
AN INTRODUCTION TO THE FUSION SYSTEMS OF BLOCKS
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Abstract. This paper will present an introduction to modular representa-
tions of finite groups via the techniques of block theory, first introduced by

Brauer. After developing an understanding of block idempotents, Brauer pairs,

and defect groups, we will present applications to the theory of finite groups
and their fusion systems.
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1. Introduction

A representation of a finite group over a field k can be thought of as a module
over the group algebra kG. If k is a field of characteristic zero, the results obtained
are stronger than those obtained in positive characteristic. In particular, we have
the following theorem by Maschke.

Theorem 1.1 (Maschke). Let k be a field, and G a group, such that the order of
G does not divide the characteristic of the field k. Then, if M is a kG-module, M
is completely reducible.

Thus, the irreducible representations of a finite group G are the key to under-
standing arbitrary finite-dimensional representations of G in characteristic zero.
In positive characteristic, irreducible representations are not as fundamental, as
we have representations that cannot be expressed as the direct sum of irreducible
ones. Many representations contain subrepresentations whose complements are not
representations themselves, as seen in the following example.

Example 1.2. Let k be the finite field F2, and let G = Z/2Z = {g|g2 = e} (written
multiplicatively). Then, kG is a 2-dimensional vector space over k, generated by
e and g. The trivial representation, corresponding to the subspace generated by
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e+ g, is an irreducible subspace. However, any other 1 dimensional subspace is not
a subrepresentation, as it is not invariant under the action of g ∈ Z/2Z.

Instead, we desire to understand representations via their indecomposable sub-
representations. It turns out that while the positive characteristic representations
do not necessarily decompose into irreducible representations, they do decompose
into the sum of indecomposable subrepresentations, via the following lemma.

Lemma 1.3. Let k be a field, G a finite group, and M a finitely generated kG-
module. Then there is a decomposition of M into indecomposable two-sided ideals.
That is,

M =

r⊕
i=1

Bi

where Bi is an indecomposable two-sided ideal of M .

For convenience, we will call an indecomposable two-sided ideal summand of kG
a block of kG.

There is a correspondence between the blocks of kG and certain central idem-
potents of the group algebra that will prove crucial to our theory. Recall that a
non-zero element e in kG is an idempotent if e2 = e. We say that two idempotents,
e and e′ are orthogonal if ee′ = e′e = 0. Finally, an idempotent is called central
if lies in the center of kG, and an idempotent is called primitive if it cannot be
written as the sum of two orthogonal idempotents.

A central idempotent will be called primitive if it is primitive in the center of
kG, rather than in kG itself. A central idempotent e therefore may be written as
e = e1 + e2, for two idempotents e1 and e2 if they do not lie in the center of kG.
The following propositions establish the correspondence between primitive central
idempotents and blocks of kG.

Proposition 1.4. Let R be a Noetherian ring, and M a finitely-generated R-
algebra.

(i) There is a one-to-one correspondence between decompositions of M into two-
sided ideals and decompositions of 1 as the sum of pairwise orthogonal, central
idempotents. In particular, a decomposition 1 = e1 + e2 + · · · + er is in
correspondence with M = Me1 ⊕ Me2 ⊕ · · · ⊕ Mer, and a decomposition
M = B1 + · · · + Br is in correspondence with the decomposition of 1 as an
element of M in this ideal decomposition.

(ii) If B is a block of kG, with M = B ⊕B′, and 1 = e+ e′ as the corresponding
decomposition, then e is a primitive central idempotent. Conversely, if e is a
primitive central idempotent, then Me is a block of M .

Proposition 1.5. Let R be a Noetherian ring, and M a finitely generated R-
algebra, and let M = Me1 ⊕ · · · ⊕Mer be a decomposition of M into blocks. Then
if B = Me is a block of M , then B = Mei, for some i.

Given a decomposition as in the previous theorem, we call the ei the block idem-
potents of M . Now that we know more of the theory, we can provide a more
interesting example.

Example 1.6. Let k be a field of characteristic 2, and let G = S3. We want to
find the decomposition of kG into indecomposable representations by computing
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block idempotents. Recall that the center of the group algebra Z(kG) is generated
by class sums of conjugacy classes of G. Since the block idempotents are central,
this is where we will begin searching. The conjugacy classes of S3 correspond
exactly with the cycle types of the permutations. Thus, Z(kG) is generated by
1, (1 2) + (1 3) + (2 3), and (1 2 3) + (1 3 2). A computation yields that b0 =
1 + (1 2 3) + (1 3 2) and b1 = (1 2 3) + (1 3 2) are both block idempotents.

Note that in general, the group algebra kG will not contain all indecomposable
representations as subrepresentations. Indeed, it is often the case that there are
infinitely many indecomposable representations.

Finally, we will state the following lemma.

Lemma 1.7 (Rosenberg’s Lemma). Let R be a Noetherian ring, and M a finitely-
generated R-module, and let e be a primitive idempotent of M . If e lies in a sum
of two-sided ideal of M , then e lies in at least one of them.

For the remainder of the paper, we will let G be a finite group, p be a prime
dividing the order of G, and k an algebraically closed field of characteristic p.

2. The Brauer Morphism and Relative Trace

We now define the Brauer morphism and relative trace map. Despite the fact
that the definitions of these maps are fairly straightforward, they will be incredibly
useful in the future.

Definition 2.1. Let P be a p-subgroup of G. The Brauer morphism, BrP : kG→
kCG(P ) is the surjective k-linear map given by the following:∑

g∈G
αgg 7→

∑
g∈CG(P )

αgg

The Brauer morphism is the projection of kG onto the kCG(P ). This is not a k-
algebra homomorphism in general. For example, consider kS3 and let P = 〈(1 2)〉.
The 3-cycles are both mapped to zero, but since they are inverses in S3, their
product is not mapped to zero. However, if we restrict our domain, then BrP is
an algebra homomorphism. Let H be a subgroup of the group G acting on G by
conjugation. This action can be extended linearly to an action on kG. The Brauer
map is an algebra homomorphism if we restrict the domain to the P -stable elements
of kG, that is, the elements of kG fixed under the action of P .

Notation 2.2. The H-stable elements of an arbitrary set X will be denoted by
XH . In the case that X = kG, we write (kG)H .

Proposition 2.3. Let P be a p-subgroup of G. The map BrP is multiplicative when
restricted to (kG)P , the P -stable elements of kG.

Corollary 2.4. Let P be a p-subgroup of G.

(i) If e is a central idempotent of kG, then BrP (e) is either zero or a central
idempotent of kCG(P ).

(ii) If b is a block idempotent of kG, such that BrP (b) 6= 0, then BrP (b) = b1 +
· · ·+ br is a sum of block idempotents of kCG(P ).

(iii) If e is a block idempotent of kCG(P ), then BrP (b)e 6= 0 if and only if e = bi
for some i. In this case, BrP (b)bi = bi.
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The next step is to define the relative trace map.

Definition 2.5. Let G be a finite group acting on an abelian group X, and let H
be a subgroup of G. The relative trace, denoted TrGH : XH → XG, is the map

TrGH(x) =
∑
g∈T

xg

where T is a right transversal to H in G.

Note that the relative trace is well-defined, since, using the notation above, if

Hg = Hh, and x ∈ X, then xg = xhg
−1g = xh.

Notation 2.6. Given a group M with a G-action, then we can consider the group
algebra kM as an abelian group under addition with a G-action by extending
linearly. We write (kM)GH to denote the image of (kM)H under the trace map TrGH .

We will require several properties of the relative trace, but we omit the proofs
as they are tangential to the goal of this paper.

Theorem 2.7. Let e be a block idempotent of kG. There exists a p-subgroup D
such that, for any subgroup H of G, we have that e ∈ (kG)GH if and only if H
contains a conjugate of D. The subgroup D is unique, up to G-conjugacy.

Lemma 2.8. Let H be a subgroup of G, and let P be a p-subgroup of H. Then,

Ker(BrP ) ∩ (kG)H =
∑
Q∈Q

(kG)HQ

where Q is the set of all subgroups of H not containing a subgroup H-conjugate to
P .

3. Brauer Pairs

We now define the concept of a Brauer pair, which will be a powerful tool in our
study of fusion systems of blocks.

Definition 3.1. Let G be a finite group and let p be a prime dividing the order
of the group G. A Brauer pair consists of a p-subgroup Q of G, and a block
idempotent e of kCG(Q). We write (Q, e) to denote such a Brauer pair.

Since CG(Qg) = CG(Q)g, this gives a bijection between the block idempotents of
kCG(Q) and kCG(Qg). Thus, G acts on the Brauer pairs by conjugation, sending
Q to Qg and e to eg.

Lemma 3.2. Let G be a finite group, and let QER be p-subgroups of G. If e is a
block idempotent of kCG(R), then there is a unique R-stable block idempotent f of
kCG(Q) such that

BrR(f)e = e.

If f ′ is any other R-stable block idempotent of kCG(Q), then BrR(f ′)e = 0.

Proof. We first prove the second part of the lemma. Suppose f is a block idem-
potent of kCG(Q) such that BrR(f)e = e, and let f ′ 6= f be a an R-stable block
idempotent. Then, the result follows from the following calculation:

BrR(f ′)e = BrR(f ′)(BrR(f)e) = BrR(f ′f)e = 0.
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To show existence, first note that if g ∈ G, and r ∈ R, then BrR(gr) = BrR(g),
since g ∈ CG(R) if and only if gr ∈ CG(R). As a result, BrR(fr) = BrR(f). So,
the group R acts on the block idempotents of kCG(Q) via conjugation, and any
idempotent that is not R-stable belongs to an orbit whose length is a multiple of
p. Since k has characteristic p, this gives us that

1 = BrR(1) =
∑

b∈B(Q)

BrR(b) =
∑

b∈B(Q)R

BrR(b)

where B(Q) is the set of block idempotents of kCG(Q), and B(Q)R is the R-stable
subset of B(Q). By multiplying on the right by some e ∈ B(R), we notice

e = 1 · e =
∑

b∈B(Q)R

BrR(b)e.

In particular, BrR(b)e 6= 0 for some b. Letting f be such a block idempotent, we
apply Corollary 2.4 to see that BrR(f)e = e. �

We can define a partial ordering on the set of Brauer pairs of a group G. We
first define the non-transitive relation E as follows. We say (Q, f)E (R, e) if QER,
the block idempotent f is R-stable, and BrR(f)e = e. We take the partial order ≤
on the Brauer pairs to be the transitive closure of the relation E. The lemma we
just proved shows that given QER, and a block idempotent e of kCG(R), there is
a unique Brauer pair (Q, f) such that (Q, f) ≤ (R, e). It turns out we have a much
stronger result.

Theorem 3.3. Let Q ≤ R be p-subgroups of G. If (R, e) is a Brauer pair, then
there is a unique Brauer pair (Q, f) such that (Q, f) ≤ (R, e).

In order to prove this theorem, we require the following lemma.

Lemma 3.4. Let R be a p-subgroup of G. Let P and Q be normal subgroups of R
with P ≤ Q. Suppose that e is a block idempotent of kCG(R), and let f1 and f2
be the unique R-stable block idempotents of kCG(P ) and kCG(Q) respectively, such
that BrR(f1)e = e, and BrR(f2)e = e. If f is the unique Q-stable block idempotent
of kCG(P ) with BrQ(f)f2 = f2, then f = f1.

As a result, if P E R, and e is a block idempotent of kCG(R), then there is a
unique Brauer pair (P, f) such that (P, f) ≤ (R, e).

Proof. First, we show that f is indeed R-stable. Let x ∈ R, and note that fx is
a block idempotent of kCG(P ) and is Q-stable, since Q E R. Thus, BrQ(fx) =
BrQ(f)x. But, f2 is R-stable, and so

BrQ(fx)f2 = BrQ(f)xfx2 = fx2 = f2.

Thus, fx = f , and f is R-stable by Lemma 3.2.
Now, we want to check that BrR(f)e = e, via the following computation:

BrR(f)e = BrR(f) BrR(f2)e = BrR(BrQ(f))e

= BrR(BrQ(f)f2)e = BrR(f2)e = e.

Thus, f = f1. This shows that if (P, f)E (Q, f2)E (R, e), and (P, f1)E (R, e), then
(P, f) = (P, f1), and that if (P, f1)E(Q, f2)E(R, e) and PER, then (P, f1)E(R, e).

Now suppose we have another Brauer pair (P, f ′) ≤ (R, e), with P ER, via the
chain

(P, f ′)E (Q1, f
′
1)E · · ·E (Qr, f

′
r)E (R, e).
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We can apply the previous process inductively on (P, f ′)E (Q1, f
′
1)E (Q2, f

′
2), and

onwards to see that (P, f ′)E (R, e). �

Proof of Theorem. We induct on the index [R : Q]. The base case, when [R : Q] =
p, is proven in the lemma, since in this case, QER. Furthermore, given a subnormal
series of subgroups of R, that is a chain of subgroups Q = P1 E P2 E · · ·E Pr = R,
we have a unique chain of inclusions of Brauer pairs.

We now consider the case of some arbitrary subgroup Q of R. We can exhibit a
subnormal series by taking the iterated normalizers. To see that this does create a
subnormal series, first notice that by the class equation, any p-group has non-trivial
center. Now suppose for contradiction that NR(S) = S for some proper subgroup
S of R. Then S1 = S/Z(S) is a subgroup of R1 = R/Z(S) with normalizer
NR(S)/Z(S) = S/Z(S). Continuing inductively for Si = Si−1/Z(Si−1) and Ri =
Ri−1/Z(Si−1), we get that |Si| < |Ri|, for all i. Then, Si must be the trivial
group for some i. For this i, Ri must also be the trivial group, since otherwise
NRi(Si) 6= Si, which is a contradiction.

Suppose we have a subnormal series

Q = R0 E · · ·ERs ER.

We assume that the Ri are distinct. Furthermore, since R1 ≤ NR(Q), we apply
induction to see that there is a unique Brauer pair (R1, f

′) ≤ (R, e), and a unique
Brauer pair (NR(Q), f ′′) ≤ (R, e). Thus, by the lemma,

(Q, f)E (NR(Q), f ′′)E (R, e).

Since both (R1, f
′) and (NR(Q), f ′′) are less than (R, e), we apply the inductive

hypothesis to get that

(R1, f
′) ≤ (NR(Q), f ′′).

Therefore, (Q, f) E (NR(Q), f ′′) and (R1, f
′) ≤ (NR(Q), f ′′), so (Q, f) E (R1, f

′).
�

The Brauer pairs contained in (P, e) therefore form a poset identical to the poset
of subgroups of P . Note that although if given a Brauer pair (P, e) and Q ≤ P ,
there is a unique Brauer pair (Q, eQ) ≤ (P, e), this does not hold in the opposite
direction. Furthermore, the pair (Q, eQ) may be contained in another Brauer pair
(P, f) with f 6= e.

4. Defect groups

The machinery of Brauer pairs puts us one step closer to developing the notion of
the fusion system of a block. We continue on this path by introducing the following
definition.

Definition 4.1. Let G be a finite group and let b be a block idempotent of kG. A
b-Brauer pair is a Brauer pair (R, e) such that BrR(b)e = e. A maximal b-Brauer
pair is a b-Brauer pair (D,e) such that |D| is maximal. We call the subgroup D a
defect group of the block b.

Note that we can also characterize b-Brauer pairs in the following two ways. First,
a Brauer pair (R,e) is a b-Brauer pair if e is a term of BrR(b), when expressed as a
sum of block idempotents of kCG(R). Second, a Brauer pair (R, e) is a b-Brauer
pair if (1, b) ≤ (R, e).
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Example 4.2. Let p = 2. Let V = Z/3Z×Z/3Z, the elementary abelian group of
order 9, with generators u and v. Let Q = 〈x, y|x4 = y4 = 1, xyx−1 = y3〉 be the
quaternion group. We let Q act on V on the left as follows:

x · u = u2 y · u = u

x · v = v y · v = v2

Let G = V oQ. Given g ∈ G, denote the class sum of g, that is, the sum of all
elements of the conjugacy class of g, by ĝ. The group algebra kG has 4 blocks:

b0 = 1 + û+ v̂ + ûv b1 = v̂ + ûv

b2 = û+ ûv b3 = ûv

The subgroups of Q and their centralizers are as follows:

R ≤ Q CG(Q)

1 G

Z(Q) = 〈x2〉 = 〈y2〉 G

〈x〉 〈y〉 〈xy〉 〈v〉 × 〈x〉 〈u〉 × 〈y〉 〈xy〉

Q Z(Q)

Under the Brauer morphism, the blocks map to the following idempotents

BrR(b0) BrR(b1) BrR(b3)

b0 b1 b3

b0 b1 b3

(1 + v + v2) (1 + u+ u2) 1 (v + v2) 0 0 0 0 0

1 0 1

The case for b2 is omitted since it is analogous to b1. This describes the b-Brauer
pairs contained in Q.

We now analyze the conjugacy action of G on its b-Brauer pairs. We begin with
a few useful lemmas. The proof of the first is omitted [3].

Lemma 4.3. Let b be a block idempotent of kG, and D be a defect group of b.
Then, b ∈ (kG)GD, i.e. there is some a ∈ (kG)D such that b = TrGD(a).

Lemma 4.4. Let G be a finite group, let b be a block idempotent of kG, and let Q
be a p-subgroup of G.

(i) There exists a b-Brauer pair (Q, e) if and only if BrQ(b) 6= 0.
(ii) The subgroup Q is a defect group if and only if BrQ(b) 6= 0, and for all p-

subgroups R properly containing a conjugate of Q, we have BrR(b) = 0.

Proof. If BrQ(b) = 0, then BrQ(b)e = 0, and (Q, e) is not a b-Brauer pair, for
any block idempotent e of kCG(Q). Conversely, if BrQ(b) 6= 0, then we can write
BrQ(b) = b1 + b2 + · · · + br, where the bi are block idempotents of kCG(Q), and
BrQ(b)e = e when e = bi for some i.
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Suppose there is some g ∈ G and subgroup R of G such that Qg is properly
contained in R, with BrR(b) 6= 0. Then, (Q, f) is a b-Brauer pair if and only
if (Qg, fg) is a b-Brauer pair. Furthermore, (Qg, fg) ≤ (R, e). Then (R, e) is a
b-Brauer pair with strictly greater order than Q, so Q cannot be a defect group.

Now suppose that Q is not a defect group of b, and (Q, f) is a b-Brauer pair.
Then, there is some defect group R and some g ∈ G such that Qg ≤ R. By Lemma
4.3, b ∈ (kG)GR, that is b = TrGR(a) for some a ∈ (kG)R. Let ClR denote the set
of conjugacy classes of G containing an element x such that R contains a Sylow
p-subgroup of CG(x). The set of class sums of ClR, that is {X̂|X ∈ ClR}, is a
k-basis for (kG)GR. Thus, we can write

b =
∑

X∈ClR

αXX̂, αX ∈ k

Because BrQ(b) 6= 0, there is some X ∈ ClR such that BrQ(X̂) 6= 0, and X∩CG(Q)
is not empty, and there is some x ∈ X that commutes with Q. In particular,
Q ≤ CG(x), and thus Q is contained in some Sylow p-subgroup of CG(x), and
hence conjugate to a subgroup of R. �

Theorem 4.5. Let b be a block idempotent of kG. Suppose D is a minimal p-
subgroup such that b ∈ (kG)GD. Then, D is a defect group of b. Furthermore, G
acts transitively by conjugation on the set of defect groups of b.

Proof. Let D denote a minimal p-subgroup of G such that b ∈ (kG)GD. We claim
that given a p-subgroup Q, BrQ(b) 6= 0 if and only if Q is contained in D. First,
suppose that BrQ(b) = 0. By Lemma 2.8, b ∈

∑
R∈R

(kG)GR, where R is the collection

of all p-subgroups, R, not containing a conjugate of Q. By Rosenberg’s Lemma
(1.7), b lies in (kG)GR, for some R ∈ R. Thus, Q is not contained in D.

Now, suppose that BrQ(b) 6= 0. Then, again by Lemma 2.8, b does not lie in any
(kG)GR, where R does not contain any conjugate of Q. Thus, if b ∈ (kG)GS for some
p-subgroup S, then S does contain a conjugate of Q. Since b ∈ (kG)GD, we see that
D contains a conjugate of Q as claimed.

Next, Theorem 2.7 tells us that minimal p-subgroups P of G such that b ∈ (kG)GP
must be conjugate. Thus, G acts transitively on the defect groups of b. �

It turns out that this conjugation action is compatible with the the Brauer
pairs. That is, the group G acts transitively not only on the defect groups of a
block idempotent b, but on the maximal b-Brauer pairs. We will first show this for
the case of normal defect groups, but omit the proof of the first claim.

Proposition 4.6. Let P be a normal p-subgroup of G, and let b be a block idempo-
tent of kG. Then defect groups of b contain P , and b ∈ (kCG(P ))G. Furthermore,
write b = b1 + b2 + · · · + br, where bi is a block idempotent of kCG(P ), and let
Di be a defect group of bi, and Hi be the stabilizer in G of bi. Then, for each i,
we have that b = TrGHi

(bi). Moreover, if b has defect group P , then the Brauer
pairs (P, bi) are the maximal b-Brauer pairs, and G acts transitively on the set of
maximal b-Brauer pairs.

Proof. Let Tj be a transversal to Hj in G. If t ∈ Tj , then bt = b and (
∑
bi)

t
=
∑
bi.

Moreover, bti is a block of kCG(P ), since CG(P )t = CG(P t) = CG(P ) and hence
conjugation by t induces an automorphism of kCG(P ). We know Hj stabilizes bj .
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Additionally, G acts transitively on the block idempotents, since otherwise, there
is a j such that for all i and g ∈ G, bgi 6= bj , and bj =

∑
bgi −

∑
i 6=j

bi, which is

impossible since bj is primitive. Therefore, we can arrange each Ti = {t1, t2, . . . tr},
where btij = bi. Then, b = TrGHj

(bj).

Now suppose b has defect group P . Since b ∈ kCG(P ), BrP (b) = b. In particular,
given the decomposition b =

∑
bi into block idempotents, we have that the (P, bi)

are maximal b-Brauer pairs. Since G acts transitively on the bi, it acts transitively
on the pairs. �

The following is a major result due to Brauer. The proof is omitted, but can be
found in David Craven’s Theory of Fusion Systems[1], or most standard introduc-
tory texts in modular representation theory.

Theorem 4.7 (Brauer’s First Main Theorem). Let P be a p-subgroup of G. The
map BrP induces a bijection between the blocks of kG with defect group P and the
blocks of kNG(P ) with defect group P .

Corollary 4.8. If b is a block idempotent of kG, then G acts transitively on the
set of maximal b-Brauer pairs.

Proof. We’ve already shown that G acts transitively on the defect groups of b in
Theorem 4.5. Fix such a defect group D. By Brauer’s First Main Theorem, we
know BrD induces a bijection between the block idempotents of kG with defect
group D and the block idempotents of kNG(D) with defect group D. Furthermore,
D is normal in NG(D), so we can apply Proposition 4.6 to see that NG(D) acts
transitively on the maximal BrD(b)-Brauer pairs. However, since BrD is a pro-
jection, the maximal BrD(b)-Brauer pairs are exactly the maximal b-Brauer pairs,
proving the corollary. �

The relationship between representations and the defect group is not completely
understood and is the source of many conjectures in modern group representation
theory, including Brauer’s k(B) Conjecture and Broue’s Abelian Defect Conjecture.
The final theorem of this section will give a sample of how the defect group can yield
information about the representation. We provide a proof of one direction of the
theorem. The converse is omitted, but can be found in Radha Kessar’s Introduction
to Block Theory [3].

Theorem 4.9. Let b be a block idempotent of kG and let P be a defect group of b.
Then, P is trivial if and only if kGb is isomorphic to a matrix algebra over k.

Proof. Suppose that P is trivial. Then b = TrG1 (a) for some a ∈ kG by Theorem
4.5. Let M and N be kG-modules that are also kGb-modules, and let ϕ : M → N
be a surjective map of kG-modules. Furthermore, let ψ : N → M be a k-linear
map (not necessarily a module homomorphism) that is a splitting of ϕ. For each

y ∈ N , define ψ̂(y) =
∑
x∈G

xψ(ax−1y). Then ψ̂ is a kG-linear splitting of ϕ by the
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following calculation:

ϕ(ψ̂(y)) = ϕ

(∑
x∈G

xψ(ax−1y)

)
=
∑
x∈G

x
(
ϕ(ψ(ax−1y)

)
=
∑
x∈G

xax−1y

= by = y.

Thus, every kGb-module is projective, and hence, kGb is semisimple (completely
decomposable). Since kGb is also indecomposable, kGb must be a simple algebra.
By Wedderburn’s Theorem on classifying semisimple rings, kGb must therefore be
isomorphic to a matrix algebra over k. �

5. Fusion Systems of Groups

We now have enough machinery to be able to define fusion systems of blocks,
but first we will explore fusion systems on finite groups.

Definition 5.1. A fusion system F of a finite p-group P is a category whose objects
are all subgroups of P , and given two subgroups Q and R, the set of morphisms
HomF (Q,R) is a subset of all injective homomorphisms from Q to R satisfying the
following properties.

(i) For each g ∈ P with Qg ≤ R, the associated conjugation map cg : Q → R is
in HomF (Q,R)

(ii) For each ϕ ∈ HomF (Q,R), the associated isomorphism obtained by restricting
the codomain to the image of ϕ lies in HomF (Q,ϕ(Q))

(iii) If ϕ ∈ HomF (Q,R) is an isomorphism, then its inverse ϕ−1 : R → Q lies in
HomF (R,Q).

The main examples of fusion systems are those of the Sylow p-subgroups of a
group G. The fusion system of G on a Sylow p-subgroup P , denoted FP (G), is the
category with the subgroups of P as its objects. Given two subgroups R and Q of
P , the set HomFP (G)(Q,R) consists of maps induced by conjugation by elements g
of G such that Qg ≤ R. Note that these maps do not have to be surjective. The
fusion system of a group G thus encapsulates the information of how p-subgroups
are embedded in the group G.

Example 5.2. Recall the group G = V oQ, as in Example 4.2. We let p = 2, and
consider the fusion system of the Sylow 2-subgroup Q. Since the subgroups 1 and
Z(Q) are central, Hom(1, R) and Hom(Z(Q), R) are trivial, for any subgroup R
of Q. The subgroup 〈x〉 has one non-trivial automorphism, which sends x to x−1,
and is induced by conjugation by y, y3, xy, or (xy)3. This extends to the unique
non-trivial map from 〈x〉 to Q. The situation for the other subgroups of order 4
is analogous. Finally, there are 3 non-trivial automorphisms of Q in the category,
induced by conjugation by x, y, and xy respectively. All other sets of morphisms
are empty. Since the full automorphism group Aut(Q) has order 4 and |V | = 4, no
non-trivial morphisms in the fusion system are induced by elements in V .



AN INTRODUCTION TO THE FUSION SYSTEMS OF BLOCKS 11

In general, however, fusion systems do not always come from groups, however,
such as the following example.

Example 5.3. Let D8 be the dihedral group of order 8. We define the universal
fusion system on D8, U(D8), such that HomU(D8)(Q,R) contains all injective ho-
momorphisms from Q to R. In particular, AutU(D8)(D8) = Aut(D8), which has
order 8. However, given a group G with Sylow 2-subgroup P isomorphic to D8,
AutG(P ) = NG(P )/CG(P ) is a 2-group. Since P is a Sylow 2-subgroup of NG(P )
and |Z(P )| = 2, |AutG(P )| ≤ |P |/2 = 4. Thus, U(D8) is not the fusion system of
a group.

Fusion systems also allow us to restate some classical results concerning the
extension of local properties in groups to global properties. The following theorem
by Frobenius is such an example [1].

Theorem 5.4 (Frobenius). The following are equivalent:

(i) The group G possesses a normal p-complement, that is G = H o P for some
subgroup H with order coprime to p, and some Sylow p-subgroup P of G;

(ii) If P is a Sylow p-subgroup of G, then FP (G) = FP (P );
(iii) Every normalizer of a p-subgroup possesses a normal p-complement;
(iv) For every p-subgroup Q of G, AutG(Q) is a p-group.

6. Fusion Systems of Blocks

Having built up the theory of Brauer pairs and defect blocks, we are now ready
to provide the definition of the fusion system of a block. If we recall the poset on
Brauer pairs, the poset of pairs contained in a pair (P, e) is the same as the poset
of subgroups of P . Furthermore, the group G induces a conjugation structure on
the poset. This motivates the following definition.

Definition 6.1. Let b be a block idempotent of kG, and let (D, eD) be a maximal
b-Brauer pair. The fusion system of the block kGb, denoted F = F(D,eD)(G, b), is
the category whose objects are the subgroups of D, and whose morphisms are given
by the following. Let Q and R be subgroups of D, and eQ and eR be the unique
block idempotents such that (Q, eQ) ≤ (D, eD) and (R, eR) ≤ (D, eD). The set
HomF (Q,R) is the set of conjugation maps, denoted cx : Q → R, for all elements
x of G such that (Q, eQ)x ≤ (R, eR).

A priori, this definition seems to depend on a choice of maximal b-Brauer pair,
but it turns out that this isn’t the case.

Proposition 6.2. Let b be a block idempotent of kG, and let (D, eD) and (E, eE)
be maximal b-Brauer pairs. Then F(D,eD)(G, b) is a fusion system on D, and
F(D,eD)(G, b) and F(E,eE)(G, b) are isomorphic.

Proof. Let F = F(D,eD)(G, b), and let g ∈ D. If (Q, eQ) ≤ (D, eD), then (Qg, egQ) ≤
(Dg, egD) = (D, eD). By the uniqueness of the inclusion of Brauer pairs, we have
that (Qg, egQ) = (Qg, eQg ). Thus, if Qg ≤ R, then HomF (Q,R) contains the map
cg, satisfying the first axiom. For the remaining axioms, let ϕ be a morphism in F .
The associated isomorphism and its inverse are both maps in F .

Recall by Corollary 4.8, that G acts transitively on the set of maximal b-Brauer
pairs by conjugation. This induces an isomorphism on the fusion systems of
F(D,eD)(G, b) and F(E,eE)(G, b). �
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Just as in the case of groups, we can now rephrase certain theorems in terms
of fusion systems of blocks. For example, Corollary 4.8 can be restated as the
following.

Definition 6.3. Let b be a block idempotent of kG, let D be a defect group of b,
and let F be a fusion system of D. The normalizer fusion system, NF (D), is a fusion
system with the subgroups ofNG(D) as objects, and the following morphisms: given
P,R ≤ NG(D), the morphisms from P to R are the ones given by F such that there
is a map ϕ̄ : PD → RD that extends ϕ and when restricted to D, ϕ̄|D ∈ AutF (D).

Corollary 6.4 (Restatement of Corollary 4.8). Let b be a block idempotent of
kG, and let D be a defect group of b. Then any maximal b-Brauer pair (D, e)
is a maximal BrD(b)-Brauer pair, and letting F = F(D,e)(G, b), we have that
F(D,e)(NG(D),BrD(b)) = NF (D), where NF (D) is the normalizer fusion system.

A natural question that arises is whether there exist fusion systems of blocks
that do not occur as fusion systems of groups. In the case of blocks, it is believed
that all fusion systems of blocks arise as the fusion system of a Sylow p-subgroup,
but this has not been proven.

We do know that all fusion systems of blocks satisfy certain necessary conditions,
but we will not discuss these in this paper. We will prove two results that show
certain fusion systems must arise as fusion systems of finite groups. The first
theorem is Brauer’s Third Main Theorem. We begin with the following definition.

Definition 6.5. The principal block of kG is the block B0 of kG containing the
trivial kG-module.

Proposition 6.6. Let B0 denote the principal block of kG, with block idempotent
b0. The defect groups of b0 are the Sylow p-subgroups of G.

Proof. Let D be a defect group of b0, and write b0 =
∑
g
βgg. Note that all g ∈ G

must act trivially on the trivial module. Likewise, since 1 acts trivially, and 1 is
the sum of the block idempotents of kG, b0 must act trivially. Thus,

∑
g
βg = 1.

Since D is a defect group, we can apply Lemma 4.3 to write b0 = TrGD(a) for some
a =

∑
g
αgg ∈ (kG)D. We note that, writing at =

∑
g
αgg

t, the sum of the coefficients

is invariant under conjugation. Thus, letting T be a transversal to D in G,

1 =
∑
g

βg =
∑
t∈T

(∑
g

αg

)
= |G : D|

∑
g

αg.

In particular, p does not divide |G : D|, so D is a Sylow p-subgroup. �

Corollary 6.7. The principal block idempotent b0 is the only block idempotent that
does not lie in the augmentation ideal of kG (i.e. whose coefficients, with respect
to the basis of group elements, sum to zero). In particular, BrP (b0) is non-zero for
any p-subgroup P .

Theorem 6.8 (Brauer’s Third Main Theorem). Let P be a Sylow p-subgroup of
G, and let b and e denote the principal block idempotents of kG and kCG(P ) re-
spectively. The fusion systems F = F(P,e)(G, b) and FP (G) are isomorphic.
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Proof. Let eP be the principal block idempotent of kCG(P ). Recall that since
each subgroup Q of P corresponds to a unique Brauer pair, we can think of the
objects of F as the Brauer pairs. We claim that in fact, the Brauer pairs are
exactly the ones of the form (Q, eQ) where eQ is the principal block idempotent
of kCG(Q). By Corollary 6.7, b lies outside the augmentation ideal of kG. Thus,
BrQ(b) lies outside the augmentation ideal of kCG(P ). Since BrQ(b) is a sum of
block idempotents of kCG(P ), and all non-principal block idempotents of kCG(P )
lie inside the augmentation ideal, the principal block idempotent of kCG(P ), eQ,
must appear in BrQ(b) when written as a sum of block idempotents of kCG(P ),
and BrQ(b)eQ = eQ. Thus, (Q, eQ) is a b-Brauer pair. Furthermore, if Q ≤ R are
subgroups of P , then (Q, eQ) ≤ (R, eR), because the inclusion of Brauer pairs is
unique.

Let Q and R be subgroups of P and let g ∈ G, such that Qg = R. We want
to show that egQ = eR. Conjugation by g induces an isomorphism from kCG(Q) to

kCG(R). Furthermore, the image of eQ is a block idempotent of kCG(R), which
does not lie within the augmentation ideal, so must be eR. Thus, cg : Q→ R is an
element of HomF (Q,R). �

Brauer’s Third Main Theorem shows that all fusion systems of principal blocks
must arise from groups. The following theorem, due to Lluis Puig, gives us another
case in which this holds. In particular, the fusion systems of blocks of the symmetric
group arise as the fusion system of a Sylow p-subgroup of some smaller symmetric
group.

Theorem 6.9. Let G be the symmetric group Sn, and let b be a block idempotent
of kG, and P a defect group of b. Let F be the fusion system of the block b. There
exists a non-negative integer w such that pw ≤ n,P is a Sylow p-subgroup of Spw,
and F = FQ(Spw).

The proof of this theorem will require the following proposition. A proof of this
statement is provided in Peter Webb’s Finite Group Representations for the Pure
Mathematician, but will be omitted from this paper for brevity[4].

Proposition 6.10. Let k be a field of characteristic p, and let G be a finite p-group.
The only simple kG-module is the trivial module.

Lemma 6.11. Let X be a finite set, and let S(X) be the symmetric group on
X. Let Q be a p-subgroup of S(X) which acts fixed point freely on X. Then the
principal block is the unique block of kCS(X)(Q).

Proof. Let H = CS(X)(Q) and let e be a block of kH. If Y is an orbit of Q on X,
then we can consider S(Y ), and include Q into the product of the S(Y ) over all
orbits,

∏
Y

S(Y ).

Let Q̃ =
∏
Y

QY , where for a given orbit U , QU is the image of Q under the

projection of
∏
Y

S(Y ) onto S(U).

Consider Z(Q̃), the center of Q̃, which is a normal subgroup ofH. By Proposition

4.6, e ∈ kCH(Z(Q̃)). We note that kCH(Z(Q̃)) = kCS(X)(QZ(Q̃)). As a result,

Z(Q̃) ≤ Q.
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We have that

CS(X)(Q) =
∏
Y

CS(Y )(QY ),

where the Y range over the Q-orbits of X. Since group algebra of the direct product
of groups is the tensor product of their group algebras, kCS(X)(Q) is isomorphic
to the tensor product of the kCS(Y )(QY ), and under this isomorphism, the block
idempotent e is the tensor product of the block idempotents of the CS(Y )(QY ).
Thus, we can reduce to the case where Q is transitive on X.

Thus, |X| = pm, for some m, since otherwise, there is no Sylow p-subgroup of
S(X) that acts transitively on X. Let σ ∈ H, with σ 6= 1, and let q ∈ Q. Then,
σq = σ. We notice that x · σi = x · (σi)q = x · (q−1σq) for x ∈ X if and only if
σi fixes x · q−1. If the orbit of x has length i, then the orbit of xq−1 has length at
most i. By transitivity of Q, x · q−1 can be any element of X, and all orbits of σ
have the same length. In particular, each orbit of σ has length a power of p, and
H is a p-group, and has exactly one block idempotent. �

Proof of Theorem 6.9. Consider G = S(Y ), where Y has cardinality n, with P a
Sylow p-subgroup. Let b be a block idempotent of kG, Q ≤ P , and let Y Q denote
the set of elements of Y fixed by Q. Then we have that

CG(Q) = S(Y Q)× CS(Y−Y Q)(Q).

Since the group algebra of the direct product of two groups is the tensor product
of their group algebras,

kCG(Q) ∼= kS(Y Q)⊗ kCS(Y−Y Q)(Q).

Thus, using our previous notation to let eQ be the principal block idempotent,
eQ is of the form e′Q ⊗ e′′Q, where e′Q is a block of kS(Y Q) and e′′Q is a block of

kCS(Y−Y Q)(Q). By the lemma, e′′Q is the principal block of kCS(Y−Y Q)(Q), hence

1, so eQ = e′Q ⊗ 1. We notice that we have the same direct product decomposition
for the normalizer as we did for the centralizer.

NG(Q) = S(Y Q)×NS(Y−Y Q)(Q).

Since e′Q is S(Y Q)-stable, we have that eQ isNG(Q)-stable, and hence, NG(Q, eQ) =

NG(Q). Thus, by the fact that AutG(Q) ∼= NG(Q)/CG(Q), for any group G and
subgroup Q,

AutF (Q) = AutG(Q) = AutS(Y−Y Q)(Q).

Next, we show that P is a Sylow p-subgroup of S(Y −Y P ). If this is the case, then
given any Q ≤ P , we have that Y − Y Q is contained in Y − Y P , and S(Y − Y Q) ≤
S(Y − Y P ), i.e. AutF (Q) = AutS(Y−Y P )(Q), for all Q ≤ P . This proves that

F = FS(Y−Y P ), and since P acts fixed point freely on Y − Y P , the action is non-

trivial, and S(Y − Y P ) ∼= Spw, for some w ≥ 0, and F = FSpw(P ), proving the
theorem.

To show that P is a Sylow p-subgroup of S(Y −Y P ), we let R be a p-subgroup of
S(Y − Y P ) containing P , and show it must equal P . Since P is fixed point free on
Y −Y P , so is R. Thus, the group algebras kCS(Y−Y P )(P ) and kCS(Y−Y P )(R) both
have 1 as their unique block idempotent. Thus, we have an inclusion of Brauer pairs,
(P, 1) ≤ (R, 1). Now consider kCG(R). Since CG(R) = S(Y P )× CS(Y−Y P )(R), we
can take f = e ⊗ 1 as a block idempotent of kCG(R). This gives us the inclusion
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of Brauer pairs (P, eP ) ≤ (R, f), with eP = e ⊗ 1. Since P is a defect group of b,
this implies that P = R. Thus, P is a Sylow p-subgroup of S(Y − Y P ). �
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