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Abstract. This paper introduces basic notions of classic computational com-

plexity theory and probabilistically checkable proof. It sketches the proof of the
PCP theorem, and discusses its applications to the hardness of approximation
of various problems.
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1. Introduction

1.1. Defining Classical Complexity Classes P and NP. In Classical Com-
plexity theory, determinism and non-determinism of Turing machines defines the
following two different classes of problems.

Definition 1.1. The Class P is a set of languages whose membership problem can
be deterministically decided in polynomial time

Definition 1.2. The Class NP is a set of languages whose membership problem
can be non-deterministically decided in polynomial time

An equivalent definition would be that P is a set of problems whose solutions can
be found in polynomial time, while NP is a set of problems whose solutions can be

checked in polynomial time, since if the path that non-deterministic machine takes
is given with the input, a deterministic machine can verify (in polynomial time)
that the input is indeed a valid solution.
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Example 1.3 (Shortest Path Problem). Consider an undirected graph G = (V,E)
and s, t ∈ V . Then using Dijkstra’s Algorithm, the shortest path between s and t
can be found in O(|E|+ |V | log |V |) time. Therefore it is in P.

Example 1.4 (Satisfiability Problem or SAT Problem). Consider a boolean formula
φ with varibles x1, x2, . . . xn. Then given an assignment to these varibles (i.e. just
plugging in the values), one can check in polynomial time whether φ is satisfied or
not satisfied. Therefore SAT ∈ NP

For more explicit and concrete definitions for classical complexity theory such
as the definition of Turing machine and equivalence of different computing models,
refer to [6], which is an introductory textbook to this field. Since a non-deterministic
machine can simulate deterministic machine, it is trivial that P ⊆ NP . However,
the following still remains as a big conjecture in computer science.

Conjecture 1.5 (P vs. NP). P 6= NP

1.2. NP-complete problems. Note that one can modify (or reduce) a problem
to some other problem. If such reduction can be done in polynomial time, the
reduction relation is denoted by ≤p. With the notion of reduction, one can find the
following set of languages, or problems.

Definition 1.6. A language L is NP-complete if

• L ∈ NP
• L′ ≤p L (∀L′ ∈ NP )

A quite remarkable result is that such problem actually exists.

Theorem 1.7 (Cook-Levin Theorem). SAT is NP-complete

For the full proof of the theorem, refer to [3]. One noteworthy characteristic
of this proof is that it uses the locality of Turing machine computation, and you
can write a boolean formula that accepts if and only if each step of the turing
machine is valid. With the above result and the property of reduction, if a problem
can reduced to an instance of SAT, that problem is also NP-complete. Following
problems are known to be NP-complete

• 3-SAT
• VERTEX COVER
• INDEPENDENT SET
• CLIQUE
• SET COVER
• INTEGER PROGRAMMING

For full description of these problems, refer to [6]

1.3. NPand proof verifying. One noteworthy observation to make is that math-
ematical proof is NP. Consider a mathematical theorem and a proof. Verifier reads
the written proof and accepts if the proof follows logical rules and rejects otherwise.
If proof were written in n bits, the verifier reads the whole n bits and accept it if
the proof is valid, and reject otherwise. In otherwords, NP is a set of problems
such that if proof is written say in n bits, it can be determined in polynomial time
with resepct to n whether the solution is valid. Probabilistic Checking of Proof
starts from this view of NP.
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2. PCP Theorem

2.1. Definitions.

Definition 2.1 (Algebraic Circuit). An algebraic circuit C is a directed acyclic
graph where each node computes +,− or × of incoming edges. The output is
carried over to the outgoing edges.

Definition 2.2 (CKT-SAT). Given an algebraic circuit C, if C has a satisfying
assignment then C ∈ CKT-SAT The membership problem is denoted as CKT-SAT.

Definition 2.3. For functions r, q : N → N, a probabilistic polynomial-time verifier

V is (r(n), q(n))-restricted if, for every input of size n, it uses at most r(n) random
bits and examines at most q(n) bits in the membership proof. A Language L ∈
PCP(r(n), q(n)) if there exists a (r(n), q(n))-restricted polynomial-time verifier
that, for every input x, behaves as follows:

Completeness: if x ∈ L, then there exists a membership proof π such that
V accepts (x, π) with probability 1

Soundness: if x /∈ L, then for any membership proof π, V accepts π with
probability at most 1/2

Under this definition, is not hard to see that NP = PCP(0, n). Now we define
outer verifier.

Definition 2.4 (Outer verifier). For r, p, c, a : N → N, an (r(n), p(n), c(n), a(n))
outer verifier is a randomized Turing machine V which expects the membership
proof for an input of size n to be an oracle of answer size a(n). Given an input
x ∈ {0, 1}n and an oracle π of answer size a(n), V runs in poly(n) time and behaves
as follows:

(1) Uses r(n) random bits
(2) Constructs a circuit C of size c(n)
(3) Computes p(n) locations in π, denoted q1, . . . , qp(n)
(4) Queries the oracle: V queries the oracle π in locations q1, . . . , qp(n). Let ai

denote the string in qi position.
(5) Makes a decision: V outputs accept if a1 ◦ . . . ◦ ap(n) is a satisfying assign-

ment to circuit C. Otherwise reject. Denote the decision by V π(x;R)

Definition 2.5 (RPCP). For r, p, c, a : N → N and e < 1, a language L ∈
RPCP(r(n), p(n), c(n), a(n), e), if there exists a (r(n), p(n), c(n), a(n)) outer veri-
fier that satisfies the following properties for every input x.

Completeness: If x ∈ L, then there exists an oracle π such that

PrR[V
π(x;R) = accept] = 1.

Soundness: IF x /∈ L, then for all oracles π,

PrR[V
π(x;R) = accept] ≤ e.

Similarly, we define inner verifier.

Definition 2.6. For l, a ∈ N, let Fl,a denote the family of functions {f |f : [l] →
{0, 1}a}. i.e. Fl,a is a family of l-letter strings over the alphabet {0, 1}a.
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Definition 2.7 (Valid Encoding/Decoding Scheme). For functions l, a : N → N, an
(l(n), a(n))-encoding scheme is an ensemble of functions E = {En}n∈N, such that
En : {0, 1}n → Fl(n),a(n). An (l, a)-decoding scheme is an ensemble of functions

E−1 = {E−1
n }n∈N, such that E−1

n : Fl(n),a(n) → {0, 1}n. An encoding/decoding

scheme pair (E,E−1) is valid if for all x ∈ {0, 1}∗, E−1
|x| (E|x|(x)) = x.

Definition 2.8 (Inner verifier). For functions, r, p, c, a : N → N, positive inte-
ger k and fraction e, a (k, r(n), p(n), c(n), a(n), e) inner verifier system is a triple
(V,E,E−1), where V is a probabilistic Turing machine and (E,E−1) is a valid
(l(n), a(n))-encoding/decoding scheme for some function l : N → N. The input
to the verifier is a circuit. The number of input nodes of the circuit is a multiple
of k. Let C be this circuit, n be its size and km be the number of inputs to C.
Then, V expects the membership proof to consist of k + 1 oracles X1, . . . , Xk+1,
each of answer size a(n). Here Xk+1 is denoted π. Verifier runs in poly(n) time
and behaves as follows:

(1) Uses r(n) random bits: V reads C and picks a random string R ∈ {0, 1}r(n).
(2) Constructs a circuit of size c(n) : Based on C and R, V computes a circuit

C ′ of size c(n)
(3) Computes p(n) locations in the oracle : V computes p(n) locations denoted

q1, . . . , qp(n) in the oracles. Each qi is a pair (q1i , q
2
i ) where q1i ∈ [k + 1]

denotes the oracle in which it is contained and q2i denotes the position in
oracle.

(4) Queries the oracle: V uses these p(n) locations computed above to query
the oracles. Let a1, . . . , ap(n) denote the strings received as answers, where

each ai ∈ {0, 1}a(n)

(5) Makes a decision: V outputs accept if a1 ◦ . . . ◦ ap(n) is a satisfying assign-
ment to circuit C ′. Otherwise reject. Denote the decision by V π(C;R)s

Completeness: Let x1, . . . , xk be m-bit strings such that x1 ◦ . . . ◦ xk is a
satisfying assignment for C. Then there exists an oracle π such that

PrR[V
X1,...,Xk,π(C;R) = accept] = 1,

where Xj = Em(xj) for 1 ≥ j ≥ k.
Soundness: If for some oracles X1, . . . , Xk, π, the probability

PrR[V
X1,...,Xk,π(C;R) = accept] ≥ e,

then E−1
m (X1) ◦ . . . ◦ E

−1
m (Xk) is a satisfying assignment for C.

Following relationship holds between outer verifier and inner verifier

Proposition 2.9. If there exists a (k, r(n), p(n), c(n), a(n), e)-inner verifier system,

then CKT-SAT ∈ RPCP(r(n), p(n), c(n), a(n), e).

Proof. Recall that inner verifier system uses r(n) random bits, and expects the
proof to be an oracle of answer size a(n). If we ignore the special structure of
X1, . . . , Xk and only consider π as the proof and all queries are on π, circuit size is
preserved, thus it is also an (r(n), p(n), c(n), a(n))-outer verifier. By definition, it
can check membership proofs for CKT-SAT, as it satisfies both completeness and
soundness condition. Thus CKT-SAT ∈ RPCP(r(n), p(n), c(n), a(n), e). �
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2.2. Main Theorem.

Theorem 2.10 (PCP theorem). [1]. There exists a positive integer q such that

NP =
⋃

c>0

PCP(c log n, q)

Following three theorems will be stated and used without the full proof, since it
requires technical details.
Theorem 2.11 (Composition lemma). [2] Suppose (p, r1(n), p1(n), c1(n), a1(n), e1)-
inner verifier system exists with 0 < e1 < 1 and valid p ∈ N. Then, for all functions

r, c, a : N → N and every positive fraction e,

RPCP(r(n), p, c(n), a(n), e) ⊆ RPCP(r(n)+r1(τ), p1(τ), a1(τ), c1(τ), e+e1−ee1),

where τ = c(n)

Theorem 2.12. For every constant k ∈ N, there exist constants c1, c2, c3, p ∈ N

and real number e < 1, such that for some functions c(n) = O(logc2 n) and a(n) =
O(logc3 n), there exists a (k, c1 log n, p, c(n), a(n), e) inner verifier system.

Theorem 2.13. For every constant k ∈ N, there exist constants c1, p ∈ N and a

positive real number e < 1, such that there exists a (k, c1n
2, p, 2p, 1, e) inner verifier

system.

Proposition 2.14. If a (k, r(n), p(n), c(n), a(n), e) inner verifier system exists,

then for every positive integer l, a (k, lr(n), lp(n), lc(n), la(n), el) inner verifier sys-
tem exists.

Proof. Repeat inner verifier l times and accept the input only if it is accepted every
time. �

Theorem 2.15. There exists a constant C such that for every language L ∈ NP,

there exists a constant cL such that

L ∈ RPCP

(

cL log n,C, 2C , 1,
1

2

)

.

Proof. It suffices to show that CKT-SAT ∈ RPCP
(

cL log n,C, 2C , 1, 1/2
)

for some
constants cL, C. First, use theorem 2.12 with k = 1, and reduce the error to
1/16 using proposition 2.14. This gives (1, c1 log n, p, c(n), a(n), 1/16) inner verifier

system where a(n) = logd1 n and c(n) = logd2 n for some constants d1, d2, c1, p.
Due to proposition 2.9,

(1) CKT-SAT ∈ RPCP

(

c1 log n, p, log
d2 n, logd1 n,

1

16

)

.

Apply the same argument with constant k = 1 to the inner verifier in theorem 2.12,

gives (p, c′ log n, c′′, logd
′

n, logd
′′

n, 1/16) inner verifier system. Now apply 1 and to
the new inner verifier. Then we can obtain
(2)

CKT-SAT ∈ RPCP

(

c1 log n+ c′d1 log log n, c
′′, (d1 log log n)

d′

, (d1 log log n)
d′

,
2

16

)

.

Now use c′′ as k in inner verifier constructed in theorem 2.13 and amplify using
proposition 2.14, giving (c′′, gn2, h, 2h, 1, 1/16) inner verifier system.
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Apply (c′′, gn2, h, 2h, 1, 1/16) to 2 using theorem 2.11. This gives

(3) CKT-SAT ∈ RPCP

(

c1 log n+ c′d log log n+ g(d log log n)2d
′

, h, 2h, 1,
3

16

)

.

since c′d log log n + g(d log log n)2d
′

= o(log n) and h, c1 are constants, this proves
the theorem. �

3. Hardness Results

3.1. Hardness of MAX3SAT. It is not immediate that the above result im-
plies hardness of approximation results. But the following theorem provides a link
between those two.

Definition 3.1 (MAX3SAT). Given a 3SAT formula φ, find the maximum fraction
of clauses that can be satisfied by assignments, denoted by OPT(φ)

Theorem 3.2. If NP = PCP(O(log n), O(1)), it is NP-hard to approximate

MAX-3SAT within a factor 1− ǫ for some ǫ > 0

Proof. We reduce a language in NPwith V a (cL log n, q) restricted verifier to a
3SATformula φx with at most q2q2cL logn clauses with the following property.

YES: If x ∈ L, then OPT(φx) = 1
NO: If x /∈ L, then OPT(φx) < 1− 1

q2q+1

For every query Qi to the oracle π, associate a boolean variable vi. Now fix a
random string R ∈ {0, 1}cL logn and thus fix queriesQi1 , . . . , Qiq using R. Construct
function ψx,R : {0, 1}q → {0, 1}

ψx,R(ai1 , . . . , aiq ) =

{

1 iff V accepts on ai1 , . . . , aiq
0 otherwise

Express psix,R as a CNF formula with at most 2q clauses, each of length at most
q. Then convert this to 3-CNF formula using upto q auxiliary variables. Let φx,R
denote this 3-CNF formula, then

(4) φx =
∧

R

φx,R

since there are 2cL logn choice of R, then the number of clauses in φx is at most
m = q2q2cL logn

Now if x ∈ L, ψx,R is satisfied for every R. Thus OPT(φx) = 1.
Now suppose x /∈ L. Suppose that OPT(φx) ≥ 1 − 1

2q+1 , thus having at most ǫm

clauses unsatisfied, where ǫ = 1/q2(q+1). But then the number of R’s such that
φx,R is not satisfied is at most ǫm. Thus the probability that V accepts π is at
least 1/2, implying x ∈ L. Contradiction. Thus OPT(φx) < (1− ǫ).
If there exists an algorithm that distinguishes between YES and NO instance, this
distinguishes between x ∈ L and x /∈ L. Thus no algorithm can approximate
MAX3SAT within 1− ǫ factor in polynomial time, unless P = NP �

3.2. Hardness of SET-COVER. Using the result, we can show hardness result
for various problems, such as SET-COVER. First, we introduce the gap version of
problems.

Definition 3.3 (GAP-Problems). Given Problem P, its gap version Gap − Pg(n)

is following problem such that for some function h(n),
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• YES instance: instances I of P such that OPT(I) ≤ h(n)
• NO instance: instances I of P such that OPT(I) ≤ g(n)h(n). The function
g(n) ≤ 1 is called the gap.

Definition 3.4 (LABEL-COVER). An instance of LABEL COVER is denoted by
L(G(V,W,E), [M ], [N ], {πvw}(v,w)∈E) where

• G(V,W,E) is a regular bipartite graph
• [M ], [N ] are sets of labels, and V,W get labels from [N ], [M ] respectively.
• {πvw}(v,w)∈E denote the constraints on each edge. For every edge (v, w) in
E, we have a map πvw : [M ] → [N ]

A labeling l : V → [N ],W → [M ] satisfies (the constraint on) an edge (v, w) if
πvw(l(w)) = l(v). Given an instance L, find a labeling that satisfies the maximum
fraction, denoted by OPT(L) of edges.

Definition 3.5 (SET-COVER). Given elements [n] and sets S1, S2, . . . Sm ⊆ [n]

such that
⋃

i

Si = [n]. Find minimum t and sets Si1 , . . . , Sit such that
t
⋃

k=1

Sik = [n]

Definition 3.6 (MAX3SAT(5)). Given a 3SAT formula with the restriction that
each variable is in exactly 5 clauses, find the maximum fraction of clauses that can
be satisfied by assignments.

Note by the PCP theorem, GAP-MAX3SAT(5) is NP-hard. Equivalently, it is
NP-hard to tell whether formula φ is

YES: OPT(φ) = 1
NO: OPT(φ) ≤ c < 1 for some constant c

Now, we reduce GAP-MAX3SAT(5) to an instance of LABEL-COVER.

Theorem 3.7. It is NP-hard to tell whether a label cover instance L is

YES: OPT(L) = 1
NO: OPT(L) ≤ c′ < 1 for some constant c′

where M = 7, N = 2

Proof. Given an instance φ of MAX3SAT(5), construct an instance Lφ of LABEL
COVER with the following property

V: For each variable xi, make corresponding vertex in V
W: For each clause Cj , make corresponding vertex in W
E: (xi, Cj) ∈ E if and only if xi ∈ Cj

Note that by the property of MAX3SAT(5), deg(v) = 5 (∀v ∈ V ) and deg(w) = 3
(∀w ∈ W ). Since V gets label from [2], let the labels correspond to boolean value
{0, 1}. Since W gets label from [7], let the labels correspond to 7 satisfying assign-
ment of the clause. Then set πxi,Cj

: [7] → [2] be the assignment of variable xi by
the satisfying assignment.

Claim: If OPT(φ) = 1 then OPT(Lφ) = 1. If OPT(φ) ≤ c then OPT(Lφ) ≤ 1− 1−c
3

If OPT(φ) = 1 then OPT(Lφ) = 1, all labels on edges will be satisfied.
Now, suppose OPT(φ) ≤ c. Consider labeling l corresponding to some assignment.
Then at least 1 − c fraction of clauses remain unsatisfied under this assignment.
Let Cj = xa ∨ xb ∨ xc be such clause. Since it is an unsatisfied clause, one of three
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edges, (xa, Cj), (xb, Cj), (xc, Cj) will have invalid label. Thus at least 1−c
3 of the

edges are violated. Hence OPT(Lφ) ≤ 1− 1−c
3 . �

Definition 3.8 (Graph Product). Given a bipartite graph G = (V,W,E), define
G′ = (V ′,W ′, E′) as k-product of G where

• V ′ := V k

• W ′ :=W k

• (v′, w′) ∈ E′ iff (vi, wi) ∈ E ∀1 ≤ i ≤ k where v′ = (v1, . . . , vk), w
′ =

(w1, . . . , wk)

Using the definition of Graph Product, we can define

L′ = L⊗k(G′(V ′,W ′, E′), [M ′], [N ′], {π′
v′w′})

where

• [M ′] := [M ]k, [N ′] := [N ]k

• π′
v′w′(b1, . . . , bk) := (πv1w1

(b1), . . . , πvkwk
(bk))

Now following theorem can be used to amplify the gap.

Theorem 3.9 (Raz’s Parallel Repetition Theorem). If OPT(L) ≤ c < 1, then there

exists a c′ < 1 depending only on c,M,N such that OPT(L⊗k) ≤ c′k [5]

The proof of this theorem is beyond the scope of this paper.

Corollary 3.10. There is a reduction from SAT to a gap version of LABEL

COVER L such that

YES: OPT(L) = 1
NO: OPT(L) ≤ 2−γk for some constant γ > 0

where M = 7k, N = 2k and |V | , |W | = nO(k)

Proof. This is the direct application of Theorem 3.7 and Theorem 3.9 �

Now it remains to reduce the above instance to a SET-COVER instance. But
we first define a partition system and pseudolabeling.

Definition 3.11 (Partition System). A partition system P (U ,m, h, t) is the uni-
verse set U = [m] and t pairs of sets (A1, Ā1), . . . , (At, Āt) where Ai ⊆ [m] such
that for any indices i1 < . . . < ih, A

∗
i1
∪ . . .∪A∗

ih
6= [m] where A∗

i is either Ai or Āi

Definition 3.12 (Pseudolabeling). Given a label cover instance L, an assignment
v → Tv, w → Tw for all v ∈ V,w ∈ W where Tv ⊆ [N ], Tw ⊆ [M ] is called
(δ, h′)-Pseudolabeling if for at least δ fraction of edges of L, |Tv| , |Tw| ≤ h′ and
πvw(Tw) ∪ Tv 6= ∅

Lemma 3.13. Given h, t, there exists a partition system with m = O(2hh log t).
This system can be constructed with high probability

Proof. Pick random collection of sets A1, . . . , At from 2U . Fix h of the sets, say
Ai1 , . . . , Aih Then

(5) Pr[

h
⋃

k=1

Aik = U ] = Pr[x ∈
h
⋃

k=1

Aik ]
m =

(

1−
1

2h

)m
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Note that there are
(

t
h

)

2h ways of fixing h sets. By union bound,

(6) Pr[(A1, . . . , At)does not form a partitioning system] ≤

(

t

h

)

2h
(

1−
1

2h

)m

w.h.p, we have a partition system. �

Lemma 3.14. If a label cover instance L has a (δ, h′)-Pseudolabeling, then there is

a labeling which satisfies more than δ
h′2 fraction of the edges and thus OPT(L) ≥ δ

h′2

Proof. Given any pseudolabeling, for a vertex v, pick an element from Tv and
let it be the label. By the definition of pseudolabeling, for at least δ fraction of
edges (v, w), at least one pair from Tv × Tw is consistent. An edge is satisfied
with probability δ

h′2 . Thus the expected fraction of satisfied edges is δ
h′2 . Thus

OPT(L) ≥ δ
h′2 . �

Now we define a SET-COVER instance SCL.

Definition 3.15. SCL is

• For each (v, w) ∈ E define Pvw(Uvw,m, h, t = N = 2k) as constructed in
lemma 3.13. Define U =

⋃

Uvw

• Note that for each partition system, we constructed sets. Construct follow-
ing set of sets.

Sv,i :=
⋃

w:(v,w)∈E

Avw
i

Sw,j :=
⋃

w:(v,w)∈E

Āvw
πvw(j)

where Avw
i is the set created in Pvw

Proposition 3.16 (Completeness). If OPT(L) = 1 then SCL has a cover of size

|V |+ |W |

Proof. Let l : V → [N ],W → [M ] be the correct labeling. Thus for all (v, w) ∈ E,
πvw(l(w)) = l(v). Then {Sv,l(v), Sw,l(w) : v ∈ V,w ∈W} cover the universe. �

Proposition 3.17 (Soundness). If SCL has a set cover of size ρh|W |, then there

is a (1− 4ρ, h)-Pseudolabeling of L

Proof. Suppose there is a set cover P of size ρh|W |. For every v, set Tv := {i :
Sv, i ∈ P}. Similarly, set Tw := {j : Sw, j ∈ P}. Disregard the vertices for which
|Tv| ≥ h/2. Since there are ρh|W | sets in all, we would be disregarding at most
2ρ fraction of the vertices. And more than 1 − 4ρ fraction of pairs (v, w) has
|Tv|, |Tw| ≤ h/2
Fix one such pair. Consider the sets {Sv,i : i ∈ Tv} and {Sw,j : j ∈ Tw}. They
cover Uvw. Thus, {Avw

i : i ∈ Tv} and {Āvw
j : j ∈ Tw} Note that there are at most

h sets. By the property of the partition system,there must be a complementary
pair, which implies that there is i ∈ Tv and j ∈ Tw such that π(j) = i. Thus the
assignment was a (1− 4ρ, h)-pseudolabeling. �

Now we prove the main theorem.

Theorem 3.18. It is hard to approximate SET-COVER within factor Ω(log n)
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Proof. By lemma 3.14, we know that OPT(SCL) ≥ (1 − 4ρ)/h2. Choose ρ = 1/8.
If h = O(2γk/2), OPT(L) ≤ 2−γk implies that size of set cover for SCL is at least
h|W |/8, an Ω(h) hardness result.
Set k so that N ′ = nO(k) ≈ 2hO(hk). (Set k = O(log log n)) The size of the set
cover instance is nO(k)2hO(hk) ≈ N ′2 Thus Ω(h) = Ω(logN ′). �

3.3. Unique Games Conjecture. Here we conclude the section by stating Unique
Games Conjecture, which was proposed to obtain better hardness results.

Definition 3.19 (Unique Game). A Unique Game U(G(V,E), [n], {πe|e ∈ E}) is
a constraint satisfaction problem defined as follows: G(V,E) is a directed graph
whose vertices represent variables and edges represent constraints. The goal is to
assign to each vertex a label from the set [n]. The constraint on an edge e =
(v, w) ∈ E is described by a bijection πe : [n] → [n]. A labeling L : V → [n]
satisfies the constraint on edge e = (v, w) iff πe(L(v)) = L(w). Let OPT(U) denote
the maximum fraction of constraints that can be satisfied by any labeling:

OPT(U) := max
L:V→[n]

1

|E|
|{e ∈ E|L satisfies e}|.

Note the similarity between label cover problem. In fact all unique games can
be reduced to label cover problem.

Conjecture 3.20 (Unique Games Conjecture). For every ǫ, δ > 0, there exists

a constant n = n(ǫ, δ), such that given a Unique Game instance is NP-hard to

distinguish between two cases:

• YES Case: OPT(U) ≥ 1− ǫ.
• NO Case: OPT(U) ≤ δ.

Due to the reducibility of label cover problem, Conjecture 3.20 is equivalent
to numerous conjectures. A survey [4] summarizes the inapproximability results
known under Unique Games Conjecture. One notable result is a reduction from
Unique Game to Min-2SAT-Deletion, which will only be stated.

Definition 3.21 (Min-2SAT-Deletion). Given a 2SATformula φ, find the minimum
fraction of clauses that need to be deleted from φ to make it satisfiable. Such
fraction is denoted as OPT(φ)

Theorem 3.22. Let 1/2 < c < 1 be a fixed constant. Then, for every sufficiently

small constant ǫ > 0, there exists a constant δ > 0 and a polynomial time reduction

that maps an instance U(G(V,E), [n], {πe|e ∈ E}) to a 2SATformula φ such that

• YES Case: If OPT(U) ≥ 1− ǫ then OPT(φ) ≤ O(ǫ)
• NO Case: If OPT(U) ≤ δ then OPT(φ) ≥ Ω(ǫc)

If such reduction exists, it isNP-hard to distinguish between those two instances.
The proof requires advanced techniques from boolean function analysis thus will
not be stated.

4. Conclusion

The PCP theorem states that we only need to check constant bits to check
whether the proof is valid or invalid. This led to some interesting results and
brought a huge insight to the field of hardness of approximation. Unique Games
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Conjecture, a big step in the field of hardness of approximation, still remains un-
solved but led to some interesting implications. Various open problems remain in
this field and the results leading up to these problems are promising.
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