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Abstract. This paper will explore the heuristic principle that a function on the line

and its Fourier transform cannot both be concentrated on small sets. We begin with

the basic properties of the Fourier transform and show that a function and its Fourier
transform cannot both have compact support. From there we prove the Fourier inversion

theorem and use this to prove the classical uncertainty principle which shows that the
spread of a function and its Fourier transform are inversely proportional. Finally, we

extend our compactness result from earlier and show that a function and its Fourier

transform cannot both be supported on finite sets.
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1. Introduction

For certain well-behaved functions from the real line to the complex plane, one can define
a related function which is known as the Fourier transform. The Fourier transform of a
function f : R→ C is formally defined as

F [f ](ξ) = f̂(ξ) =

∫ ∞
−∞

f(x) e−2πixξ dx , ξ ∈ R .

Heuristically, the Fourier transform of a function has (most of) the same properties as the
original function, so that no information is lost. The utility of the Fourier transform lies in
the fact that some problems are much easier to tackle in the dual domain in ξ than in the
original domain in x. However, we shall see that the concentration properties of a function
do not carry over to its Fourier transform. In particular, the Fourier transform “smears
out” functions.

An important and famous result by Heisenberg and Bernstein, often called the Uncer-
tainty Principle, states that the “spread” of a function and its Fourier transform are inversely
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proportional – that is, if the majority of the mass of the original function is clustered tightly
in one area, the mass of the Fourier transform of that function must be spread more widely
over the line. We state the quantitative version of this result as our first theorem. (In the
theorem, S(R) refers to Schwartz functions on the real line, a restriction which will become
clear later.)

Theorem 1.1. (The Uncertainty Principle) For any f ∈ S(R) and any x0, ξ0 ∈ R, we
have the following inequality:

(1.2) ‖f(x)‖22 ≤ 4π‖(x− x0)f(x)‖2 ‖(ξ − ξ0)f̂(ξ)‖2 .

Once the uncertainty principle has been established, one can ask more questions about
the Fourier transform of functions with different kinds of support. If a function has finite
support, so that the function is non-zero only on a set of finite measure, one might suspect
from the uncertainty principle that the support of the Fourier transform of such a function
must be larger, and therefore infinite, since a function of finite support has its mass con-
centrated in a small, finite area. This intuition turns out to be correct, and studying this
problem leads us to the second major result of the paper.

Theorem 1.3. (Amrein-Berthier) Let f ∈ S(R) and E, F ⊂ R be sets of finite measure.
Then

(1.4) ‖f‖L2(R) ≤ C(‖f‖L2(Ec) + ‖f̂‖L2(F c))

for some constant C that depends only on E and F .

Note that this results implies that if both f and f̂ have finite support, then we must have
f = 0 a.e., which means that the Fourier transform of a function of finite support must have
infinite support.

2. The Schwartz Class

Before we define the Fourier transform and give its basic properties, we will define a class
of functions for which the behavior of the Fourier transform is particularly nice. This set of
functions is known as the Schwartz class, which can be thought of as smooth functions that
vanish rapidly towards infinity. The formal definition is given below.

Definition 2.1. We say a function f : R → C is in the Schwartz class, denoted by S(R),
if f ∈ C∞(R) and, for all m, n ∈ N, there exists a constant Cm,n > 0 such that

(2.2) ρm,n(f) := sup
x∈R
|xm f (n)(x)| = Cm,n <∞ .

The values ρm,n(f) are called the Schwartz semi-norms of f .

Remark 2.3. It is clear that S(R) is closed under addition of functions, multiplication of
a function by a scalar, and differentiation of a function. The product rule can be used to
show that S(R) is also closed under multiplication of functions.

Examples 2.4. The following are examples of some functions which are in the Schwartz
class and some functions which are not in the Schwartz class.

(1) Let f be the Gaussian function f(x) = Ce−βx
2

, with β > 0. Then f ∈ S(R),

because e−x
2

is infinitely differentiable on R and decays faster than any power of x.
We will see later that the Gaussians form a special subset of S(R), because they are
the only functions for which equality holds in the uncertainty principle inequality.
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(2) Let f(x) = e−|x|. Then f /∈ S(R), because f is not differentiable at 0.
(3) Let f(x) = (1 + x2k)−1 for some k ∈ Z+. Then f /∈ S(R), since f does not decay

faster than the power x2k+1.
(4) Let f ∈ S(R) and let P be a polynomial. Then Pf ∈ S(R), since f already decays

faster than any power of x.
(5) Let C∞0 (R) denote the set of C∞ functions on R with compact support. Then

C∞0 (R) ⊂ S(R), because if f ∈ C∞0 (R), then

sup
x∈R
|xm f (n)(x)| = sup

−R≤x≤R
|xm f (n)(x)| ≤ Rm

(
sup

−R≤x≤R
|f (n)(x)|

)
<∞ ,

so we have f ∈ S(R).

Although S(R) is not a normed linear space, the semi-norms ρm,n can be used to make
it into a locally convex complete metric space, otherwise known as a Fréchet space. We will
not need this characterization of S(R) in this paper, but still we will define convergence
in S(R) using these semi-norms and show that this notion of convergence is stronger than
convergence in any Lp space.

Definition 2.5. Let {fk}k=1, 2, ... and f be functions in S(R). We say that {fk} converges
to f in S(R) if, for all m, n ∈ N, we have

(2.6) ρm,n(fk − f) = sup
x∈R

∣∣∣xm (f (n)k (x)− f (n)(x)
)∣∣∣→ 0

as k →∞.

Proposition 2.7. Let {fk}k=1, 2, ... and f be functions in S(R). If fk → f in S(R), then
fk → f in Lp(R) for all 1 ≤ p ≤ ∞. Moreover, there exists a constant Cp > 0 such that,
for all f ∈ S(R), we have

(2.8) ‖f (n)‖p ≤ Cp
(
‖f (n)‖∞ + ρb2/pc+1, n (f)

)
<∞ .

Remark 2.9. Observe that (2.8) implies S(R) ⊂ Lp(R) for all 1 ≤ p ≤ ∞, which can be
seen by letting n = 0.

Proof. Take some g ∈ S(R). Then

‖g‖p ≤

(∫
|x|<1

‖g‖p∞ dx+

∫
|x|≥1

x2 |g(x)|p x−2 dx

)1/p

≤

(
2‖g‖p∞ + sup

|x|≥1

{
|x|2 |g(x)|p

}∫
|x|≥1

x−2 dx

)1/p

≤ Cp

(
‖g‖∞ + sup

x∈R
|x|b2/pc+1|g(x)|

)
.

(2.8) immediately follows if we let f (n) = g, and the convergence result follows by letting
gk = fk − f and applying the definition of convergence for Schwartz functions. �
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3. The Fourier Transform and Basic Properties

Now that we are familiar with the Schwartz class, we give the definition of the Fourier
transform and develop some of its basic properties. We conclude the section by giving the
first of our “uncertainty” results, which states that the only function of compact support
with a Fourier transform of compact support is the zero function.

Definition 3.1. Let f ∈ L1(R). Then the Fourier transform of f , denoted by F [f ] or f̂ , is
defined as follows:

(3.2) F [f ](ξ) = f̂(ξ) =

∫
R

f(x) e−2πixξ dx, ξ ∈ R .

Observe that this function is well-defined, since

(3.3) |f̂(ξ)| ≤
∫
R

∣∣f(x) e−2πixξ
∣∣ dx = ‖f‖1,

which is finite if f ∈ L1(R). One can also show that f̂ is continuous, which is done as follows.
Take some ε > 0. By the Dominated Convergence Theorem, the sequence {f |B(0,N)}N∈N
restricting f to the ball B(0, N) converges to f in L1(R). Therefore, there exists an R > 0
such that

∫
|x|>R |f(x)| dx < ε

4 . Now we have

|f̂(ξ + h)− f̂(ξ)| =

∣∣∣∣∫
R

f(x) e−2πiξx (e−2πixh − 1) dx

∣∣∣∣
≤

∫
|x|≤R

|f(x)| |e−2πixh − 1| dx+

∫
|x|>R

|f(x)| |e−2πixh − 1| dx .

In general, we have the inequalities |eit − 1| ≤ |t| and |eit − 1| ≤ 2 for all t ∈ R. Therefore,
if |h| ≤ δ := ε

4πR‖f‖1 and |x| ≤ R, then |e−2πixh − 1| ≤ ε
2‖f‖1 and we have

|f̂(ξ + h)− f̂(ξ)| ≤ ε

2‖f‖1

∫
|x|≤R

|f(x)| dx+ 2

∫
|x|>R

|f(x)| dx ≤ ε .

Since δ doesn’t depend on the value of ξ, this shows that f̂ is uniformly continuous.

Note that since S(R) ⊂ L1(R) by the previous section, the above definition of the Fourier

transform extends to the Schwartz class. It is important to note that f̂ is not necessarily in

L1(R) even if f is in L1(R), so in general F [f̂ ] might not be well-defined. In later sections of
the paper, we will want to invert the Fourier transform to reclaim our original function, but
this inversion is not always possible for a function that is simply L1. In this section we will
prove that the Fourier transform of a Schwartz function is also in the Schwartz class, which
means we can find the Fourier transform of the Fourier transform of our original function,
so that the inversion process we will describe later is well-defined.

Next we will explicitly calculate the Fourier transform of a Gaussian function.

Example 3.4. Let f be the Gaussian f(x) = e−πx
2

. Plugging f into (3.2) gives

f̂(ξ) =

∫
R

e−πx
2

e−2πixξ dx =

∫
R

e−π(x+iξ)
2

eπ(iξ)
2

dx = e−πξ
2

∫ ∞
−∞

e−π(x+iξ)
2

dx

where the second inequality follows from completing the square. The function g(z) = e−πz
2

is holomorphic on C, so integrating along the boundary of the rectangle

RM = {z ∈ C : −M ≤ Re(z) ≤M and 0 ≤ Im(z) ≤ ξ}
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gives
∫
∂RM

g(z) dz = 0. (If ξ < 0, then take the boundaries of RM so that ξ ≤ Im(z) ≤ 0.)

Therefore we have(∫ M

−M
e−πx

2

dx−
∫ M

−M
e−π(x+iξ)

2

dx

)
+

(∫ ξ

0

e−π(−M+iy)2 dy −
∫ 0

ξ

e−π(M+iy)2 dz

)
= 0 .

As M →∞, the terms in parentheses on the right both go to zero, which means that∫ ∞
−∞

e−π(x+iξ)
2

dx =

∫ ∞
−∞

e−πx
2

dx = 1

for any ξ ∈ R. Therefore we have f̂(ξ) = e−πξ
2

= f(ξ), so there is a non-zero function f
whose Fourier transform is itself.

The following proposition gives some of the important basic properties of the Fourier
transform.

Proposition 3.5. Let f ∈ S(R), α ∈ R, and n, m ∈ N. Let f̃(x) = f(−x) and
fa(x) = f(x− a). Then:

(1) ‖f̂‖∞ ≤ ‖f‖1
(2) f̂ + g = f̂ + ĝ

(3) α̂f = αf̂

(4)
ˆ̃
f =

˜̂
f

(5) ˆ̄f =
¯̃
f̂

(6) f̂a(ξ) = e−2πiaξ f̂(ξ)

(7) (e2πixa f(x))̂(ξ) = (f̂)a(ξ)

(8) (f(ax))̂(ξ) = 1
a f̂(ξ/a)

(9) lim|ξ|→∞ |f̂(ξ)| = 0

(10) f̂ (n)(ξ) = (2πiξ)nf̂(ξ)

(11) (f̂)(n)(ξ) = ((−2πix)n f(x))̂ (ξ)

(12) f̂ ∈ S(R)

Remark 3.6. Properties (1) – (9) hold for f ∈ L1(R) as well.

Proof. (1) follows from the fact that (3.3) holds for any ξ ∈ R. (2) and (3) follow from the
linearity of integration. For (4), we see that∫

R

f(−x) e−2πixξ dx =

∫
R

f(u) e2πiuξ du = f̂(−ξ) .

For (5), we have ∫
R

f(x) e−2πixξ dx =

∫
R

f(x) e2πixξ dx = f̂(−ξ) .

Part (6) follows from writing∫
R

f(x− a) e−2πixξ dx = e−2πiaξ
∫
R

f(x− a) e−2πi(x−a)ξ dx = e−2πiaξ
∫
R

f(u) e−2πiuξ dx

and (7) follows similarly from∫
R

e2πixa f(x) e−2πixξ dx =

∫
R

f(x) e−2πix(ξ−a) dx = f̂(ξ − a) .
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To obtain (8), we can write∫
R

f(ax) e−2πixξ dx =
1

a

∫
R

f(u) e−2πiu(ξ/a) du =
1

a
f̂(ξ/a) .

To prove (9), first observe that

lim
|ξ|→∞

∫ b

a

e−2πixξdx = lim
|ξ|→∞

e−2πibξ − e−2πiaξ

−2πiξ
= 0

Therefore (9) holds for simple functions ψ =
∑n
k=1 ckχIk where Ik are finite disjoint in-

tervals. Take ε > 0. Since the family of simple functions is dense in L1, there exists
a simple function ψ such that ‖ψ − f‖1 < ε/2, and there exists an R > 0 such that
|
∫
R
ψ(x) e−2πixξ dx| < ε/2 if |ξ| > R. Now if |ξ| > R, then

|f̂(ξ)| =
∣∣∣∣∫
R

f(x) e−2πixξ dx

∣∣∣∣ ≤ ∫
R

|f(x)− ψ(x)| dx+

∣∣∣∣∫
R

ψ(x) e−2πixξ dx

∣∣∣∣ < ε .

For (10), we will prove the case n = 1, and the rest follows from the same proof using
induction. Using integration by parts, we can write∫

R

f ′(x) e−2πixξ dx = f(x)e−2πixξ
∣∣∣∣∞
−∞

+ (2πiξ)

∫
R

f(x) e−2πixξ dx

where the evaluation at infinity is zero since the function is Schwartz. We will also prove
(11) for the n = 1 case. We write

(f̂)′(ξ) =
d

dξ

∫
R

f(x) e−2πixξ dx =

∫
R

d

dξ
f(x) e−2πixξ dx =

∫
R

(−2πix)f(x) e−2πixξ dx

where bringing the differential operator inside of the integral is justified by the fast conver-
gence of f . For the final part of the proposition, we have the bound

‖xm(f̂)(n)(x)‖∞ = ‖xm ((−2πix)nf(x))̂ ‖∞

= (2π)n
∥∥∥∥ (2π)m

(2π)m
xm (xnf(x))̂

∥∥∥∥
∞

= (2π)n−m
∥∥∥∥[ dmdxm (xnf(x))

]̂∥∥∥∥
∞

≤ (2π)n−m
∥∥∥∥ dmdxm (xnf(x))

∥∥∥∥
1

by (1)

where the bottom term is finite since dm

dxm (xnf(x)) ∈ S(R). �

Example 3.7. Let f be the Schwartz function f(x) = e2πixte−π(βx)
2

. Then

f̂(ξ) =
1

β
e−π( ξ−tβ )

2

,

which follows from Example 3.4 and parts (7) and (8) of the proposition. This function will
be very useful when proving the Fourier inversion formula.

In the above proposition, we have shown that the Fourier transform of a Schwartz function
is itself Schwartz, and that differentiating the Fourier transform of a function results in a
multiplication of the Fourier transform by 2πiξ. The fact that differentiation of the Fourier
transform results in multiplication, which follows from a simple integration by parts, will be
the key to proving the classical uncertainty principle. We need Fourier inversion before we
can prove the uncertainty principle, but we are now in a position to prove the first of our
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uncertainty results, which states that f and f̂ cannot both be compactly supported. We

begin with some results about the extension of f̂ to a holomorphic function on C.

Lemma 3.8. (Uniqueness of the Fourier Transform) If f, g ∈ L1(R) and f̂(x) = ĝ(x) for
all x ∈ R, then f ≡ 0 a.e. on R.

Proof. First recall that f̂ is continuous if f ∈ L1(R), so in proving this theorem we suppose

f̂ = ĝ for all x ∈ R rather than just a.e. By the linearity of the Fourier transform, the

theorem is equivalent to proving that f = 0 a.e. if f̂(x) = 0 for all x ∈ R.

We will prove the theorem by constructing a function H such that H(0) =
∫ 0

−∞ f(x) dx =

0. This is enough to show that f = 0 a.e., because we can define a new function g(x) =

f(x− a) with ĝ(x) = e−2πixa f̂(x) = 0 for all x ∈ R. Then we apply the same process to g

to obtain
∫ 0

−∞ g(x) dx =
∫ −a
−∞ f(x) dx = 0 for any a ∈ R, which shows that

∫
A
f(x) dx = 0

for any measurable set A, so f = 0 a.e.

To construct H, we first break f̂ apart into two different pieces, f̂ = F− + F+, where

(3.9) F−(ξ) =

∫ 0

−∞
f(t) e−2πiξt dt and F+(ξ) =

∫ ∞
0

f(t) e−2πiξt dt .

Now take z = x+ iy from the upper half of the plane (so Im(z) = y ≥ 0) and observe that

|F−(z)| =
∣∣∣∣∫ 0

−∞
f(t)e−2πixt e2πyt dt

∣∣∣∣ ≤ ∫ 0

−∞
|f(t)| dt ≤ ‖f‖1 .

Therefore F− is uniformly bounded on {z ∈ C : Im(z) ≥ 0}, and applying the same proof
as before shows that the function is uniformly continuous on this set. Therefore, we can
differentiate under the integral sign, and since the interior is holomorphic as a function of
ξ, we know F− is holomorphic on the upper half-plane. A similar argument shows that F+

is holomorphic on the lower half-plane.
We will now use F− and F+ to construct an entire holomorphic function H. By assump-

tion, F−(x)+F+(x) = f̂(x) = 0 if x is real, which means F+ = −F− on the real line. Define
H by

H(z) :=

{
F−(z) if Im(z) ≥ 0
F+(z) if Im(z) ≤ 0

.

H is uniformly continuous and uniformly bounded by ‖f‖1, and holomorphic when restricted
to the upper half-plane or to the lower-half plane. By Morera’s theorem, if

∫
γ
H(z) dz = 0

for any simple closed C1 curve γ, then H is entire holomorphic, because we can construct
an antiderivative to H by integration along curves independent of the curves themselves. If
γ is contained entirely in the upper half or lower half of the plane, then

∫
γ
H(z) dz = 0 by

Cauchy’s theorem since H is holomorphic in these regions. For a curve that crosses the real
axis, split the curve into its lower plane and upper plane parts and complete the new curves
along the real line. The integral around the new curves will still be zero, and integrating
along the real line in opposite directions will cancel out. Therefore

∫
γ
H(z) dz = 0 for any

simple closed C1 gamma, so H is entire holomorphic.
H is now an entire bounded holomorphic function, so by Liouville’s Theorem H is con-

stant. An analog of the proof of (7) from the previous proposition shows that lim|z|→∞H(z) =

0, so we must have H(z) = 0 for all z ∈ C. Thus H(0) =
∫ 0

−∞ f(x) dx = 0 and we are
done. �
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Remark 3.10. Another version of the above lemma can be obtained using Fourier inversion,
but the version proved here is stronger because it shows that if the Fourier transforms of two
functions are equal, then the original functions are equal a.e. even if the Fourier transform
of the functions is not invertible. While the Fourier transform of a Schwartz function is
always invertible, this is not the case for L1.

Lemma 3.11. (Paley-Wiener) Let f ∈ C∞0 (R), and suppose f(x) = 0 if |x| > R. Then f̂
can be extended to a holomorphic function on all of C, and we have the decay estimate

(3.12) |f̂(z)| ≤ Cn(1 + |z|)−ne2π|Im(z)|R

for any n ∈ Z+.

Proof. First observe that f̂(z) is absolutely convergent for all z ∈ C, since

|f̂(z)| =
∣∣∣∣∫
R

f(x) e−2πizx dx

∣∣∣∣ =

∣∣∣∣∣
∫ R

−R
f(x) e−2πiRe(z)xe2πIm(z)x dx

∣∣∣∣∣ ≤ e2π|Im(z)|R ‖f‖1 .

Therefore we can differentiate under the integral sign, and f̂ is holomorphic on C since

the interior of the integral is holomorphic on C. To prove the bound, the fact that f̂ is

holomorphic allows us to restrict our attention to |z| > 1, since f̂ is uniformly bounded on
the closed unit disk. Using integration by parts yields

f̂(z) =

∫ R

−R

1

(−2πiz)n

(
dn

dxn
e−2πizx

)
f(x)dx =

1

(−2πiz)n

∫ R

−R
e−2πizx

dnf

dxn
(x) dx .

Since f is Schwartz, there is some Kn > 0 such that |f (n)(x)| < Kn for all x ∈ R, so we
obtain

|f̂(z)| ≤

∣∣∣∣∣ 1

(−2πiz)n

∫ R

−R
Kn e

−2πizx dx

∣∣∣∣∣ ≤ 2RKn

(2π)n
z−n e2π|Im(z)|R

which concludes the proof. �

Theorem 3.13. Let f ∈ C∞0 (R). If f̂ has compact support, then f ≡ 0.

Proof. We will use a proof by contradiction. Suppose f is a non-zero infinitely differentiable

function of compact support and that the support of f̂ is also compact. Since f and f̂ have

compact support, there is some R > 0 such that f(x) = f̂(x) = 0 if |x| > R. By the previous

lemma, f̂ can be extended to an entire holomorphic function. For a non-zero holomorphic
function g, if g(z0) = 0 then there exists a δ > 0 such that g(z) 6= 0 for any z ∈ B(z0, δ).

Since f̂(2R) = 0 and for any δ > 0, we have 2R + δ/2 ∈ B(2R, δ) and f̂(2R + δ/2) = 0,

we must have f̂ = 0 on all of C, and therefore also on all of R. By the Uniqueness of the
Fourier Transform, this implies that f = 0 a.e. on R, and since f ∈ C∞0 , f = 0 everywhere
on R. �

4. Fourier Inversion

One of the most useful properties of the Fourier transform is the fact that under certain
circumstances, the Fourier transform of a function can be inverted to recover the original
function. This means that when working with the Fourier transform of a function, we
don’t have to worry about losing information contained in the original function, since this
information can be recovered using the inversion process. An easier corollary of Fourier
inversion is the Plancherel identity, which states that the L2 norm of a function and of its
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Fourier transform are equal, and this identity will appear very frequently when proving the
uncertainty principle and other uncertainty results.

Some quick informal scratch work sheds light on why the process of Fourier inversion
works in certain cases, and also gives an explanation of why the Fourier transform of a
function on R is defined as a function on R, whereas the Fourier series for a function on a
bounded interval is only a collection of coefficients defined on Z.

Consider some function f : R → C with period 1. The nth Fourier coefficient of f for
some integer n is given by

f̂(n) =

∫ 1/2

−1/2
f(t) e−2πint dt ,

and if f is a well-behaved function then we are able to reconstruct f from its Fourier
coefficients and write

f(t) =

∞∑
n=−∞

f̂(n) e2πint .

Now, consider some function f : R → C with arbitrary period P > 0. Then g(x) = f(Px)
is a function of period 1, so from a change of variables we could choose to define the Fourier
coefficients of f by

f̂(n) =
1

P

∫ P/2

−P/2
f(t) e−

2πint
P dt .

Reconstructing f from these coefficients in the same way as before, we get

f(t) =

∞∑
n=−∞

f̂(n) e
2πint
P =

1

P

∞∑
n=−∞

(∫ P/2

−P/2
f(x) e−

2πinx
P dx

)
e

2πint
P .

Taking the limit as P → ∞ and ignoring problems of convergence, the sum becomes an
integral and we might hope to write

(4.1) f(t) =

∫
R

(∫
R

f(x)e−2πixξ dx

)
e2πitξ dξ

for a function of period ∞, which is just a function on the line. This is exactly what we
will prove in the upcoming Fourier inversion theorem, and the above equation turns out to
always be true when f is Schwartz. Motivated by this analysis, we give a definition for the
inverse of the Fourier transform.

Definition 4.2. Given f ∈ S(R), we define

(4.3) f̌(x) =

∫
R

f(t) e2πitx dt = f̂(−x)

for all x ∈ R. The operation f → f̌ is called the inverse Fourier transform.

Before proving the Fourier inversion theorem, we first need some results about approxi-
mate identities. In physics, one often uses the Dirac-delta distribution δ(x), which satisfies

(4.4)

∫
R

f(t)δ(x− t) dt = f(x)

for all f in some set of functions. In general, the integral
∫
R
f(t)g(x − t) dt is known as

the convolution of f and g, which itself is a function from R to C, and we might wonder if
there is some function g such that the convolution of f and g returns the orignal function
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f . Although such a function does not exist in the conventional sense of functions, often we
can find a family of functions g(x, ε) with the property that

(4.5) lim
ε→0

∫
R

f(x) g(x− t, ε) dt = f(x) .

Such functions are known as approximate identities.

Definition 4.6. An approximate identity (as ε → 0) is a family of functions kε ∈ L1(R)
with the following properties:

(1) There exists a constant c > 0 such that ‖kε‖1 ≤ c for all ε > 0.
(2)

∫
R
kε(x) dx = 1 for all ε > 0.

(3) For any δ > 0, we have
∫
|x|≥δ |kε(x)| dx→ 0 as ε→ 0.

From this definition, we get an idea of how an approximate identity works. As ε → 0,
the mass of kε becomes concentrated closer and closer to the origin. If kε replaces g in
(4.3) and x is fixed, then the product inside of the integral vanishes for all t except those
close to x when ε is small, and since integrating kε over R always gives 1, the value of
the integral is close to f(x) for small ε. Before we prove that (4.3) does indeed hold for
families of functions that satisfy the three properties listed above, we give some examples
of approximate identities on R.

Example 4.7. The following are examples of approximate identities.

• Let k be a function such that
∫
R
k(x) dx = 1. Then kε = ε−1 k(ε−1x) is an approx-

imate identity. A simple substitution of variables shows that kε satisfies properties
(1) and (2) since k satisfies both of these properties. Property (3) is satisfied since

lim
ε→0

∫
|x|≥δ/ε

|k(x)| dx = 0

for all δ > 0. This simple trick shows that approximate identites are quite common,
and that many different types of functions can be altered slightly to serve as an
approximate identity. This method of converting a function into an approximate
identity bears some similarity to (8) from Proposition 3.5, and we will exploit this
when proving Fourier inversion.

• Let P (x) = (π(1+x2))−1, and let Pε(x) = ε−1P (ε−1x). Then by the above argument
Pε is an approximate identity, since∫

R

1

π

1

1 + x2
dx =

1

π
arctan(x)

∣∣∣∣∞
−∞

= 1 .

Pε is commonly known as the Poisson kernel.

• Let g(x) = e−πx
2

. Then gε(x) = ε−1 g(ε−1x) is an approximate identity, since∫
R
g(x) dx = 1. To see this, let A =

∫
R
e−πx

2

dx. Then

A2 =

(∫
R

e−πx
2

dx

)(∫
R

e−πy
2

dy

)
=

∫
R

∫
R

e−π(x
2+y2) dy dx

=

∫ 2π

0

∫ ∞
0

r e−πr
2

dr dθ = 1

where the third equality follows from a change to polar coordinates, and the last
integral is easily evaluted using substitution. We have already used the fact that∫
R
g(x) dx = 1 earlier in Example 3.4. We will use the approximate identity gε in

our proof of the Fourier inversion theorem.
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Theorem 4.8. Let kε be an approximate identity, and let f ∈ S(R). Then

(4.9) lim
ε→0

∥∥∥∥∫
R

f(t) kε(x− t) dt− f(x)

∥∥∥∥
∞

= 0 ,

so the convolution of f and kε converges to f for all x ∈ R as ε→ 0.

Proof. First we observe that we can write∫
R

f(t) kε(x− t) dt =

∫
R

f(x− t) kε(t) dt

by using a simple substitution, so the convolution operation is commutative and we can
instead prove the theorem for

∫
R
f(x− t) kε(t) dt.

Next observe that if f ∈ S(R), then f is uniformly continuous on R, which is shown
as follows: since supx∈R |xf(x)| < ∞, we must have lim|x|→∞ f(x) = 0, and we know f
is continuous by definition. Therefore there exists an R > 0 such that if |x| > R, then
|f(x)| < ε/2. Any continuous function is uniformly continuous on a compact set, so there
exists some δ0 > 0 such that if x, y ∈ [−R−1, R+1] and |x−y| < δ, then |f(x)−f(y)| < ε.
Therefore, for any x, y ∈ R, if |x − y| < min(δ, 1), we have |f(x) − f(y)| < ε, so f is
uniformly continuous.

Now choose some arbitrary λ > 0. Since f is uniformly continuous, there is some δ > 0
such that if |h| < δ, then

|f(x− h)− f(x)| < λ

2c
for all x ∈ R, where c is the constant from part (1) of Definition 4.4. Now by part (2) of
Definition 4.4, we know 1 =

∫
R
kε(x) dx =

∫
R
kε(x− t) dx, so we can write∫

R

f(x− t) kε(t) dt− f(x) =

∫
R

f(x− t) kε(t) dt− f(x)

∫
R

kε(t) dt

=

∫
R

(f(x− t)− f(x)) kε(t) dt

=

∫
|t|<δ

(f(x− t)− f(x)) kε(t) dt+

∫
|t|≥δ

(f(x− t)− f(x)) kε(t) dt .

Taking the L∞ norm of the first term in the bottom sum gives

sup
x∈R

∣∣∣∣∣
∫
|t|<δ

(f(x− t)− f(x)) kε(t) dt

∣∣∣∣∣ ≤
∫
|t|<δ

sup
x∈R
|f(x− t)− f(x)| |kε(t)| dt

<

∫
|t|<δ

λ

2c
|kε(t)| dt ≤

λ

2

and taking the L∞ norm of the second term gives

sup
x∈R

∣∣∣∣∣
∫
|t|≥δ

(f(x− t)− f(x)) kε(t) dt

∣∣∣∣∣ ≤
∫
|t|≥δ

sup
x∈R
|f(x− t)− f(x)| |kε(t)| dt

≤ 2 ‖f‖∞
∫
|t|≥δ

|kε(t)| dt .

Now, by property (3) of Definition 4.4, there exists an ε0 > 0 such that if ε < ε0, then∫
|t|≥δ

|kε(t)| dt <
λ

4‖f‖∞
.
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Therefore ‖
∫
R
f(x− t) kε(t) dt− f(x)‖∞ < λ, so the theorem is proven. �

With the above theorem in hand, we are ready to prove Fourier inversion.

Theorem 4.10. Let f, g, h ∈ S(R). Then the following hold:

(1) ∫
R

f(x)ĝ(x) dx =

∫
R

f̂(x)g(x) dx

(2) (Fourier Inversion)

(f̂ )̌ = f = (f̌)ˆ

(3) ∫
R

f(x)h(x) dx =

∫
R

f̂(ξ)ĥ(ξ) dξ

(4) (Plancherel’s Identity)

‖f‖2 = ‖f̂‖2 = ‖f̌‖2
(5) ∫

R

f(x)g(x) dx =

∫
R

f̂(x)ǧ(x) dx

Proof. For (1), we have∫
R

f(x)

(∫
R

g(y) e−2πiyx dy

)
dx =

∫
R

g(y)

(∫
R

f(x) e−2πiyx dx

)
dy ,

where the change in the order of integration is justified by Fubini’s Theorem, which is valid
because of the absolute convergence of the integrals. To prove (2), we use (1) with

g(x) = e2πixt e−π(εx)
2

.

Fortunately, we have already done enough work to find ĝ without an explicit computation.
Combining the results of Example 3.4 and Proposition 3.5 parts (7) and (8) yields

ĝ(x) =
1

ε
e−π( x−tε )

2

,

which is an approximate identity by Example 4.7 and the fact that
∫
R
e−π(x−t)

2

dx =∫
R
e−πx

2

dx = 1 for any real number t. Applying (1) now yields∫
R

f(x)ε−1e−π( x−tε )
2

dx =

∫
R

f̂(x) e2πixt e−π(εx)
2

dx .

We now consider the above equation as ε→ 0. By Theorem 4.8, the left-hand side converges

to f(t). Since e−π(εx)
2 ≤ 1, the right-hand side converges to (f̂ )̌ (t) by the Lebesgue

Dominated Convergence Theorem. Therefore f = (f̂ )̌ on R, and the other equality in (2)
follows in a similar way.

To prove (3), observe that

(¯̂g)̂ = (ĝ)
¯̃̂ = ḡ

where the first equality follows from Proposition 3.5 (5). Therefore (3) follows from (1)

with g =
¯̂
h. Plancherel’s identity follows from (3) with h = f , and (5) follows from (1) and

Fourier inversion. �
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We remark that Plancherel’s identity allows us to extend F uniquely to an isometry on
L2(R. The following corollary sums up why the Schwartz class is a natural environment for
studying the Fourier transform.

Corollary 4.11. The Fourier transform is a homeomorphism from S(R) onto itself.

Proof. The fact that F is bijective follows from Proposition 3.5 (12) and Fourier inversion.

To prove continuity, we show that if fk → f in S(R), then f̂k → f̂ in S(R). For any
g ∈ S(R), we have ∥∥∥xmĝ(n)(x)

∥∥∥
∞

= (2π)n−m
∥∥∥∥F [ dmdxm (xng(x))

]∥∥∥∥
∞

≤ (2π)n−m
∥∥∥∥ dmdxm (xng(x))

∥∥∥∥
1

just as in the proof of Proposition 3.5 (12). Now if we let g = fk − f , by using the product
rule and the fact that convergence in S(R) implies convergence in L1(R), it is simple to

show that ρm,n(f̂k − f̂)→ 0 as k →∞ for arbitrary m, n ∈ Z+. Therefore f̂k → f in S(R)
and F is continuous. �

5. The Uncertainty Principle

Now that we have established all the necessary preliminary results, we obtain the uncer-
tainty principle from what is essentially a simple integration by parts. After the proof of
the uncertainty principle, we give some physical interpretations of our new formula.

Theorem 5.1. For any f ∈ S(R) and any x0, ξ0 ∈ R, we have the following inequality:

(5.2) ‖f(x)‖22 ≤ 4π‖(x− x0)f(x)‖2 ‖(ξ − ξ0)f̂(ξ)‖2 .

Moreover, we have equality in the above expression if and only if f is a modulated and shifted

Gaussian, which means it has the form f(x) = c0 e
ic1(x−ξ0) e−c2(x−x0)

2

with c2 > 0.

Proof. We will first prove a weaker version of the inequality before we prove the theorem in
its full generality. We write∫

R

|f(x)|2 dx =

∫
R

f(x)f(x) dx

= x|f(x)|2
∣∣∞
−∞ −

∫
R

x (f ′(x)f(x) + f(x)f ′(x)) dx

= −2

∫
R

xRe(′(x)f ′(x)) dx

where the second equality follows from integration by parts and the last equality holds
because lim|x|→∞ |xf(x)2| = 0 since f is Schwartz. Now, we can write

(5.3) ‖f‖22 =

∣∣∣∣−2

∫
R

xRe(f(x)f ′(x)) dx

∣∣∣∣ ≤ 2 ‖xf(x)‖2 ‖f ′(x)‖2

which follows from the Cauchy-Schwartz inequality. Recalling that differentiation of the
original function translates to multiplication by 2πiξ in the domain of the Fourier transform,
we have

‖f ′(x)‖2 = ‖f ′(x)‖2 = ‖(̂f ′)(ξ)‖2 = ‖(2πiξ)f̂(ξ)‖2 = 2π‖ξ f̂(ξ)‖2
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where the second equality follows from Plancherel’s Identity and the third equality follows
from Proposition 3.5 (10). Combining this with our previous results gives

(5.4) ‖f‖22 ≤ 4π‖x f(x)‖2 ‖ξ f̂(ξ)‖2 .

To prove the theorem in its full generality, we define a new function

g(x) = e−2πixξ0 f(x+ x0) , so that ĝ(ξ) = e2πix0ξ f̂(ξ + ξ0) .

For this function g, we have

‖g‖22 =

∫
R

∣∣e−2πixξ0 f(x+ x0)
∣∣2 dx =

∫
R

|f(t)|2 dt = ‖f‖22 ,

‖u g(u)‖2 =

(∫
R

∣∣u e−2πiuξ0 f(u+ x0)
∣∣2 du)1/2

=

(∫
R

|(x− x0) f(x)|2 dx
)1/2

= ‖(x− x0)f(x)‖2 ,

‖t ĝ(t)‖2 =

(∫
R

∣∣∣t e2πix0t f̂(t+ ξ0)
∣∣∣2 dt)1/2

=

(∫
R

∣∣∣(ξ − ξ0) f̂(ξ)
∣∣∣2 dξ)1/2

= ‖(ξ − ξ0) f̂(ξ)‖2 .

Therefore, applying (5.4) to g proves (5.2).

If we want equality to hold in (5.2), then we must have equality when we apply Cauchy-
Schwartz in (5.3). Equality holds when applying Cauchy-Schwartz to the inner product of
u and v if and only if v = λu for some scalar λ. Therefore, for equality to hold in (5.2) we

must have f ′(x) = λx f(x), a differential equation which has the solution f(x) = C eλ/2 x
2

.
�

If we consider f and f̂ as probability distributions, then the expressions

inf
x0∈R

‖(x− x0)f(x)‖2 and inf
ξ0∈R

‖(ξ − ξ0) f̂(ξ)‖2

correspond to the standard deviation of f and the standard deviation of f̂ respectively. A
probabilistic interpretation of the uncertainty principle says that the standard deviation of

f and f̂ exhibit an inversely proportional relationship, so if f is tightly concentrated in

a small area then f̂ has a much wider spread, and vice-versa. The smaller the standard
deviation of a probability distribution is, the more precisely one can predict the outcome of
the random event, so if two probability distributions are Fourier transforms of one another,
we can accurately predict at best one event. Moreover, paired normal distributions give us
the most overall predictive power of any distribution, since equality in the theorem only
holds for normal distributions.

There are two important physical interpretations of Theorem 5.1, which arise from two
sets of paired domains. Taking the Fourier transform of a probability distribution in the
position domains gives a probability distribution in the momentum domain, so Theorem
5.1 states that we cannot precisely know both the position and momentum of a particle to
arbitrary certainty. This is the well-known Uncertainty Principle from quantum mechanics,
which arises from little more than integration by parts and the Cauchy-Schwartz inequality
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but has huge ramifications for the way we look at the world we live in. Time and frequency
are another set of paired domains, so Theorem 5.1 also states that sampling a sound over
smaller and smaller time intervals results in a loss in accuracy of the frequency sampled,
which has important implications for audio technology.

6. The Amrein-Berthier Theorem

We conclude our study of the uncertainty principle with the Amrein-Berthier theorem.
As an easy corollary, we obtain the result that a non-zero function f supported on a set of
finite measure cannot have a Fourier transform which is supported on a set of finite measure.
We have already shown that this is the case if f is compactly supported, but proving the
result for sets of finite measure (which might not be bounded) is more difficult and will
require methods significantly different from those already used.

Suppose E, F ⊂ R have finite measure. We are interested in determining whether there
is a non-zero f ∈ L2(R) such that

(6.1) supp(f) ⊂ E and supp(f) ⊂ F .

We begin by defining a linear operator T [f ] = χE(χF f̂) ˇ , where T is considered as an
operator from L2(R) to L2(R). If there is a function f that satisfies (6.1), then it is clear
that T (f) = f , which would imply that ‖T‖op ≥ 1. On the other hand, we have

‖T [f ]‖2 = ‖χE(χF f̂)ˇ‖2 ≤ ‖(χF f̂)ˇ‖2 = ‖χF f̂‖2 ≤ ‖f̂‖2 = ‖f‖2
where the equalities all follow from Plancherel’s Identity, so ‖T‖op ≤ 1. Therefore, if we can
show that ‖T‖op < 1, then there is no non-zero f that satisfies (6.1). We can rewrite T [f ]
in the following way:

T [f ](x) = (χE(χF f̂)ˇ)(x) = χE(x)

∫
R

e2πitx χF (t)

(∫
R

f(y) e−2πiyt dy

)
dt

= χE(x)

∫
R

f(y)

∫
R

χF (t) e2πit(x−y) dt dy

so we have

(6.2) T [f ](x) =

∫
R

χE(x) χ̌F (x− y)f(y) dy .

Therefore T is an integral transform with kernel K(x, y) = χE(x) χ̌F (x− y), and

‖T‖op ≤
(∫
R

∫
R

|K(x, y)|2dx dy
)1/2

= (|E| · |F |)1/2 := σ <∞ .

Therefore ‖T‖op ≤ min(σ, 1), and if σ < 1 it immediately follows that the only f that
satisfies (6.1) is the zero function. With a little more work, we can show that the previous
statement is true for arbitrary σ. Before doing so, we temporarily drop the requirement
that E and F have finite measure and show that ‖T‖op < 1 is equivalent to several other
statements, some of which are more immediately applicable.

Lemma 6.3. Let E, F be measurable subsets of R, let f ∈ L2(R), and let C1, C2 be positive
constants. Then the following are equivalent:

(1) ‖f‖L2(R) ≤ C1(‖f‖L2(Ec) + ‖f̂‖L2(F c))

(2) There exists some ε > 0 such that ‖f‖2L2(E) + ‖f̂‖2L2(F ) ≤ (2− ε)‖f‖22
(3) If supp(f̂) ⊂ F , then ‖f‖2 ≤ C2‖f‖L2(Ec)
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(4) If supp(f) ⊂ E, then ‖f̂‖2 ≤ C2‖f̂‖L2(Ec)

(5) There exists 0 < ρ < 1 such that ‖χE(χF f̂)ˇ‖2 ≤ ρ‖f‖2

Remark 6.4. ‖T‖op < 1 is the same as statement (5).

Proof. Plancherel’s Identity identity is used frequently throughout the proof, and we will
no longer make note when it is used.

(1) ⇒ (2): We can write

‖f‖2L2(E) + ‖f̂‖2L2(F ) = 2‖f‖22 − ‖f‖2L2(Ec) − ‖f̂‖
2
L2(F c)

≤ (2− (2C1)−1)‖f‖22 .

(2) ⇒ (3): If supp(f̂) ⊂ F , then ‖f̂‖2L2(F ) = ‖f̂‖2L2(R), so 0 ≤ ‖f‖2L2(E) ≤ (1− ε)‖f‖22. Now

ε‖f‖22 ≤ ‖f‖2L2(E) ≤ ‖f‖
2
2 , or ‖f‖22 ≤ ε−1‖f‖2L2(E) .

(3) ⇒ (1): Observe that supp(χF f̂) ⊂ F by definition, so

‖f‖2 ≤ ‖(χF f̂ )̌ ‖2 + ‖(χF c f̂ )̌ ‖2
≤ C2‖χEc(χF f̂ )̌ ‖2 + ‖(χF c f̂ )̌ ‖2
≤ C2‖χEcf‖2 + C2‖χEc(χF c f̂ )̌ ‖2 + ‖(χF c f̂ )̌ ‖2
≤ C2‖χEcf‖2 + (C2 + 1)‖(χF c f̂ )̌ ‖2 .

Simply replacing f by f̂ gives (2) ⇒ (4) and (4) ⇒ (1).

(3) ⇒ (5): As before, supp(χF f̂) ⊂ F , so

‖(χF f̂ )̌ ‖22 = ‖χE(χF f̂ )̌ ‖22 + ‖χEc(χF f̂ )̌ ‖22
≥ ‖χE(χF f̂ )̌ ‖22 + C−22 ‖(χF f̂ )̌ ‖22 ,

which means ‖χE(χF f̂ )̌ ‖2 ≤ (1− C−22 )1/2‖(χF f̂ )̌ ‖2 ≤ (1− C−22 )1/2‖f‖2.

(5) ⇒ (3): If supp(f̂) ⊂ F , then (χF f̂ )̌ = f , so we have

‖f‖2 ≤ ‖χEf‖2 + ‖χEcf‖2
≤ ρ‖f‖2 + ‖χEcf‖2 ,

which implies ‖f‖2 ≤ (1− ρ)−1‖χEcf‖2.
�

We are ready to prove our final theorem.

Theorem 6.5. (Amrein-Berthier) Let f ∈ L2(R) and E, F ⊂ R be sets of finite measure.
Then

(6.6) ‖f‖L2(R) ≤ C(‖f‖L2(Ec) + ‖f̂‖L2(F c))

for some constant C that depends only on E and F .

Proof. Recall our linear operator T [f ] = χE(χF f̂)ˇ, and that ‖T‖op ≤ σ := (|E| · |F |)1/2.
Let

(6.7) Aλ := {f ∈ L2(R) : T [f ] = λf}
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be the left λ-eigenspace of T . First we claim that dim(Aλ) ≤ λ−2σ2. To prove this claim,
suppose that {fk}mk=1 is an orthonormal sequence sequence in Aλ. Now, with K(x, y) as
the kernel of the integral transform T , Bessel’s Inequality allows us to write

mλ2 =

m∑
k=1

∣∣∣∣∫
R

∫
R

K(x, y)fk(x)fk(y) dx dy

∣∣∣∣2 ≤ ∫
R

∫
R

|K(x, y)|2dx dy = σ2 ,

because
∫
R
K(x, y)fk(x) dx = λfk(y) since {fk} ⊂ Aλ and because∫

R

fj(y)fk(y) dy =

{
1 if j = k
0 if j 6= k

since {fk} is an orthonormal sequence. In particular, dim(Aλ) < ∞ for any λ since σ is
finite by assumption.

Now we will use proof by contradiction to prove the theorem. Suppose ‖T‖op = 1,
which contradicts the conclusion of the theorem since the previous lemma shows that the
conclusion of the theorem is equivalent to ‖T‖op < 1. A bounded integral transform is
always a compact operator, so if ‖T‖op = 1 then there is some f ∈ L2(R) that satisfies
(6.1). We now show that dim(A1) =∞ to obtain our contradiction. Inductively, we define

S0 := supp(f) , S1 := S0 ∪ (S0 − y0) , Sk+1 := Sk ∪ (S0 − yk) for k ≥ 1,

where the translations {yk}k∈N are chosen so that |Sk| < |Sk+1| < |Sk| + 2−k. Using
the f that satisfies (6.1), we define fk(x) = f(x + yk), so that {fk} is an infinite linearly
independent set with

supp(fk) ⊂ S∞ :=

∞⋃
j=0

Sj

for all k ≥ 0. Observe that supp(f̂k) ⊂ F for all k ≥ 0 since translation in the original
domain translates to multiplication by a constant in the Fourier domain. Since |S∞| <∞,
we obtain the desired contradiction with E = S∞.

�
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