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Abstract. A Riemann surface is a geometric object that is locally modeled

on the complex plane. In this paper we extend the notions of holomorphic and

meromorphic 1-forms from the complex plane to general Riemann surfaces. In
doing so we prove the 1-form case of the general Hodge decomposition theorem,

which allows us to decompose the space of 1-forms with compact support into

exact, co-exact, and harmonic forms. We then show that this decomposition
is a crucial step in proving the remarkable result that every Riemann surface

admits a non-constant meromorphic function. From this, we look at linear

subspaces of meromorphic 0-forms and 1-forms generated on Riemann surfaces
and prove the Riemann-Roch theorem, which gives us an algebraic description

of meromorphic functions from Riemann surfaces. We non-trivially apply this

theorem to classify compact, simply-connected Riemann surfaces.
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1. Introduction

A Riemann surface is a topological surface with a fixed conformal structure.
Since a Riemann surface locally behaves like the complex plane we can extend def-
initions from complex analysis in the complex plane to Riemann surfaces. Notably,
the definitions for holomorphic and meromorphic functions between subsets of the
complex plane have natural extensions to Riemann surfaces. One reason for this is
that holomorphicity and meromorphicity are defined locally and so their extension
to Riemann surfaces implicitly preserves that notion. In section 2.1 we formalize
this extension.

Once we define holomorphic and meromorphic functions it is easy to define holo-
morphic and meromorphic 1-forms because they are also expressed locally. We
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conclude section 2.1 by defining these notions. We begin section 2.2 by looking
at the set of 1-forms with compact support, denoted by Ω1

comp(M ;C) and define
the Hodge operator. We consider an inner product on this space using the Hodge
operator and we write Ω1

2(M ;C) as the completion of this space under the inner
product. We find that this space has a nice decomposition as the direct sum of
exact, co-exact, and harmonic 1-forms, all of which are defined in 2.3. This is the
1-form case of the Hodge decomposition theorem and we provide a proof in section
2.3. This decomposition is essential to proving the main result of section 3, namely
that every Riemann surface admits a non-constant meromorphic function, because
it allows us to construct specific harmonic forms.

In section 4 we examine linear subspaces of meromorphic functions generated
on Riemann surfaces. More specifically, given a Riemann surface of genus g, and
divisor D, we generate subspaces L(D) of meromorphic functions and Ω(D) of
meromorphic 1-forms. We then show that there is an algebraic relationship between
them and the topological genus g of the Riemann surface, namely that

dimL(−D) = degD + 1− g + dimΩ(D).

This result is known as the Riemann-Roch theorem and we conclude section 4 by
applying the Riemann-Roch theorem to classify compact, simply-connected Rie-
mann surfaces. We do this by showing that they are conformally isomorphic to the
Riemann sphere. (Example 2.2)

In this paper we assume basic knowledge of complex analysis. The reader is ex-
pected to be familiar with holomorphic and meromorphic functions on the complex
plane. We also assume knowledge of basic differential topology such as integration
over manifolds and differential forms. For a more in depth understanding of re-
quired complex analysis see [1] and [2]. The differential topology is well explained
in [5]. Schlag’s Notes on Complex Analysis was a great reference for the Hodge
decomposition theorem and the existence of a non-constant meromorphic function.

2. Riemann Surfaces and Complex Manifolds

In this section we begin by defining a Riemann surface and by presenting a few
examples, most notably the Riemann sphere. We then talk about differential forms
on Riemann surfaces and introduce notions of holomorphic and meromorphic forms.
This leads us to the discussion of the Hodge ∗ operator and the completion of the
compactly supported harmonic 1-forms. We conclude this section by presenting the
statement and proof of Hodge’s theorem.

Definition 2.1. A Riemann surface M is a two dimensional, orientable, con-
nected, Hausdorff topological manifold with a countable base for the topology and
with conformal transition maps between charts. Specifically, there exists a family of
open sets {Uα}α∈A covering M and homeomorphisms φα : Uα → Vα where Vα ⊂ R2

is some open set so that

φα ◦ φ−1
β : φβ(Uα ∩ Uβ)→ φα(Uα ∩ Uβ)

is a conformal homeomorphism.

Since the transition maps in a Riemann surface are conformal homeomorphisms,
we can really think of the homeomorphism maps as going into C instead of R2.
This allows us to extend many definitions and theorems from complex analysis in
the complex plane to general Riemann surfaces. There are a few trivial examples
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of Riemann surfaces, namely any open Ω ⊂ C. In this case, we take only one chart
{(Ω, z)}. Now we will present two non-trivial Riemann surfaces.

Example 2.2. The Riemann Sphere, denoted by C∞ is C∪{∞}. One set of charts
is
{

(C, z), (C∞ − {0}, 1
z )
}

. Thus, the transition map is just z → 1
z .

Example 2.3. S2 ⊂ R3 is a Riemann surface. Our set of charts is the following:

(S2\(0, 0, 1), φ+), (S2\(0, 0,−1), φ−)

where φ± are the stereographic projections

φ+(x1, x2, x3) =
x1 + ix2

1− x3
.

φ−(x1, x2, x3) =
x1 − ix2

1 + x3
.

If p = (x1, x2, x3) ∈ S2 with x3 6= ±1, then

φ+(p)φ−(p) = 1.

This shows that the transition map between the two charts is z → 1
z just like in

the Riemann Sphere.

The two surfaces in the above examples are isomorphic via the projection map.
This is because it takes every point on the sphere and maps it injectively into the
complex plane. Now the inverse map for the positive projection is

φ−1
+ (x+ iy) =

(2x, 2y, x2 + y2 − 1)

1 + x2 + y2
.

In this projection every point in z ∈ C gets mapped onto S2. However the inverse
map is not surjective because we do not recover (0, 0, 1). If we take C ∪ {∞} and
set ∞ = (0, 0, 1) then we have an isomorphism. This is why C∪∞ is referred to as
the Riemann sphere.

2.1. Holomophic and Meromorphic Forms. We introduce holomorphic and
meromorphic maps in the Riemann surface in the following definition and state
two theorems and a corollary that have direct analogues in complex analysis over
the complex plane.

Definition 2.4. A continuous map f : M → N between Riemann surfaces is said
to be holomorphic (analytic) if and only if it is holomorphic in charts. In other
words, if p ∈M is arbitrary and p ∈ Uα, f(p) ∈ Vβ where (Uα, zα) is a chart of M
and (Vβ , wβ) is a chart of N , respectively, then wβ ◦ f ◦ z−1

α is holomorphic where
it is defined. Similarly a map f : M → N is meromorphic if it is meromorphic in
its charts.

There are several theorems that follow easily from the above definition and their
analogous ones in complex analysis. For a proof of these theorems see [1]. Let M
and N be Riemann surfaces.

Theorem 2.5. (Uniqueness Theorem) Let f, g : M → N be analytic. Then either
f = g or {p ∈M |f(p) = g(p)} is discrete in M .

Theorem 2.6. (Open Mapping Theorem) A non constant analytic map between
Riemann surfaces is an open map.
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Corollary 2.7. Let M be compact and f : M → N analytic. If f is not constant,
then f(M) = N .

As a smooth manifold, M carries k-forms which we denote by Ωk(M ;C) (see [3]
or [5]) for definition. That being said, Ω0(M ;C) are simply C∞ functions on M .
Now, any ω ∈ Ω1(M ;C) defines ωp : Tp(M) → C. Now we have a theorem that is
very simple but useful.

Theorem 2.8. If T : V → W is a R-linear map between complex vector spaces ,
then there is a unique representation T = T1 + T2 where T1 is complex linear and
T2 is complex anti-linear.

Proof. The proof is straightforward. Take T1 = 1
2 (T−iT i) and T2 = 1

2 (T+iT i). �

This lets us write ω ∈ Ω(M ;C) as follows:

ω = udx+ vdy

=
1

2
(a− ib)dz +

1

2
(a+ ib)dz̄

= udz + vdz̄.

Now suppose ω = df where f ∈ Ω(M ;C),then

(2.9) df = ∂zfdz + ∂z̄fdz̄.

At this point we have a natural way of defining holomorphic 1-forms. Recall that
if f is holomorphic, then ∂z̄f = 0. That being said, if ∂z̄f = 0 for f in (2.9) then
df is holomorphic. The below definition formalizes this.

Definition 2.10. The holomorphic forms on a Riemann surface M , denoted by
HΩ(M), are those ω ∈ Ω1(M ;C) so that ω = udz where u is holomorphic. The
meromorphic forms on a Riemann surface M are defined similarly except u is
meromorphic instead of holomorphic. The space of meromorphic differentials is
denoted by MΩ(M)

2.2. The Hodge ∗ operator and harmonic forms.

Definition 2.11. To every ω ∈ Ω1(M ;C) we associate a one-form ∗ω defined as
follows: if ω = adz+vdz̄ = fdx+gdy in local coordinates then ∗ω = −iadz+ivdz̄ =
−gdx + fdy. Moreover, if ω, η ∈ Ω1

comp(M ;C)(the forms with compact support),
we set

(2.12) 〈ω, η〉 =

∫
M

ω ∧ ∗η.

This defines an inner product on Ω1
comp(M ;C). The completion of this space is

denoted by Ω1
2(M ;C). Note that we can

We see that ∗ω is well defined because it follows from the change in coordinates

z = z(w). Then, ω = udz + vdz̄ = uz′dω + vz′dω̄. Setting uz′dω = −iuz and
uz′dω = ivdz̄ we get ∗ω.

The following are some properties of the operator.
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Lemma 2.13. For any ω, η ∈ Ω1
2(M) we have

∗ω = ∗ω
∗ ∗ ω = −ω

〈∗ω, ∗η〉 = 〈ω, η〉 .

We now come to the topic of harmonic forms and we start with the following
definition

Definition 2.14. We say that f ∈ Ω0(M ;C) is harmonic if f is harmonic in
every chart. In other words if (Uα, φα) is a chart in M and (Vα, ψα) is a chart in
C then 4(φ ◦ f ◦ ψ−1) = 0, where 4 is the Laplacian. We say that ω ∈ Ω1(M ;C)
is harmonic if and only if dω = d ∗ ω = 0. We denote the harmonic forms on M by
h(M ;R) and h(M ;C) if they are real or complex valued respectively.

Now we will give the statement and application of the Hodge decomposition
theorem.

Theorem 2.15 (Hodge decomposition for 1-forms). Ω1
2(M ;R) = E

⊕
∗E
⊕
h2(M ;R)

where h2(M ;R) = h(M ;R) ∩ Ω1
2(M ;R). E = {df |f ∈ Ω0

comp(M ;R)} and ∗E =

{∗df |f ∈ Ω0
comp(M ;R)}. E is referred to as the set of exact forms with compact

support and ∗E is the set of co-exact forms with compact support.

One interesting application is with M = C. Pick any ω ∈ h2(M ;C). Then we
can write w = adx+ bdy where a, b are harmonic and L2 bounded. Thus,∫ ∫

R2

(|a|2 + |b|2)dxdy <∞.

We claim that a = b = 0. By the mean-value theorem we know that

|a(z)|2 =

∣∣∣∣∣ 1

D(z, r)

∫ ∫
D(z,r)

(|a(ψ)|)dηdα

∣∣∣∣∣
2

<∞.

Since a is L2-bounded we have:∣∣∣∣∣ 1

D(z, r)

∫ ∫
D(z,r)

(|a(ψ)|)dηdα

∣∣∣∣∣
2

<
1

|D(z, r)|2
∫ ∫

D(z,r)

(|a(ψ)|2)dηdα <∞.

This tells us,

|a(z)|2 < ||a||22
|D(z, r)|

.

As r → ∞ we have a(z) → 0. Therefore a = 0 everywhere. By a similar process
we have that b = 0 everywhere. Thus, ω = 0 so h2(M ;C) = {0}. In the context of
Hodge’s theorem, this tells us that every α ∈ Ω1

2(M ;C) can be written as the sum
of an exact and co-exact form.

2.3. Proof of Hodge’s Theorem. We begin this section by proving a lemma
that is an essential first step in the decomposition. It gives us the intermediate de-
composition (2.17). We then show that h2(M ;R) =

(
E⊥ ∩ (∗E)⊥

)
, which reduces

(2.17) to the decomposition in Theorem 2.14, concluding the proof.

Lemma 2.16. Let α ∈ Ω1
2(M ;R) and smooth. Then α ∈ E⊥ iff d ∗ α = 0 and

α ∈ (∗E)⊥ iff dα = 0.
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Proof. We see that for α ∈ E⊥, and for an arbitrary f smooth and compactly
supported,

0 = 〈α, df〉 = 〈∗α, ∗df〉 =

∫
M

df ∧ ∗α

=

∫
M

d(f ∗ α)− fd ∗ α = −
∫
M

fd ∗ α.

Since f was arbitrarily chosen it follows that d ∗α = 0. The other direction follows
in the same manner. �

The above lemma tells us that we have E ⊂ ∗E⊥ and ∗E ⊂ E⊥. This gives us
the following decomposition:

(2.17) Ω1
2(M ;R) = E ⊕ ∗E ⊕ (E⊥ ∩ ∗E⊥).

To finish the proof of the theorem we just have to show that h(M ;R) = (E⊥∩∗E⊥)
We use the following lemma in the proof of the Hodge decomposition. For a

proof see [3].

Lemma 2.18. (Weyl’s Lemma) Let V ⊂ C be open and u ∈ L1(V ). Suppose u is
weakly harmonic, i.e., ∫

V

u4φdxdy = 0

for all φ ∈ C∞comp(V ). Then u is harmonic and 4φ = 0.

Theorem 2.19. h2(M ;R) =
(
E⊥ ∩ ∗E⊥

)
Proof. For ω ∈ E⊥ ∩ ∗E⊥, we must have

〈ω, df〉 = 〈ω, ∗df〉 = 0

for all f ∈ C∞comp(M) with f complex valued. We let ω = udz + vdz in local
coordinates and z = x+ iy. Expanding the inner products we find that

〈ω, df〉 = 2

∫
(ufz + vfz)dxdy,

〈ω, ∗df〉 = −2i

∫
(ufz − vfz̄)dxdy.

This is equivalent to ∫
ūfzdxdy =

∫
v̄fz̄dxdy = 0

for all such f . Now take g ∈ C∞comp(M). In one case we take f = gz̄ and in the
other we take f = gz where g is supported in U . This yields∫

ū4 gdxdy =

∫
v̄4 gdxdy = 0.

Weyl’s Lemma tells us that ω is both closed and co-closed and hence harmonic,
concluding the proof of Hodge’s theorem. �
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3. Every Riemann Surface admits a non-constant meromorphic
function

Recall that in 2.15 we gave a nice decomposition of the closure of the set of
1-forms with compact support. We will use that decomposition to prove a remark-
able, non-trivial theorem; namely, that any Riemann surface admits a non-constant
meromorphic function to C. It is important to note that the basis for our proof of
this theorem is the answer to the following question: Given x ∈ M , can we find a
u harmonic on M − {x} that has a 1

z or log |z| singularity in some parametric disc
centered at x? We begin the section by answering this question in the context of
Hodge’s theorem. We spend the latter part showing how the answer to this ques-
tion implies the existence of a non-constant meromorphic function. We begin with
the following theorem.

Theorem 3.1. Let N̄ ⊂M , N̄ compact with smooth boundary. Fix p0 ∈ N and h
harmonic on N\{p0} with h ∈ C1(N̄) and ∂h

∂n = 0 on ∂N where n is some normal
vector field on ∂N that never vanishes.

Then there exists u harmonic in M {p0}, u−h harmonic on N , and u ∈ Ω(M\K)
for any compact neighborhood K of p0. Moreover, u is unique up to constants.

Proof. We begin by showing existence. Choose a smooth function θ on N which
agrees with h on N\K where K is arbitrary but fixed compact neighborhood of
p0. Then we extend θ to M by letting it equal 0 outside N . Since θ is a smooth
function with compact support we can use Hodge’s theorem to decompose it.

dθ = g + α+ β, where g ∈ h2(M ;C), α ∈ E, β ∈ ∗E.
If we take a φ ∈ C∞comp(M), then

〈dθ, dφ〉 = 〈α, dφ〉 .
Note that since β + g ∈ E⊥ and α ∈ E,

〈β, dφ〉 = 〈α, ∗dφ〉 = 0.

If supp(φ) ⊂M\K. Then from ∂h
∂n = 0 and d ∗ dh = 0 on N , we obtain that

〈dφ, dθ〉 =

∫
N

dφ ∧ ∗dh̄ =

∫
∂N

φv∗(∗dh) = 0.

Here v : ∂N → M is the inclusion map on the boundary and v∗ is the pullback.
The main point to note here is that v∗(∗dh) is proportional to ∂h

∂n = 0. Therefore α
is harmonic on M\K since it is perpendicular to both dφ and ∗dφ. If supp(φ) ⊂ N ,
then

〈dθ − α, dφ〉 = 0, 〈dθ − α, ∗dφ〉 = 0.

Thus, α− dθ is harmonic on N . In particular, α is smooth on M and thus α = df
with f smooth. Now we set

u = f − θ + h.

To show existence, we suppose there exists v that has the same properties as
u. Then u− v would be harmonic on M and d(u− v) ∈ Ω1

2(M ;C). In conclusion,
d(u− v) ∈ E ∩ h = {0}, so u− v is constant. �

We note that the same exact proof allows for several exceptional points
x0, x1, · · · , xk ∈ N . Keep in mind that we still need to find a harmonic function
that has either a 1

z or log |z| singularity. The following corollaries are critical to
finding such a harmonic function.
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Corollary 3.2. Given n ≥ 1 and a coordinate chart (D,φ) around x ∈ M with
φ(x) = 0 there is u harmonic on M − {x} with u − z−n harmonic on U and
du ∈ Ω1

2(M −K) for any compact neighborhood K of x.

Proof. Without loss of generality we can take φ(D) = D and have φ(x) = 0 by the
Riemann mapping theorem. We define h(z) = z−n + z̄n for every z ∈ D. Take
N = D̄. Now h is harmonic on N . By the preceding theorem we have that there
exists a harmonic ω on D−{x} with ω−h harmonic on D. We see that this implies
that ω− z−n is harmonic on D since ω−h effectively gets rid of the z−n term. �

Corollary 3.3. Let x0, x1 ∈M be distinct and suppose z and λ are local coordinates
around x0 and x1, respectively. Then there exists u harmonic on M −{x0, x1} with
u − log|z| and u + log|λ| harmonic locally around x0, x1 respectively. Moreover,
du ∈ Ω1

2(M −K) where K is any compact neighborhood of {x0, x1}.

Proof. See [3] for proof. �

Corollary 3.4. Given a Riemann surface M :

(1) For n ≥ 1 and x0 ∈ M there exists a meromorphic differential ω with
ω − dz

zn+1 holomorphic locally around x0. Moreover, ω ∈ Ω1
2(M − K) for

ever compact neighborhood K of x0.
(2) Let x0, x1 ∈M . There exists ω meromorphic on M with ω− dz

z holomorphic

around x0 and ω + dλ
λ holomorphic around x1, respectively (z, λ are local

coordinates). Moreover, ω ∈ Ω1
2(M − K) for every compact neighborhood

K of {x0, x1}.

Proof. With u in Corollary 3.3 and 3.4 respectively, we set α = du. For (1) we take
ω = −1

2n (α+ i∗α), whereas for (2), we take ω = α+ i∗α �

This leads us to the following theorem

Theorem 3.5. Let {xj}Jj=1 ⊂ M , J ≥ 2, and cj ∈ C with
∑J
j=1 cj = 0. Then

there exists a meromorphic differential ω, holomorphic on M −{x1, x2, · · · , xJ} so
that ω has a simple pole at each xj with residue cj.

Proof. Pick any other point x0 ∈ X and let ωj be meromorphic with simple poles at
x0, xj and residues −cj , cj respectively. We know that it will have residues of this

form by Corollary 3.4. The differential ω =
∑J
j=1 ωj has the desired properties. �

We now have all the tools necessary to prove that every Riemann surface admits
a non-constant meromorphic function.

Theorem 3.6. Every Riemann surface M carries a non-constant meromorphic
function.

Proof. Take three points x0, x1, x2 ∈M and let ω1 be a meromorphic one-form with
simple poles at x0, x1 and residues 1,−1 respectively and holomorphic everywhere
else. Similarly, let ω2 be a meromorphic one-form with simple poles at x1, x2 and
residues −1, 1 respectively and holomorphic everywhere else. We cant do this by
Theorem 3.6. Now set f = ω1

ω2
where the division is well-defined in local coordinates

and this defines a meromorphic function. Since ω1 and ω2 both have poles at x1

with residues −1 we see that f(x1) = 1. At x2, ω1 is fixed, whereas ω2 has a simple
pole. Thus, f(x2) = 0 and f is not constant. �
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4. Riemann-Roch Theorem

In the previous section we answered the following question: does every Riemann
surface admit a non-constant meromorphic function?Now we deal with a more ab-
stract question: what sort of meromorphic functions can Riemann surfaces admit?
In doing so we prove a powerful theorem called the Riemann-Roch Theorem, which
relates a linear subspace of meromorphic functions on a Riemann Surface to the
genus of the surface. As a remarkable consequence we get that every compact Rie-
mann surface of genus 0 is conformally isomorphic only to the Riemann-Sphere. In
this section M will denote a compact Riemann surface.

Definition 4.1. A divisor D on M is a finite formal sum D =
∑
v svpv where

pv ∈M are distinct and sv ∈ Z. The degree of D is the integer

deg(D) =
∑
v

sv.

If sv ≥ 0 for all v then D is called integral. If f is a non-constant meromorphic
function on M , then we define the divisor of f as

(f) =
∑
v

ord(f ; pv)pv

where the sum runs over the zeros and poles of f with ord(f ; pv) > 0 being the
order at a zero pv of f and ord(f ; pv) < 0 being the order at a pole pv of f . In the
same way we define the divisor of a non-zero meromorphic differential:

(ω) =
∑
v

ord(ω; pv)pv.

Given a divisor D we define the C-linear space

L(D) = {f ∈M(M)|(f) ≥ D or f = 0}.

Analogously, we define the space

Ω(D) = {ω ∈MΩ1(M)|(ω) ≥ D or ω = 0}.

We now give the definition of degree with respect to functions and present a
lemma, both of which are crucial to proving that compact simply-connected Rie-
mann surfaces are conformally isomorphic to the Riemann sphere.

Definition 4.2. Let f : M → N be analytic and non constant. Then the valency
of f at p ∈ M , denoted by νf (p), is defined to be the unique positive integer with
the property that in the charts (Uα, φ) around p (with f(p) = 0) and (V, ψ) around
f(p) (with ψ(f(p)) = 0) we have (ψ ◦ f ◦ φ−1)(z) = (zh(z))n where h(0) 6= 0. If M
is compact, then the degree of f at q ∈ N is defined as

degf (q) =
∑

p:f(p)=q

νf (p).

Note that since M is compact this sum is finite.

Lemma 4.3. Let f : M → N be analytic and non constant with M compact. Then
degf (q) does not depend on q. It is called the degree of f and is denoted by deg(f).
The isomorphisms from M to N are precisely those non constant analytic maps f
on M with deg(f) = 1.
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Proof. Since M is compact we know that f is onto N by Corollary 2.7.To prove
f is one to one we will first prove that degf (q) is locally constant. Let f(p) = q
and suppose that νf (p) = 1. As remarked before, f is then an isomorphism from a
neighborhood of p onto a neighborhood of q. If, on the other hand, n = νf (p) > 1,

then each q′ close but not equal to q has exactly n pre images and νf{p
′

j}nj=1 at
each 1 ≤ j ≤ n. This proves that degf (q) is locally constant and therefore globally
constant by the connectivity of N . The statement concerning isomorphisms is
evident. �

Definition 4.4. The principal part at z = a of a function f(z) =
∑∞
k=−∞ ak(z − a)k

is the portion of the Laurent series consisting of terms with negative degree. For
example, take g(z) = 1

z + z + z2 + · · · . The principal part of g(z) is 1
z .

Theorem 4.5 (Reverse Residue). If we have a set of points {a1, · · · , an} on a
compact Riemann surface and also a set of principal parts {f1, · · · , fn}, then the
following are equivalent:

(1) There exists a meromorphic function f that has principal part fi at each
point ai and has no other poles.

(2)
∑n
i=1Resaifiω = 0 for all holomorphic 1-forms ω on our Riemann surface.

Proof. See [3]. �

Remark 4.6. Recall that the meromorphic forms are defined locally. So a mero-
morphic 1-form ω is written as ω = gdz where g is meromorphic 0-form. The
residues of fiω is the residue of fig.

This leads us to the proof of the Riemann-Roch theorem.

Theorem 4.7 (Riemann-Roch). Let D be a divisor on M . Then

dimL(−D) = deg(D) + 1− g + dim(Ω(D))

This proof will take place in two parts. The first is showing the theorem is true
for divisors of positive degree. The second is for general divisors. Here we provide
a detailed proof of the first part and encourage the reader to look at [3] for the
second part.

Proof. Consider a divisor

D =

n∑
i=1

miai

with D ≥ 0. Let V be the set of tuples {f1, · · · , fn} of principal parts of the form

fi =
cmi

zmi
+ · · ·+ c−1z.

We see that V is a linear space over C of dimension deg(D). As an example consider
the following: Say D = 3a1 + 2a2. Then

V =

{(
c−3

z3
+
c−2

z2
+
c−1

z
,
d−2

z2
+ d−1z

)}
and dim(V ) = 5 = deg(D).

We now create a map φ : L(−D) → V that sends f ∈ L(−D) to the tuple of
principal parts of f at the points ai. Also we consider the kernel of φ, which is
the set of functions in L(−D) that are sent to 0. Since D ≥ 0, a function f with
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(f) ≥ −D that is in the kernel has no principal parts at the points ai and can have
no other poles. This implies that such an f is holomorphic and, therefore, constant.
Thus dim(Ker(φ)) = 1 since only constant functions are in the kernel. Now if we
let Im(φ) = W , then we have

dimL(−D) = dim(Ker(φ)) + dim(Im(φ)) = 1 + dim(W).

Next, we need to find out what dim(W) is. We know that W is a set of {fi}
principal parts, such that there exists f ∈ L(−D) with a set of tails equal to {fi}.
By Theorem 4.5 such an f exists if and only if for all holomorphic 1-forms ω on
our Riemann surface

∑n
i=1 Resaifiω = 0. For each holomorphic 1-form ω we will

consider the linear map λω : V → C defined by

{f1, · · · , fn} →
n∑
i=1

Resaifiω.

Now, W =
⋂

Ker(λω) is the intersection of the kernels of λω for all holomorphic
1-forms ω. It follows that

dim(W ) = dim
(⋂

Ker(λω)
)

= dim(V )− dim({λω})

where {λω} is the linear space generated by all the λω.
We know that

dim(V ) = deg(D), so dim(W ) = deg(D)− dim({λω})

and

dim(L(−D)) = 1 + dim(W ) = 1 + deg(D)− dim{λω}.
Now we have to find dim({λω}). We know that the dimension of {λω} ≤ g since

the number of independent 1-forms is g. Thus, one needs to consider the 1-forms
that turn all principal parts to zero because they will correspond to maps λω that
do not contribute to the space generated by {λω}.

To make the principal part
cmi

zmi
+ · · · at ai turn to zero we need to multiply it by

an ω that has ordai(ω) ≥ mi. This is true if and only if (ω) ≥ D, i.e., if and only
if ω ∈ Ω(D). Thus, λω = 0 if and only if ω ∈ Ω(D), and so dimλω = g− dimΩ(D).
From which it follows,

dimL(−D) = 1 + deg(D)− g + dimΩ(D)

as desired. �

Now we conclude this paper by proving the following remarkable result.

Theorem 4.8. Let M be a compact, simply-connected Riemann Surface. Then
M ∼= C∞

Proof. Fix p ∈M and let D = p. By Riemann-Roch we have that dimL(−D) ≥ 2.
In order for (f) ≥ −1, f could be holomorphic. Since M is compact we know that
all holomorphic functions will be constant. Therefore there must be a f such that
(f) = −1. This tells us that there is a meromorphic function f : M → C such
that f has only one pole at p which is a simple pole. Thus, f is a meromorphic
function. However, a meromorphic function on C is holomorphic on C∞ Since f
has one pole, and it is simple we see that deg(f) = 1, and by Lemma 4.3, f is 1-1.
We know that f is surjective by Corollary 2.7. Therefore M ∼= C∞. �
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Note that Theorem 4.8 classifies compact, simply connected Riemann surfaces.
In fact, there is a general classification theorem for Riemann surfaces called the
Uniformization Theorem, but a proof of this is beyond the scope of the paper.

Remark 4.9. Throughout this paper we have described the relationship between
Riemann surfaces and meromorphic forms by proving the preliminary, albeit non-
trivial, result that every Riemann surface admits a non-constant meromorphic func-
tion. We prefaced the section about the Riemann-Roch theorem by saying that it
gives a partial answer to the question of what types of meromorphic functions are
admitted. However, it is interesting to note that the Riemann-Roch theorem doesn’t
implicitly assume the existence of a non-constant meromorphic function. Note in
Theorem 4.8 we force the existence of one through Riemann-Roch. The very same
technique we used to prove Theorem 4.8 can be used to show that Riemann-Roch
implies the existence of non-constant meromorphic functions for compact Riemann
surfaces, and this avoids circularity. Given a compact Riemann surface M of genus
g, pick a divisor D consisting of g + 1 distinct points and make degD = g + 1.
Then, dimL(−D) ≥ 2. Note that in this case

L(−D) = {f ∈M(M)|(f) ≥ −(g + 1)}.
We know that {f |(f) ≥ 0} corresponds to the set of holomorphic functions. By the
open mapping theorem we see that every such f must be constant, which means the
holomorphic functions account for exactly 1 dimension. Since dimL(−D) ≥ 2, we
know there must exist f ∈ L(−D) that is linearly independent of all the holomorphic
functions. Therefore such an f has to have a pole which means it is locally non-
constant. Hence, it is globally non-constant.
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