
BROUWER FIXED POINT THEOREM

DANIELE CARATELLI

Abstract. This paper aims at proving the Brouwer fixed point theorem for

smooth maps. The theorem states that any continuous (smooth in our proof)

function from a disk in n dimension to itself always has at least one fixed
point. We are going to go about proving this through differential topology

which is the field that studies differentiable manifolds and differentiable maps

between these manifolds. A brief introduction of this field will be given. The
only prerequisites necessary for this paper are multivariable calculus and linear

algebra.
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1. Introduction

The Brouwer fixed point theorem is a fundamental theorem of mathematics
that finds application in many fields. The proof we will be giving, which uses
differentiable topology, is just one of many. We will get to our desired conclusion
by studying manifolds, tangent spaces and smooth maps.

2. Preliminaries

In order to give a scrupulous proof of the Brouwer fixed point theorem we begin
by giving some basic topological definitions of manifold and tangent space and by
introducing specific types of maps that will be necessary in our proof.

Definition 2.1. A map f : X → Y is called smooth if all of the partial derivatives
∂nf/(∂xi1...∂xin) exist and are continuous; in other words f is smooth if it is
differentiable infinitely many times.

Definition 2.2. A map f : X → Y is called a diffeomorphism if f is a homeomor-
phism (a continuous map between two sets that has a continuous inverse function)
that carries X onto Y and if both f and f−1 are smooth.

Now we introduce a critically important topological entity, the smooth manifold.

Definition 2.3. M ⊂ Rk is called a smooth manifold of dimension n if each point
x ∈ M has a neighbourhood W ∩M that is diffeomorphic to an open subset U of
the Euclidean space Rn.

1



2 DANIELE CARATELLI

Example 2.4. Consider the surface of the Earth. We want to show that the surface
of the Earth (approximated by a sphere) is a smooth manifold and we do so by
exhibiting particular coordinate charts. Let us consider the functions

1)g1 : (x, y)→ (x, y,
√
r2 − x2 − y2)

2)g2 : (x, y)→ (x, y,−
√
r2 − x2 − y2)

3)g3 : (x, y)→ (
√
r2 − x2 − y2, y, x)

4)g4 : (x, y)→ (−
√
r2 − x2 − y2, y, x)

5)g5 : (x, y)→ (x,
√
r2 − x2 − y2, y)

6)g6 : (x, y)→ (x,−
√
r2 − x2 − y2, y)

These six mappings with the domain D(0, r) completely cover our sphere. Thus for
any point on the sphere we have found a diffeomorphism between a neighbourhood
around that point and, in our case, the domain D2; it follows that by definition S2

is a manifold.

Next we define the concepts of tangent space and derivative of mappings between
manifolds. First to get a general idea, to every x ∈ M (manifold) we associate a
linear subspace TMx ⊂ Rk of dimension m called the tangent space of manifold
M at x. TMx is a vector space that contains all possible directions that a vector
tangent to x can have. Because TMx is a vector space it necessarily contains the
origin.

We start by considering the map f between two open sets M ⊂ Rk and N ⊂ Rl

(these are also smooth manifolds being open sets).

Definition 2.5. The tangent space of M ⊂ Rk (open set) at any point is defined
as the entire Euclidean space in which it lies (in our case Rk).

Definition 2.6. Given a map f between two open sets M ⊂ Rk and N ⊂ Rl the
derivative of f is the linear map dfx : Rk → Rl defined as

(2.7) dfx(h) = lim
t→0

f(x+ th)− f(x)

t

The derivative dfx has three fundamental properties which we will list but not
prove:

(1) Chain Rule: If f : U → V and g : V →W are smooth maps with f(x) = y
then d(g ◦ f)x = dgy ◦ dfx

(2) If M ⊂ N are open sets in Rk and i : M → N is the inclusion map then
for every x ∈M such that f(x) = y, dix : TMx → TNx is the identity map
between Rk and itself.

(3) If L : Rk → Rl is a linear map then dLx = L.

Now we derive the generic definition of tangent space from the definitions given
above. Consider a smooth manifold M ⊂ Rk and choose a diffeomorphism g : U →
M ⊂ Rk for a neighbourhood g(U) of x ∈ M (where g(u) = x for u ∈ U). We can
always pick U to be an open subset of Rn. The function g can now be thought of
as a map from U to Rk (being M in Rk). Following Definition 2.6 the derivative
dgu is defined as a linear map from Rn to Rk. Finally we define the tangent space
to M at x TMx as the image of dgu(Rk).
We arrive now at defining the derivative. Consider two smooth manifolds M ⊂ Rk

and N ⊂ Rl and a smooth map f : M → N such that f(x) = y for x ∈ M and
y ∈ N . The derivative dfx : TMx → TNy is defined as follows. Because f is smooth
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we can always find an open set W that contains x and a smooth map F : W → Rl

that coincides with f on W ∩M . Let us define dfx(v) to be equal to dFx(v) for
every vector v ∈ TMx (dFx is of course defined following Definition 2.6).
Now we must show that dFx(v) ∈ TNy and that dfx do not depend on our choice
of F . To do so we choose two distinct parametrizations g : U →M and h : V → N
where g(U) ⊂W (restricting U if needed) is a neighbourhood of x and where h(V )
is a neighbourhood of y. Furthermore f is such that it maps g(U) into h(V ). This
brings us to:

U
g //

h−1◦f◦g
��

W

F

��
V

h−1

// N

from which follows the following:

Rk
dgu //

d(h−1◦f◦g)u
��

TMx

dFx

��
Rl

(dh)−1
v

// TNy

where u = g−1(x) and v = h−1(y)
As we stated earlier it is clear that dFx carries TMx = Image(dgu) into TNy =
Image(dhv). We also notice that no matter what F is, dfx is always the same and
well defined.
Just as before the derivative has the properties listed on page 2.
We then get to the following theorem

Theorem 2.8. If f : M → N is a diffeomorphism then dfx : TMx → TNy is an
isomorphism of vector spaces. In particular dimM = dimN .

Proof. For the proof see Milnor’s Topology from the Differential Viewpoint.
�

3. Brouwer fixed point theorem

In order to reach our goal and to prove Brouwer’s fixed point theorem we must
first understand the notion of regular points and regular values which will enable
us to prove lemmas necessary for our ultimate goal.

Definition 3.1. Let M and N be two smooth manifolds and f : M → N a smooth
map. The point x ∈M is called critical point of f if dfx has rank less than n where
dimN = n.

If a point belonging to a manifold is not critical it is called regular.

Definition 3.2. Given f : M → N as above, y ∈ N is called a regular value of f
if the set f−1(y) contains only regular points.

We will assume the following result (for the proof see Milnor’s Topology from
the differential viewpoint, chapter 2).

Theorem 3.3. If f : U → Rn is a smooth map defined on an open set U ⊂ Rn

and C is the set of all critical points of U then f(C) has Lebesgue measure 0.
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From this comes the following:

Corollary 3.4. The set of regular values of a smooth map f : M → N is everywhere
dense in N .

Now follows a list of interlinked lemmas.

Lemma 3.5. If f : M → N is a smooth mapping between two manifolds of dimen-
sion m and n respectively (where m ≥ n) and if y ∈ N is a regular value, then the
set f−1(y) ⊂M is a smooth manifold with dimension m− n.

Proof. Let x ∈ f−1(y); since y is regular dfx is non-singular and by the inverse
function theorem f maps TMx onto TNy. Applying the rank-nullity theorem to
the tangent spaces it follows that

dim(TMx) = dim(ker(TMx)) + dim(dfx(x))

where dfx(x) is TNy (since f is onto). Since dim(TMx) = dim(M) = m and
dim(TNx) = dim(N) it follows

dim(ker(TMx)) = m− n.
Choose a non-singular linear map L : Rk → Rm−n where Rm−n is the Euclidean
space containing ker(TMx). Furthermore we define

F : M → N × Rm−n

where
N × Rm−n = (a, b)

is such that a ∈ N and b ∈ Rm−n. Thus dFx = (dfx, L). By hypothesis dfx is
non-singular and L is non-singular by our own construction and so it follows that
dFx is also non-singular. This means we can apply the inverse function theorem
which tells us that F maps some neighbourhood U of x onto some neighbourhood
V of (f(x), L(x)). But when F acts on the regular points belonging to f−1(y) we
get F (f−1(y)) = (y,Rm−n). We get that f−1(y) is mapped to

y × Rm−n

and in particular F maps f−1(y) ∩ U diffeomorphically to

y × Rm−n ∩ V
(we can say diffeomorphically because we showed above that F maps U to V dif-
feomorphically). This means, by definition of smooth manifold, that f−1(y) is a
smooth manifold and as we showed at the beginning of this lemma it has dimension
m− n. �

Example 3.6. Consider the simple case f : R2 → R with f(x) = x21 + x22 (where
(x1, x2) is an element in R2). Then f(x) = 1 is a regular value but now f−1(1) is
merely the set of all x1 and x2 such that x21 + x22 = 1 thus f−1(1) is a circle which
is a manifold of dimension 1 which agrees perfectly with the previous lemma.

Now before getting to the next lemma we give a definition:

Definition 3.7. Given M ′ of dimension m′ a submanifold of M of dimension m,
the orthogonal complement of TM ′x in TMx, called the space of normal vectors to
M ′ in M at x, is a vector space of dimension m−m′ that coincides with the set of
all vectors vx in TMx such that vx � v′x = 0 for all vx ∈ TM ′x.
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We get now to the second building block of our proof in which we will also
introduce a way to compute the derivative of a mapping between manifolds.

Lemma 3.8. Let M ′ = f−1(y) for a regular value y of f : M → N . The ker(TMx)
with respect to the map dfx : TMx → TNy is equal to the tangent space TM ′x ⊂ TMx

of the submanifold M ′. Hence dfx maps TM ′
⊥
x isomorphically onto TNy.

Proof. Lets begin with a straightforward computation of dfx where x ∈ f−1(y).
Take a tangent vector v ∈ TMx and a curve γ sitting on M such that γ(0) = x and
γ′(0) = v. Now we compute the derivative

d

dt
|t=0f(γ(t))

but from our hypothesis and construction it follows that

d

dt
|t=0f(γ(t)) =

d

dt
|t=0y = 0

since y is a fixed constant by assumption. So ker(dfx) is the set of vectors v ∈
T [f−1(y)]x which is equal to TM ′x. We have reached that for all v ∈ TM ′x

dfx = 0

and this means that TM ′x ⊂ ker(dfx). Now from the rank-nullity theorem of linear
algebra we know that

dim(M)− dim(Image)(M) = dim(M)− dim(N) = m− n.

However from Lemma 2.15 it follows that

dim(TM ′x) = dimf−1(y) = m− n.

Thus we have

TM ′x ⊂ ker(dfx)

with dim(TM ′x) = ker(dfx) which implies that TM ′x = ker(dfx). But now the
dimension of the orthogonal complement of TM ′x is m− (m− n) = n which means
that it is mapped via dfx to TNx. �

We now introduce a more particular type of manifold, the manifold with bound-
ary.

We will start by considering what we can think of as the ”base case” of manifolds
with boundary and that is Hm. Hm is a submanifold of Rm called the half space
of Rm. The proper definition of Hm is the set (x1, ....xm) ∈ Rm such that xm ≥ 0.
Furthermore we define the boundary ∂Hm to be the set (x1, ....xm) ∈ Rm such that
xm = 0.
From this we can formulate a couple of observations:

(1) the boundary manifold is contained in the corresponding manifold with
boundary

(2) the dimension of the boundary manifold of a manifold with boundary is 1
less than the dimension of the manifold with boundary itself

Here follows the definition of a smooth manifold with boundary:
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Definition 3.9. X ⊂ Rk is a smooth manifold with boundary of dimension m if
each x ∈ X has a neighbourhood U ∩ X that is diffeomorphic to an open subset
V ∩Hm of Hm. The boundary ∂X of X is the set of all points in X which correspond
to points of ∂Hm under such a diffeomorphism.

A first trivial example is H itself; consider R2 where (x, y) are elements of R2,
then the set (x, y) with y ≥ 0 is a manifold with boundary where the boundary is
the line y = 0.

Example 3.10. A less trivial example is X = set of all elements (x, y) ∈ S2 such
that y ≥ 0 which put plainly is the upper half of a sphere. The boundary of X
would be the circumference at the equator.

We arrive now at the third lemma:

Lemma 3.11. Let M be a manifold without boundary and let g : M → R have 0
as a regular value. The set of x ∈ M with g(x) ≥ 0 is a smooth manifold, with
boundary equal to g−1(0).

Proof. Lemma 2.15 tells us that g−1(0) is a smooth manifold of dimension m −
1 (considering dim(M) = m). In particular g−1(0) is a good candidate for our
boundary manifold since g itself maps g−1(0) to 0 which belongs to ∂H. Now call
M ′ the set x ∈M such that g(x) ≥ 0 then g maps M ′ to H which implies, following
from the definition of manifold with boundary, that M ′ is a manifold with boundary
and that its boundary ∂M ′ is g−1(0). So in conclusion x ∈ M with g(x) ≥ 0 is a
smooth manifold with boundary equal to g−1(0). �

A good example of a manifold with boundary that could be constructed using
Lemma 3.11 is Example 3.10 above.

Lemma 3.12. Let f : X → N be a smooth map from X, an m-dimensional
manifold with boundary, to a manifold N with dimension n and suppose m > n. If
y ∈ N is a regular value for both f and f |∂X then f−1(y) ⊂ X is a manifold with
boundary of dimension m− n and in particular the boundary ∂(f−1(y)) is equal to
the intersection f−1(y) ∩ (∂X).

Proof. Since we are only considering a point on N and a small subset of X, it does
not matter what manifolds we take into consideration so we may as well take X to
be Hm and N to be Rn. Let x∗ ∈ Hm such that x∗ ∈ f−1(y). Now we have two
possibilities:
- if x∗ is not in the boundary of Hm (thus it is in its interior) it follows from Lemma
3.5 that f−1(y) is a smooth manifold. Since y is also a regular value for f |∂Hm ,
the set of all xi ∈ f−1(y) ∩ ∂Hm is also a smooth manifold by Lemma 3.5. Now
the identity function will map all points xi ∈ f−1(y)∩ ∂Hm to ∂Hm and all points
x∗ ∈ Hm to Hm and thus we have ourselves a smooth manifold with boundary
f−1(y) where the boundary is f−1(y) ∩ ∂Hm.
- if x∗ is part of the boundary Hm we consider a neighbourhood U about x∗
(U ⊂ Rm is partly on the manifold and partly not). We define a smooth map
g : U → Rn which coincides with f on U ∩Hm. We restrict U such that g contains
no critical points. Lemma 3.5 tells us that g−1(y) is a smooth manifold of dimension
m−n. Now we must show it has a boundary and to do so we construct the function
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π : g−1(y) → R such that for x = (x1, ...xm) ∈ g−1(y), π(x) = xm. Our goal is to
show that 0 is a regular value for π. By Lemma 3.11 if 0 is a regular value of π then
the set of x ≥ 0 ∈ π−1(0) is a smooth manifold with boundary. We consider the
tangent vectors passing through 0. Our intent is to prove that for every x ∈ π−1(0)
the tangent space at that point has a non-zero xm component and thus 0 is indeed a
regular value. This last assertion follows from the fact that when the tangent space
has a zero component we have a tangent vector parallel to the set xm = 0 which
implies that the function is not invertible and thus the derivative is non-singular.
Say this were not true, and assume 0 is not a regular value for π then there exists
an x in g−1(y) such that Tg−1x (y) is parallel to the set of x such that xm = 0 and
thus Tg−1x (y) ⊂ R(m−1). We express dgx=0 as

∂g

∂x11
...

∂g

∂x1m
... ... ...

... ...
∂g

∂xmm


where the left part of the matrix is the same as the matrix corresponding to dfxm=0

since g and f coincide where they are positive and the far right column is distinct
for g since it represents where g is negative and thus different from f .
From simple matrix multiplication we get:

v1,i
...

vm−1,i
0

 [dgx=0] =


v1,i
...

vm−1,i
0




∂g

∂x11
...

∂g

∂x1m
... ... ...

... ...
∂g

∂xmm

 =

 v1,i
...

vm−1,i

 [dfxm=0]

Using the rank-nullity theorem we can state that dim(ker(dgx=0)) = m− n which
means that there exist m − n linearly independent vectors v1, ...vm−n in Tg−1x (y)
such that [dgx=0]vj = 0. The m − n linearly independent m − 1 column vectors
however belong also to the kernel of df |xm=0 since, following what we earlier stated,

vi[df |xm=0] = vj [dgx=0] = 0

where vi is equal to vj with the last row removed. This means that

dim(ker(dfxm=0)) ≥ m− n
but by Lemma 3.5

dim(ker(f |xm=0)) = m− 1− n
since f |xm=0 goes from Rm−1 to N . This is a clear contradiction and thus it follows
that our initial assumption is not correct and 0 is a regular value for π. So now
we can apply Lemma 3.11 to the function π. The set of x ∈ g−1(y) such that
π(x) ≥ 0 is a smooth manifold with boundary π−1(0), but the said set is nothing
but f−1(y). �

We arrive now at the last part of our proof but one more building block is
necessary to arrive at our desired conclusion and before getting to that we must
cite a theorem which we will not prove.
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Theorem 3.13. Any smooth, connected 1-dimensional manifold is diffeomorphic
either to the circle S1 or to some interval of real numbers.

Proof. See Milnor’s Topology from the Differentiable Viewpoint (Appendix). �

Lemma 3.14. There does not exist a smooth map f : X → ∂X such that for all
xi ∈ ∂X f(xi) = xi.

Proof. Assume the contrary and say there exists a smooth map f : X → ∂X such
that for all xi ∈ ∂X f(xi) = xi. Say xj ∈ ∂X is a regular value for f . Since
f |∂X is the identity map, xj is both a regular value for f and for f |∂X . We can
apply Lemma 3.12 to f and say that f−1(xj) is a smooth manifold of dimension
dimX − dim∂X = 1 and it has a boundary equal to f−1(xj) ∩ ∂X = f−1(xj)
which corresponds to one point because f acting on ∂X is the identity map which is
invertible and one to one. So we have that f−1 is a compact smooth one-dimensional
manifold with only one element. Using Theorem 3.13, we deduce that f−1(xj) is
a finite disjoint union of circles and segments which means that ∂f−1(xj) consists
of an even number of elements since circles have no boundary and each segment
has two boundary points; this contradicts f−1(xj) having only one element. In
conclusion there does not exist a smooth map f : X → ∂X such that for all
xi ∈ ∂X f(xi) = xi. �

Finally one simple step brings us to our desired conclusion.

Theorem 3.15. Brouwer Fixed Point Theorem Any smooth map g : Dn → Dn

has a fixed point, in other words there exists x ∈ Dn such that g(x) = x.

Proof. Let us suppose the contrary and that in fact there does not exist a fixed
point. Define f : Dn → Sn−1 such that f(x) is the point at which the ray starting
at g(x) and going through x intersects Sn−1. Now f(x) is a simple parametrization
and thus we have found a diffeomorphism with f(x) = x for x ∈ Sn−1. However
Lemma 3.14 tells us that there does not exist a smooth map h : X → ∂X such
that for all xi ∈ ∂X h(xi) = xi and in our case we have Dn a compact manifold
and its boundary ∂Dn that coincides with Sn−1, so the lemma applies perfectly to
our case. But for every xi ∈ Sn−1 f(xi) = xi which contradicts Lemma 3.14 and
thus our initial assumption is false and indeed there exists a fixed point such that
g(x) = x for every g : Dn → Dn. �
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