if the group is �nite.

Note that the number of ends of a graph is independent of the choice of the
vertex as the center of B(n). Intuitively, since a group acts on itself, we can take a
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left action on both the graphs of B(n). The image of an action of an element of G
on G is isomorphic to G, therefore they will have the same number of ends.

The following lemma gives a more rigorous proof for an extension for this result.
Namely, we will achieve the same result by replacing B(n) in Equation (4.11) by
any �nite subgraph of �.

Lemma 4.13. Let � be a connected, locally �nite graph and let e(�) be de�ned
as above. Let C be any �nite subgraph of � and let k� n Ck denote the number of
unbounded, connected components of the complement of C. De�ne eC(�) to be the
supremum of k� n Ck. Then

e(�) = eC(�)

Proof. For any locally �nite graph �, the ball B(n) is a �nite subgraph. Since
eC(�) is the supremum of k� n Ck, for C any �nite subgraph of �, e(�) � eC(�).

Conversely, since C is a �nite subset of �, there exists n 2 N such that C �
B(n). Using the same argument from Lemma 4.8, k� n Ck � k� n B(n)k. Thus
eC(�) = e(�). �

Lemma 4.14. Let S and T be two �nite generating sets for a group G, and let
BS(n) and BT (n) be the balls of radius n in �S and �T , respectively.Then there is
a constant � � 1 such that if vg and vh are vertices in �S that can be joined by an
edge path outside of BS(�n+ �) then vg and vh in �T are outside BT (n) and can
be joined by a path that stays outside of BT (n).

Proof. Let �T S be the map as de�ned in Proposition 4.4, Corollary 4.5 shows
that there exists a constant � > 1 such that

1

�
dS(g; h) � dT (g; h) � �dS(g; h)

Let � = �2, and let fvg = v0; v1; v2; :::vh = vng be the vertices on the edge path
from vg to vh that is contained in the complement of B(�n+�). If ve is the vertex
corresponding to the identity element in �T (also center of B(�n+ �) ), and vi is
any vertex in the edgepath from vg to vh, then

dT (ve; vi) �
1

�
dS(ve; vi) �

1

�
(�n+ �) � n+ �

We can see from the equation above that any vertex in the edge path from vg
to vh in �T is at least n+ � away from the ve in �T , or in other words, the entire
path is outside the ball B(n + �), centered at the identity vertex. From the proof
of Proposition 4.4 and Corollary 4.5, for each edge in the edge path de�ned above
in �S , the length of its image under �T S is at most �. Thus the closest an edge
in the edgepath in �T can get to B(n) is � away from the identity element, that
is, the center of B(n). This shows that all the elements in the path are outside of
B(n) in �T . Thus �T S maps the path joining vg to vh in �S n B(�n + �) to a
connected path joining vg to vh in �T nB(n).

�

Theorem 4.15. Let S and T be two �nite generating sets for a group G, and let
�S and �T be the corresponding Cayley graphs, respectively. Then

(4.16) e(�S) = e(�T )
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Proof. Lemma 4.14 shows that if two vertices corresponding to elements of G are
connected in �S nB(�n+�), then the vertices corresponding to the same elements
are connected in �T nB(n). Let A be one of the unbounded, connected components
of �S n B(�n + �). Then the vertices corresponding to elements in A form an
unbounded connected component in �T n B(n). However, since the implication in
Lemma 4.14 is one sided, there can also be vertices in two disconnected components
of �S nB(�n+�) corresponding to two connected vertices in �T nB(n). Thus two or
more vertices in disconnected components in A can also map to the same connected
component in �T nB(n). Therefore there are at least as many connected unbounded
components in �S nB(�n+�) compared to �T nB(n), that is, k�S nB(�n+�)k �
k�T nB(n)k. Now we can take the limits:

lim
n!1

k�S nB(�n+ �)k � lim
n!1

k�T nB(n)k

Therefore, e(�S) � e(�T ).
However, we can also apply the result from Lemma 4.14 on �T , and get the other

inequality e(�S) � e(�T ). This proves e(�S) = e(�T ). �

Remark 4.17. Now that we have shown that the number of ends of the Cayley
graph of a group with a �nite generated set is independent of the generating set,
we can de�ne the number of ends of a group as the number of ends of any of its
Cayley graphs.

5. Freudenthal-Hopf Theorem

Theorem 5.1. (Freudenthal-Hopf Theorem). Every �nitely generated group has
either zero, one, two, or in�nitely many ends.

Proof. It su�ces to show that there are no �nitely generated groups whose number
of ends is �nite but is at least three. We will prove this by contradiction.

Let G be a �nitely generated group with k ends, where k � 3. Let � be the
Cayley graph of G. We know that the graph of a group has zero ends if and only if
it is �nite. Therefore G is an in�nite group, and that there exists n 2 N and n > 1
such that � n B(n) has k unbounded, connected components. We also know that
there is an element g 2 G such that

n < d(e; g) < 2n

and that vg, the vertex corresponding to g, is in one of the unbounded, connected
components of � nB(n). And the action g �B(n) sends B(n) at least 2n away from
the origin. Furthermore, g �B(n) is also in the component containing g.

Recall that for an in�nite group with a �nite generating set, every element cor-
responds to a symmetry of its Cayley Graph. An element h 2 G acts on the Cayley
graph by shifting vk to vhk. The image of the action is isomorphic to the original
graph. And since n < d(e; g) < 2n, just like B(n) divides � into k pieces, g � B(n)
divides the unbounded, connected component of � n B(n) it sits in into k pieces.
And amongst those, at least k � 1 components are unbounded. There would be a
bounded piece if the component adjacent to both B(n) and g �B(n) were connected
by an edge.

Let C = B(n)[g �B(n). Then k�nCk � 2k�2. And since the number of ends of
a group is independent of the subset we choose to cut o�, e(�) � k� nCk � 2k� 2.
But for any �nite integer k � 3 , 2k�2 > k. Since we started by assuming e(�) = k,
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we have a contradiction. Therefore all �nitely generated groups have either zero,
one, two or in�nitely many ends.

�

The Freudenthal-Hopf Theorem shows that the number the ends of a group can
have is either zero, one, two, or in�nity. But it does not classify the groups with any
certain number of ends. Later, other theorems proved the properties the groups
with di�erent numbers of ends have. It turns out that a group has two ends if it
has a �nite index subgroup isomorphic to Z. Stallings provided the classi�cation of
groups with in�nitely many ends. We do not have space to prove all of them, since
they require introducing a lot of new concepts. We will just state them. And we
will point to material for further reading for readers who are interested.

Theorem 5.2. A group G is two-ended if and only if G contains a �nite index
subgroup isomorphic to Z.

The proof of this theorem is in [Me216].
The original statement of Stallings' Theorem involved concepts that require a

lot of explanation, so we will state a simpli�ed version here. However, we will still
need to de�ne two concepts.

De�nition 5.3. An element of �nite order is called a torsion element

The statement of Stallings' Theorem also uses the concept of a free product,
which is however impossible to de�ne without introducing a few other concepts.
Hence those who are interested should �nd the description of a free product in
[Me79].

Theorem 5.4. (Stalling's Theorem) Let G be a �nitely generated, torsion-free
group. Then G has in�nitely many ends if and only if G is a free product, G �
H �K, where neither H nor K is the trivial group.
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