INTERPOLATION THEOREMS AND APPLICATIONS

CALISTA BERNARD

ABSTRACT. We discuss and prove two major theorems, the Riesz-Thorin In-
terpolation Theorem and the Marcinkiewicz Interpolation Theorem. We then
address several important applications of these theorems, including the bound-
edness of the Hardy-Littlewood maximal operator, the boundedness of the
Fourier transform, Young’s inequality for convolution, and the boundedness of
the Hilbert transform.
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1. INTRODUCTION

In this paper we present two main classical results of interpolation of operators:
the Riesz-Thorin Interpolation Theorem and the Marcinkiewicz Theorem. The
former allows us to show that a linear operator that is bounded on two LP spaces
is bounded on every LP space in between the two. The latter allows us to show
that a sublinear operator that satisfies two weak-type estimates is bounded on any
LP space in between the two weak LP spaces. Thus, we may simplify the proof of
the boundedness of an operator by proving the statement in two “simpler” cases
(such as L' and L> or L' and L?) and then interpolating to prove the statement
for every LP space in between.

Following our discussion of the two interpolation theorems, we consider several
applications: the boundedness of the Hardy-Littlewood maximal operator (section
4), the boundedness of the Fourier transform (section 5), and a proof of Young’s
inequality (section 5).

We assume the reader is familiar with LP spaces, the Lebesgue integral, and
basic measure theory. See Chapter one of [2] for background on L? spaces, Chapter
2 of [1] for the Lebesgue integral, and Chapter 1 of [1] for measure theory.

Date: 30 August 2013.
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2. THE RIESZ-THORIN INTERPOLATION THEOREM

We begin by proving a few useful lemmas.

Lemma 2.1. Let 1 < p,q < 0o be conjugate exponents. If f is integrable over all
sets of finite measure (and the measure p is semifinite if ¢ = 00) and

[ 19

Proof. First we consider the case where p < 1 and ¢ < co. Note that by Holder’s
inequality,

sup =M<

HngSLg simple

then f € LY and || f|lq = M.

M < fllqllglly <1 fllg

since ||g||, < 1. Now we show the reverse inequality. We can find a sequence of
simple functions {f,}nen in LY that converges to f pointwise from below. Now

define
_ @) - senf
o) =T

It follows that

1 ”anq
mw:——faﬂmmmﬂ: 71,
N A FCh) | frlld

where the middle equality follows from the fact that p and ¢ are conjugate expo-
nents. Furthermore, since for large n, sgnf,, = sgnf, we see that

J 1l 1 fallg
(22) [ ugn = S = S g
1 fnllg 1 fnllg
for sufficiently large n. Thus, it follows from our assumption that [ f,g, = || fallq <

M. Then 2.2 implies that [ |f,|? < M9. By Fatou’s lemma, we have that

/|f|q§liminf/|fn|q§]\/[q.

It follows that || f|lq < M.

Now we consider the case where p =1 and ¢ = co. Fix e > 0 and let E = {x |
|f(z)] > M +¢€}. Since p is semifinite, if ;1(E) were positive, then there would exist
F C E such that 0 < pu(F) < co. Let g = u(F) 'xpsgn f. Then ||g|[; =1 and

Mz [ rg= = [Nz 0+e

Since this is clearly impossible, we have that u(F) = 0. Then f € L™ and M >
I/ llco- The opposite inequality is, once again, given by Holder’s inequality. O

Lemma 2.3. (Three Lines Lemma) Suppose ® : C — C is holomorphic on
the inside of the strip 0 < Rez < 1 and continuous and bounded on the closure
of the strip. Furthermore, suppose |®(z)] < My on the boundary Rez = 0 and
|®(2)] < My on the boundary Rez = 1. Then for ally € R, x € (0,1),

(2 +iy)| < My~ M.
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Proof. Let ¢ > 0. Let ®(2) = ®(2) M~ "M, *e**~1). Then if Rez = 0, we have
|‘I’€(Zy)| < ‘MSnyiyeeiy(iy71)| _ |eiy log(JVIO/Ml)efeyr“’efeiy‘ <1,

where the last inequality follows from the fact that e® 108 Mo/Mi and e=€¥ are both
on the unit circle. Similarly,

1D (1 4 iy)| < |M(}Jriy*lleiyee(1+iy)(1+iy*1)| — |eiy10g (Mo/Ml)efﬁyzefﬁiy‘ <1.

Since @, is clearly holomorphic inside the strip, we see that it satisfies the assump-
tions from the statement (with 1 as My and M;). Now for any z € (0, 1),

D (x4 iy)| = |®(x + iy) MGTY T MY eclrtiv)(@tiy—1))

— |<I)(£U + z'y)He(x—i-iy—l) log Moe(—z—iy) log Mlee(wQ—w—y2)eeiy(2w—1)|
— z+i T — —z e z?—x) e—eyz

|®( y)[| Mg 11\41 (
< Ce=v’

for some positive constant C'. This follows from the fact that ® and e’ =T are

bounded on the strip. Since e=%" — 0 as |y| — oo, it follows that |®.(z)| — 0 as

[Im(z)| — oo. Thus, we can pick A large enough that |®.(z)| < 1 on the boundary

of the rectangle 0 < Rez <1 and —A <Imz < A. Then the maximum modulus

principle implies that |®.(z)| < 1 on the interior of the rectangle as well. Since this

holds for any arbitrarily large A, we have that |®.(z)| < 1 on the entire strip.
Now let ¢ — 0. From above, we now have

lim [, ()| = [9(2) Mg~ M7 < 1
e—
for z = Rez. The result follows immediately. O

We are now ready to prove the Riesz-Thorin Interpolation Theorem, which allows
us to establish boundedness of a linear operator on certain LP spaces.

Theorem 2.4. (Riesz-Thorin Interpolation Theorem) Consider a linear func-
tion T, which maps the measure space (X, ) to the measure space (Y,v). Suppose
P0,40,P1,q1 € [17 OO] and

1 1-¢ t 1 1-t t
= = +

p Po D q 4o Uil

fort € (0,1). If qo = q1 = oo, we further suppose that v is semifinite. Suppose
T maps LPo(u) + LP* (p) into L% (v) + LT (v) and we have || T fllq < Mol f|lp, for
fe L and ||Tfllq, < Mi||fllp, for f € LPr, for constants My, My > 0. Then T is
bounded on LP and furthermore, | Tf||, < My *M{||f|l, for all f € LP.

Our general strategy will be to construct a function ® that satisfies the assump-
tions of the Three Lines Lemma, then use ® to bound T'f in L4(v) for f simple.
We then extend the result from f simple to all LP.

Proof. We begin with the case pg < p;. Let f be a simple function on X. Recall
that simple functions are dense in LP for any p € [1,00]. Note that we can scale
f because of the linearity of T', so it suffices to show the statement for || f||, = 1.
Write f = Y7 ajxm;, = >.;—; laj|e’® xg,, where |a;|e is the polar form of a;
and the E; are disjoint. Now let g be a simple function on Y. We further take ¢ to
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have ¢’-norm equal to 1 (where ¢’ is the conjugate exponent of ¢). Again, we write

9 =20 bexr, = 20 [brle x g,
We now define two complex functions « and 5 as follows:

a(z) = (1—2)pg" +2py’ Blz) = (1—2)ay " +2q;

Note that if ¢t € (0,1), then a(t) = p~! and B(t) = ¢~ !. Fixing t € (0,1), we let
fz _ Z |aj|a(z)/a(t)6i9j XE
j=1

(note that a(t) > 0) and

m

go = 3 by A-BEN/A=8W) ity
k=1

if 8(t) #1 and g, = g if B(t) = 1. Finally, we define

D(z) = /(sz)gz dv.

Then if B(t) # 1,
B(z) = 3 Jay |20y (1B (A=5(0) i(0s+01) /(TxEj)ka
7.k

and if B(t) = 1, ®(z) = 32, , |aj|*F/ Dby |e05+06) [(Txp,)xF,. Then ® is bounded
and holomorphic in the strip 0 < Re z < 1. We claim that [®(z)| < My for Rez =0
and |®(z)| < M; for Rez = 1.

If z =iy for y € R, then a(z) = py ' +iy(pyt —py ) and 1 — B(z) =1 — ¢y ' —
iy(qfl — qal). Now note that since the F; are disjoint, for any x € X at most one

term of the sum equal to f(x) or f,(x) may be nonzero. Let z € E;. Then we have
that

[ fiy] = llag|* /O xp |

— |aj|a(2)/a(t)
Py 'ploglas| iyp(py ' —pg ') log |as]
— |e 0 ile Yyp(py Po g |a; ‘
o 'plogay]
— epo plog|a;
— |q.|P/Po
= |a.7|

for some j. It follows that

(25) (ol = FP/7°.

A similar calculation shows that

(2.6) \giy| = 19|10 N/ (=a™) = |gja'/a0
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where ¢’ and ¢, denote the conjugate exponents of ¢ and g, respectively. Then by
Holder’s inequality and Equations 2.5 and 2.6, we have

[@(iy)| < T fiyllao 9w ll g
< Mol| fiyllpo |9y ll a5

= Mol f|[2/7||g]| 2,/ %
= M.

Similarly, | fi14y,| = | f|P/P* and |g144y| = [g]97/9, so it follows that
121 +iy)ll < Ml friiyllp: [1914iyllg; = M.

Then @ satisfies the assumptions of the Three Lines Lemma, so we have that
|®(2)] < My "M! for Rez =t € (0,1). Now, by Lemma 2.1, we have that

(2.7) ITfllq < My~ M{IIf 1l

for f simple.

We want to show that T satisfies this estimate for all of LP. Let f € LP. Let
{fn} be a sequence of measurable simple functions such that |f,| < |f| for all n, and
fn — f pointwise. Now let E = {z | |f(z)| > 1}. We define g = fxEg, 9n = fuXE,
h=f-g,and h, = f, — gn- By the Dominated Convergence Theorem, we
have that ||f,|[, = [|fllp- Since f € LP°, and |g| < |f|, we have that g € LP.
Moreover, since f € LP* and |h| < 2|f], it follows that h € LP!. Furthermore,
since |gn| < |g| and |h,| < |h|, we have, again by the Dominated Convergence
Theorem, that [|gnllp, = ll9llp, and [|Anllp, = [|Allp,- Then [[Tgn, —Tglg, — 0
since [|[Tgn — T9llgqe < Mollgn — gllp,, and similarly, || Th, —Th|l;, — 0. Then

Tg, — Tg in measure since for all € > 0,

I Tgn — TQHZS
€40

(x| |Tg, —Tg| > €} <

by Chebyshev’s inequality. This implies that for some subsequence, T'g, — Tg
a.e. Similarly, we can find a subsequence such that Th,, — Th a.e. It follows that
Tf, — Tf a.e. Then by Fatou’s Lemma and Equation 2.7, we have

ITfllq < liminf | Tf, ]y < liminf M= M{[|follp < My~ Mil|f ],

which concludes the proof for pg # p;.
If pg = p1 = p, then we claim that

ITfllg < I TFIla NT AL, < My~ M-
This follows from the fact that if g9 < ¢ < ¢1 and ¢! = (1 —t)gy ' + tq; ', then
< L=t £11t  (see [1] Section 6.5 for proof of this). |
q q0 q1
3. THE MARCINKIEWICZ INTERPOLATION THEOREM

Before proceeding to our next theorem, the Marcinkiewicz Interpolation Theo-
rem, we introduce a few definitions and prove a few propositions.

Definition 3.1. For a measurable function f, we define the distribution function
of f, Ay :(0,00) = [0, 00] by

Ar(a) = p({z | [f(2)] > a}).
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We state several properties of distribution functions as facts. Proofs of these
properties can be found in [1], Section 6.4.

Fact 3.2. i If | f| <|g|, then Ay < A,.
ii. If { f, } is a sequence such that | f,| < |f| and f, — f, then A\, also increases
to )\f.

iii. If f =g+ h, then As(a) < Ag(3a) + An(3a).
Proposition 3.3. Let 0 < p < oo. Then

/Iflp dp =p/00o P\ ¢ () da.

Proof. This can be proven for simple functions using integration by parts. The
general case follows from part i of the above fact and the Monotone Convergence
Theorem. The details can be found in [1], Section 6.4. d

Proposition 3.4. Let f be a measurable function and fix a constant a > 0. Now
define A, = {z | |f(z)| > a} and let

ha = fXag + a(sgnf)xa, 9o = [ = ha = (sgnf)(If| — a)xa,-
Then A\g, (o) = Af(a+a) and

ma={ g7 e

Proof. Note that if |f(z)| < a, then hy(z) = f(z) and if |f(z)| > a, then hy(x) =
a(sgn f). Thus, |he| < a, so Ap, (o) = 0 when a > a. Moreover, |hq(z)| = |f(2)]
when z € AS and |hq(x)] = a > |f(x)] when z € AS. Thus, if @ < a, then
A, (@) = Ag(a).

We note that gqo(z) = 0 for z € AS, so {z | |go(x)] > a} C A,. Thus we
want to find x such that (sgn f)(|f] —a) > a. If x € A,, then |f(z)| —a > 0, so
(sgn f(z)(|f(z)| —a) > a iff sgn f = 1. Thus,

Ago(@) = p({z | [f(2)] —a>a}) = p({z | [f(2)] > a+a}) = Ap(a+a).

Definition 3.5. For a measurable function f and 0 < p < oo, let
[l = (sup a? A (a)) V7.
a>0
We define weak LP, denoted LP*, to be the set of functions f such that [f], < co.

We note that [-], fails the triangle inequality, so it is not a norm. However, we
do have that [cf], = |¢|[f]p. This follows from the fact that

pl{z [ lef ()] > a}) = p({z [ |f(2)] >

50 Acf(a) = Ap(+%). Thus,

le

efly = (s s (a))w _ ( sup ﬂ”ldp)\f(ﬂ)) Yk (Z‘i% wfus)) Y

a>0 |c] Ble|>0

),

]

Clearly, LP C LP** and we have [f], < | f|l, by Chebychev’s inequality.
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Definition 3.6. Let T be a sub-linear map from a vector space V of measurable
functions on (X, u) to the space of measurable functions on (Y,v). We say T is
strong type (p,q) if LP(p) C V, T takes LP(p) to L9(v), and ||T'f|lq < C||f]| for all
f € LP and some C > 0.

Definition 3.7. Let T be a sub-linear map from a vector space V of measurable
functions on (X, u) to the space of measurable functions on (Y,v). We say T is
weak type (p,q) for p € [1,00],q € [1,00) if T maps LP(u) into L?* and for some
C >0, [Tfly <C|fl|lp for all f e LP. We say T is weak type (p, o) iff T" is strong
type (p, o).

We are now ready to prove the Marcinkiewicz Interpolation Theorem, which
will allow us to work with sublinear operators. Furthermore, we will only require
that the operator satisfy weak rather than strong-type estimates. However, we will
need more stringent restrictions on our p’s and ¢’s, and we will have a less specific
estimate for the operator norm.

Theorem 3.8. (Marcinkiewicz Interpolation Theorem) Consider a sublin-
ear function T, which maps the measure space (X, u) to the measure space (Y,v).
Suppose po, o, 1,1 € [1,00] such that po < qo, p1 < q1, and qo # ¢ and

1 1-—1t t 1 1—1t t

== +— = +—
p Po P1 q do q1
fort € (0,1). If T maps LP(X,u) + LP* (X, ) into the space of v-measurable
functions on'Y and [T'flq, < Cillfllp; for C; > 0 and i = 0,1, then there exists a
constant C' that is dependent on p, q, po, 40, P1,q1, Co, C1 such that [T f|lq < C| fllp-
More simply stated, if T is weak types (po,qo) and (p1,q1), then T is strong type

(,q).

For all but the simplest cases, our strategy will be to split f into g, and h, from
Proposition 3.4. We then rewrite their norms in terms of the distribution function
of f, giving each integral a bound of a. We then strategically choose a in terms of
« so that we end up with an appropriate constant C' bounding the g-norm of T'f.

Proof. There are several cases to consider. First we prove for py = p; = p and
q1 = oo. First we note that for a > 0,

a®Arp(a) < [Tf]0 < CE|IfII%,

so Arg(@) < (Col[fllp/@)®. Then [T flloe < Ci[fllp, so if we let a = Ci|fl,, we
find that Apf(a) = 0 if & > a. Thus, by Proposition 3.3 we have

o9}
1763 =a [ a*hry(a)da
0
:q/ aqfl)\Tf(a)da
0

a
< gCE | fl1% / a7 1=t g
= f|le

for a positive constant C since ¢ —1 —¢; > —1. Note that this argument also holds
when ¢p = oo simply by switching the qo’s and ¢;’s.
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For the case where both ¢; < co and pg = p1, we have a very similar argument.
Here we assume that ¢o < ¢; (otherwise, we may simply switch the 1’s and 0’s in
the following argument). We have that Ay < (C;|| f|lp/)% for i =0, 1. Then

[Tf] = q/ooo a®Ars(a) da

1 00
<o armepiflp data [ o etep g da
_ 9GP lIf I N qCT" || fIIg:
q— 4o q1 —4q
= CI|fII3

for a positive constant C.

Thus, we may assume that pg < p;. Now we will consider the case where
Qo,q1 < co. Recall the functions g, and h, from Proposition 3.4. By Propositions
3.3 and 3.4 and change of variables, we can write

[l = [ amih, (@) da
0

oo
= po/ a? I\ p(a+a)da
0

(3.9) 0
:po/ (a—a)po_l)\f(a) da
< po/ aP "I\ (@) da
and
(o]
/|ha|p1 :pl/ apl_l)\ha(oz) da
(3.10) °

=p1/ P "I\ () da.
0
Furthermore, we know by Fact 3.2 that
(3.11) )\Tf(204) < Arg, () + ATh, ().

Thus, using Proposition 3.3, Equation 3.11, and the given weak type estimates,
we have

/ T = q / BT Az £(8) dB
0
— 21 / B g £(28) dB

0

(3.12) < 2qq/0 B9 (Arg, (B) + Arn, (B)) df
o0 Tga]?  [Thy|®
< 2qq/o Bq—l <[ ngjqo + [ /Bql]ql) dg

a1 COHQ(L”Po)qo <C1”h‘1p1>m]
<o [ | (Fg) (2 i
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Now, by Equations 3.9 and 3.10, we have that

(3.13)

Qqq/oOo 5:171 [(COH%a”po)qo + <01|Za|p1>ql] ds
90/Po

(o) [ee)
< 2qu’g°pg°/p°/ paa~t (/ P\ (a) da) g
0 a

00 a q1/p1
+24q0f1p(fl/pl/ pin-l (/ a1t (a) da) dg.
0

0

Since this holds for any a > 0, we can let a = (39, where 0 = %. By
Minkowski’s integral inequality (since ¢;/p; > 1), we have
oo o0 a0 /pi
| e ( | e ) da) a8
0 0
qi/pi

<V0 [/0 A CERICY) db’] dal

for ¢ = 0,1, where g is the characteristic function of {(a, ) | @ > 57} and x; is
the characteristic function of {(a, 8) | @ < 57 }.

Now, either g1 > g > qg or ¢1 < ¢ < qo. In the first case, ¢ — qg > 0, s0 0 > 0
(since we have assumed that py < p < p1.) If @ > 7, then a'/? > f3, so we have

/Po
oo ol/e Po/qo g0
(3.14) 2%qCLpe™ / l / B0 (P A p (o)) /0 dﬁ] da
0 0
o0 q0/Po
(3.15) = 2%C ™ (g — a0) ! [/ P IHamaR /07 ) () da]
0
oo q0/Po
(3.16) = 299C8p§ " lg — qol ™ [/ a" g (a) da}
0
/
1 — 94 (IO/I)Ocqo o —1 ”f”g foree
(3.17) = 27qpg o la— ol 7])
where the second-to-last equality follows from the fact that o = %.

Similarly, if ¢1 < g < qo, then ¢ — go < 0, so 0 < 0 and thus if & > 7, we have
B > a!/?. Then we have the same proof as above, except the bounds on the second
integral in Equation 3.14 will change from 0 and o'/? to o'/? and oo, respectively
and we will have a minus sign in front of the o in Equation 3.15. However, since
lg — go] = (90 — ¢) = —(¢ — qo), this does not change the result in Equation 3.17.
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Now note that

g = = =

polao—q) 1~ (%0)_1 Pt - )
q0(po — ) 1— (%0)71 q

M ) 1- (?)71 pi(q1 — q)
e

Ypt—ph) L (%>_1 0(p1—p)’

s0 ¢ — q1 < 0 corresponds to o > 0 and a*/? < B and ¢ — ¢1 > 0 corresponds to

o < 0and o'/? > 8. Then we can do a similar calculation to find

S o a q1/p1
<5q—ql—1ap1—1>\ ( ))q1/p1 g /e d
0 0 X e “

= 299CT (p1/p) /P g — a| T (|1 FII) 2 /7
Thus, from (3.17) and (3.18), we see that

2quihpl{1 /p1

(3.18)

1 1/q
1751 < 26"/ [ (s /)7 Cq — qi|1f||§‘“/pi] .
=0

K3

This implies that

1 l/q
S ITfllg < C =2¢"1 [Z(pi/p)q”’”c‘fi q- Qi|1‘| :
pP= i=0

so for all f € LP, | Tfllq < C|/fll, (we can scale f because of the sublinearity of
T). This completes the proof.

We can use a similar argument in the remaining cases. If p; = ¢ = oo, then
we let a = B8/C1. Then | Thallew < Cillhallee < B, s0 Arp, = 0. Making this
adjustment to the third line of Equation 3.12, we arrive at Equation 3.13 with only
the first term (since the second is 0). Then in Equation 3.14, we replace a!/? with
«aC7 and we have

_ _1Va
1771y <2 [apo/p)*/ ™ CECE g = ar| | 11l

In the case where ¢y < ¢1 = o0, we let a = (%) , where d = Cy(p1]|f||5/p)"/P1
and 7 = p1/(p1 — p). Then we have
1Thal[ < CT'[lhallF

o / BP0 (8) dB
0
< CP'pahiP / BPLAH(B) dB
0
< onBgmeryp)e
p

P1
_mb (B P
o (5)

= ﬁpl
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Then, as in the previous case, we have that Az, = 0 and we can follow the same
steps above to find an appropriate constant C'.

For our final case, g1 < qp = oo, we follow essentially the same proof as in the
previous case, choosing a = (3/d)” with d chosen so that App, = 0. O

4. THE HARDY-LITTLEWOOD MAXIMAL OPERATOR
We now proceed to a useful application of the Marcinkiewicz Theorem.

Definition 4.1. We say a complex-valued, Lebesgue-measurable function f is lo-
cally integrable on X C R™ if for any measurable, bounded set F C X, fE |f] < o0.

The space of locally integrable functions is denoted Li .

Note that L] _ is similar to L', but locally integrable functions need not vanish
at infinity.

Definition 4.2. Let f € L\ . The Hardy-Littlewood mazimal function of f, de-
noted H f, is given by
1
Hiw) =sw— o [ (il
r>0 M(Br (7)) /g, (2)

where B, (z) is the open ball of radius r centred at z.

Note that the maximal function takes the supremum of the average value of |f|
over balls centred at z. We would like to show that H is bounded on LP(R™) for
1 < p < . However, we first prove an interesting lemma.

Lemma 4.3. Suppose U is a collection of open balls in R™ and V' = Uy, U. If
m(V) > a for some nonnegative constant a, then there exist disjoint Uy, ... U, € U

such that Z§:1 m(Uj) > 55

Proof. Recall that by the regularity of Lebesgue measure we may choose K C V
such that K is compact and a < m(K) < m(V). Then U forms an open covering
of K, so there exists a finite subcollection V1,...,V,, € U that also covers K. Let
W1 be the V; with largest radius. Let Us be the V; with largest radius such that
Us NU; = 0. Let Us be the V; with largest radius such that Us is disjoint from Us
and U;. We continue selecting U; to be the ball with the largest radius among the
remaining V; that is disjoint from the previous U; until we have no more V;. Note
that each V; is either equal to some U; or intersects some U; with larger radius
nontrivially (we can ensure that this U; has larger radius by selecting the smallest
Jj such that V; N U; # 0). Now denote by W; the ball concentric with U; that has
radius three times that of U;. By our previous statement, we know that each V; is

contained in some such W;. It follows that K C U;?:l W;. We then have

k k
a<m(K) < Zm(Wj) =3" Zm(Uj).

j=1
Thus, Z?Zl m(U;) > 55 O

Theorem 4.4. The Hardy-Littlewood mazimal function is bounded on LP(R™) for
1 < p<oo. That is, for some C > 0,

H fllp < CllF -
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Proof. First we see that |H(cf)| = |c||H f| and by the triangle inequality for abso-
lute value, |H(f + g)| < |Hf| + |Hg|, so H must be sub-linear. Furthermore, H is
weak-type (00, 00) since

! LomB@)
B o, O S 5 TR o =

We claim that H is weak-type (1,1). That is,

supa/\Tf <Cl/|f|

a>0

for all f € L' and some positive constant Cf.

Proof of claim. Let Ay = {z | Hf(z) > a}. If A, is empty, then Ary(a) =0, so
the inequality holds. If A, is nonempty, then we can choose r, > 0 for each x € A,
such that m fBrz (@) [f (W)l dy > . Then {B, (z)} covers Aq.

Now fix 8 > 0 such that m(A,) > B. By Lemma 4.3, there we can choose
B,, (z1),..., By, (zx), which we will denote by B, ..., By, such that

k
> m(B;) >37"B.
=1

This gives us

B<3"Zm <—/ f@ldy <= [ 17y

Then, letting 8 — m(A,), we find that m(4,) < %Hf”l, S0

sup a A f(a) < 3"(|f]]1.
a>0

Thus, H is weak-type (1,1).
Thus, by the Marcinkiewicz Interpolation Theorem, we have that for all p €
o), [Hfllp < Cllfllp- U

5. THE FOURIER TRANSFORM AND CONVOLUTION

We now turn to an application of the Riesz-Thorin Theorem. We assume the
reader is already familiar with the basics of Fourier analysis, but state some defini-
tions for clarity.

Definition 5.1. Let f € L'(T"). We define the Fourier transform f:zm = Cof
f to be

fky = [ f@)e > da.

Furthermore, we call the map f — f the Fourier transform operator.
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Note that the Fourier transform operator is linear since for fi, fo € L*(T") and
c € C", we have

(sz)(k) :/ (cfr +f2)(x)6727rikm do
=c | f@)e ™ de+ fo(z)e2mike gy
T T

= cfi(k) + fa(k).

We would like to show that this operator is bounded on LP(T") for 1 < p < 2
and ¢ the conjugate exponent of p.

Theorem 5.2. The Fourier transform is bounded on LP(T™) for 1 <p < 2. That
is, if [ € LP(T), then f € (4z2%) and |[fll, < | f]l, for any p € [1,2]
Proof. If f € L', then

11 = sup £ < sup [ 1F(a)e 7] da

VAL

=/|ﬂme=wm.
'JI‘?’L

Moreover, by Parseval’s identity, we have ||f|l2 = ||f|l2 for f € L®. Then by

the Riesz-Thorin Interpolation Theorem, we have that |||, < ||f|l, for any p €
[1,2]. O

We now wish to find a similar result for LP(R™). Since we define the Fourier
transform for f € L*(R™) to be f(£) = [g. f(x)e 2™ dz, we see that the Fourier
transform operator is also linear on L*(R™).

Theorem 5.3. The Fourier transform is bounded on LP(R™) for 1 < p < 2. That
is, if f € LP(R"), then f € LYR") and || fllg < [[fllp for 1 <p <2.

Proof. As is the case on the torus, ||f]loc < ||f|l1, and by Plancherel’s Theorem,

I fll2 = IIf]l2. The result then follows from the Riesz-Thorin Interpolation Theorem.
O

Another application of the Riesz-Thorin Theorem, also with applications in
Fourier analysis and harmonic analysis, is in proving Young’s inequality. Although
a proof that does not use this theorem can be given, it is very tedious. The Riesz-
Thorin Theorem allows for a much simpler proof.

Definition 5.4. For f,g € L*(R"), we define the convolution of f and g to be

(fxg)@)= [ [fly)g(z —y)dy.
Rn
Now we are ready for Young’s inequality.

Theorem 5.5. (Young’s Inequality) Let f € LP(R") N LY(R") and g € LY(R"™).
If% + % = % +1 for p,q,r € [1,00], then f*g € L"(R™) and

1+ gllr < W fllpllgllq-
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Proof. We denote by T, the convolution operator of g. Thus, T, f = fx*g for f € L'.
Clearly, Ty is linear due to the linearity of the integral. By Minkowski’s Integral

Inequality, we have
g 1/q
ot = ([ | [ st - paf o)

</ ( / |f<y>g<xy>|qu)l/q dy

= £ ll1llgllq-
Thus, T, is strong type (1,¢). Furthermore, by Holder’s inequality, we have

Iﬁwﬂw:%?k/ﬂwﬁx—MQJM

<1 fllallgllgs

where ¢’ is the conjugate exponent of g. Then T is strong type (¢’,00). Now let
%:%—i—éand%:%—i—%forte(o,l). Note that

1 1 1—-t 1

S S=14 =41

P q q r
Then by the Riesz-Thorin Interpolation Theorem, T} is strong type (p,), that is

1 gllr < [1flIpllgllq

and we are done. O
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