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Abstract. This paper covers the sometimes difficult process of solving non-

linear differential equations. We begin with an overview of contraction map-

ping and how it can be used via Picard’s existence theorem to prove the ex-
istance and uniqueness of solutions for certain nonlinear equations. We then

proceed to an overview of chaos, a property of certain non-linear equations

which makes for particularly interesting numerical behavior in the solutions.
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1. Introduction and definitions

This paper seeks to explore the applications of contraction mapping to solving
differential equations. To this end, there are several key definitions that are essential
for this process.

Definition 1.1. A Banach space is a normed vector space that is complete in the
metric given by its norm.

Definition 1.2. Let X and Y be vector spaces, and let Γ : X → Y be a linear
map. We can definte the norm ‖Γ‖ as follows

‖Γ‖ = sup({‖Γ(x)‖ | x ∈ B})
where B is the closed unit ball, so long as this quantity is finite. If the norm is
defined, Γ is said to be bounded.

The operator norm has the useful property that, if a linear operator Γ(x) is
bounded, then

‖Γ(x)‖ ≤ ‖Γ‖‖x‖
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To see why this is the case, rewrite Γ(x) as Γ(‖x‖ x
‖x‖ ). Because Γ is linear this is

equal to ‖x‖Γ( x
‖x‖ ). Furthermore, we know that ‖ x

‖x‖‖ = 1 and thus by linearity

we arrive at this property.

2. Contractions and the Banach fixed point theorem

We begin by taking a look at a special type of function on a metric space, a
contraction.

Definition 2.1. A contraction on a metric space (X,d) is a function Φ : X → X
such that there exists c ∈ [0, 1) such that for all x, y ∈ X, we have d(Φ(x),Φ(y)) ≤
cd(x, y).

Definition 2.2. A fixed point of a contraction Φ : X → X is a point x ∈ X such
that Φ(x) = x.

Corollary 2.3. A contraction can have at most one distinct fixed point.

Proof. Suppose there exists a contraction Φ : X → X such that x, y ∈ X are
both fixed points of Φ. Since Φ is a contraction, by Definition 2.1 d(Φ(x),Φ(y)) ≤
cd(x, y) for some c ∈ [0, 1). Since x and y are both fixed points, this means that
d(x, y) ≤ cd(x, y), meaning d(x, y) = 0. Thus, x = y. �

As it turns out, as long as one works in a complete metric space, it is also true
that a contraction has at least one fixed point as well. This leads to an important
theorem.

Theorem 2.4 (Banach Fixed Point Theorem). A contraction Φ in a complete
metric space X has exactly one fixed point.

Proof. Define the function Φm(x) to be m recursions of Φ on x. In other words,
Φm(x) = Φ(Φm−1(x)) where Φ0(x) = x. By the definition of contraction, d(Φm+1(x),Φm(x)) ≤
cd(Φm(x),Φm−1(x). Iterating this m times gives us

d(Φm+1(x),Φ(x)) ≤ cmd(Φ(x), x)

Now, by iterating the triangle inequality, we know that for an arbitrary positive in-
teger k, d(Φm+k(x),Φm(x)) ≤ d(Φm+k(x),Φm+k−1(x))+ . . .+d(Φm+1(x),Φm(x)).
Applying our previous inequality to each term in the right hand side, we get

d(Φm+k(x),Φm(x)) ≤ cm+kd(Φ(x), x) + . . .+ cmd(Φ(x), x)

Simplifying the right hand side of this inequality gives us (1+c+. . .+ck)cmd(Φ(x), x).
Since the first part of this expression is a partial sum of a positive geometric series,
we have 1 + c+ . . .+ ck ≤ 1

1−c . So

d(Φm+k(x),Φm(x)) ≤ cm

1− c
d(Φ(x), x)

This tells us that the sequence defined by {Φn(x)} is a Cauchy sequence, and since
X is complete it converges to some point x∗ ∈ X. Since x∗ = lim

n→∞
Φn(x), applying

the definition of contraction again we get

d(Φ(x∗), x∗) = lim
n→∞

d(Φ(x∗),Φn+1(x)) ≤ lim
n→∞

cd(Φn(x), x∗) = cd(x∗, x∗)

Since d(Φ(x∗), x∗) ≤ d(x∗, x∗) = 0, we have d(Φ(x∗), x∗) = 0, making x∗ a fixed
point. As shown in Corollary 2.3, there can be only one fixed point, so x∗ is the
unique fixed point for Φ : X → X. �
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3. Picard’s existance theorem

We can use the Banach fixed point theorem to show that unique solutions to
certain nonlinear equations exist. Consider the initial value problem

df

dt
= Γ(f(t)), f(t0) = ξ

Note integrating the above equation shows us that any solution to this equation
must also solve

f(t) = ξ +

∫ t

t0

Γ(f(u), u)du

If we declare a function Φ : X → X on a space of functions X, such that

Φ(f(t)) = ξ +

∫ t

t0

Γ(f(u), u)du

Then any fixed points of Φ will be solutions of our initial value problem. Thus, if Φ
is a contraction and X is a complete space, the Banach fixed point theorem assures
us of a unique solution to our initial value problem. However, in order to for this
to be true we must meet certain conditions.

First, we must restrict our consideration of the functions involved, such that
t ∈ [a, b] ⊂ R. Furthermore, we will only consider as potential solutions functions
that map to some open subset U ⊂ Rn. Furthermore, we assume Γ to be continuous.

M = sup({Γ(s, t) | s ∈ B, t ∈ [a, b]}) <∞

We must also assume that Γ is Lipschitz in its first variable. That is, there exists
c > 0 such that

‖Γ(x, t)− Γ(y, t)‖ ≤ c‖x− y‖ for all t ∈ [a, b]

Now we may begin laying the groundwork for the Banach fixed point theorem.

Lemma 3.1. C, the space of continuous functions from [a, λ] to B, where λ ∈ (a, b),
is complete when given the metric d(h, g) = sup({|h(t)− g(t)| | t ∈ [a, λ]})

Proof. If gi is a Cauchy sequence in C, then gi(t) is a cauchy sequence in U ⊂ Rn
for all t ∈ [a, λ]. Since Rn is complete, we know that there are functions g∗(t) to
which each sequence converges. Through a generalization of the triangle inequality,
we can see that these g∗(t) are continuous as well, and therefore elements of C.
Thus C is complete. �

Armed with this result, we may now prove a powerful theorem.

Theorem 3.2 (Picard’s Existence Theorem). Suppose that Γ is continuous on
U × [a, b], and Lipschitz in its first variable. Then there exists λ ∈ (a, b) such that
on the domain (a, λ) there is a unique solution to f(t).

Proof. First, consider a closed ball B of radius r centered on ξ, with r chosen
such that B ⊂ U . By the extreme value theorem, it takes a finite maximum and
minimum on B × [a, b]. We define the maximum as

M = max({Γ(s, t) | s ∈ B, t ∈ [a, b]})
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Next, we ensure that Φ maps C back to itself. That is, Φ(C) ⊂ C. We do this by
manipulating our integral equation to put an upper bound on λ.

|Φ(f(t))− ξ| = |
∫ t

a

Γ(f(u), u)du| ≤M(t− a) ≤M(λ− a)

In order for Φ(C) ⊂ C we want Φ(f(t))− ξ ≤ r, so λ− a ≤ r
M .

Finally, we must make it so that Φ is a contraction on C. Consider two arbitrary
elements g, h ∈ C. The distance between them is

d(Φ(g),Φ(h)) = sup({|Φ(h(t))− Φ(g(t))| | t ∈ [a, λ]})

d(Φ(g),Φ(h)) = sup({abs
∫ t

a

(Γ(h, u)− Γ(g, u))du})

We then use the Lipschitz condition on Γ to get

d(Φ(g),Φ(h)) ≤ c sup(intta‖h− g‖du) ≤ c(λ− a)d(g, h)

Therefore, as long as λ − a < 1
c then Φ is a contraction. Therefore, since C is a

complete space, the Banach fixed point theorem applies and there exists a unique
solution f(t) to the initial value problem. �

4. Superman

As an application of Picard’s theorem, consider the path traced by Superman,
starting on the y-axis, as he flies at a constant speed toward a train moving at the
same speed along the positive x-axis, such that a line tangent to the path always
passes through the train’s position. This path is described by the following vector
equations:

ṡ(t) =
(t, 0)− s(t)
‖(t, 0)− s(t)‖

s(0) = (0, 1)

Clearly, the vector field has a pole at (t, 0), preventing the map from being every-
where Lipschitz or continuous. However, we can show that it meets the Lipschitz-
condition in all areas the point s(t) passes through, which is enough.

First, it is clear that at any point in time, the vector field Γ = (t,0)−x
‖(t,0)−x‖ is

analogous to the simpler field x
‖x‖ . Since this field is only translated linearly in

time, Γ is clearly continuous in t, thus meeting the first requirement of Picard’s
theorem. For the second, we can prove the following lemma.

Lemma 4.1. As long as d(x, 0) > ε, the map x
‖x‖ is Lipschitz.

Proof. Consider the Jacobian of the map. Since the magnitude of the vector field
at any point is constant, the derivative in each variable clearly decreases uniformly
with distance from the pole at zero. Therefore, if we exclude a ball of radius ε > 0
from the map, the Jacobian is bounded by some number N . Furthermore, outside
this ball the field is also continuous, and therefore (since it is continuous with
bounded derivative) it is Lipschitz. �

Now, we need only demonstrate that there exists a value of ε which works for
all t. Fortunately, we can demonstrate this by considering only the first component
of s(t). It is clear from Figure 1, which illustrates an infinitesimal “step” in time,

that ‖∂p(t)∂x ‖ = 1, and ‖∂s(t)∂x ‖ < 1 for all t > 0. Therefore, even if ‖s(t) − p(t)‖
decreases, it cannot decrease to zero, as it must be greater than the norm of any
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Figure 1. This shows the triangle formed by an infinitesimal step
in time. The distance between s(t) and p(t) does not converge to
zero, because the horizontal component of the distance is increas-
ing.

of its components, and for t > 0 the value ‖s1(t) − p1(t)‖ must increase, meaning
there exist some ε for which Lemma 4.1 is true.

Since there exists such an ε, the map Γ can be replaced by a map Γ′ which is
identical outside a ball of radius ε around p(t), and yet which is Lipschitz inside the
ball as well. We know from our previous proof that this yields the same solution
as Γ, and since Γ′ is everywhere Lipschitz and continuous, we may apply Picard’s
theorem to show that there exists a unique solution to s(t).

5. The Damped, Driven Pendulum

Many nonlinear systems exhibit a property known as chaos. Chaotic systems can
oftentimes produce behavior that seems quite random.In order to understand why
chaos poses such a unique challenge, however, we must first explore the complex
behavior that is the hallmark of chaos. As it turns out, though a certain degree
of complexity is required for chaos to appear, this still includes several relatively
familarphysical systems that can be modelled with comparative ease. For example,
both the double pendulumn (a pendulum hung from another pendulum) and the
damped and driven pendulum exhibit chaotic behavior under certain parameters,
and it is on the later that we will focus.

Pictured in figure 2 is a free body diagram showing the forces at play on a damped
and driven pendulum (DDP). For the sake of simplicity we assume the driving force
F (t) to be a sinusoidal force described as F (t) = F cos(ωt), where F respresents
the amplitude of the driving force and ω represents the drive frequency. Using the
relationship between torque and angular acceleration τ = Iφ̈, and substituting in
each of the forces on the pendulum, we get the following equation:

mLφ̈ = −bL2φ̇−mgL sin(φ) = LF cos(ωt)

In order to simplify this equation, we use three new variables: natural frequency
ω0 =

√
g
L , damping constant β = b

2m , and drive strength γ = F
mg . Substituting

these variables into our previous equation gives us our final equation for the DDP.

φ̈+ 2βφ̇+ ω2
0 sin(φ) = γω2

0 cos(ωt)

Note that both non-linearity and a certain amount of complexity is essential for
chaotic behavior to appear. Replacing the pendulum with a mass on a spring,
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Figure 2. A free body diagram showing the forces acting on a
pendulum, including a damping friction force and sinusoidal driv-
ing force.

Figure 3. The graph on the left shows oscillation for parameters
ω = 2π, ω0 = 3π, β = 3π

2 , γ = 0.3, and initial conditions φ(0) =

−π2 , φ̇(0) = 0. The graph in the center shows oscillation for the
same parameters, except γ = 0.6. The graph on the right shows a
single cycle of the second graph, with emphasis on the smoothing
effects of the harmonics: the pink line is a cosine curve with the
same zeros and slope as it crosses the time axis.

which replaces the sin(φ) term with a term proportional to φ, does not yield any
chaotic behavior. Likewise, both friction and the driving force are necessary for
this system to exhibit chaos.

6. Period doubling, bifurcation diagrams, and the Feigenbaum delta

At low values for drive stregnth (γ << 1) the behavior of this pendulum is
much like the bahvior of a simple pendulum - transient behavior dies off and the
pendulum quickly settles down to a simple, sinusoidal attractor with the same
period as the driving force (figure 3). At higher values of γ the oscillation of
the attractor is somewhat smoothed off by the contribution of harmonics which
develop and oscialate with periods that are an integer fraction of the drive period
(figure 3). The period of oscillation for the pendlulum is still equal to the drive
period. For certain parameters, increasing the drive strength further results in the
appearance of subharmonics, additional terms which oscillate with periods that are
integer multiples of the drive period. In the case of the first row of figure 4, the
graph osciallates with twice the drive period, and is thus said to have period two.
Continuing to increase γ results in abrupt transitions to period four, then period
eight, and so on (figure 4), pictured in subsequent rows.
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Figure 4. A period doubling cascade using the same values of
β, ω, and ω0 as previously. The first set of graphs show the first
ten cycles on the left, and a close up of a later series of cycles on
the right, for γ = 1.06. The next rows show the same thing for
γ = 1.075 (period two), γ = 1.082 (period four), and γ = 1.0825
(period eight).

Figure 5. This bifurcation graph shows values of φ from t = 300
to t = 400, for the same parameters and initial conditions that
were used in previous graphs.

This phenomenon, called period doubling, appears in a wide range of physical
systems, and can be illustrated using a bifurcation diagram (figure 5). Such a

diagram is a plot of φ(t) or φ̇(t) versus γ at multiple, one-drive-period intervals of
t, beginning at a large value of t after the transient behavior has died off. If the
osciallation has period one, each sample of φ or φ̇ for a given γ will have the same
value, and thus the graph will appear to be a single line during regions of period-one
osciallation. At the threshold values, where the period abruptly doubles, this line
will bifurcate, and these threshold values are often called bifurcation points.

When period doubling occurs, the γ-intervals between successive pairs of bifur-
cation points decreases geometrically, with each interval about one-fifth the length
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Figure 6. This bifurcation graph shows a close up of the bifur-
cation diagram in figure 5, from γ = 1.08 to γ = 1.12. Note the
further intervals of period doubling within and surrounded by the
regions of chaos.

of the previous interval. This pattern is formalized by the relation

γn+1 − γn =
1

δ
(γn − γn−1), n→∞

where δ is a constant, Feigenbaum’s delta, which is universal in period-doubling
phenomena. While the relationship only holds in the limit as n approaches infinity,
it is usually a good approximation even for low values of n.

Since the length of the intervals between successive bifurcation points decreases
geometrically, their sum (the bifurcation points) converges to a finite limit. Beyond
this limit, chaotic behavior is present, but not uniformly so. Within regions that
appear to be chaotic, there are intervals of γ values for which oscillation is briefly
periodic, before undergoing period doubling and subsiding into chaos again (figure
6).

7. Visualizing chaos: state space and Poincaré sections

The non-periodic behavior of chaotic oscillators is easily visualized by utilizing
state-space, a plot with φ on the horizontal axis and φ̇ on the vertical axis. In this
form, the oscillation of a pendulum becomes a clockwise directed state-space orbit
such as the one pictured in figure 7. These graphs have the advantage of clearly
illustrating a system’s periodicity, making it easy to visualize the lack of periodicity
exhibited by chaotic systems (figure 8).

For systems that exhibit chaotic behavior, a state-space orbit can be confusing
if extended to long intervals of time. However, the system’s attractor can be vi-
sualized by plotting values of φ and φ̇ in state space at one period intervals after
transient behavior has died off. The resulting graph, called a Poincaré section,
clearly demonstrates whether or not a system is chaotic, as illustrated in figure 9.
If the system has a simple attractor, the Poincaré section appears as one or more
points, with the number of points indicating the period of the graph. Poincaré
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Figure 7. The two graphs on the left illustrate state-space orbits
for the first 20 cycles of simple pendulums with γ = .6 above, and
γ = 1.075 below. The graphs on the right show state space orbits
for the same pendulums, from t = 90 to t = 100, after transient
behavior has died out. They clearly show the top pendulum to
have period one, and the bottom to have period two.

sections that appear as curves or more exotic shapes are indicative of a chaotic at-
tractor. When these chaotic Poincaré sections exhibit the self-similarity of a fractal
(figure 10), they are known as strange attractors.

8. Sensitivity to initial conditions

For parameters which yield chaotic behavior, the osciallation of the pendulum
exhibits sensitivity to initial conditions, the most notable feature of chaotic behavior
in addition to its non-periodicity. For a normally osciallating pendulum with low
drive strength, there is only a single, simple attractor. If two pendlulums with
identical parameters and near-identical initial conditions are set to motion, the
difference between their respective values of φ and φ̇ will decrease exponentially
over time (figure 11), and after the transient behavior dies out their configurations
at any time will be all but indistinguishable. For a set of parameters that exhibits
chaos, though, near-identical initial conditions will nonetheless result in φ and φ̇
values that diverge exponenetially (figure 12), making predicting the behavior of
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Figure 8. These two state-space orbits correspond to chaotic pen-
dulums. The graph on the left is for a pendulum with parame-
ters ω = 2π, ω0 = 3π, β = 3

4π, γ = 1.105 and initial conditions

φ(0) = 0, φ̇(0) = 0. The graph on the right has the same parame-
ters and initial conditions, except β = 3

2π and γ = 2.3.

Figure 9. Poincaré sections for two pendulums. The one on the
left, which has γ = 1.075, clearly has period two. The one on the
right, which has γ = 1.105, is clearly not periodic.

Figure 10. The strange attractor for a pendulum with ω = 2π,
ω0 = 3π, β = 3

8π, γ = 1.5. Zooming in reveals more detail (right).
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Figure 11. On the left is the graph of two pendlulums with iden-
tical (non-chaotic) parameters, and initial φ starting .01 radians
apart. On the right is a plot of the log of the absolute value of
their angular separation over time: the negative-sloped linear en-
velope under which it oscillates indicates an exponential decrease
in separation.

Figure 12. On the left is the graph of two pendlulums with iden-
tical chaotic parameters, and initial φ starting .001 radians apart.
On the right is a plot of the log of the absolute value of their angu-
lar separation over time: the positive-sloped linear envelope under
which it oscillates indicates an exponential increase in separation.
Note that this seperation only becomes noticable in the left graph
around when the right graph crosses the axis.

such systems nigh impossible.
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