
SERRE DUALITY AND APPLICATIONS

JUN HOU FUNG

Abstract. We carefully develop the theory of Serre duality and dualizing

sheaves. We differ from the approach in [12] in that the use of spectral se-

quences and the Yoneda pairing are emphasized to put the proofs in a more
systematic framework. As applications of the theory, we discuss the Riemann-

Roch theorem for curves and Bott’s theorem in representation theory (follow-

ing [8]) using the algebraic-geometric machinery presented.
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1. Prerequisites

Studying algebraic geometry from the modern perspective now requires a some-
what substantial background in commutative and homological algebra, and it would
be impractical to go through the many definitions and theorems in a short paper.
In any case, I can do no better than the usual treatments of the various subjects,
for which references are provided in the bibliography. To a first approximation, this
paper can be read in conjunction with chapter III of Hartshorne [12]. Also in the
bibliography are a couple of texts on algebraic groups and Lie theory which may
be beneficial to understanding the latter parts of this paper.

Date: September 15, 2013.
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A note on notation: we have chosen to adopt most of the notation from the
source material. Thus the reader should consult the references, especially [12], if
any of the notation is unfamiliar. Fortunately, there is a index of notation available.

1.1. A crash course in sheaves and schemes. In this section we review some of
the terminology and notation used in this paper; the material is taken from chapter
II of [12].

1.1.1. Sheaves. Let X be a topological space and U(X) the category of open sets in
X whose morphisms are inclusions. Fix a concrete category C. A C-valued presheaf
F is a contravariant functor from U(X) to C. Usually C is Ab or Ring. If F is a
presheaf and P ∈ X is a point, the stalk FP is defined to be the direct limit of the
groups F (U) over all open sets containing P via the restriction maps.

A sheaf is a presheaf that satisfies the identity and gluing axioms. Given any
presheaf F , there is a construction called sheafification that gives a sheaf F+

satisfying the universal property that every morphism from F to a sheaf G factors
uniquely through F+. We call F+ the sheaf associated to F .

Let (X,OX) be a ringed space. The main kind of sheaves we will work with
are sheaves of OX-modules, or OX-modules for short. These are sheaves of abelian
groups such that for each open set U ⊆ X, the group F (U) is an OX(U)-module,
and such that the restriction morphisms F (U) → F (V ) are compatible with the
module structure induced by the ring homomorphism OX(U) → OX(V ). The
category Mod(X) of OX -modules is abelian, i.e., Hom(F ,G ) has the structure of
an abelian group for any two OX -modules F ,G , and the composition is linear;
finite direct sums, kernels, and cokernels exist; and so on. We also have tensor
products.

An important example of an OX -module is the sheaf H om, which takes

U 7→ HomOX |U (F |U ,G |U ).

As with Ext, we define the functors E xti(F ,−) as the right derived functors of
H om(F ,−), and we call these the sheaf E xt. (But we cannot define E xt using
H om(−,G ), because we may not have enough projectives in the category.)

An OX -module is free if it is isomorphic to a direct sum of copies of OX , and it
is locally free if X can be covered by open sets U for which F |U is a free OX |U -
module. In that case, the rank of F on such an open set is the number of copies
of the structure sheaf needed; if X is connected, the rank of a locally free sheaf is
the same everywhere. An invertible sheaf is a locally free sheaf of rank one.

A sheaf of ideals on X is a quasicoherent OX -module I that is a subsheaf of
OX . If Y is a closed subscheme (discussed below) of a scheme X, and i : Y → X is
the inclusion morphism, the ideal sheaf of Y is IY = ker(i] : OX → i∗OY ).

Two important operations on sheaves are the direct image and inverse image
constructions. Let F be a sheaf and f : (X,OX) → (Y,OY ) a map of ringed
spaces. The direct image sheaf f∗F is defined by (f∗F )(V ) = F (f−1(V )) for
any open set V ⊆ Y . Moreover, if F is a sheaf of OX -modules, then f∗F is a
f∗OX -module. The morphism f ] : OY → f∗OX gives f∗F the structure of an
OY -module.

If G is a sheaf on Y , let f−1(G ) be the sheaf associated to the presheaf

U 7→ lim
V⊇f(U)

G (V ).
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Furthermore, if G is a sheaf of OY -modules, then f−1G is a f−1OY -module. Be-
cause of the adjoint property of f−1, we have a morphismf−1OY → OX . We define
the inverse image of G to be the tensor product f∗G = f−1G ⊗f−1OY OX , which
is an OX -module. The functors f∗ and f∗ are adjoint.

1.1.2. Schemes. An affine scheme (X,OX) is a locally ringed space that is isomor-
phic to the spectrum of some ring. The spectrum of a ring A is the pair (SpecA,O)
where the structure sheaf O is defined as follows. For an open set U ⊆ SpecA,
let O(U) be the ring of functions s : U →

⊔
p∈U Ap such that s(p) ∈ Ap and such

that s is locally a quotient of elements of A. That is, for each p ∈ U , there is a
neighborhood V ⊆ U of p and elements a, f ∈ A such that for each q ∈ V we have
f /∈ q and s(q) = a

f .

A scheme is a locally ringed space (X,OX) where each point has an open neigh-
borhood U such that (U,OX |U ) is an affine scheme. A scheme may have many
interesting properties, in addition to notions such as connectedness, irreducibility,
and quasicompactness on the underlying space. For example, a scheme is integral if
the ring OX(U) is an integral domain for every open set U . It is locally noetherian
if it can be covered by affine open subschemes SpecAi where each Ai is noetherian,
and it is noetherian if it is locally noetherian and only finitely many SpecAi is
needed to cover X. When we come to Weil divisors, we will treat only schemes
that are regular in codimension one, which means that every local ring OX,x of X
of dimension one is regular. In general, a scheme is regular if all local rings are
regular. A scheme is Cohen-Macaulay if all local rings are Cohen-Macaulay.

Warning: while an open subscheme of (X,OX) is simply a scheme (U,OU ) whose
underlying space is an open subset of X and whose structure sheaf is isomorphic to
OX |U , the same definition does not work for closed subschemes. A closed immersion
is a morphism f : Y → X of schemes such that f induces a homeomorphism of
the underlying space of Y onto a closed subset of the underlying space of X and
furthermore the induced map f ] : OX → f∗OY of sheaves on X is surjective. A
closed subscheme of X is an equivalence class of closed immersions where f : Y → X
and f ′ : Y ′ → X are equivalent if there is an isomorphism ϕ : Y ′ → Y such that
f ′ = f ◦ ϕ.

There are also many properties that morphisms of schemes may possess; we
mention only a few. Let f : X → Y be a morphism of schemes. Then f is locally of
finite type if there exists a covering of Y by open affine subsets Vi = SpecBi such
that for each i we have an open affine cover {Ui,j = SpecAi,j} of f−1(Vi) with each
Ai,j finitely generated as a Bi-algebra, and f is of finite type if it is locally of finite
type and for each i the cover {Ui,j} can be chosen to be finite.

The morphism f is separated if the diagonal morphism X → X ×Y X is closed,
and it is universally closed if for all morphisms Z → Y , the morphism X×Y Z → Z
is closed. The map f is proper if it is of finite type, separated, and universally closed.

The morphism f is projective if it factors as a closed immersion into PnY , followed
by the projection map PnY → Y for some n. It is quasiprojective if it factors as an
open immersion followed by a projective morphism.

The morphism f is flat at a point x ∈ X if the stalk OX,x is flat as an OY,f(x)-

module viewed via f ]. It is flat if it is flat at every point x ∈ X. If F is an
OX -module, then F is flat over Y at a point x ∈ X if the stalk Fx is a flat OY,f(x)-

module viewed via f ]. The sheaf F is flat if it is flat at every point of X, and X
is flat if OX is so.
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1.1.3. Proj and twisted sheaves. Let S be a graded ring. We construct a projective
scheme ProjS as follows. As a set, ProjS consists of all homogeneous prime ideals
in S that do not contain S+, the ideal of all positively-graded elements. If a is a
homogeneous ideal, let V (a) = {p ∈ ProjS : p ⊇ a}. The sets {V (a)} form the
closed sets of the Zariski topology on ProjS. Define a sheaf of rings on ProjS
by letting O(U) be the set of functions s : U →

⊔
p∈U S(p) for each open set U ,

where S(p) is the ring of degree zero elements in the localized ring T−1S where T
is the multiplicative set consisting of all homogeneous elements of S not in p. The
functions s should be locally a quotient of elements in S and satisfy s(p) ∈ S(p).

Next, let A be a ring and M an A-module. We can in the same vein construct

the sheaf associated to M on SpecA, denoted M̃ , as follows. For any open set

U ⊆ SpecA, let M̃(U) be the set of functions s : U →
⊔

p∈U Mp such that s(p) ∈Mp

for each p ∈ U and such that s is locally a fraction. The sheaf M̃ is a sheaf of OX -
modules. Generally we say a sheaf of OX -modules F is quasicoherent ifX is covered
by open affine subsets Ui = SpecAi such that for each i there is an Ai-module Mi

with F |Ui ∼= M̃i, and F is coherent if it is quasicoherent and furthermore each Mi

is finitely generated.
Now suppose S is a graded ring and X = ProjS. For any m ∈ Z, we define the

twisted ring S(m) to be S shifted m places to the left, i.e., S(m)d = Sm+d. Then

we define the sheaf OX(m) to be S̃(m). The sheaf OX(1) is called the twisting
sheaf of Serre and generates an infinite cyclic group of invertible sheaves via the
operation OX(m) ⊗ OX(n) ∼= OX(m + n). In general, if F is any OX -module, we
denote by F (m) the sheaf F ⊗X OX(m).

1.1.4. Divisors and the Picard group. We introduce some terminology on divisors.
Let X be a noetherian integral separated scheme that is regular in codimension
one. A prime divisor on X is a closed integral subscheme of codimension one, and
a Weil divisor is an element of the free abelian group DivX generated by the prime
divisors. In the case where X is a curve, prime divisors are simply points Y on the
curve, so a Weil divisor is a formal sum of points on X, e.g., D =

∑
niYi, where

ni ∈ Z. If all ni ≥ 0, we say the divisor D is effective.
If Y is a prime divisor, let η be its generic point. The local ring OX,η is a DVR

with quotient field K, the function field of X. Call the discrete valuation νY the
valuation of Y . If f ∈ K∗, then νY (f) is an integer; if it is positive, we say f has a
zero along Y and if it is negative, we say f has a pole along Y . We define the divisor
of f to be (f) =

∑
νY (f) · Y , where the sum is taken over all prime divisors of X.

This is a finite sum. Any divisor equal to the divisor of some function is called a
principal divisor. Two divisors D and D′ are linearly equivalent, written D ∼ D′,
if D−D′ is principal. A complete linear system on a nonsingular projective variety
is the (possibly empty) set of all effective divisors linearly equivalent to some given
divisor D0, and it is denoted by |D0|.

The group of divisors modulo principal equivalence is the divisor class group of
X, denoted ClX. Next, for any ringed space X, we can define the Picard group of
X, denoted PicX, to be the group of isomorphism classes of invertible sheaves on
X with the operation ⊗. If X is a noetherian, integral, separated, locally factorial
scheme, then ClX and PicX are naturally isomorphic.
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1.1.5. Sheaves of differentials and smooth varieties. Let f : X → Y be a morphism
of schemes, and let ∆ : X → X ×Y X be the diagonal morphism. The image ∆(X)
is a locally closed subscheme of X×Y X, i.e., a closed subscheme of an open subset
W of X ×Y X. Let I be the sheaf of ideals of ∆(X) in W . Define the sheaf of
relative differentials of X over Y to be the sheaf ΩX/Y = ∆∗(I /I 2) on X. For
example, if X = AnY , then ΩX/Y is a free OX -module of rank n, generated by the
global sections dx1, . . . , dxn, where x1, . . . , xn are the affine coordinates for AnY .

If X is a variety over an algebraically closed field, then we say that X is non-
singular or smooth if all its local rings are regular local rings. There is a result
that asserts that ΩX/k is locally free of rank dimX iff X is nonsingular over k.
(Compare with the case of smooth manifolds.) If X is a nonsingular variety over
k, we define the canonical sheaf of X to be ωX = ∧nΩX/k, where n = dimX.

1.1.6. Cohomology of sheaves. Let F be a sheaf on a space X and U ⊆ X an
open subset. Define Γ(U,F ) = F (U). One way to approach the cohomology
of sheaves is to examine the exactness properties of the global section functor
Γ(X,−) : Sh(X) → Ab. Briefly, Γ(X,−) is left-exact, so we define the coho-
mology functors Hi(X,−) to be the right derived functors of Γ(X,−). For any
sheaf F , the groups Hi(X,F ) are the cohomology groups of F .

While this definition via derived functors enjoys very nice theoretical properties,
in practice one computes sheaf cohomology using the Čech complex. Let X be a
topological space, and let U = (Ui)i∈I be an open covering of X. Fix a well-ordering
of the index set I, and for any finite set of indices i0, . . . , ip, denote the intersection
Ui0∩· · ·∩Uip by Ui0,...,ip . Let F be a sheaf on X. We define the complex C•(U,F )
as follows. For each p ≥ 0, let Cp(U,F ) =

∏
i0<···<ip F (Ui0,...,ip). Then an element

α ∈ Cp(U,F ) is given by an element αi0,...,ip ∈ F (Ui0,...,ip) for every (p+ 1)-tuple

i0 < · · · < ip in I. We define the coboundary map d : Cp → Cp+1 by setting

(dα)i0,...,ip+1
=

p+1∑
k=0

(−1)kαi0,...,îk,...,ip+1
|Ui0,...,ip+1

.

It is easy to see that d2 = 0. We use this cochain complex to define the pth Čech
cohomology group of F with respect to the covering U, denoted Ȟp(U ,F ).

The investigation of sheaf cohomology is what we will concern ourselves in the
next section, where we develop the some of the basic theory. For now, we give only
a simple definition. A sheaf F is flasque if for every inclusion of open sets, the
restriction map is surjective. The important thing about flasque sheaves is that if
F is flasque, then Hi(X,F ) = 0 for all i > 0, i.e., F is acyclic for Γ(X,−).

2. Serre duality theory

Duality is an indispensable tool both computationally and conceptually. In this
section we will prove the following theorem about duality for coherent sheaves and
discuss some of its generalizations.

Theorem 2.1 (Serre duality for Pnk ). Let k be a field and P = Pnk be projective
n-space over k. Let ωP be the sheaf OP (−n − 1) and let F be a coherent sheaf.
Then for 0 ≤ r ≤ n, the Yoneda pairing Hr(P,F )×Extn−rP (F , ωP )→ Hn(P, ωP )
is perfect.
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As we will see, Hn(P, ωP ) ∼= k, so this gives a natural functorial isomorphism

Extn−rP (F , ωP )
∼−→ Hr(P,F )∗.

The proof of this theorem from scratch following the outline in [1] and [12] is
rather long, and the individual components of the proof are not without independent
interest, so we will explore each of them briefly in turn.

2.1. The cohomology of projective space. In this section we perform the ex-
plicit calculations of the cohomology of the line bundles O(m) on projective space,
which will form the basis for all future computations. First, we need a result about
the cohomology of quasicoherent sheaves on affine noetherian schemes.

Theorem 2.2. Let X be an affine noetherian scheme and F a quasicoherent sheaf.
Then for all i > 0, we have Hi(X,F ) = 0.

So there is nothing much to say about cohomology on affine noetherian schemes.
The case with projective schemes is a different story, however. First, there is a gen-
eral result about the vanishing of higher cohomology groups given by Grothendieck.

Theorem 2.3 (Grothendieck vanishing). Let X be a noetherian topological space.
For all i > dimX and all sheaves of abelian groups F on X, we have Hi(X,F ) = 0.

Next, instead of doing the calculation of Hi(Pn,OX(m)) for each sheaf individu-
ally, we consider the combined sheaf F =

⊕
m∈Z OX(m). By keeping careful track

of the grading, we will obtain the cohomology groups for each individual sheaf
as wanted. Now, without further ado, we have the following description of the
cohomology:

Theorem 2.4. Let A be a noetherian ring, and S be the graded ring A[x0, . . . , xn],
graded by polynomial degree. Let P = ProjS = PnA with n ≥ 1. Then
(a) The natural map S → Γ∗(OP ) :=

⊕
m∈ZH

0(P,OP (m)) is an isomorphism of
graded S-modules, where the grading on the target is given by m.

(b) Hn(P,OP (−n− 1)) ∼= A.
(c) Hi(P,OP (m)) = 0 for 0 < i < n and all m ∈ Z.

Notation 2.5. For the following proof and elsewhere in this paper, we will want
to work locally. If S is a graded ring, there is a nice basis for the Zariski topology
of ProjS. Let S+ be the ideal consisting of elements with positive degree, and let
f ∈ S+. Denote D+(f) = {p ∈ ProjS : f /∈ p}. Then D+(f) is open in ProjS,
and furthermore these open sets cover ProjS and for each such open set there is
a isomorphism (D+(f),O|D+(f)) ∼= SpecS(f) of locally ringed spaces where S(f) is
the subring of degree 0 elements in Sf .

Proof of (a). Cover P with the open sets {D+(xi) : 0 ≤ i ≤ n}. Then, a global
section t ∈ Γ(P,OP (m)) is specified by giving sections ti ∈ Γ(D+(xi),OP (m)) for
0 ≤ i ≤ n, which agree on the pairwise intersections D+(xixj) for 0 ≤ i, j ≤ n. The
section ti is just a homogeneous polynomial of degree m in the localization Sxi , and
its restriction to D+(xixj) is the image of ti in Sxixj . So summing over all m, we
see that Γ∗(OP ) can be identified with the set of (n+ 1)-tuples (t0, . . . , tn), where
ti ∈ Sxi for each i, such that the images of ti and tj in Sxixj coincide.

Since the xi are not zero divisors in S, the localization maps S → Sxi and
Sxi → Sxixj are all injective, and these rings are all subrings of Sx0···xn . Thus

Γ∗(OP ) is the intersection
⋂n
i=0 Sxi taken inside Sx0···xn , which is exactly S. In
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conclusion, we have proven that H0(P,OP (m)) is the group of degree m homoge-
neous polynomials in the variables x0, . . . , xn if m ≥ 0, and is the trivial group if
m < 0. �

We perform the remainder of the calculations using Čech cohomology. For
i = 0, . . . , n, let Ui be the open set D+(xi). Then U = {Ui}ni=0 forms an open affine
cover of P . Let F be the sheaf

⊕
m∈Z OP (m). For any set of indices i0, . . . , ip, we

have Ui0,...,ip := Ui0 ∩ · · · ∩ Uip = D+(xi0 · · ·xip), so F (Ui0,...,ip) ∼= Sxi0 ···xip .

Proof of (b). The cohomology group Hn(P,F ) is the cokernel of the map

dn−1 :

n∏
k=0

Sx0···x̂k···xn → Sx0···xn

in the Čech complex. Think of Sx0···xn as a free A-module with basis xl00 · · ·xlnn
with li ∈ Z. The image of dn−1 is the free submodule generated by those basis
elements for which at least one li ≥ 0. Thus Hn(P,F ) is a free A-module with

basis consisting of the negative monomials {xl00 · · ·xlnn : li < 0 for each i}. This
module has a natural grading given by

∑n
i=0 li. The only monomial of degree

−n − 1 in Hn(P,F ) is x−10 · · ·x−1n , so we see that Hn(P,OP (−n − 1)) is a free
A-module of rank one.

Indeed, we have proven a stronger result: for r ≥ 0, Hn(P,OP (−n − r − 1)) is

the free A-module generated by {xl00 · · ·xlnn : li < 0,
∑n
i=0 li = −n − r − 1}, which

has rank
(
n+r
n

)
. �

Proof of (c). We induct on the dimension n. If n = 1, then there is nothing to
prove. So suppose n > 1 and that the result holds for n − 1. If we localize the
Čech complex C•(U,F ) at xn, we obtain a Čech complex for the sheaf F |Un on
the space Un, with respect to the open affine cover {Ui ∩Un : 0 ≤ i ≤ n− 1}. This
complex computes the cohomology of F |Un on Un. Since Un is affine, theorem
2.2 says Hi(Un,F |Un) = 0 for all i > 0. Since localization is exact (in particu-
lar, it commutes with the quotient Hi(P,F ) = ker di/ im di−1), we conclude that
Hi(P,F )xn

∼= Hi(Un,F |Un) = 0 for all i > 0. In other words, every element of
Hi(P,F ), i > 0, is annihilated by some power of xn. If we can show that multi-
plication by xn induces a bijective map of Hi(P,F ) into itself for 0 < i < n, then
this will prove that Hi(P,F ) = 0.

Consider the exact sequence of graded S-modules

0→ S(−1)
xn−−→ S → S/(xn)→ 0.

The −1 indicates that the grading of the ring S is shifted by −1 (see the previous
section), and reflects that multiplication by the degree 1 element xn preserves the
grading, e.g. x20 is a degree 3 element in S(−1), and x20xn has degree 3 in S. Taking
the associated modules, we obtain an exact sequence of sheaves

0→ OP (−1)→ OP → OH → 0

on P , where H is the hyperplane defined by the equation xn = 0. Twisting by each
m ∈ Z and taking the infinite direct sum, we have

0→ F (−1)→ F → FH → 0,
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where FH =
⊕

m∈Z OH(m). Clearly, we see from the definition that F (−1) can
be identified with F , but we will continue to write F (−1) for clarity. The long
exact sequence in cohomology associated to this short exact sequence is

0 S(−1) S S/(xn)

H1(P,F (−1)) H1(P,F ) H1(P,FH)

H2(P,F (−1)) H2(P,F ) H2(P,FH)

Hn−1(P,F (−1)) Hn−1(P,F ) Hn−1(P,FH)

Hn(P,F (−1)) Hn(P,F ) 0.

δ

xn

δ

xn

· · ·

xn

δ

xn

The long exact sequence stops because of Grothendieck’s vanishing theorem. By
induction, Hi(P,FH) = 0 for 0 < i < n−1. So we immediately have isomorphisms

Hi(P,F (−1))
xn−−→ Hi(P,F ) for 1 < i < n − 1. It remains to show that they are

isomorphisms even for i = 1 and i = n− 1.

First, the map S → S/(xn) is surjective, so S/(xn)
δ−→ H1(P,F (−1)) is the zero

map, and thus H1(P,F (−1))
xn−−→ H1(P,F ) is an isomorphism.

Finally, consider the case i = n − 1. The map Hn(P,F (−1))
xn−−→ Hn(P,F ) is

surjective, and we know from part (b) that Hn(P,F ) is the space of all negative
monomials in the n + 1 variables. So the kernel of this map is the free A-module

generated by {xl00 · · ·x
ln−1

n−1x
−1
n : li < 0} ⊆ Hn(P,F (−1)). Since Hn−1(P,FH)

is free on the generators {xl00 · · ·x
ln−1

n−1 } from part (b) again, we see that the con-

necting homomorphism Hn−1(P,FH)
δ−→ Hn(P,F (−1)) is injective by counting

the dimensions of each graded part; indeed, the map δ is given by multiplication
by x−1n . Hence the map Hn−1(P,F ) → Hn−1(P,FH) is the zero map, and so

Hn−1(P,F (−1))
xn−−→ Hn−1(P,F ) is an isomorphism as wanted. �

We can also prove the first instance of Serre duality using these calculations. Re-
call that H0(P,OP (m)) is a free A-module with basis {xm0

0 · · ·xmnn :
∑n
i=0mi = m}

and Hn(P,OP (−m−n− 1)) is free with basis {xl00 · · ·xlnn :
∑n
i=0 li = −m−n− 1}.

Proposition 2.6. Let P = PnA. The natural map

H0(P,OP (m))×Hn(P,OP (−m− n− 1))→ Hn(P,OP (−n− 1)) ∼= A

is a perfect pairing of finitely generated free A-modules for each m ∈ Z.

Indeed, the map takes (xm0
0 · · ·xmnn , xl00 · · ·xlnn ) to xm0+l0

0 · · ·xmn+lnn , which is
zero in Hn(P,OP (−n− 1)) unless mi + li = −1 for all i.

Remark 2.7. Note that in this section we have used the fact that the cohomology
computed using the Čech complex coincides with the derived-functor cohomology,
i.e., Ȟ∗(U,F ) ∼= H∗(X,F ). One way to see this is to consider the spectral sequence

Ep,q2 = Ȟp(U,Hq(X,F ))⇒ Hp+q(X,F ).
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This is an example of the Grothendieck spectral sequence we will see later, ap-
plied to the functors F = Ȟ0(U,−) : PSh(X)→ Ab and G : Sh(X) ↪→ PSh(X).

2.2. Twisted sheaves. In this section we collect several results about the twisting
sheaf O(m). We first prove a theorem about how any coherent OX -module is
generated by global sections after enough twists. Two main uses of this theorem
are the existence of a useful short exact sequence involving coherent sheaves and
Serre vanishing.

Lemma 2.8. Let X be a scheme, let L be an invertible sheaf on X, let f be a
global section of L , let Xf be the open set of points x ∈ X where fx /∈ mxLx

(here mx is the maximal ideal in the local ring OX,x), and let F be a quasicoherent
sheaf on X. Suppose that X has a finite covering by open affine subsets Ui such
that L |Ui is free for each i, and such that Ui ∩ Uj is quasicompact for each i, j.
Then given a section s ∈ Γ(Xf ,F ), there is some m ≥ 0 such that the section
fms ∈ Γ(Xf ,F ⊗L ⊗m) extends to a global section of F ⊗L ⊗m.

Theorem 2.9 (Serre). Let X be a projective scheme over a noetherian ring A and
let OX(1) be a very ample invertible sheaf on X. Let F be a coherent OX-module.
Then there is an integer m0 such that for all m ≥ m0, the sheaf F (m) can be
generated by a finite number of global sections.

Proof. Let i : X → PnA be a closed immersion of X into a projective space
over A such that i∗(OPnA) = OX(1). Then i∗F is a coherent sheaf on PnA and
i∗(F (m)) = (i∗F )(m). Moreover, F (m) is generated by finitely many global sec-
tions iff i∗F (m) is so. So we are reduced to the case X = PnA = ProjA[x0, . . . , xn].

Cover X by the open sets D+(xi) for 0 ≤ i ≤ n. Since F is coherent, for
each i there is a finitely generated module Mi over Bi = A[x0

xi
, . . . , xnxi ] such that

F |D+(xi)
∼= M̃i. For each i, take a finite number of elements sij ∈ Mi which

generate Bi. By the previous lemma with L = OX(1) and Xf = D+(xi), there is
an integer mij ≥ 0 such that x

mij
i sij extends to a global section tij of F (m). Take

m large enough to work for all i, j. Then F (m)|D+(xi) corresponds to a Bi-module
M ′i , and the map xmi : F → F (m) induces an isomorphism of Mi with M ′i . So
the sections xmi sij generate M ′i , and hence the global sections tij ∈ Γ(X,F (m))
generate the sheaf F (m) everywhere. �

Corollary 2.10. Let X be a projective scheme over a noetherian ring. If F is a
coherent OX-module, then there is a short exact sequence

0→ G →
N⊕
i=1

OX(−m)→ F → 0

of coherent OX-modules for some large enough m.

Proof. Choose m large enough so that F (m) is generated by N global sections.

So we have a surjection
⊕N

i=1 OX → F (m). Twisting by −m gives the surjection⊕N
i=1 OX(−m)→ F . �

The next result concerns the cohomology of coherent OX -modules on projective
schemes. Unlike the cohomology on affine noetherian schemes, we do not generally
have trivial cohomology, but it turns out that they are finitely generated, and do
become zero if the sheaf is twisted enough times, as we have already seen for the
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case X = PnA and F = OX(m), m ∈ Z. In fact, the proof essentially reduces to
this case using the short exact sequence above.

Theorem 2.11 (Serre finiteness and vanishing). Let X be a projective scheme over
a noetherian ring A, and let F be a coherent OX-module. Then
(a) The A-modules Hi(X,F ) are finitely generated over A.
(b) There is an integer l0 such that Hi(X,F (l)) = 0 for all l ≥ l0 and i > 0.

Proof. Since X is a projective scheme, there is a closed immersion i : X → PnA, and
we may reduce to the case X = PnA.
(a) By corollary 2.10, there is a short exact sequence of coherent sheaves

0→ G → OX(−m)⊕N → F → 0

on X. Taking the long exact sequence in cohomology, we get

0 H0(X,G ) H0(X,OX(−m)⊕N ) H0(X,F )

H1(X,G ) H1(X,OX(−m)⊕N ) H1(X,F )

Hn(X,G ) Hn(X,OX(−m)⊕N ) Hn(X,F ) 0.

· · ·

By the explicit calculations of the cohomology of line bundles over X = PnA
above, we see that Hi(X,O(−m)⊕N ) = Hi(X,O(−m))⊕N is finitely generated
for all i. In particular, Hn(X,O(−m)⊕N ) is finitely generated; henceHn(X,F )
is finitely generated. Since G is also a coherent sheaf, Hn(X,G ) is also finitely
generated, and the result then follows from descending induction.

(b) Twist the short exact sequence in (2.10) by O(l), and consider the associated
long exact sequence

0 H0(X,G (l)) H0(X,O(l −m)⊕N ) H0(X,F (l))

H1(X,G (l)) H1(X,O(l −m)⊕N ) H1(X,F (l))

Hn(X,G (l)) Hn(X,O(l −m)⊕N ) Hn(X,F (l)) 0.

· · ·

For large enough l and all i > 0, we have Hi(X,O(l − m)⊕N ) = 0. In
particular, Hn(X,O(l − m)⊕N ) = 0, so Hn(X,F (l)) = 0. Since G is also
coherent, Hn(X,G (l)) = 0 for large enough l, and the result again follows from
descending induction.

�

2.3. The Yoneda pairing. The statement of theorem 2.1 refers to the Yoneda
pairing which we describe here, using the language of abelian categories and derived
functors. Recall, an object I in an abelian category C is injective if Hom(−, I) is
exact. The category C has enough injectives if every object is isomorphic to a
subobject of an injective object.

Theorem/Definition 2.12 (Yoneda-Cartier). Let C and D be abelian categories
and suppose C has enough injectives. Let F : C → D be an additive, left-exact
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functor. Then for any two objects A,B in C, there exist δ-functorial (i.e., functorial
in A and B and compatible with connecting morphisms) pairings

RpF (A)× ExtqC(A,B)→ Rp+qF (B)

for all nonnegative integers p and q.

Examples 2.13.
(i) As we will see, the pairing in (2.6) is an example of the Yoneda pairing, where

F = Γ(P,−), A = OP (m), B = OP (−n− 1), p = n, and q = 0.
(ii) Another example is the Yoneda product of long extensions

ExtnR(N,P )⊗ ExtmR (M,N)→ Extm+n
R (M,P )

in the category of R-modules. See [18] for details.

Proof. Choose injective resolutions 0 → A → I• and 0 → B → J•, and de-
fine a complex of abelian groups Hom∗(I•, J•) as follows. Let the q-th cochain
Homq(I•, J•) be the free group generated by all families u = (up)p∈Z of morphisms
up : Ip → Jp+q (not assumed to be compatible with the boundary). Define the

differential ∂q : Homq(I•, J•) → Homq+1(I•, J•) by ∂qu = du + (−1)qud. That
is, we have ∂qu ∈ Homq+1(I•, J•), given by the family of morphisms ((∂qu)p)p∈Z,
where (∂qu)p = dpup + (−1)qup+1d

p as in the following diagram.

0 A · · · Ip Ip+1 · · ·

0 B · · · Jp+q Jp+q+1 · · ·

dp

dp

up up+1

(∂qu)p

Then:
(i) ∂q+1 ◦ ∂q = 0.
(ii) If u ∈ ker ∂q, then u (anti)commutes with the boundary d.

(iii) If u ∈ im ∂q−1, then u is chain-homotopic to the zero map.
(iv) The cohomology group Hq(Hom∗(I•, J•)) is the group of homotopy classes of

morphisms which (anti)commute with the boundary.
Each u ∈ Homq(I•, J•) induces a morphism Fu : F (I•) → F (J•) of degree q.

If u ∈ ker ∂q, then u (anti)commutes with the boundary, and so preserves cocycles
and coboundaries, and Fu induces a morphism Hp(Fu) : RpF (A) → Rp+qF (B)
for each p. If u ∈ im ∂q−1, then u is homotopic to zero, so Hp(Fu) = 0. So Hp(Fu)
depends only on the homotopy class [u] of u. Therefore, there exists a bilinear
pairing RpF (A)×Hq(Hom∗(I•, J•))→ Rp+qF (B), given by (α, [u]) 7→ Hp(Fu)(α).
It remains to see that Hq(Hom∗(I•, J•)) ∼= ExtqC(A,B), which is the content of the
following lemma. The proof of δ-functoriality is omitted. �

Lemma 2.14. With assumptions and definitions in the previous theorem, we have
Hq(Hom∗(I•, J•)) ∼= ExtqC(A,B).

Proof. We are going to present a slick proof of this fact, which becomes more or
less a triviality from our vantage point. For a different proof with more details (in
particular, the explicit isomorphism), see [1].

Fix, once and for all, an injective resolution J•(B) for every object B in C.
The method of proof is to show that H∗(Hom∗(I•, J•(−))) and Ext∗C(A,−) are
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both universal covariant δ-functors with the same zeroth level, which will then
guarantee uniqueness up to unique isomorphism.

As right-derived functors, H∗(Hom∗(I•, J•(−))) and Ext∗C(A,−) are automati-
cally universal δ-functors. By definition, Ext0C(A,−) = HomC(A,−). Unpacking all
the definitions, we also see that the assertion H0(Hom∗(I•, J•(−))) = HomC(A,−)
amounts to the fact that any cocycle A→ B on the zeroth level lifts uniquely up to
homotopy to a cochain map I• → J•(B) and any coboundary on the zeroth level
lifts to a chain-homotopy. �

To be able to apply these results, we need to show that the category of OX -
modules has enough injectives.

Proposition 2.15. Let (X,OX) be a ringed space. Then the category Mod(X) of
OX-modules has enough injectives.

Proof sketch. Let F be an OX -module, and let Q be the OX -module defined by
Q(U) =

∏
x∈U Qx, where Qx is a fixed injective OX,x-module containing Fx, for

any open set U of X. Then Q is injective and contains F . �

2.4. Proof of theorem 2.1. Having set up all the theory, the proof of Serre
duality is not too difficult at this point. We have already proved one instance of
it (proposition 2.6). From there, it remains to extend the result to an arbitrary
coherent sheaf using the short exact sequence (2.10), and to other degrees via
induction.

Theorem (Serre duality for Pnk ). Let k be a field and P = Pnk be projective n-space
over k. Let ωP = OP (−n − 1) and let F be a coherent sheaf. Then the Yoneda
pairing Hr(P,F )× Extn−rP (F , ωP )→ Hn(P, ωP ) is perfect.

Proof. First consider the case F = OP (−m− n− 1) and r = n. Since

Ext0P (F , ωP ) = HomP (F , ωP ) = Γ(P,H omP (F , ωP ))

= Γ(P,H omP (OP ,OP (m))) = Γ(P,OP (m))

= H0(P,OP (m)),

we get the pairing Hn(P,OP (−m−n−1))×H0(P,OP (m))→ Hn(P,OP (−n−1)),
which we already showed was perfect. So Serre duality holds for sheaves of the form
F =

⊕
i OP (mi).

In general, there is a presentation E1 → E0 → F → 0 of the coherent sheaf F
where the Ei are of the form OP (−mi)

⊕Ni . Fix an isomorphism η : Hn(P, ωP ) ∼= k,
so we get induced maps yr(F ) : Extn−rP (F , ωP ) → Hr(P,F )∗ from the Yoneda
pairing. Consider the diagram

0 HomP (F , ωP ) HomP (E0, ωP ) HomP (E1, ωP )

0 Hn(P,F )∗ Hn(P,E0)∗ Hn(P,E1)∗

yn(F) yn(E0) yn(E1)

The top row is exact since HomP (−, ωP ) is left-exact, and the bottom row is
exact because it comes from the long exact sequence in cohomology and the fact
that Hn+1(P,−) = 0. The diagram commutes by naturality. The maps yn(E0) and
yn(E1) are isomorphisms; thus yn(F ) is also an isomorphism.
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Now induct downwards on r from n, and consider an exact sequence of the form
0 → G → E → F → 0, where E is OP (−m)⊕N and G is coherent. Then we have
the diagram

Extn−r−1P (E , ωP ) Extn−r−1P (G , ωP ) Extn−rP (F , ωP ) Extn−rP (E , ωP )

Hr+1(P,E )∗ Hr+1(P,G )∗ Hr(P,F )∗ Hr(P,E )∗

yr+1(E ) yr+1(G ) yr(F) yr(E )

Again, the rows are exact and the diagram commutes by naturality. The map
yr+1(E ) is an isomorphism, and so is yr+1(G ) by the induction hypothesis. For large
enough m, we have Extn−rP (E , ωP ) = Hn−r(P, ωP (m))⊕N = 0 by Serre vanishing.
Also, direct calculations on Pn from theorem 2.4 show that Hr(P,E ) = 0 for r < n.
Hence yr(F ) is an isomorphism as wanted. �

Conceptually, we can explain the outline of this proof in terms of universal δ-
functors (see for example the proof of lemma 2.14). Our goal was to show that the
map

yn−i : ExtiP (−, ωP )→ Hn−i(P,−)∗

we obtain from the Yoneda pairing is a natural functorial isomorphism. First
we showed that this was true for i = 0. Then, observing that ExtiP (−, ωP ) and
Hn−i(P,−)∗ are contravariant δ-functors that are isomorphic on the zeroth level,
it is enough to show that they are both coeffaceable and thus universal, and we
would have uniqueness up to unique isomorphism.

Given any coherent sheaf, we have a surjection OP (−m)⊕N → F → 0. The
assertions ExtiP (E , ωP ) = 0 and Hn−i(P,E ) = 0 for i > 0 that we proved suffice to
prove coeffaceability.

2.5. The Grothendieck spectral sequence. First described in Grothendieck’s
Tohoku paper (1957), the Grothedieck spectral sequence is an ubiquitous and pow-
erful tool to compute composites of derived functors. A cute analogy: the spectral
sequence does for derived functors what the chain rule does for derivatives in high-
school calculus.

Theorem 2.16. Let A,B, C be abelian categories such that A and B have enough
injectives. Let G : A → B and F : B → C be left-exact functors. Suppose G takes
injectives in A to F -acyclic objects in B. Then for each object A in A, there exists
a convergent first-quadrant cohomological spectral sequence

Ep,q2 = (RpF )(RqG(A))⇒ Rp+q(FG)(A).

Definition 2.17. Let A be an abelian category with enough injectives. A (right)
Cartan-Eilenberg resolution of a cochain complex A• in A is an upper half-plane
complex I•,• of injective objects in A, with an augmentation map A• → I•,0. We
require that maps on the horizontal coboundaries and cohomologies are injective
resolutions of Bp(A•) and Hp(A•) respectively.

Proposition 2.18. Every cochain complex admits a Cartan-Eilenberg resolution.
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Proof sketch. For each p, select injective resolutions Ip,•B of Bp(A•) and Ip,•H of
Hp(A•) respectively. By the horseshoe lemma (the lemma on simultaneous resolu-
tion) applied to the short exact sequence

0→ Bp(A•)→ Zp(A•)→ Hp(A•)→ 0,

we obtain an injective resolution Ip,•Z of Zp(A•).

0 0 0

0 Bp(A•) Ip,1B Ip,2B · · ·

0 Zp(A•) Ip,1Z Ip,2Z · · ·

0 Hp(A•) Ip,1H Ip,2H · · ·

0 0 0

Using the horseshoe lemma again, this time with

0→ Zp(A•)→ Ap → Bp+1(A•)→ 0,

construct an injective resolution (Ip,•A , εp) of Ap. Now define I•,• by Ip,• = Ip,•A .
The vertical differentials are dp = (−1)pεp. The horizontal differentials are the

composition dp : Ip,•A � Ip+1,•
B ↪→ Ip+1,•

Z ↪→ Ip+1,•
A . We leave it to the reader to

check that this construction works. �

Proof sketch of theorem 2.16. Choose an injective resolution A → I• of A in A.
Apply G to get a cochain complex G(I•) in B. Since G(I•) is a bounded below
cochain complex, the Cartan-Eilenberg resolution ofG(I•) is a first-quadrant double
complex. There are two spectral sequences associated to this double complex, both
of which converge since only finitely many nonzero differentials enter and exit any
given spot (p, q). First,

IEp,q2 = Hp
horH

q
vert(F (G(I•))) = Hp

hor((R
qF )(G(I•)))

⇒ Hp+q(Tot(F (G(I•)))) =: (Rp+qF )(G(I•)).

(Notation: If C is a double complex, we write Tot(C) to denote the total complex
obtained by taking the product of the entries by antidiagonals. If T is a functor,
we write RiT to denote the right hyperderived functors of T .)

By hypothesis, each G(Ip) is F -acyclic, so (RqF )(G(I•)) = 0 for q > 0. The
nonzero objects on the second page lie exclusively in the zeroth row. Therefore,
this spectral sequence collapses and we get

(Rp+qF )(G(I•)) ∼= Hp+q
hor (FG(I•)) = Rp+q(FG)(A).
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The second spectral sequence is

IIEp,q2 = Hq
vertH

p
hor(F (G(I•))) = Hq

vert((R
pF )(G(I•))).

By a splitting argument, this last term is (RpF )(Hq
vert(G(I•))) = (RpF )(RqG(A)).

This spectral sequence has the same abutment as the first, so

Rp+q(F (G(I•))) ∼= Rp+q(FG)(A).

Thus we have a spectral sequence

Ep,q2 = (RpF )(RqG(A))⇒ Rp+q(FG)(A).

This is the Grothendieck spectral sequence. �

One particular instance of the Grothendieck spectral sequence is the Leray spec-
tral sequence. We specialize to the case where the abelian categories are Ab(X)
on some ringed space X, F is the global section functor, and G = f∗ for some
morphism f : X → Y .

Theorem 2.19 (Leray spectral sequence). Let f : X → Y be a morphism of ringed
spaces. Then the functor f∗ is left exact. Furthermore, if Q is an injective OX-
module, then Q and f∗Q are flasque. So for any sheaf F of OX-modules, there
exists a spectral sequence

Ep,q2 = Hp(Y,Rqf∗F )⇒ Hp+q(X,F ).

Remark 2.20. Let π : E → B be a fibration in the sense of Serre and F be the
constant sheaf A. Under certain conditions, we may think of Rqπ∗A roughly as
the local coefficient system Hq(X;A). This gives a version of the spectral sequence
that was used extensively, but without proof, in the author’s previous REU paper
to study the cohomology of Lie groups.

We will see the Leray spectral sequence again when we discuss Bott’s theorem.
Here are two other examples of the Grothendieck spectral sequence that will be

used later.

Proposition 2.21. Let X be a ringed space and F ,G two OX-modules. Then
there exists a spectral sequence

Hp(X,E xtqX(F ,G ))⇒ Extp+qX (F ,G ).

Proof. Let F = Γ(X,−) and G = H omX(F ,−). Then

FG = Γ(X,H omX(F ,−)) = HomX(F ,−).

It remains to check that if Q is an injective OX -module, then H omX(F ,Q) is F -
acyclic, i.e., flasque. Let U be an open subset of X and f ∈ Γ(U,H omX(F ,Q)).
Let FU be the extension of F |U by zero to all of X. Since Q is injective, the map
FU → Q induced by f extends to an element g ∈ Γ(X,H omX(F ,Q)). Then
g|U = f as wanted. �

Corollary 2.22. If F is locally free of finite type, ExtpX(F ,G ) ∼= Hp(X,G ⊗F∨),
where F∨ = H omX(F ,OX).
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Notation 2.23. Let j : X → P be a closed immersion. If we write ExtX(F ,G ) or
E xtX(F ,G ), we abuse notation and treat F and G as sheaves on X, even if they
are defined as sheaves on P , via the pullback j∗. Similarly, if we write ExtP (F ,G )
or E xtP (F ,G ), we are treating the sheaves as sheaves on P , even if they are defined
as sheaves on X, via the pushforward j∗.

Proposition 2.24. Let i : X → P be a closed immersion of ringed spaces, E , F
two OX-modules, and G an OP -module. Suppose E is locally free of finite type.
Then there exist a spectral sequence

ExtpX(F ,E xtqP (E ,G ))⇒ Extp+qP ((E ⊗F ),G ).

Proof. Applying Grothendieck’s spectral sequence with F = HomX(F ,−) and
G = H omP (E ,−) gives the spectral sequence

Ep,q2 = ExtpX(F ,E xtqP (E ,G ))⇒Rp+q HomX(F ,H omP (E ,G ))

= Rp+q HomP (E ⊗F ,G )

= Extp+qP (E ⊗F ,G )

using the tensor-hom adjunction.
It remains to show that G takes injectives to F -acyclics, i.e., if Q is an injective

OP -module and J = GQ = H omP (E ,Q), then HomX(−,J ) is right-exact. Let
0→ F ′ → F be an exact sequence of OX -modules. Since E is locally free and Q is
injective, the sequence HomP (F ⊗E ,Q)→ HomP (F ′⊗E ,Q)→ 0 is exact. Thus
using the tensor-hom adjunction again, HomX(F ,J ) → HomX(F ′,J ) → 0 is
exact as wanted. �

2.6. Towards Grothendieck duality: dualizing sheaves. This section is con-
cerned primarily with extending Serre duality to projective schemes. The first
difficulty in generalizing Serre duality is the question of which sheaf should play
the role of ωP = OP (−n− 1).

Definition 2.25. Let X be a proper scheme of dimension r over a field k. A
dualizing sheaf for X is a coherent sheaf ω◦X on X together with a trace morphism
t : Hr(X,ω◦X)→ k such that for all coherent sheaves F on X, the natural pairing
Hom(F , ω◦X) × Hr(X,F ) → Hr(X,ω◦X) followed by t induces an isomorphism
y0(F ) : Hom(F , ω◦X)→ Hr(X,F )∗.

Dualizing sheaves are unique. The proof given in [12] is a particular instance
of the more abstract version which we give here. Let C be a category and D
be a concrete category, and let F : C → D be a contravariant functor. Let
ω ∈ Ob(C) and t ∈ Fω. We say that the pair (ω, t) represents the functor F
if there is a natural isomorphism HomC(−, ω) ∼= F (−). More precisely, the map

HomC(A,ω)
F−→ HomD(Fω, FA)

evalt−−−→ FA is a bijection of sets for any A ∈ Ob(C).

Proposition 2.26. The pair (ω, t) representing F is unique up to unique isomor-
phism.

Proof. Let (ω′, t′) be another pair that represents F . By definition of ω, the map
Hom(ω′, ω)→ Fω′ is bijective. Since t′ ∈ Fω′, there exists a unique ϕ ∈ Hom(ω′, ω)
such that (Fϕ)(t) = t′. Similarly, there exists a unique ψ ∈ Hom(ω, ω′) such that
(Fψ)(t′) = t.
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We claim that ψ ◦ϕ = idω′ ∈ Hom(ω′, ω′). Under the map Hom(ω′, ω′)
∼−→ Fω′,

(ψ ◦ ϕ) goes to F (ψ ◦ ϕ)(t′) = t′. Since idω′ also goes to t′ under this bijection,
we see that ψ ◦ ϕ = idω′ as desired. Analogously, ϕ ◦ ψ = idω. So (ψ, Fψ) is the
(unique) isomorphism between (ω, t) and (ω′, t′). �

Notice that if the pair (ω◦X , t) is a dualizing sheaf for X, then it represents the
contravariant functor Hr(X,−)∗ : Coh(X)→ Vectk. Thus we have uniqueness of
dualizing sheaves:

Corollary 2.27. Let X be a proper scheme over k. Then a dualizing sheaf for X,
if it exists, is unique in the sense that if (ω◦, t) and (ω′, t′) are dualizing sheaves
for X, then there is a unique isomorphism ϕ : ω◦ → ω′ such that t = t′ ◦Hr(ϕ).

We now turn to existence of dualizing sheaves, which is a more tricky and more
interesting matter. It is true for any proper scheme over k, but we prove it only for
projective schemes.

Before we begin the formal proof, let’s motivate how one might try to find such
a dualizing sheaf. Let P = Pnk , and let i : X ↪→ P be a closed subscheme of di-
mension r in P . The idea is that we already know what the dualizing sheaf for
P is. Using Serre duality for P , we see that if F is any coherent sheaf on X,
then Hr(X,F )∗ = Hr(P,F )∗ ∼= Extn−rP (F , ωP ). It remains to determine a sheaf

ω◦X such that there is a functorial isomorphism Extn−rP (F , ωP ) ∼= HomX(F , ω◦X).
Hypothetically, if we sheafify and let F = OX , we would have the expression
ω◦X = E xtn−rP (OX , ωP ), which turns out to be the correct answer. The trace map
can then be recovered from figuring out the element idω◦X ∈ HomX(ω◦X , ω

◦
X) under

the identifications HomX(ω◦X , ω
◦
X) ∼= Hr(X,ω◦X)∗, as in the argument for unique-

ness of representations for representable functors. We now carry out the verification
that E xtn−rP (OX , ωP ) has the required properties of a dualizing sheaf.

Lemma 2.28.

(a) Let P be a ringed space, and E ,F ,G three OP -modules. Suppose E is locally
free of finite rank. Then the canonical homomorphisms

E xtqP (F ,G )⊗P E ∨ → E xtqP (E ⊗P F ,G )

are isomorphisms for all q ≥ 0.
(b) Let P = Pnk , and let X be a closed subscheme of dimension r in P . Then,

E xtqP (OX , ωP ) = 0 for all q < n− r.

Proof.

(a) The proof is straightforward: since E is locally free, we may assume E = ON
P .

Then

E xtqP (F ,G )⊗ E ∨ = E xtqP (F ,G )⊕N

and E xtqP (E ⊗F ,G ) = E xtqP (F⊕N ,G ).

On the level of H om, i.e. q = 0, we have the isomorphism

H omX(F ,G )⊕N →H omX(F⊕N ,G ),

(ϕ1, . . . , ϕN ) 7→ ϕ = (ϕ1, . . . , ϕN ).

Now choose an injective resolution of G , and use the isomorphism on H om
to define a chain isomorphism, which descends to the desired isomorphism on
E xt.
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(b) For any q, the sheaf F q := E xtqP (OX , ωP ) is coherent, so after twisting enough
times, it is generated by global sections. Thus to show that F q = 0, it is
enough to show that Γ(P,F q(m)) = 0 for all large m. Using part (a), we have

Γ(P,F q(m)) = Γ(P,E xtqP (OX , ωP )⊗ OP (m))

= Γ(P,E xtqP (OX(−m), ωP ))

= ExtqP (OX(−m), ωP ).

By Serre duality, this group is dual to Hn−q(P,OX(−m)). If q < n−r, then
n − q > dimX, and therefore the group Hn−q(P,OX(−m)) vanishes. Hence,
Γ(P,F q(m)) = 0 as wanted.

�

Remark 2.29. Part (b) of the lemma also holds if P is any regular k-scheme.

Theorem 2.30. Let X be a projective scheme over k of dimension r that embeds
in P = Pnk . Then ω◦X = E xtn−rP (OX , ωP ) is a dualizing sheaf for X.

Proof. Given the discussion from above, it remains to show that there is a natural
functorial isomorphism HomX(F , ω◦X) ∼= Extn−rP (F , ωP ). Let F be a coherent
OX -module, and consider the spectral sequence in proposition 2.24:

Ep,q2 = ExtpX(F ,E xtqP (OX , ωP ))⇒ Extp+qP (F , ωP ).

By the previous lemma, Ep,q2 = 0 for all q < n− r. Consider the edge homomor-

phism ε0(F ) : E0,n−r
2 → E0,n−r

3 → · · · → E0,n−r
∞ . We have

E0,n−r
2 = HomX(F ,E xtn−rP (OX , ωP )) = HomX(F , ω◦X)

E0,n−r
∞ = Extn−rP (F , ωP ),

and moreover, ε0(F ) is an isomorphism by lacunary considerations.
Hence HomX(F , ω◦X) and Extn−rP (F , ωP ) are functorially isomorphic. �

For a more hands-on proof of this theorem, see [12].
If a dualizing sheaf exists for a projective scheme X over k, then Serre duality

falls out in much the same way as it did for Pnk (using universal δ-functors), so we
omit the proof.

Theorem 2.31 (Duality for a projective scheme). Let X be a projective scheme
of dimension r over an algebraically closed field k, and let ω◦X be a dualizing sheaf
for X. Then for all 0 ≤ i ≤ n and coherent sheaves F on X, there exist natural
functorial maps

yi(F ) : Extr−iX (F , ω◦X)→ Hi(X,F )∗

such that y0 in the same as in the definition of a dualizing sheaf.

Remark 2.32. The importance of a duality theorem cannot be overstated. The role
Serre duality plays in algebraic geometry is akin to the role of Poincaré duality in
the algebraic topology of manifolds (and the two duality theorems are not wholly
unrelated!). Duality reduces the amount of computation needed and offers a way to
deduce quite specific information about particular cohomology groups using more
easily obtained knowledge; the use of Serre duality in the proof of the Riemann-
Roch theorem in the next section is a prime example. Depending on the context, a
duality theorem can also be a hint towards a sort of equivalence between different
objects or theories.
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Serre duality is important also because of its many generalizations. Serre duality
has been generalized by Grothendieck (see [14]), and subsequently a even further-
reaching generalization was attained by Greenlees-May [11].

In the case where X is smooth, there is a particularly nice description of the
dualizing sheaf as the canonical sheaf for X. To prove this, we will introduce the
Koszul complex, so let us fix some notation. If A is a ring and x1, . . . , xr ∈ A, define
a complex K∗(x) = K∗(x1, . . . , xr) by

Kp(x) =

{
∧p(
⊕r

i=1Aei) for 0 ≤ p ≤ r
0 otherwise.

The differentials are dp(ei1∧· · · eip) =
∑p
j=1(−1)jxjei1∧· · ·∧êij∧· · ·∧eip . Given an

A-module M , write K∗(x;M) for K∗(x)⊗AM , and K∗(x;M) for HomA(K∗(x,M)).

Lemma 2.33. Let (x1, . . . , xr) be an A-regular sequence and I = (x1, . . . , xr). Let
M be an A-module.
(a) K∗(x;M) is a resolution of M/IM .
(b) Let Hr(x;M) = Hr(K∗(x;M)). The map ϕ′x : Kr(x;M) → M given by

a 7→ a(e1 ∧ · · · ∧ er) induces an isomorphism ϕx : Hr(x;M)
∼−→M/IM .

In particular, if M = A, then the resolution in (a) is free and Hr(x;M)

computes ExtrA(A/I,M), so we have isomorphisms ExtrA(A/I,M)
ϕx−−→M/IM .

(c) Let (y1, . . . , yr) be another A-regular sequence that generates I. We can write
yi =

∑
i cijxj for some cij ∈ A. Then ϕy ≡ det(cij)ϕx as functions from

ExtrA(A/I,M) to M/IM .

Proof. For (a), note that K∗(x;M) is the single complex associated to the double
complex Kp,q = Kp((x1, . . . , xr−1);M) ⊗ Kq(xr), since exterior powers converts
direct sums into tensor products.

We now induct on r. The case r = 1 is easy to see, since K0(x1;M) = M and
K1(x1;M) = Ae1 ⊗M , and the differential is d1 : e1 7→ x1. So suppose r > 1 and
let I ′ = (x1, . . . , xr−1). Then by the induction hypothesis,

E1
p,q = Hhor

p (K∗,q) =

{
M/I ′M for p = 0 and q = 0, 1

0 otherwise.

Next, by assumption, xr : M/I ′M →M/I ′M is injective, so

E2
p,q = Hvert

q (E1
p,∗) =

{
M/IM for p = q = 0

0 otherwise.

As the spectral sequence abuts to Hp+q(Tot(K∗∗)) = Hp+q(K∗(x;M)), we see
that H0(K∗(x;M)) = M/IM and Hi(K∗(x;M)) = 0 for i > 0, whence (a).

The proof of (b) is straightforward. It is easy to observe the following: (i) ϕ′x
takes coboundaries to IM , so induces a well-defined map ϕx in cohomology, (ii)
ϕ′x is surjective, and (iii) if ϕ′x(a) = 0, then a(e1 ∧ · · · ∧ er) =

∑
j xjmj for some

mj ∈M . In this case, a = db, where b : ∧r−1(Ar)→M takes e1 ∧ · · · ∧ êj ∧ · · · ∧ er
to (−1)jmj . Hence ϕx is injective.

Finally, for (c), simply follow the maps. �

Recall our notational convention in (2.23)
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Theorem 2.34. Let P be an S-scheme and X a closed subscheme with sheaf of
ideals I , with relative dimensions n and r respectively.
(a) If X is regularly immersed in P and F is a quasicoherent OX-module, then

there exists an isomorphism

ϕ : E xtn−rP (OX ,F )
∼−→H omX(∧r(I /I 2),F/I F ).

(b) If X and P are smooth over S, then the canonical sheaf ωX/S is isomorphic to

E xtn−rP (OX , ωP/S). In particular, if P is the k-scheme Pnk , then the canonical

sheaf ωX is isomorphic to E xtn−rP (OX , ωP ) = ω◦X , the dualizing sheaf.

Proof.
(a) Let U = SpecA be an affine open subset of P on which I is regular. Let

M = Γ(U,F ) and I = Γ(U,I ). Then I is generated by an A-regular sequence
(x1, . . . , xn−r) and I/I2 is free of rank n − r over A/I. Let x′i be the residue
class of xi in I/I2; then the element x′1 ∧ · · · ∧x′n−r generates ∧r(I/I2). Define

ϕ : Extn−rA (A/I,M)→ HomA/I(∧r(I/I2),M/IM)

ϕ(a)(x′1 ∧ · · · ∧ x′n−r) = ϕx(a).

This is well-defined independent of the choice of A-regular sequence: if we have
another A-regular sequence (y1, . . . , yn−r) that generates I, then there exists
cij ∈ A such that yi =

∑
j cijxj , and so y1∧· · ·∧yn−r = det(cij)x1∧· · ·∧xn−r.

Then

ϕ(a)(y1 ∧ · · · ∧ yn−r) = det(cij)ϕ(a)(x1 ∧ · · · ∧ xn−r)
= det(cij)ϕx(a) = ϕy(a).

The maps ϕ on a regularizing affine open cover glue together to form an
isomorphism between Extn−rP (OX ,F ) and HomX(∧r(I /I 2),F/I F ).

(b) The assumptions imply that X is regularly immersed in P . On the one hand,
by part (a) we have

E xtn−rP (OX , ωP/S) ∼= (∧n−rI /I 2)∨ ⊗P ωP/S
On the other hand, since X and P are smooth, we have the following short

exact sequence of locally free sheaves

0→ I /I 2 → ΩP/S ⊗P OX → ΩX/S → 0,

whence we deduce that ∧nΩP/S ∼= ∧n−r(I /I 2)⊗ ∧rΩX/S , i.e.,

ωX/S ∼= (∧n−rI /I 2)∨ ⊗P ωP/S .

Hence E xtn−rP (OX , ωP/S) ∼= ωX/S .
�

To conclude this section, we prove the following theorem about some properties of
the pairingHi(X,F )×Extr−iX (F , ωX)→ k. This will make use of the Grothendieck
spectral sequence to transfer results about duality on Pnk to an arbitrary projective
scheme X.

Theorem 2.35. Let k be a field, P = Pnk , and ωP = OP (−n − 1) the dualizing

sheaf for P . Let X be a closed subscheme of dimension r, ωX = E xtn−rP (OX , ωP )
the dualizing sheaf for X, and F a coherent OX-module. Then for all s ≤ r, the
following are equivalent.
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(i) The map Extr−iX (F , ωX)→ Hi(X,F )∗ is an isomorphism for all r−s ≤ i ≤ r.
(ii) Hi(X,OX(−m)) = 0 for large m and r − s ≤ i < r.

(iii) E xtn−iP (OX , ωP ) = 0 for r − s ≤ i < r.

Proof sketch. Assume (i). Then by the pairing, Hi(X,OX(−m)) = 0 if and only if
Extr−iX (OX(−m), ωX) = 0. We have Extr−iX (OX(−m), ωX) ∼= Hr−i(X,ωX(m)) by
(2.22), and this is zero for large m by Serre vanishing. Thus (i) implies (ii).

Next, consider the spectral sequence in (2.21):

Ep,q2 = Hp(P,E xtqP (OX(−m), ωP ))⇒ Extp+qP (OX(−m), ωP ).

We have E xtqP (OX(−m), ωP ) = E xtqP (OX , ωP )(m). So by Serre vanishing again,
the E2 page of the spectral sequence for large m is zero except for p = 0. So the
spectral sequence degenerates. Let q = n− i; we get

H0(P,E xtn−iP (OX , ωP )(m)) ∼= Extn−iP (OX(−m), ωP ).

By Serre’s finite generation theorem, E xtn−iP (OX , ωP )(m) is generated by the

global sections H0(P,E xtn−iP (OX , ωP )(m)) for large enough m, and by Serre du-

ality we have yi(OX(−m)) : Extn−iP (OX(−m), ωP )
∼−→ Hi(P,OX(−m))∗ is an iso-

morphism. So

Hi(P,OX(−m)) = 0⇔ Extn−iP (OX(−m), ωP ) = 0

⇔ E xtn−iP (OX , ωP )(m) = 0

⇔ E xtn−iP (OX , ωP ) = 0.

Thus (ii) ⇔ (iii).
Finally assume (iii). Consider the spectral sequence in (2.24)

Ep,q2 = ExtpX(F ,E xtqP (OX , ωP ))⇒ Extp+qP (F , ωP ).

Recall the natural transformation ε0 we defined in the proof of theorem 2.30
using this spectral sequence. In general we can define the edge homomorphisms
εr−i(F ) : Extr−iX (F , ωX) → Extn−iP (F , ωP ). Together these form a δ-morphism
ε∗ : Ext∗X(−, ωX)→ Ext∗P (−, ωP ) of degree n− r.

Now, by lemma 2.28, we have E xtqP (OX , ωP ) = 0 for all q < n − r and by (iii),

E xtn−iP (OX , ωP ) = 0 for all r− s ≤ i < r, i.e., for all n− r < q = n− i ≤ n− r+ s.
So the only nonzero rows in the spectral sequence are rows n− r and n− r+ s+ 1
and above. By these lacunary considerations, the edge homomorphism εr−i(F ) is
an isomorphism.
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0 · · · s− 1 s s+ 1 · · ·

n− r

n− r + s

...

0

0

Now suppose the following diagram commutes.

Extr−iX (F , ωX) Hi(X,F )∗

Extn−iP (F , ωP ) Hi(P,F )∗

εr−i(F) ∼ id

The bottom row is an isomorphism by Serre duality, whence Extr−iX (F , ωX) is
isomorphic to Hi(X,F )∗. This proves (i), modulo the proof that the diagram
indeed commutes. This last part of the proof is somewhat long and technical and
so is omitted; see lemma IV.5.3 in [1] for a proof. �

Corollary 2.36. Suppose the same conditions from the theorem above hold. Then
(a) HomX(F , ωX)

∼−→ Hr(X,F )∗ is always an isomorphism.
(b) The map Extr−iX (F , ωX) → Hi(X,F )∗ is an isomorphism for all i iff X is

Cohen-Macaulay.

3. The Riemann-Roch theorem for curves

Now our goal is to persuade the reader that all the time spent on developing
Serre duality is worth it. After all the abstraction in the previous section, we now
present two concrete applications. The first is the Riemann-Roch theorem, which
is an easy consequence of Serre duality with a wide range of applications.

In this section, by a curve X we mean an integral regular scheme of dimension
1 that is proper over k. First we define a well-known invariant of the curve.

Proposition/Definition 3.1. If X is a curve, its genus is g = dimkH
1(X,OX).
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Remark 3.2. The reason why this is not a bona fide definition is because generally
one defines the arithmetic genus of a variety using the Hilbert polynomial and the
geometric genus using the dimension of the global sections of ωX . In the case for
curves, it is not too difficult using Serre duality to show that both quantities are
equal to the dimension of H1(X,OX).

Given a (Weil) divisor D on a curve X, we denote by L (D) the associated in-
vertible sheaf. In particular, we let K be the canonical divisor corresponding to the
canonical sheaf ωX . Also, define l(D) be dimkH

0(X,L (D)). The complete linear
system |D| can be parametrized by the projective space (H0(X,L (D)) \ {0})/k∗,
and so the dimension of |D| is l(D)− 1. Using this interpretation of l(D) and the
fact that every divisor with |D| 6= ∅ is linearly equivalent to some effective divisor
by definition, we can prove the following lemma.

Lemma 3.3. Let D be a divisor on a curve X such that l(D) 6= 0. Then degD ≥ 0.
If we have equality, then D ∼ 0.

Theorem 3.4 (Riemann-Roch). Let D be a divisor on a curve X of genus g. Then

l(D)− l(K −D) = degD + 1− g.

Proof. The divisor K −D corresponds to the invertible sheaf ωX ⊗L (D)∨. Since
X is projective, Serre duality implies H0(X,ωX ⊗L (D)∨) ∼= H1(X,L (D))∗. So
in terms of the Euler characteristic

χ(F ) := dimH0(X,F )− dimH1(X,F ),

we wish to show

χ(L (D)) = degD + 1− g.
Consider the case D = 0. We have L (D) ∼= OX , and thus the formula holds

since

χ(L (D)) = 1− dimH1(X,OX)

degD + 1− g = 0 + 1− dimH1(X,OX).

Now we will show that the Riemann-Roch formula holds for D iff it holds for
D + P , where P is any point of X. Consider the point P as a closed subscheme of
X with structure sheaf k(P ), the skyscraper sheaf k sitting at P . Its ideal sheaf is
L (−P ). So we have the short exact sequence

0→ L (−P )→ OX → k(P )→ 0.

Tensoring with L (D + P ) gives

0→ L (D)→ L (D + P )→ k(P )→ 0.

Since the Euler characteristic χ is additive on short exact sequences and

χ(k(P )) = dimH0(X, k(P ))− dimH1(X, k(P )) = 1− 0 = 1,

we get χ(L (D+P )) = χ(L (D)) +1. On the other hand, deg(D+P ) = degD+ 1,
so the Riemann-Roch formula holds for D iff it holds for D + P .

Note the role played by Serre duality in this proof. Using duality, we transformed
the group H0(X,ωX ⊗ L (D)∨) into H1(X,L (D))∗, which is much, much more
tractable. �
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The Riemann-Roch theorem together with the preceding lemma quite easily
solves the Riemann-Roch problem for curves, which asks to determine the behaviour
of dim|nD| as n grows large, given a divisor D. We leave it to the reader to work
out the case-by-case analysis, which can also be found in [12].

The Riemann-Roch theorem also allows us to define a group structure on an
elliptic curve X together with a point P0 ∈ X using the Picard group. Recall that
a curve X is elliptic if it has genus one. In this case, the Riemann-Roch theorem
applied to the canonical divisor K shows that degK = 0.

Let Pic0(X) denote the subgroup of PicX corresponding to divisors of degree 0.
We claim that the map P 7→ L (P − P0) is a bijection. To show this, we need to
prove there exists a unique P ∈ X such that D ∼ P − P0 for any divisor D with
degD = 0. Applying Riemann-Roch to D + P0, we get

l(D + P0)− l(K −D − P0) = deg(D + P0) + 1− g = 1.

Moreover, since degK = 0, we have deg(K−D−P0) = −1, so l(K−D−P0) = 0.
Then l(D + P0) = 1 and dim|D + P0| = 0. Hence there exists a unique effective
divisor P linearly equivalent to D + P0. Since degP = 1, it is a point, and it is
the unique point such that P − P0 ∼ D. So we have a bijective correspondence
between points of X and Pic0(X), and as the latter forms a group, we have an
induced group structure on the elliptic curve (X,P0).

4. Bott’s theorem

In this section, we use the techniques and ideas developed above to give a proof
of Bott’s theorem (of Borel-Weil-Bott fame) in representation theory. The outline
for the proof is a two-page article by Demazure [8], which we combine with a clever
argument from Professor Nori.

4.1. Statement and proof. Let k be a field of characteristic zero, and G a split
reductive simply-connected algebraic group over k, T a split maximal torus of G,
and B a Borel subgroup of G containing T . Let X be the group of characters of B
and W = NG(T )/T be the Weyl group, and let R ⊆ X denote the set of all roots
of G with respect to T . Denote by sα ∈ W the simple reflection corresponding to
the simple root α. Also, let ρ ∈ X be the half-sum of all the positive roots. Then
〈α∨, ρ〉 = 1 for every simple root α. We center the action of the Weyl group at ρ,
i.e., define the dot action w · λ = w(λ+ ρ)− ρ.

Given an integral weight λ of G, let L−λ be the invertible sheaf over the flag
variety G/B associated with the equivariant geometric line bundle L−λ given by λ.
This correspondence between roots and invertible sheaves is rather involved, so we
work through a simple concrete example to illustrate the construction.

Example 4.1 (The construction of L−λ for G = SL(3,C)). Let G = SL(3,C)
and T ≤ G be the maximal torus consisting of diagonal matrices. Let B ≤ G be
the Borel subgroup of upper triangular matrices. Before we move on to the actual
construction, let’s pause a while to figure out the character group of B. We can
write B = TU , where U is the unipotent part of B. Since irreducible representations
of U are trivial, every character of B restricts to a unique character on T , and since
T ∼= Gm × Gm (Gm is the multiplicative group C× thought of as an algebraic
group), we see that its character group X(T ) is Z× Z, and every character of B is
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of the form

λm1,m2

a ∗ ∗
0 b ∗
0 0 c

 = am1bm2 .

for some integers m1 and m2.
Next, the root system SL(3,C) consists of two simple roots. Let α ∈ X(T ) be

the simple root given by

α

a 0 0
0 b 0
0 0 c

 = ab−1.

Then the root subgroup and the parabolic subgroup corresponding to α are

Uα =


1 0 0
z 1 0
0 0 1

 : z ∈ C

 and Pα =


∗ ∗ ∗∗ ∗ ∗

0 0 ∗

 ∈ SL(3,C)

 .

Now let λ ∈ X be a root, i.e., a character of B, say λ = λm1,m2
. We define the

(geometric) line bundle L−λ associated to λ by

L−λ := (G× C)/(gb, v) ∼ (g, λ(b)v)

G/B

p

Denote by L−λ the sheaf of sections of L−λ. This is a locally free sheaf of rank
one, and thus is an invertible sheaf on G/B.

Now consider the fibration π : G/B → G/Pα. For y ∈ G/Pα, denote by
(G/B)y ⊆ G/B the fibre above y and (L−λ)y the restriction of L−λ to (G/B)y.
By the Bruhat decomposition Pα = B tBsαB, we have (G/B)y ∼= P1. So (L−λ)y
is an invertible sheaf on P1. As PicP1 ∼= Z, we know that (L−λ)y ∼= OP1(m), where
m is the degree of (L−λ)y.

To figure out what m is, we explicitly realize the isomorphism (G/B)y ∼= P1 as
follows. Let Pα act on P1, thought of as the set of lines in A2, bya b ∗

c d ∗
0 0 ∗

 · [x0 : x1] = [ax0 + bx1 : cx0 + dx1].

Then StabPα([1 : 0]) = B. Since the action is transitive, this gives a map

Pα/B
∼−→ P1 by gB 7→ g · [1 : 0]. Now define the map π−1(yPα) = y · (Pα/B)

∼−→ P1

by y(gB) 7→ g · [1 : 0]. This reduces our analysis to the case where y is the identity
element in G/Pα.

Next, we introduce a trivializing cover for (L−λ)y on P1 as follows:

U0 = {[1 : x1] : x1 ∈ A1} and U1 = {[x0 : 1] : x0 ∈ A1}.

The line bundle (L−λ)y trivializes over U0 and U1 since they are affine. We now
construct the local trivializations. First consider the open set U0. Each element in
p−1(U0) can be uniquely represented as

[g, v] ∈ (Pα/B)× C, where g =

 1 0 0
x1 1 0
0 0 1

 , v ∈ C.
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Now define the homeomorphism

ϕ0 : A1 × C→ p−1(U0), ([1 : x1], v) 7→

 1 0 0
x1 1 0
0 0 1

 , v

 .
It has the inverse ϕ−10 : p−1(U0)→ A1 × C, where

ϕ−10 (

a b e
c d f
0 0 g

 , v

) = ϕ−10 (

1 0 0
c
a 1 0
0 0 1

a b e

0 1
ag

af−ce
a

0 0 g

 , v

)

= ϕ−10 (

1 0 0
c
a 1 0
0 0 1

 , λ

a b e

0 1
ag

af−ce
a

0 0 g

 v

)

= ϕ−10 (

1 0 0
c
a 1 0
0 0 1

 , am1−m2g−m2v

)

= ([1 :
c

a
], am1−m2g−m2v).

Similarly on U1, every element in p−1(U1) can be uniquely represented by

[g, v] ∈ (Pα/B)× C, where g =

x0 −1 0
1 0 0
0 0 1

 , v ∈ C

and we have the local trivialization

ϕ1 :A1 × C→ p−1(U1)

([x0 : 1], v) 7→

x0 −1 0
1 0 0
0 0 1

 , v


ϕ−11 : p−1(U1)→ A1 × Ca b e

c d f
0 0 g

 , v

 7→ ([
a

c
: 1], cm1−m2g−m2v).

Now let’s figure out the gluing condition on the sheaf (L−λ)y. Consider a section
s : (G/B)y ∼= P1 → L−λ. Then from the condition p ◦ s = id, we require that s
takes the following forms on the affine cover.

s|U0 :[x0 : x1] 7→ [

 1 0 0
x1

x0
1 0

0 0 1

 , h0([x0 : x1])v]

s|U1
:[x0 : x1] 7→ [

x0

x1
−1 0

1 0 0
0 0 1

 , h1([x0 : x1])v].

where h0 : U0 → C and h1 : U1 → C are some rational functions.
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If [x0 : x1] ∈ U0 ∩ U1, then we need the section to agree on the intersection. We
have

s|U0
[x0 : x1] =

 1 0 0
x1

x0
1 0

0 0 1

 , h0([x0 : x1])v


=

x0

x1
−1 0

1 0 0
0 0 1

x1

x0
1 0

0 x0

x1
0

0 0 1

 , h0([x0 : x1])v



=


x0

x1
−1 0

1 0 0
0 0 1

 , (
x1
x0

)m1−m2h0([x0 : x1])︸ ︷︷ ︸
h1([x0:x1])

v


So the gluing condition is h1([x0 : x1]) = (x1

x0
)m1−m2h0([x0 : x1]). Note that

[x0 : x1] 7→ (x1

x0
)m1−m2 ∈ GL(1,C) is the transition function for ϕ−11 ◦ ϕ0.

Now let’s take a step back. We showed that the sections of L−λ is

L−λ(U) = {(h0 : U ∩ U0 → C, h1 : U ∩ U1 → C) | h1 = (
x1
x0

)m1−m2h0}.

We now recognize that L−λ is simply the line bundle OP1(−(m1−m2)). One way
to see this is to calculate the degree of a meromorphic section by summing the orders
of the zeroes and poles. Let z1 = x1

x0
be a coordinate on U0 and z0 = x0

x1
be a coor-

dinate on U1. Consider the section h0(z1) = z1 over U0. It has a zero of order 1 at
[0 : 1]. Also, h0 extends to the rational section h1(z0) = ( 1

z0
)m1−m2 1

z0
= 1

z
m1−m2+1
0

over U1, which has a pole of order m1 −m2 + 1 at [1 : 0]. So overall, the sum of
the orders is −(m1 −m2).

We leave it to the reader to work out the case for the other simple root of
SL(3,C).

Remark 4.2. The correspondence λ 7→ L−λ is a homomorphism X(T )→ PicG/B.

Proposition 4.3. The degree of the invertible sheaf (L−λ)y is −〈α∨, λ〉, i.e.,
(Lλ)y ∼= O(〈α∨, λ〉).

Proof (in the SL(3,C) case). In the example given above, α was the root given by

α

a 0 0
0 b 0
0 0 c

 = ab−1.

Its coroot is the cocharacter

α∨(t) =

t 0 0
0 t−1 0
0 0 1

 ,

which should be highly reminiscent of the matrixx1

x0
1 0

0 x0

x1
0

0 0 1
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used above to figure out the transition function. Applying the character λ gives
(λ ◦ α∨)(t) = tm1−m2 , so 〈α∨, λ〉 = m1 −m2, which agrees with what we obtained
above.

It should not be too surprising that the calculation for general reductive groups
G would be similar. Indeed, the calculation above already easily generalizes to all
SL(n,C). �

Let G be a reductive algebraic group, etc. Let C be the dominant Weyl chamber
with boundary, i.e., C = {µ ∈ X : 〈α∨, µ〉 ≥ 0} consisting of the dominant roots of
G with respect to T . There are two possibilities for the root λ+ρ ∈ X. Either λ+ρ
is singular and lies on the boundary of some Weyl chamber, i.e., 〈α∨, λ + ρ〉 = 0
for some root α, or λ+ ρ is regular and is in the interior of some Weyl chamber, so
there is a unique w in the Weyl group W such that w · λ ∈ C.

To see this, suppose λ + ρ is regular and 〈α∨, λ + ρ〉 6= 0 for all roots α. Then
choose w ∈W to maximize 〈ρ∨, w(λ+ ρ)〉. We have

〈ρ∨, w(λ+ ρ)〉 ≥ 〈ρ∨, sαw(λ+ ρ)〉 = 〈sα(ρ)∨, w(λ+ ρ)〉
= 〈ρ∨ − α∨, w(λ+ ρ)〉 = 〈ρ∨, w(λ+ ρ)〉 − 〈α∨, w(λ+ ρ)〉,

so 〈α∨, w(λ + ρ)〉 ≥ 0 for all α. Since λ + ρ is not singular, in particular it does
not lie on the hyperplane perpendicular to w−1(α), so 〈α∨, w(λ + ρ)〉 6= 0. Hence
〈α∨, w(λ + ρ)〉 ≥ 1 and thus 〈α∨, w · λ〉 = 〈α∨, w(λ + ρ) − ρ〉 ≥ 0 for all α, so
w · λ ∈ C.

Denote the length of an element w in W by `(w), i.e., the minimum number of
simple reflections needed in an expression for w. Now we can state Bott’s theorem.

Theorem 4.4 (Bott). Let G be a split reductive simply-connected algebraic group
over an algebraically closed field, and fix a split maximal torus T along with a Borel
subgroup B containing T . Let W be the Weyl group acting via the shifted action on
the integral weights. Let λ be an integral weight of G, and let Lλ be the line bundle
constructed above. Then

(a) If λ ∈ C, then Hi(G/B,Lλ) = 0 for i 6= 0.
(b) If λ+ ρ lies on some hyperplane defined by the root α, then Hi(G/B,Lλ) = 0

for all i.
(c) Otherwise, if there exists w ∈W (which is unique) such that w−1 · λ = µ ∈ C,

then

Hi(G/B,Lλ) =

{
H0(G/B,Lµ) if i = `(w)

0 if i 6= `(w).

Bott’s theorem can be deduced from the following theorem.

Theorem 4.5. Let α be a simple root and λ a root of G be such that 〈α∨, λ+ρ〉 ≥ 0.
Then there exists an isomorphism

Hi(G/B,Lλ)
∼−→ Hi+1(G/B,Lsα·λ)

of G-modules for i ∈ Z.

The proof of theorem 4.5 in [8] uses the Borel-Weil theorem to construct repre-
sentations of the parabolic subgroup Pα with special properties. The proof we give
below eschews the Borel-Weil theorem and proceeds using algebraic geometry (cf.
[6]). But before we do so, let us see how we can deduce Bott’s theorem from (4.5).
We start with a corollary.
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Corollary 4.6. Let λ ∈ X such that λ+ρ is dominant, i.e., 〈α∨, λ+ρ〉 ≥ 0 for all
simple roots α. If w ∈ W has length n, then Hi(G/B,Lλ) and Hn+i(G/B,Lw·λ)
as isomorphic as G-modules.

Proof. Induct on the length of w and use theorem 4.5. The only tricky part is to
show that if λ+ρ ∈ C and w = sαw

′ where `(w′) = `(w)−1, then 〈α, (w′·λ)+ρ〉 ≥ 0,
but this follows since w′−1(α) is a positive root (see [5]). �

Now we prove Bott’s theorem.

Proof of Bott’s theorem.

(a) Let w0 be the longest element in the Weyl group, so `(w0) = dimG/B =: n.
Then λ+ ρ is dominant, and so we may apply the corollary to obtain

Hi(G/B,Lλ) ∼= Hi+n(G/B,Lw0·λ).

But if i > 0, then i + n > dimG/B, so by Grothendieck vanishing, this coho-
mology group is zero.

(b) Since λ + ρ lies on the hyperplane defined by α, we have 〈α∨, λ + ρ〉 = 0 and
sα · λ = λ. So we may apply the theorem. Hence we see that

Hi(G/B,Lλ) ∼= Hi+1(G/B,Lsα·λ) = Hi+1(G/B,Lλ).

We can repeat this involution to get Hi(G/B,Lλ) ∼= Hi+k(G/B,Lλ) for all
k ∈ Z+. But once i + k > dimG/B, the cohomology group is again zero by
Grothendieck vanishing.

(c) We have λ = w · µ, where µ is dominant. Applying the corollary, we get

Hi(G/B,Lλ) = Hi(G/B,Lw·µ) = Hi−`(w)(G/B,Lµ).

By part (a), if i 6= `(w), we have Hi(G/B,Lλ) = 0. Otherwise, we have
H`(w)(G/B,Lλ) = H0(G/B,Lµ).

�

Now that we have proved Bott’s theorem, the natural question (if one does not
already know the answer) to ask is what is special about H0(G/B,Lµ) when µ is
a dominant weight.

Theorem 4.7 (Borel-Weil). H0(G/B,Lµ) is dual to the irreducible highest-weight
representation of G with highest weight µ.

Bott’s theorem implies that the Euler characteristic χ(G/B,Lµ) is equal to
dimH0(G/B,Lµ). It is now possible to apply some version of Hirzebruch-Riemann-
Roch to χ(G/B,Lµ) and deduce the Weyl dimension formula. Furthermore, we
can combine theorem 4.4 with the Atiyah-Bott fixed point theorem to obtain the
Weyl character formula. See [7], [2], and [4].

4.2. Some facts from algebraic geometry. The goal for this section is to de-
velop some general algebraic geometric facts that will be needed to prove theorem
4.5. First, we prove several “projection”-type formulae.

Fact 4.8 ([12], Ex. III.8.3). Let f : X → Y be a morphism of ringed spaces, let F
be an OX-module, and let E be a locally free OY -module of finite rank. Then for
i ≥ 0, we have the projection formula Rif∗(F ⊗ f∗E ) ∼= Rif∗(F )⊗ E .
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Proof sketch. As usual with proving facts about derived functors, first consider the
case i = 0. We have

f∗(F )⊗ E ∼= f∗(F )⊗ E ∨∨ ∼= H om(E ∨, f∗F )

∼= f∗H om(f∗E ∨,F ) ∼= f∗(F ⊗ (f∗E ∨)∨)

∼= f∗(F ⊗ f∗E ).

Now let 0→ F → I • be an injective resolution of F .

0 f∗(F ⊗ f∗E ) f∗(I 0 ⊗ f∗E ) f∗(I 1 ⊗ f∗E ) · · ·

0 f∗(F )⊗ E f∗(I 0)⊗ E f∗(I 1)⊗ E · · ·

∼ ∼ ∼

The isomorphisms on the cochain level induce an isomorphism on cohomology,
i.e., Rif∗(F ⊗ f∗E ) ∼= Rif∗(F )⊗ E as wanted. �

Fact 4.9 ([12], Ex. III.8.4a–c). Let Y be a noetherian scheme, and let E be a locally
free OY -module of rank n+1, n ≥ 1. Let X = P(E ), with the invertible sheaf OX(1)
and the projection morphism π : X → Y . Then

(i) We have π∗(O(l)) ∼= Sl(E ) for l ≥ 0, π∗(O(l)) = 0 for l < 0, Rjπ∗(O(l)) = 0
for 0 < j < n and all l ∈ Z, and Rnπ∗(O(l)) = 0 for l > −n − 1 (cf.
proposition II.7.11 in [12]).

(ii) For any l ∈ Z, Rnπ∗(O(l)) ∼= π∗(O(−l − n− 1))∨ ⊗ (∧n+1E )∨.

Proof sketch.
(i) Let {Ui} be a trivializing cover for E on Y . Assume without loss of generality

that Ui is affine for each i, so Ui = SpecAi for some noetherian ring Ai. We
have E (Ui) ∼= An+1

i and π−1(Ui) = PnAi . By proposition III.8.1 in [12] and
theorem 2.4, we have

Rjπ∗(O(l))(Ui) = Hj(π−1(Ui),O(l)|π−1(Ui)) = Hj(PnAi ,O(l))

=


Sl(Ai) for j = 0 and l ≥ 0

0 for j = 0 and l < 0

0 for j 6= 0, n and l ∈ Z
0 for j = n and l > −n− 1.

(ii) By proposition II.7.11, we have the surjection π∗E → OX(1) → 0. Twisting
by O(−1), we get the short exact sequence

0→ F → (π∗E )(−1)→ OX → 0.

Let U be any open affine subscheme of Y trivializing E , i.e., π−1(U) ∼= PnA
for some noetherian ring A. Restricting to π−1(U), we get

0→ F |PnA → OX(−1)n+1|PnA → OX |PnA → 0.

Comparing this to the short exact sequence in theorem II.8.13, we see that
F |PnA ∼= ΩPnA/Y . Gluing over an open cover, we get F ∼= ΩX/Y . So we have
the short exact sequence

0→ ΩX/Y → (π∗E )(−1)→ OX → 0.
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Applying exercise II.5.16d, we get

∧n+1(π∗E (−1)) = (π∗ ∧n+1 E )(−n− 1) ∼= ∧nΩX/Y ⊗ ∧1OX ∼= ∧nΩX/Y .

The sheaf ωX/Y = ∧nΩX/Y is called the relative canonical sheaf.
Now coverX with open subsets of the form U = PnA over which E trivializes,

i.e., E (U) ∼= An+1 and π−1(U) ∼= PnA. Then ωX/Y |π−1(U)
∼= OX(−n−1)|π−1(U)

and

Rnπ∗(ωX/Y )|SpecA ∼= Rnπ∗(ωX/Y |π−1(U))

∼= Rnπ∗(OX(−n− 1)|π−1(U)) ∼= OY |SpecA.

Gluing these isomorphisms, we get Rnπ∗(ωX/Y ) ∼= OY .
Finally,

Rnπ∗(O(l)) = Rnπ∗(ωX/Y ⊗ ω∨X/Y ⊗ O(l))

= Rnπ∗(ωX/Y ⊗H om(ωX/Y ,O(l)))

= Rnπ∗(ωX/Y ⊗H om(π∗ ∧n+1 E ⊗ O(−n− 1),O(l)))

= Rnπ∗(ωX/Y ⊗ π∗H om(∧n+1E , π∗O(l + n+ 1)))

= (Rnπ∗ωX/Y )⊗H om(∧n+1(E ), π∗O(l + n+ 1))

= (∧n+1E )∨ ⊗ π∗O(l + n+ 1),

where π∗O(l + n+ 1) = (π∗O(−l − n− 1))∨.
�

Now we need a correspondence between Pn-fibrations and the projective space
bundle construction in algebraic geometry.

Definitions 4.10. Let X be a noetherian scheme.
(1) Let S be a quasicoherent sheaf of OX -modules, which has a structure of a sheaf

of graded OX -algebras. Then S ∼=
⊕

d≥0 Sd, where Sd is the homogeneous
part of degree d. Assume that S0 = OX , that S1 is a coherent OX -module,
and that S is locally generated by S1 as an S0-algebra.

We construct the Proj of S over X as follows (this is called the rel-
ative Proj construction). For each open affine subset U = SpecA of X,
let S (U) = Γ(U,S |U ), and consider Proj S (U) with its natural morphism
πU : Proj S (U) → U . It can be shown that if V is another open affine subset
of X, then π−1U (U ∩ V ) is naturally isomorphic to π−1V (U ∩ V ), which allows us
to glue the schemes Proj S (U) together. This gives a scheme Proj S together
with a morphism π : Proj S → X such that π−1(U) ∼= Proj S (U) for each
open affine U . Furthermore, the invertible sheaves O(1) on each Proj S (U)
glue together to give an invertible sheaf O(1) on Proj S .

(2) Let E be a locally free coherent sheaf on X. We define the associated projective
space bundle P(E ) as follows. Let S = S(E ) be the symmetric algebra of E
and S =

⊕
d≥0 S

d(E ). Define P(E ) = Proj S .

Fact 4.11 ([12], Ex. II.7.10c). Let X be a regular noetherian scheme. Then every
Pn-bundle P over X is isomorphic to P(E ) for some locally free sheaf E on X.

Proof sketch. Let π : P → X be the Pn-bundle. Let U ⊆ X be an open set such
that π−1(U) = U × Pn. Let L0 = O(1) on U × Pn. Then using the construction
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in exercise II.5.15, L0 extends to an invertible sheaf L on P . Moreover, if we set
E = π∗L , then E is locally free.

We claim that P is isomorphic to P(E ). Consider the adjunction between π∗

and π∗; the counit ε(L ) : π∗π∗L = π∗(E ) → L is a surjective map, given by
“projection”. Locally E is free, so this amounts to giving n + 1 sections of L
that generate. Theorem II.7.12 furnishes an morphism ϕ : P → P(E ), which is an
isomorphism. �

Next, we decompose the group of line bundles on P(E ).

Fact 4.12 ([12], Ex. II.7.9a). Let X be a regular noetherian scheme and E a locally
free coherent sheaf of rank ≥ 2 on X. Then PicP(E ) ∼= PicX × Z.

Proof sketch. Let π : P(E ) → X be the projection map. Consider the homomor-
phism ϕ : PicX ×Z→ PicP(E ) given by (M ,m) 7→ π∗M (m). We claim that ϕ is
an isomorphism.

For injectivity, suppose (M ,m) ∈ kerϕ. Then π∗M (m) = OP(E ). So,

OX = π∗(OP(E )) = π∗(π
∗M (m)) = M ⊗ π∗OP(E )(m),

where we have used the projection formula (4.8) for the last equality. Using (4.9),
if m < 0, then π∗OP(E )(m) = 0. If m > 0, then π∗OP(E )(m) = Sm(E ), the m-th
graded part of the symmetric algebra on E . Since rk(Sm(E )) > 1 if m > 0, we
must have m = 0. So M ⊗ OX = OX . Therefore M ∼= OX , whence the kernel of
ϕ is trivial.

For surjectivity, let L ∈ PicP(E ) be any line bundle. Choose an open, integral,
separated set U ⊆ X over which E trivializes. Let V = π−1(U). Shrinking U
further we may assume V = U × Pr. Then PicV = Pic(U × Pr) ∼= PicPr ∼= Z (see
exercise II.6.1), where r is the rank of E minus one. Hence L |V = OP(E )(m)|V
for some m ∈ Z. The value of m is locally constant, so if X is connected, then we
obtain the same m for every open set in an open cover of X.

Replacing L by L (−m), we may assume m = 0. For a trivializing cover {Vi} for
L of P(E ), we have the transition maps ψij : π∗(OX |Ui) → π∗(OX |Uj ) satisfying
the cocycle condition. Since π∗(π

∗(OX |Ui)) = OX |Ui , we get induced transition
maps π∗ψij : OX |Ui → OX |Uj that satisfy the cocycle condition (exercise II.1.22),
and so glue together to give an invertible sheaf M on X that pulls back to L .
Thus ϕ is surjective as desired. �

Remark 4.13. The projective space bundle we are interested in is the P1-fibration
π : G/B → G/Pα. In this case, PicG/B ∼= PicG/Pα × Z and in fact, given the
invertible sheaf Lλ ∈ PicG/B, we have Lλ

∼= π∗M (m), where M ∈ PicG/Pα and
m = 〈α∨, λ〉. This is apparent from the construction given in (4.1). See [6] for more
details.

Finally, as we are dealing with fibre bundles, we need the theorem on semicon-
tinuity. The following lemma and theorem come from [19], where they are neatly
proven using the Grothendieck complex.

Lemma 4.14. Let Y be a reduced scheme and F a coherent sheaf on Y such that
dimk(y) F ⊗OY k(y) = r for all y ∈ Y . Then F is locally free of rank r on Y .

Theorem 4.15 (Semicontinuity). Let f : X → Y be a proper morphism of noe-
therian schemes, and F a coherent sheaf on X that is flat over Y . Assume Y is
reduced and connected. Then for all q, the following are equivalent:
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(i) y 7→ dimk(y)H
q(Xy,Fy) is a constant function.

(ii) Rqf∗(F ) is a locally free sheaf on Y and for all y ∈ Y , the natural map
Rqf∗(F )⊗OY k(y)→ Hq(Xy,Fy) is an isomorphism.

4.3. Proof of theorem 4.5. We are almost ready to prove theorem 4.5. Consider
the P1-fibration π : G/B → G/Pα. First, we identify the relative canonical sheaf
in terms of the roots of G.

Lemma 4.16. The relative canonical sheaf ω := ω(G/B)/(G/Pα) is L−α.

Proof sketch. Consider the short exact sequence of G/B-modules (see proposition
II.8.11 in [12])

0→ π∗Ω(G/Pα)/k → Ω(G/B)/k → Ω(G/B)/(G/Pα) → 0.

Given y ∈ G/B, the maximal torus T acts on the fibres of these modules above
y. The weights of T in the first of these fibres are the positive roots excluding
α, and the weights in the second are all the positive roots. Therefore, the fi-
bre of the third is a simple T -module with root α, whence the assertion, since
ω(G/B)/(G/Pα) = ∧1Ω(G/B)/(G/Pα) = Ω(G/B)/(G/Pα). For more details, see [6]. �

We now prove theorem 4.5. Let us recall the setting. We have an algebraically
closed field of characteristic zero, and a simply-connected reductive group G. Let ρ
be the half-sum of the positive roots, so 〈α∨, ρ〉 = 1 for any simple root α. We wish
to show that if α is a simple root and λ is a root such that 〈α∨, λ + ρ〉 ≥ 0, then
Hi(G/B,Lλ) and Hi+1(G/B,Lsα·λ) are isomorphic as G-modules for all i ∈ Z.

Proof of theorem 4.5. We divide the proof into three main steps.
Step 1: Hp(G/Pα, π∗Lλ) ∼= Hp(G/B,Lλ). Let m := degπ Lλ be the degree of

Lλ restricted to a fibre. Since 〈α∨, λ + ρ〉 ≥ 0, we have m = 〈α∨, λ〉 ≥ −1. Then
for all q ≥ 0,

hq(y,Lλ) = dimk(y)H
q((G/B)y, (Lλ)y) = dimk(y)H

q(P1,OP1(m))

is constant in y. So the semicontinuity theorem (4.15) gives us

Rqπ∗(Lλ)⊗ k(y) ∼= Hq((G/B)y, (Lλ)y) ∼= Hq(P1,OP1(m)),

which is zero for q > 0. So by lemma 4.14, Rqπ∗(Lλ) = 0 for all q > 0.
Consider the Leray spectral sequence

Hp(G/Pα, R
qπ∗(Lλ))⇒ Hp+q(G/B,Lλ).

This degenerates on the second page, and thus Hp(G/Pα, π∗Lλ) is isomorphic
to Hp(G/B,Lλ).

Step 2: Hp(G/Pα, R
1π∗Lsα·λ) ∼= Hp+1(G/B,Lsα·λ). The proof of this is

similar to step 1. Set m′ = degπ Lsα·λ; then using 〈α∨, α〉 = 2, we have

m′ = 〈α∨, sα · λ〉 = 〈α∨, λ− 〈α∨, λ+ ρ〉α〉 = −〈α∨, λ+ ρ〉 − 1 ≤ −1.

Next,

hq(y,Lsα·λ) = dimHq((G/B)y, (Lsα·λ)y) = dimHq(P1,OP1(m′))

is constant in y, so semicontinuity (4.15) implies

Rqπ∗(Lsα·λ)⊗ k(y) ∼= Hq(P1,OP1(m′)),

which is zero for all q 6= 1. By lemma 4.14, Rqπ∗(Lsα·λ) = 0 for all q 6= 1.
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The Leray spectral sequence

Hp(G/Pα, R
qπ∗Lsα·λ)⇒ Hp+q(P1,OP1(m′))

collapses on the second page, and we get an isomorphism of Hp(G/Pα, R
1π∗Lsα·λ)

with Hp+1(G/B,Lsα·λ).
Step 3: π∗Lλ

∼= R1π∗Lsα·λ. This is most involved step. By (4.11), we have
G/B ∼= P(E ) for some E of rank 2. By (4.12), we can write Lλ = π∗M ⊗ O(m)
for some M ∈ PicG/Pα, where m = 〈α∨, λ〉. We first claim that

Lsα·λ = π∗(M ⊗ (∧2E )⊗m+1)⊗ O(−m− 2).

First, we have Lsα·λ = Lλ−〈α∨,λ+ρ〉α = Lλ ⊗ ω⊗m+1. Recall that ω ∼= L−α
from the previous lemma. So using (4.9),

Lsα·λ = Lλ ⊗ ω⊗m+1

= (π∗M ⊗ O(m))⊗ (π∗ ∧2 E ⊗ O(−2))⊗m+1

= π∗(M ⊗ (∧2E )⊗m+1)⊗ O(−m− 2).

Now, π∗Lλ = π∗(π
∗M ⊗O(m)) ∼= M ⊗ π∗O(m) by the projection formula. On

the other hand, using the projection formula and (4.9),

R1π∗Lsα·λ
∼= R1π∗(π

∗(M ⊗ (∧2E )⊗m+1)⊗ O(−m− 2))

∼= M ⊗ (∧2E )⊗m+1 ⊗R1π∗O(−m− 2)

∼= M ⊗ (∧2E )⊗m+1 ⊗ ((π∗O(m))∨ ⊗ (∧2E )∨)

∼= M ⊗ ((π∗O(m))∨ ⊗ (∧2E )⊗m)

Using (4.9) and the fact that the perfect pairing

Sm(E )⊗ Sm(E )→ (∧2E )⊗m

(xayb, xcyd) 7→

{
(x ∧ y)⊗m if a+ c = b+ d = m

0 otherwise.

induces an isomorphism

π∗O(m)∨ ⊗ (∧2E )⊗m ∼= Sm(E )∨ ⊗ (∧2E )⊗m
∼−→ Sm(E ) ∼= π∗O(m),

we see that R1π∗Lsα·λ
∼= M ⊗ π∗O(m) ∼= π∗Lλ.

Combining the three steps of the proof, we have

Hi(G/B,Lλ) ∼= Hi(G/Pα, π∗Lλ)

∼= Hi(G/Pα, R
1π∗Lsα·λ)

∼= Hi+1(G/B,Lsα·λ).

This concludes the proof of theorem 4.5. �
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