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Abstract. This expository paper deals with some interesting concepts related

to the problem of increasing the chromatic number and the girth of a graph.

Specifically, the proof of Kneser’s conjecture and also related concepts such
as Gale’s distribution of points on the sphere and the Borsuk graph will be

studied in order to show various ways of constructing a graph with infinite

chromatic number and girth.
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1. Introduction

In graph theory, many intriguing problems revolve around graph coloring. One
common type of question here is about how to reduce the chromatic number of
a certain graph. For example, the famous Four (used to be Five) Color Theorem
states that you can always color a map with no more than four different colors.
Another common type, on the opposite side, is about how to increase the chromatic
number. There is an interesting question of this type that we will deal with in this
paper: the problem of finding a graph with infinite chromatic number and girth.

Definition 1.1 (chromatic number). A k-coloring of a graph G is a labeling of the
vertices of G with k colors such that adjacent vertices have different colors. When
this is the case, we say that G is k-colorable.

The chromatic number χ of a graph G is the minimum value of k such that
G is k-colorable.

Definition 1.2 (girth). A walk of length k in a graph G is a sequence of vertices
v0, v1, . . . , vk of G such that vi−1 and vi are adjacent for 1 ≤ i ≤ k. A walk is closed
if v0 = vk. A cycle is a closed walk without repeated vertices except for v0 = vk.

The girth γ of a graph G is the length of its shortest cycle. A graph without a
cycle has infinite girth.
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It is not at all a difficult problem to find a graph satisfying one of the two
conditions. For some large n, any complete graph with n vertices has chromatic
number of n. Any n-gon has girth of n. But it is not as easy to find a graph
satisfying both conditions. A triangle has girth of 3 and requires at least 3 colors.
From here, one can increase the girth by simply adding two vertices to make a
pentagon. (In fact, any (2k + 1)-gon has chromatic number of 3.) Now, here is
a more challenging question: find a graph without a triangle - that is, with girth
greater than 3 - and with chromatic number of 4. (Hint: the graph requires at
least 11 vertices and has 5-fold rotational symmetry. This graph is referred to as
’Grötzsch graph’.)

These mini experiments already hint the existence of a graph with large girth and
chromatic number. The proof was given by Paul Erdös using the classic probabilistic
method.

Theorem 1.3 (Erdös, 1959). For any positive integers γ and χ, there exists a
graph G with girth γ and chromatic number χ.

We will not show the proof of this theorem, however, since this paper will focus
on introducing significant examples of this result. Mainly, we will study a specific
kind of graph with high girth and chromatic number, called the Kneser graph,
which was introduced by Martin Kneser. The chromatic number of the Kneser
graph, which was conjectured in 1955 and proved much later in 1978, is a great
example of the Erdös theorem. Here is a formal definition of the graph:

Definition 1.4 (the Kneser graph). For n ≥ 2m+ 1, the Kneser graph K(n,m)
is the graph with the vertex set as the set of m-subsets of {1, . . . , n}. Two vertices
are adjacent if their corresponding m-subsets are disjoint.

Figure 1.1. The Kneser graph K(5,2) and the Petersen graph

The most common example is K(5, 2), which is isomorphic (i.e. each vertex
in one graph can be mapped to a unique vertex in another graph) to the Petersen
graph (Figure 1.1). Ask a seven-year-old kid, and after struggling for a few minutes,
the child will tell you that you need at least 3 colors to color this graph properly,
and that the shortest cycle is 5. That part is easy, but the proof of the generalized
version requires some difficult steps. We will state the theorem here just to clarify
that proving this theorem is the goal of this paper.
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Theorem 1.5 (Kneser’s conjecture, 1955) (Lovász, 1978). The chromatic number
of the Kneser graph K(2m+ r,m) is r + 2.

2. Preliminaries

One important fact about this paper is that many parts of the proofs heavily
rely on concepts in linear algebra and related geometry. These may seem totally
unrelated at first sight, but they all give important insights to the proof of Kneser’s
conjecture.

Before we move on, there are some preliminary concepts to note about through-
out this paper. For statements related to graph theory, all graphs are simple graphs,
meaning that we will not be concerned with loops or multiple edges. (This is be-
cause such concepts are not important in dealing with chromatic numbers.) Also,
all variables (e.g. n, m, r, k, i), unless specified, are nonnegative integers. For
statements related to linear algebra, all vectors, unless specified, are column vec-
tors.

Lastly, this paper contains diagrams containing various different colors in order
to illustrate graph coloring more effectively, so please print in color in case you are
printing out this document on paper.

3. General position and moment curve kissing lemma

We will first introduce the moment curve kissing lemma. This is necessary in
proving the next theorem.

Definition 3.1 (general position). Let S ⊆ W be a set of points, where W is the
linear space of dimension n. S is in general position if any n of the points in S are
linearly independent.

For example, the vectors (1, 1), (1, 2), (1, 3) are in general position, as any 2 of
them are linearly independent. Informally speaking, the concept of general position
is the opposite to the Murphy’s Law: elements coincide only when necessary. Now,
there is a particularly useful instance of a set in general position.

Definition 3.2 (the moment curve). The moment curve in Rn is the set

Mn = {mn(α) = (1, α, α2, . . . , αn−1) | α ∈ R}.

To be clear, the points of the moment curve will be row vectors in this paper.

Proposition 3.3. The points of the moment curve are in general position.

Proof. Let α1, α2, . . . , αn be n distinct elements in R. Consider the matrix (mn(α1),
mn(α2), . . . ,mn(αn)). This matrix is a Vandermonde matrix, so the determinant
is
∏

1≤i<j≤n(αj − αi). Because all αi are distinct, the determinant is nonzero.

Therefore, the row vectors mn(ai) are linearly independent. �

With this property established, we can now move on to the actual lemma that
uses the concept of the moment curve.
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Definition 3.4 (hyperplane and normal vector). In an n-dimensional space, a
hyperplane is an (n − 1)-dimensional flat subset. In other words, a hyperplane P
in Rn is

P = {x ∈ Rn | cTx = β}

where c ∈ Rn, c 6= 0, and β ∈ R. Here, c is the normal vector of the hyperplane P .
A linear hyperplane is a hyperplane crossing the origin. This is precisely when

β = 0.

Lemma 3.5 (moment curve kissing lemma). Let d ≥ 1. Let 0 ≤ k ≤ d
2 and

α1, α2, . . . , αk ∈ R. Then, there exists a linear hyperplane P such that the mo-
ment curve Md+1 ⊂ Rd+1 lies entirely on one side of P . Here, P ∩ Md+1 =
{md+1(α1),md+1(α2), . . . ,md+1(αk)}.

Proof. A linear hyperplane P is defined precisely by a linear equation cx = 0 where
c = (γ0, γ1, . . . , γd) ∈ Rd+1 and c 6= 0. (c is a row vector.) We want to find c such
that

(1) c ·md+1(z)T > 0 where z ∈ R and z /∈ {α1, α2, . . . , αk}, and
(2) c ·md+1(ai)

T = 0 where i = 1, 2, . . . , k.

Let f be a polynomial of degree k with roots α1, α2, . . . , αk. Thus, f(z) =∏k
i=1(z − αi).
We know that the degree of f2 does not exceed d+ 1, so let γi (the components

of c) be the coefficients of f2. That is,

γ0 + γ1z + . . .+ γdz
d = (f(z))2.

In other words, we have c · md+1(z)T = (f(z))2 for any z ∈ R. Thus, if z /∈
{α1, α2, . . . , αk}, then c ·md+1(z)T = (f(z))2 > 0, and otherwise, c ·md+1(αi)

T =
(f(αi))

2 = 0. �

Here is a nice restatement of the lemma in terms of linear algebra that will be
used in the next section.

Corollary 3.6 (moment curve kissing lemma restated). Let 1 ≤ d ≤ n−1 and 0 ≤
k ≤ d

2 . Then, there exists a matrix A ∈ Rn×(d+1) such that the n rows are in general
position. Also, let Ik be a set of k elements in [n] = {1, 2, . . . , n}. Then, for every
Ik ⊂ [n], there exists a row vector c ∈ Rd+1 such that, if cAT = (β1, β2, . . . , βn),
then βi = 0 if i ∈ Ik and βi > 0 if i /∈ Ik.

Proof. This proof is straightforward. Let α1, α2, . . . , αn ∈ R be distinct. Let A be
the matrix (md+1(α1),md+1(α2), . . . ,md+1(αn)). By Proposition 3.3, the rows of
A are in general position.

Let Ik be any set of k elements in [n]. By Lemma 3.5, there exists a linear
hyperplane P corresponding to the points md+1(αi) where i ∈ Ik. Let c ∈ Rd+1 be
the normal vector to P . Then, cAT = (β1, β2, . . . , βn) where βi = 0 if i ∈ Ik and
βi > 0 if i /∈ Ik. �

For example, let n = 6, d = 4, and k = 2. Let α1 = 1, α2 = 2, . . . , α6 = 6. The
6× 5 matrix will look like this:
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A6×5 =


m5(1)
m5(2)
m5(3)
. . .

m5(6)

 =


1 1 1 1 1
1 2 4 8 16
1 3 9 27 81

. . .
1 6 36 216 1296


Indeed, because the row vectors are points in the moment curve M5, the 6 rows

are in general position. Also, assume that 1, 2 ∈ Ik. (This choice is completely
arbitrary.) By Lemma 3.5, there exists a linear hyperplane P that contains precisely
these two points - m5(1) and m5(2) - and that has any other points in the moment
curve on one side. Let row vector c = (γ1, . . . , γ5) be normal to P , and then:

c ·AT =
[
γ1 γ2 . . . γ5

]
1×5 ·

[
m5(1) m5(2) . . . m5(6)

]
5×6

=
[
c ·m5(1) c ·m5(2) . . . c ·m5(6)

]
=:
[
β1 β2 . . . β6

]
,

where β1, β2 = 0 and β3, . . . , β6 > 0, directly by Lemma 3.5.
It is not easy to visualize a specific example for the original lemma because the

dimension can (and probably will) go very high, but with this matrix form it is
much easier to understand the essence of the lemma.

4. Gale’s distribution of points on the r-sphere

Now we move on to the first essential step to proving Kneser’s conjecture. In
1956, David Gale figured out a way to distribute points ”evenly” on a sphere.

First, we need to know what an r-sphere is.

Definition 4.1 (r-sphere). The r-sphere is the set Sr ⊂ Rr+1 consisting of vectors
of unit length in Rr+1. That is:

Sr = {x ∈ Rr+1 | ‖x‖ = 1}.

The 1-sphere is the unit circle in the xy-plane, and the 2-sphere is the boundary
of a perfectly round ball (or simply what we call a sphere in everyday language) in
xyz-plane.

Definition 4.2 (open hemisphere). An open hemisphere of an r-sphere is the set
of points in Sr lying strictly on one side of a linear hyperplane. That is:

{x ∈ Sr | cTx > 0}

where c is the normal vector of the linear hyperplane.

For example, an open hemisphere of the 1-sphere is any half-circle excluding the
two endpoints of the arc. Now, here is the theorem:

Theorem 4.3 (Gale, 1956). For m, r ≥ 0, there exists an arrangement of 2m+ r
points on the r-sphere such that every open hemisphere contains at least m of them.

Examples serve the best in understanding this theorem. Try selecting five points
on a circle so that however you cut the circle into half, both halves will contain at
least two points. You will quite easily figure out the arrangement similar to Figure
4.1.
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Figure 4.1. Five points ‘evenly distributed’ on a circle. No mat-
ter how you cut the circle into half, both halves contain at least
two points.

It is a bit more challenging to find six points on a 2-sphere though, because
regular arrangements will not suffice. But as Gale proved, there always exists an
arrangement satisfying the condition. One example is a 4-point arrangement in the
shape of a tetrahedron inscribed in a sphere. Then, any half-cut will give at least
1 point on each half-sphere.

The proof directly uses the matrix version of the moment curve kissing lemma
in addition to some linear algebra.

Proof of Theorem 4.3. Let n = 2m+r. Let v1, . . . , vn ∈ Rr+1 be n points (vectors)
for the arrangement. Indeed, these vectors should be nonzero such that, simply by
dividing by its length, each vector corresponds to a point in the unit sphere.

We want to show that we can construct these n vectors such that at least m of
the vectors satisfy the inequality vi · x = vTi x > 0 for any nonzero vector x ∈ Rr+1.

The task seems a bit analogous to the logic of the moment curve kissing lemma.
Let d = 2m − 2. Let A be an n × (d + 1) matrix that satisfy the properties from
Corollary 3.6: (a) the n rows (moment curves) are in general position, and (b) for
every set Ik of k elements in [n], there exists a row vector c ∈ Rr+1 such that, if
cAT = (β1, β2, . . . , βn), then βi = 0 if i ∈ Ik and βi > 0 if i /∈ Ik.

Because any (d + 1) row vectors are linearly independent, the matrix has rank
of (d + 1) (i.e. full column rank). Thus, we have its column space U ⊂ Rn with
dimension (d+ 1).

Now, let B be an n×(n−d−1) matrix whose columns form a basis of U⊥ ⊂ Rn.
Thus, U⊥ has dimension (n− d− 1).

Let the rows of B be denoted as v1, . . . , vn. Observe here that n− d− 1 = r+ 1,
so v1, . . . , vn ∈ Rr+1 as we first proposed. Recall: we want to show that, for every
nonzero vector x ∈ Rr+1, at least m inequalities vTi x > 0 hold, or equivalently, at
least m entries of Bx are positive. Let t = (τ1, . . . , τn) ∈ Rn×1 denote Bx.

Suppose for contradiction that t has at most m − 1 positive coordinates. That
is, there exists an index set I such that τi > 0 if i ∈ I and τi ≤ 0 if i /∈ I, and that
|I| ≤ m− 1 = d

2 . Let k denote |I|.
Let c ∈ Rd+1 be the row vector from Corollary 3.6 for this specific I. Also, let

b = (β1, . . . , βn) = cAT (row vector) according to the lemma, so that βi = 0 if i ∈ I
and βi > 0 if i /∈ I.



INCREASING CHROMATIC NUMBER AND GIRTH 7

Because of the perpendicularity of the columns of A and B (i.e. ATB = 0), we
can find a simple relation between b and t. Recall that b = cAT and t = Bx. Thus,

bt = cATBx = c(��
�: 0

ATB)x = 0.
Now, b · t = bt is a simple inner product:

bt =
∑
i∈[n]

βiτi =
∑
i∈I
���

0
βiτi +

∑
i/∈I

βiτi = 0.

The first sum is 0 simply because βi = 0 when i ∈ I. That leaves only the second
sum, where βi > 0 and τi ≤ 0 for all i /∈ I. In order for bt to be 0, all τi must be 0.

Thus, we have (n− k) zeros in t = (τ1, . . . , τn), or equivalently, k nonzeros in t.
Now, note that AT t = ATBx = 0 as well. Then, the linear combination of k (the
number of nonzero τis that serve as scalar coefficients) row vectors of A is zero as
well. Thus, we end up with the conclusion that there exist k row vectors of A that
are linearly dependent.

But this directly contradicts our previous supposition that the rows of A are in
general position, so we conclude that t has at least m positive entries. Therefore,
the row vectors v1, . . . , vn of B satisfy the conditions given by the theorem. �

The essence of the proof is that you can find the necessary arrangement from
a matrix that is column-wise perpendicular to the matrix from the moment curve
kissing lemma. We will give a name for such arrangements in this paper.

Definition 4.4 (Gale-set). Gale-set G ⊂ Sr is a set of 2m+r points on the r-sphere
such that every open hemisphere contains at least m of them.

5. The Borsuk graph

We now move on to another interesting question in geometry that relates heavily
to the Kneser graph. In 1933, Karol Borsuk proved an interesting problem, the
formulation of which was attributed to Stanislaw Ulam, about multidimensional
shapes.

Definition 5.1 (diameter). The diameter of a set S ⊂ Rd is supx,y∈S ‖x− y‖.

Suppose we want to divide a finitely large d-dimensional body into pieces that all
have strictly smaller diameter. The question here is to figure out the lower bound
for the number of pieces we need. Borsuk correctly conjectured and proved that we
can always find a division into d+ 1 pieces of strictly smaller diameter.

We will not prove the Borsuk-Ulam theorem in this paper, as this theorem itself
is not central to the topic of this paper. However, we will state the theorem and
see its relationship with the Kneser graph.

Theorem 5.2 (Borsuk, 1933). When the (d − 1)-sphere Sd−1 ⊂ Rd is partitioned
into any ≤ d subsets, at least one of the subsets has diameter of 2.

Here, given that the diameter of Sd−1 is 2, the theorem tells exactly the same
thing with the unit sphere. Figure 5.1 shows an easy example - for the 1-sphere
(circle), a single cut will leave at least one of the two pieces with diameter 2. The
same is true for higher dimensions: try cutting the 2-sphere into 3 pieces.

Now, we will restate the theorem in a more related sense.
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Figure 5.1. A 1-sphere (unit circle) cut into two halves, each of
which has diameter of 2 (the red line).

Definition 5.3 (antipodality and ε-near antipodality). Let x, y ∈ Sd−1 ⊂ Rd be
two points on the (d− 1)-sphere. If x+ y = 0, we say that x and y are antipodal.

Let ε > 0. If ‖x+ y‖ < ε, we say that x and y are ε-nearly antipodal.

It is easy to understand what this means if you try to find out the neighbors of
a single point. (Figure 5.2)

x
O

N(x, ε)

Figure 5.2. An example in d = 2. N(x, ε) denotes the set of
ε-nearly antipodal points of x (i.e. all possible values of y). The
point in the middle of N(x, ε) shows the antipodal point of x.

Given this definition, we can restate the theorem as following:

Theorem 5.4 (Borsuk-Ulam theorem restated: antipodality). For every ε > 0,
when the (d− 1)-sphere Sd−1 ⊂ Rd is partitioned into any ≤ d subsets, at least one
of the subsets contains ε-nearly antipodal points.

The restatement is straightforward: for example, look back at Figures 5.1 and
5.2. Nevertheless, this hints at a translation from geometry to graph theory. In
1966, Erdös and Hajnal found out a way to restate the theorem in relation to the
chromatic number of a graph.

Definition 5.5 (the Borsuk graph). Let d be a positive integer and ε > 0. The
Borsuk graph B(d, ε) is an infinite graph whose vertex set is Sd−1 and whose pair
of points are adjacent if they are ε-nearly antipodal.
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So, in Figure 5.2, the points on the circle form the vertex set. More importantly,
x is adjacent to all points in N(x, ε), and this statement holds for all x ∈ Sd−1.
With this definition, we can restate the theorem in terms of chromatic number:

Theorem 5.6 (Borsuk-Ulam theorem restated: chromatic number). For every
ε > 0, the chromatic number of B(d, ε) is at least d+ 1.

This restatement seems less evident than the last one. Try coloring a B(2, ε)
with only 2 colors, then the process will resemble Figure 5.3 (from left to right):

O O O

Figure 5.3. The 2-coloring of B(2, ε) is impossible: Two red
points (dotted) are ε-nearly antipodal.

But this failed drawing already shows how this statement is the same as the
previous ones. Each monochromatic part represents the partitions in the original
statement, and there exist ε-nearly antipodal points in at least one of the pieces.

With 3 colors, the coloring is easily solvable. (Figure 5.4)

O

Figure 5.4. An instance of 3-coloring of B(2, ε).

It is not as easy to visualize the graph in higher dimensions, but the 3-dimensional
case is worth a try.

This graph also has an interesting characteristic in terms of girth - another topic
of interest in this paper. Start from a single point in a circle, and try finding the
shortest cycle. The best way to do this will be to pick the nearest neighbor as
possible, which also is the farthest point from the antipode. As ε gets smaller, how-
ever, the length of the shortest cycle (girth) will become very large, as exemplified
in Figure 5.5.

Also note that the length of each edge approaches 2.
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Figure 5.5. For small ε, B(2, ε) has infinite girth.

If this graph can extend to higher dimensions, it already seems that we have
found a graph with infinite chromatic number and infinite girth. However, at this
point we will finally return to the Kneser graph and show an instance of such graph
more elegantly.

6. The Kneser graph

First, recall the definition of the Kneser graph:

Definition 6.1 (the Kneser graph). For n ≥ 2m+ 1, the Kneser graph K(n,m)
is the graph with the vertex set as the set of m-subsets (set of m elements) of
{1, . . . , n}. Two vertices are adjacent if they are disjoint.

For example, we showed that K(5, 2) is isomorphic to the familiar Petersen graph
in the beginning of this paper.

After such a long introduction, the remarkable fact here is that the Kneser graph
is very similar to the Borsuk graph, and that, in fact, Kneser’s conjecture can be
proved by using the Borsuk-Ulam theorem along with Gale-set of points.

How exactly are these two different graphs similar? Erdös and Hajnal (1966)
also pointed out that the amount of difference between two points (m-subsets) in
the Kneser graph corresponds to antipodality in the Borsuk graph. For example,
in K(5, 2), the size of difference between two sets {1, 2} and {4, 5} is the maximum
(i.e. two sets are disjoint), and the two points corresponding to these two sets are
adjacent. Such relationship is true for all edges in the Kneser graph, and indeed,
these are the only edges of this graph. Thus, pairs of adjacent points in the Kneser
graph correspond to antipodal points in the Borsuk graph.

The similarity between two graphs become remarkable if you borrow the Gale-
set distribution into the Borsuk graph. The proof of Kneser’s conjecture given by
Imre Bárány, shortly after László Lovász, uses these two steps to simplify the proof
greatly.

Theorem 6.2 (Kneser’s conjecture, 1955) (Lovász, 1978). The chromatic number
of the Kneser graph K(2m+ r,m) is r + 2.
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Proof. (Bárány, 1978) First, we will show that the chromatic number is no less than
r + 2. let G ⊂ Sr be a Gale-set of 2m + r points. Then, by Definition 4.4, every
open hemisphere of Sr will contain at least m points of G. Using the definition of
an open hemisphere, we can also say that, from any point in Sr, within distance of√

2, there exist at least m points of G.
Now, for a small δ > 0, the Gale-set property does not change if we change

the distance from
√

2 to
√

2 − δ. (This is like cutting off the rim of each open
hemisphere.)

Suppose that we have K(2m+ r,m) colored with k colors. We will construct a
k-coloring of the Borsuk graph B(r+ 1, ε), corresponding to K(2m+ r,m), to show
that k ≥ r + 2 (by Theorem 5.6).

Because G consists of 2m+ r points, each point in G can be mapped to a unique
natural number from 1 to 2m+ r. For the sake of simplicity, label the points in G
with [2m+ r]1. Then, each vertex of K(2m+ r,m) is an m-subset of G. Thus, for
each x ∈ Sr, there exists an m-subset of G, denoted as X, such that each point in
X is within

√
2− δ distance from x. Then, color x with the same color that colored

the vertex X in K(2m+ r,m). Repeat this for all x ∈ Sr.
Now, we just have to check if any two ε-nearly antipodal points received the same

color. Suppose that x, y ∈ Sr received the same color. Then, the corresponding
vertices X and Y should have nonempty intersection. Let z ∈ X ∩ Y . Then, z is
within

√
2 − δ distance from both x and y. Let ε = δ. Then, both x and y are

on the same hemisphere with the rim cut off by ε, so x and y cannot be ε-nearly
antipodal. Thus, we have colored B(r + 1, ε) with k colors, so by Theorem 5.6,
k ≥ r + 2.

Since we now have the lower bound, we only have to show that it is actually
possible to color the graph with no more than r+ 2 colors. This is easy to show by
the following trick.

First, among all the m-subsets of [2m + r], select all that are subsets of just
[2m − 1], and give the same color. Note that any two m-subsets of [2m − 1] must
contain at least one common element by the Pigeonhole Principle.

Then, for the remaining m-subsets of [2m+ r], give the same color if the largest
element of each set is the same. This results in (2m + r) − (2m − 1) = r + 1 new
colors, so, added with the first color, r + 2 colors are enough to color the graph
K(2m+ r,m). �

The gist of this proof is that there exists a parallel coloring of the Kneser graph
and the Borsuk graph, and that using Borsuk-Ulam theorem, we can find out the
chromatic number of the Kneser graph as well. Figure 6.1 shows an example of this
parallel coloring of K(5, 2) and B(2, ε) according to the construction given in the
proof. (Note that the coloring of K(5, 2) is also an example of the coloring method
presented in the last part of the proof.)

Thus, we have established the definition of the Kneser graph and identified its
chromatic number. To return to our primary question, we can increase the chro-
matic number by increasing r of the graph K(2m+ r,m). But this is not enough:
we also care about the girth.

1Notation: [n] = {1, 2, . . . , n}.
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O

1

2

3

45

Figure 6.1. An instance of parallel coloring of K(5, 2) and B(2, ε)
according to the proof of Kneser’s conjecture by Bárány. Both
require three colors.

We will only briefly remark about the girth here. It is noticeable by experiment
that the girth is large for small r: K(5, 2) (r = 1) has girth 5 but K(6, 2) (r = 2)
has girth 3.

Remark 6.3 (odd girth of the Kneser graph). The odd girth of the Kneser graph
K(2m+ r,m) is 1 + dmr e.

By this remark, we know that the girth increases whenever the fraction m
r yields

a greater value. Thus, we can increase m along with a large r (smaller than m) in
order to obtain a Kneser graph with infinite chromatic number and girth.

This remarkable result supports Erdös’ Theorem that we started off with, and
we know at the end that we can construct a graph with large chromatic number
and girth in various interesting ways.
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