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Topologia Algebraica de Espacios Topolégicos Finitos y Aplicaciones

Resumen

El objetivo principal de esta Tesis es estudiar y profundizar el desarrollo de la teoria de
espacios topoldgicos finitos e investigar sus aplicaciones a la teoria de homotopia y homo-
topia simple de poliedros y espacios topolégicos més generales. Utilizamos en particular
varios de los resultados obtenidos para analizar dos conjeturas abiertas muy importantes de
topologia algebraica y geométrica: La conjetura de Quillen sobre el poset de p-subgrupos
de un grupo finito y la conjetura geométrica de Andrews-Curtis.

Los tipos homotopicos de espacios finitos pueden ser descriptos a través de movimientos
elementales que consisten en agregar o quitar un tipo especial de puntos a los espacios,
llamados beat points. Por otro lado, es més importante comprender los tipos homotdpicos
débiles de espacios finitos, ya que estos se corresponden con los tipos homotoépicos de
los poliedros asociados. Un acercamiento a la resoluciéon de este problema viene dado
por los puntos que denominamos weak points. Estos puntos dan lugar a una nocién de
colapso entre espacios finitos que se corresponde exactamente con el concepto de colapso
simplicial de los complejos asociados. De este modo obtenemos una correspondencia entre
los tipos homotépicos simples de espacios finitos y los de complejos simpliciales finitos.
Este resultado fundamental nos permite estudiar problemas geométricos conocidos desde
una nueva 6ptica, utilizando toda la maquinaria combinatoria y topolégica propia de los
espacios finitos.

La conjetura de Quillen sobre el poset de p-subgrupos investiga la relacién entre las
propiedades algebraicas de un grupo finito y las propiedades topoldgicas de un poliedro
asociado al grupo. Por medio de nuestros resultados, veremos que esta conjetura puede ser
reformulada y analizada en términos puramente topoldgicos, utilizando homotopia simple
equivariante.

La conjetura de Andrews-Curtis es una de las conjeturas mas importantes de topologia
geométrica y estd muy relacionada con la conjetura de Zeeman, y, por lo tanto, con la
conjetura de Poincaré. Como consecuencia de la demostracién de Perelman de la conjetura
de Poincaré, se deduce que esta conjetura es verdadera para ciertos complejos, llamados
standard spines, pero el problema todavia permanece abierto para los poliedros de di-
mension 2 en general. Utilizando los resultados desarrollados en esta Tesis extenderemos
sustancialmente la clase de complejos para los cuales la conjetura se sabe cierta.

Palabras clave: Espacios toplégicos finitos, complejos simpliciales, tipos homotdpicos,
equivalencias débiles, homotopia simple, colapsos.






Algebraic Topology of Finite Topological Spaces and Applications

Abstract

The main goal of this Thesis is to study and to delve deeper into the development of
the theory of finite spaces and to investigate their applications to the homotopy theory
and simple homotopy theory of polyhedra and general topological spaces. We use, in
particular, some of the results that we obtain, to analize two important open conjectures
of algebraic and geometric topology: Quillen’s conjecture on the poset of p-subgroups of
a group and the geometric Andrews-Curtis conjecture.

Homotopy types of finite spaces can be described through elemental moves which con-
sist in adding or removing a particular kind of points from the spaces, called beat points.
On the other hand, it is more important to understand the weak homotopy types of finite
spaces, since they correspond to the homotopy types of the associated polyhedra. One
step in this direction is given by the points that we called weak points. These points lead to
a notion of collapse of finite spaces which corresponds exactly to the concept of simplicial
collapse of the associated simplicial complexes. In this way we obtain a correspondence
between simple homotopy types of finite spaces and of simplicial complexes. This fun-
damental result allows us to study well-known geometrical problems from a new point of
view, using all the combinatorial and topological machinery proper of finite spaces.

Quillen’s conjecture on the poset of p-subgroups of a group investigates the relationship
between algebraic properties of a finite group and topological properties of a polyhedron
associated to the group. As an application of our results, we will see that this conjec-
ture can be restated and analized in purely topological terms, using equivariant simple
homotopy theory.

The Andrews-Curtis conjecture is one of the most important conjectures in geometric
topology and it is closely related to Zeeman’s conjecture, and, therefore, to Poincaré
conjecture. As a consequence of Perelman’s proof of Poincaré conjecture, one deduces
that this conjecture is true for some complexes called standard spines, but the problem is
still open for general polyhedra of dimension 2. With the results developed in this Thesis
we substantially extend the class of complexes for which the conjecture is known to be
true.

Key words: Finite topological spaces, simplicial complexes, homotopy types, weak
homotopy equivalences, simple homotopy, collapses.






Introduction

Topology allows to handle structures more flexible than metric spaces, however, most of
the spaces studied in Algebraic Topology, such as CW-complexes or manifolds, are Haus-
dorff spaces. In contrast, finite topological spaces are rarely Hausdorff: a topological
space with finitely many points, each of which is closed, must be discrete. Mathemati-
cally speaking, finite spaces are in many senses more natural than CW-complexes. Their
combinatorics and their apparent simplicity, make them attractive and tractable, as much
as finite partially ordered sets are, but it is the conjuction between their combinatorial
and topological structures what makes them so fascinating and useful. At first glance,
one could think that such spaces with a finite number of points and non Hausdorff are
uninteresting, but we will see that the theory of finite spaces can be used to investigate
deep known problems in Topology, Algebra and Geometry.

In 1937, P.S. Alexandroff [1] described the combinatorics of finite spaces, comparing it
with the one of finite partially ordered sets (posets). He proved that finite spaces and finite
posets are essentially the same objects considered from different points of view. However,
it was not until 1966 that strong and deep results on the homotopy theory of finite spaces
appeared, shaped in the two foundational and independent papers [37] and [26]. R. E.
Stong [37] used the combinatorics of finite spaces to explain their homotopy types. This
astounding article would have probably gone unnoticed if in the same year, M.C. McCord
had not discovered the relationship between finite spaces and compact polyhedra. Given a
finite topological space X, there exists an associated simplicial complex K(X) (the order
complex) which has the same weak homotopy type as X, and, for each finite simplicial
complex K, there is a finite space X(K) (the face poset) weak homotopy equivalent to
K. Therefore, in contrast to what one could have expected at first sight, weak homotopy
types of finite spaces coincide with homotopy types of finite CW-complexes. In this way,
Stong and McCord put finite spaces in the game, showing implicitely that the composite
between their combinatorics and topology can be used to study homotopy invariants of
well-known Hausdorff spaces.

Despite the importance of those papers, finite spaces remained in the shadows for
many years more. During that time, the relationship between finite posets and finite
simplicial complexes was exploited, but in most cases ignoring or unknowing the intrinsic
topology of the posets. A clear example of this is the case of D. Quillen [33], who, in 1978
investigates the connection between algebraic properties of a finite group G and homotopy
properties of the simplicial complex associated to the poset of p-subgroups of G. In that
article, Quillen develops powerful tools and proves very nice results about this subject,
and he leaves a very interesting conjecture which remains open until these days. However,



it seems that he was unaware of Stong’s and McCord’s results on finite spaces. We will
see that the finite space point of view adds a completely new dimension to his conjecture
and allows to attack the problem with new topological and combinatorial tools. We will
show that Whitehead’s Theorem does not hold for finite spaces: there are weak homotopy
equivalent finite spaces with different homotopy types. This distinction between weak
homotopy types and homotopy types is lost when we look into the associated polyhedra
(because of Whitehead’s Theorem) and, in fact, the essence of Quillen’s conjecture lies
precisely in the distinction between weak homotopy types and homotopy types of finite
spaces.

In the last decades, a few interesting papers on finite spaces appeared [20, 31, 38|, but
the subject certainly did not receive the attention it required. In 2003, Peter May writes
a series of unpublished notes [24, 23, 22] in which he synthesizes the most important ideas
on finite spaces until that time. In these articles, May also formulates some natural and
interesting questions and conjectures which arise from his own research. May was one of
the first to note that Stong’s combinatorial point of view and the bridge constructed by
McCord could be used together to attack algebraic topology problems using finite spaces.
Those notes came to the hands of my advisor Gabriel Minian, who proposed me to work
on this subject. May’s notes and problems, jointly with Stong’s and McCord’s papers
were the starting point of our research on the Algebraic Topology of Finite Topological
Spaces and Applications. In this Dissertation I will try to set the basis of the theory of
finite spaces, recalling the development previous to ours and then I will exhibit the most
important results of our work along these years.

Almost all the results presented in this Thesis are new and original. Some of them
appear in our publications [6, 8, 7, 5]. The previous results on finite spaces appear in
Chapter 1 and in the introduction of some Sections. The Chapter 5 (on strong homotopy
types of polyhedra), Chapter 8 (on equivariant simple homotopy types and Quillen’s con-
jecture) and Chapter 9 (on the Andrews-Curtis conjecture), which contain some of the
strongest results of this Dissertation, are still unpublished and subjects of future papers.

Given a finite space X, there exists a homotopy equivalent finite space Xg which is 7.
That means that for any two points of Xy there exists an open set which contains only
one of them. Therefore, when studying homotopy types of finite spaces, we can restrict
our attention to Tp-spaces.

In [37], Stong defines the notion of linear and colinear points, which we call up beat
and down beat points following May’s terminology. Stong proves that removing a beat
point from a finite space does not affect its homotopy type. Moreover, two finite spaces
are homotopy equivalent if and only if it is possible to obtain one from the other just by
adding or removing beat points. On the other hand, McCord results suggest that weak
homotopy types of finite spaces are more important to be understood than homotopy
types. In this direction, we generalized Stong’s definition of beat points introducing the
notion of weak point (see Definition 4.2.2). If one removes a weak point x from a finite
space X, the resulting space need not be homotopy equivalent to X, however we prove that
in this case the inclusion X \ {z} — X is a weak homotopy equivalence. As an application
of this result, we exhibit an example (4.2.1) of a finite space which is homotopically trivial,
i.e., weak homotopy equivalent to a point, but which is not contractible. This shows that
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Whitehead’s Theorem does not hold for finite spaces, not even for homotopically trivial
spaces.

T. Osaki proves in [31] that if = is a beat point of a finite space X, there is a sim-
plicial collapse from the associated complex K(X) to (X \ {z}) . In particular, if two
finite spaces are homotopy equivalent, their associated complexes have the same simple
homotopy type. However, we noticed that the converse is not true. There are easy exam-
ples of non-homotopy equivalent finite spaces with simple homotopy equivalent associated
complexes. Removing beat points constitute a fundamental move of finite spaces, which
gives rise to homotopy types. Whitehead’s notion of simplicial collapse is the fundamen-
tal move of complexes which leads to simple homotopy types. We asked whether there
existed another kind of fundamental move of finite spaces, which corresponded exactly to
the simple homotopy types of complexes. We found out that weak points were the key to
answer this question. We say that there is a collapse from a finite space X to a subspace
Y if we can obtain Y from X by removing weak points, and we say that two finite spaces
have the same simple homotopy type if we can obtain one from the other by adding and
removing weak points. In the first case we denote X \, Y and in the second, X 7\ Y.
The following result, which appears in Chapter 4, says that simple homotopy types of
finite spaces correspond precisely to simple homotopy types of the associated complexes.

Theorem 4.2.12.

(a) Let X and Y be finite Ty-spaces. Then, X and Y are simple homotopy equivalent
if and only if K(X) and K(Y) have the same simple homotopy type. Moreover, if
X N Y then K(X) N\, K(Y).

(b) Let K and L be finite simplicial complexes. Then, K and L are simple homotopy
equivalent if and only if X(K) and X (L) are simple homotopy equivalent. Moreover,
if K\, L then X(K)\, X(L).

This result allows one to use finite spaces to study problems of classical simple homo-
topy theory. Indeed, we will use some stronger version of Theorem 4.2.12 to investigate
Quillen’s conjecture on the poset of p-subgroups of a finite group, mentioned above.

It is relatively easy to know whether two finite spaces are homotopy equivalent using
Stong’s ideas, however it is very difficult to distinguish whether two finite spaces have
the same weak homotopy type. Note that this is as hard as recognize if the associated
polyhedra have the same homotopy type. Our results on simple homotopy types give a
first approach in this direction. If two finite spaces have trivial Whitehead group, then
they are weak homotopy equivalent if and only if they are simple homotopy equivalent.
In particular, a finite space X is homotopically trivial if and only if it is possible to add
and remove weak points from X to obtain the singleton *. The importance of recognizing
homotopically trivial spaces will be evident when we study the conjecture of Quillen. Note
that the fundamental move of finite spaces induced by weak points is easier to handle and
describe than the simplicial one because it consists in removing just one single point of
the space.

In the Third Section of Chapter 4 we study an analogue of Theorem 4.2.12 for simple
homotopy equivalences. We give a description of the maps between finite spaces which
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correspond to simple homotopy equivalences at the level of complexes. The main result of
this Section is Theorem 4.3.12. In contrast to the classical situation where simple homo-
topy equivalences are particular cases of homotopy equivalences, homotopy equivalences
between finite spaces are a special kind of simple homotopy equivalences.

As an interesting application of our methods on simple homotopy types, we will prove
the following simple homotopy version of Quillen’s famous Theorem A.

Theorem 4.3.14. Let o : K — L be a simplicial map between finite simplicial complezes.
If o=Y() is collapsible for every simplex o of L, then |¢| is a simple homotopy equivalence.

The fundamental moves described by beat or weak points are what we call methods
of reduction. A reduction method is a technique that allows to change a finite space to
obtain a smaller one, preserving some homotopy properties, such as homotopy type, simple
homotopy type, weak homotopy type or the homology groups. In [31], Osaki introduce
two methods of this kind which preserve the weak homotopy type, and he asks whether
these moves are effective in the following sense: given a finite space X, is it always possible
to obtain a space of minimum cardinality weak homotopy equivalent to X by applying
repeatedly these methods? In Chapter 6 we give an example to show that the answer
to this question is negative. In fact, it is a very difficult problem to find minimal finite
models of spaces (i.e. a space weak homotopy equivalent with minimum cardinality) since
this question is directly related to the problem of distinguish weak homotopy equivalent
spaces.

In Chapter 6 we study Osaki’s methods of reduction and we prove that in fact they
preserve the simple homotopy type. In this Chapter we also study one-point reduction
methods which consist in removing just one point of the space. For instance, beat points
and weak points lead to one-point methods of reduction. In the second Section of that
Chapter, we define the notion of ~-point which generalizes the concept of weak point
and provides a more appliable method which preserves the weak homotopy type. The
impotance of this new method is that it is almost the most general possible one-point
reduction method. More specifically, we prove the following result

Theorem 6.2.5. Let X be a finite Ty-space, and x € X a point which is neither maximal
nor minimal and such that X \ {z} — X is a weak homotopy equivalence. Then x is a
y-point.

In some sense, one-point methods are not sufficient to describe weak homotopy types
of finite spaces. Concretely, if € X is such that the inclusion X \ {z} — X is a weak
homotopy equivalence, then X ~{z},\, X (see Theorem 6.2.7). Therefore, these methods
cannot be used to obtain weak homotopy equivalent spaces which are not simple homotopy
equivalent.

McCord finds in [26] a finite model of the n-sphere S™ (i.e. a finite space weak homotopy
equivalent to S™) with only 2n+2 points. May conjectures in his notes that this space is, in
our language, a minimal finite model of S™. In Chapter 3 we prove that May’s conjecture
is true. Moreover, the minimal finite model of S™ is unique up to homeomorphism (see
Theorem 3.1.2). In this Chapter we also study minimal finite models of finite graphs
(CW-complexes of dimension 1) and give a full description of them in Theorem 3.2.7. In
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this case the uniqueness of the minimal finite models depends on the graph. The reason
to study finite models of spaces instead of finite spaces with the same homotopy type is
that homotopy types of finite complexes rarely occur in the setting of finite spaces (see
Corollary 2.3.4).

In Chapter 5 we study the relationship between homotopy equivalent finite spaces and
the associated complexes. The concept of contiguity classes of simplicial maps leads to
the notion of strong homotopy equivalence (Definition 5.0.4) and strong homotopy types of
simplicial complexes. This equivalence relation is generated by strong collapses which are
more restrictive than the usual simplicial collapses. We proved the following result.

Theorem 5.0.15.

(a) If two finite Ty-spaces are homotopy equivalent, their associated complexes have the
same strong homotopy type.

(b) If two finite complexes have the same strong homotopy type, the associated finite
spaces are homotopy equivalent.

Another of the problems originally stated by May in [23] consists on extending Mc-
Cord’s ideas in order to model, with finite spaces, not only simplicial complexes, but gen-
eral CW-complexes. We give an approach to this question in Chapter 7, where the notion
of h-regular CW-complex is defined. It was already known that regular CW-complexes
could be modeled by their face posets. The class of h-regular complexes extends consider-
ably the class of regular complexes and we explicitly construct for each h-regular complex
K, a weak homotopy equivalence K — X (K). Our results on h-regular complexes allow
the construction of a lot of new and interesting examples of finite models. We also apply
these results to investigate quotients of finite spaces and derive a long exact sequence of
reduced homology for finite spaces.

Given a finite group G and a prime integer p, we denote by S,(G) the poset of nontriv-
ial p-subgroups of G. In [33], Quillen proves that if G has a nontrivial normal p-subgroup,
then KC(S,(G)) is contractible and he conjectures the converse: if the complex KC(S,(G))
is contractible, G’ has a nontrivial p-subgroup. Quillen himself proves his conjecture for
the case of solvable groups, but the general problem still remains open. Some important
advances were achived in [3]. As we said above, Quillen never regards S,(G) as a topo-
logical space. In 1984, Stong [38] publishes a second article on finite spaces. He proves
some results on the equivariant homotopy theory of finite spaces, which he uses to attack
Quillen’s conjecture. He shows that G has a nontrivial normal p-subgroup if and only if
Sp(G) is a contractible finite space. Therefore, the conjecture can be restated in terms of
finite spaces as follows: S,(G) is contractible if and only if it is homotopically trivial. In
Chapter 8 we study an equivariant version of simple homotopy types of simplicial com-
plexes and finite spaces and we prove an analogue of Theorem 4.2.12 in this case. Using
this result we obtain some new formulations of the conjecture, but which are exclusively
written in terms of simplicial complexes. Finite spaces are used in this case as a tool to
obtain the result, but they do not appear in the final formulation which is the following:




IC(Sp(G)) is contractible if and only if it has trivial equivariant simple homotopy type. We
also obtain formulations of the conjecture in terms of the polyhedron associated to the
much smaller poset A,(G) of the elementary abelian p-subgroups.

In the last Chapter of the Thesis we prove some advances concerning the Andrews-
Curtis conjecture. The geometric Andrews-Curtis conjecture states that if K is a con-
tractible complex of dimension 2, then it 3-deforms to a point, i.e. it can be deformed
into a point by a sequence of collapses and expansions which involve complexes of di-
mension not greater than 3. This very known problem stated in the sixties, is closely
related to Zeeman’s conjecture and hence, to the famous Poincaré conjecture. With the
proof of the Poincaré conjecture by G. Perelman, and by [17], we know now that the
geometric Andrews-Curtis conjecture is true for standard spines ([34]), but it still remains
open for general 2-complexes. Inspired by our results on simple homotopy theory of finite
spaces and simplicial complexes, we define the notion of quasi constructible 2-complezes
which generalizes the concept of constructible complexes. Using techniques of finite spaces
we prove that contractible constructible complexes 3-deform to a point. In this way we
substantially enlarge the class of complexes which are known to satisfy the conjecture.

Other results of this Dissertation include a description of the fundamental group of
a finite space, an alternative proof of the homotopy invariance of Euler Characteristic, a
result on the realizability of a group as automorphism group of a poset and some results
on fixed point theory of finite spaces and the Lefschetz number.

I hope that after this work it will be clear that the combinatorics of finite spaces along
with their topology make of these objects a very powerful and suitable tool which can
be used to study well-known problems of algebra, algebraic topology, combinatorics and
discrete geometry, giving more information than simplicial complexes.
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Chapter 1

Preliminaries

In this First Chapter, we will recall the most important results on finite spaces which
are previous to our work. They originally appeared in [1, 37, 26]. We will describe the
correspondence between finite spaces and finite posets and its relationship with basic
topological properties: continuous maps, connectedness, homotopies. Then, we will study
the homotopy types of finite spaces from Stong’s angle and compare weak homotopy types
of finite spaces with homotopy types of compact polyhedra using McCord’s results.

Homotopy types of finite spaces are conclusively characterized by Stong and homotopy
equivalences are well understood as well. However, it is much more difficult to characterize
weak homotopy equivalences between finite spaces. One of the most important tools to
identify weak homotopy equivalences is the Theorem of McCord 1.4.2. However, we will
see in following Chapters that in some sense this result is not sufficient to describe all weak
equivalences. The problem of distinguishing weak homotopy equivalences between finite
spaces is directly related to the problem of recognizing homotopy equivalences between
polyhedra.

1.1 Finite spaces and posets

A finite topological space is a topological space with finitely many points and a finite
preordered set is a finite set with a transitive and refexive relation. We will see that
finite spaces and finite preordered sets are basically the same objects seen from different
perspectives. Given a finite topological space X, we define for every point z € X the
minimal open set U, as the intersection of all the open sets which contain xz. These sets
are again open. In fact arbitrary intersections of open sets in finite spaces are open. It is
easy to see that minimal open sets constitute a basis for the topology of X which is called
the minimal basis of X. Define a preorder on X by x <y if x € U,.

Conversely, if X is a finite preordered set, there is a topology on X given by the basis
{y < z},ex. These two applications relating topologies and preorders of a finite set are
mutually inverse. This simple remark made in first place by Alexandroff [1] allows us to
use algebraic topology to study finite spaces as well as combinatorics araising from their
intrinsic preorder structures.

The antisimetry of a finite preorder corresponds exactly to the Ty separation axiom.
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CHAPTER 1. PRELIMINARIES

Recall that a topological space X is said to be Tj if for any two points of X there ex-
ists an open set containing one and only one of them. Therefore finite Ty-spaces are in
correspondence with finite partially ordered sets (posets).

Example 1.1.1. Let X = {a,b,c,d} be a finite space whose open sets are (), {a,b,c,d}
{b,d}, {c}, {d}, {b,c,d} and {c,d}. This space is Ty, and therefore it is a poset. The
first figure (Figure 1.1) is a scheme of X with its open sets represented by the interiors
of the closed curves. A more useful way to represent finite Ty-spaces is with their Hasse
diagrams. The Hasse diagram of a poset X is a digraph whose vertices are the points of
X and whose edges are the ordered pairs (z,y) such that < y and there exists no z € X
such that < z < y. In the graphical representation of a Hasse diagram we will not write
an arrow from z to y, but a segment with y over = (see Figure 1.2).

o

© _\9

Figure 1.1: Open sets of X.

be /a. \ o

d®

Figure 1.2: Hasse diagram of X.

If (z,y) is an edge of the Hasse diagram of a finite poset X, we say that y covers x
and write x < y.

Open sets of finite spaces correspond to down-sets and closed sets to up-sets. A subset
U of a preordered set X is a down-set if for every z € U and y < z, it holds that y € U.
The notion of up-set is defined dually. If X is Tj, the open sets of X are in bijection with
its antichains.

If x is a point of a finite space X, F, = {y € X | y > =} denotes the closure of the set
{x} in X. If a point z belongs to finite spaces X and Y, we write U;X, UY, F:X and FY
so as to distinguish whether the minimal open sets and closures are considered in X or in
Y.

Note that the set of closed subspaces of a finite space X is also a topology on the
underlying set of X. The finite space with this topology is the opposite of X (or dual)

4



1.2. MAPS, HOMOTOPIES AND CONNECTEDNESS

and it is denoted by X°. The order of X is the inverse order of X. If x € X, then
UX" — pX,

The following remark is easy to check.
Remark 1.1.2.

(a) Let A be a subspace of a finite space X and let a,a’ € A. Then a <4 d’ if and only
if a <y a/. Here <4 denotes the preorder corresponding to the subspace topology
of A and <x the corresponding to the topology of X.

(b) Let X and Y be two finite spaces and let (z,y), (z/,y") € X x Y with the product
topology. Then (z,y) < (2/,4') if and only if x < 2’ and y < ¥/.

1.2 Maps, homotopies and connectedness

Proposition 1.2.1. A function f : X — Y between finite spaces is continuous if and only
if it is order preserving.

Proof. Suppose f is continuous and x < 2’ in X. Then f~}(U f(=)) € X is open and since
v’ € Y Upun), © € Uy C fH(Ugy)- Therefore f(z) < f(a').

Now assume that f is order preserving. To prove that f is continuous it suffices to
show that f~1(U,) is open for every set U, of the minimal basis of Y. Let x € f~1(U,)
and let 2’ < x. Then f(2') < f(z) <y and 2’ € f~}(U,). This proves that f~1(U,) is a
down-set. O

If f: X — Y is a function between finite spaces, the map fP : X°? — Y °P is the map
which coincides with f in the underlying sets. It easy to see that f is continuous if and
only if f°P is continuous.

Remark 1.2.2. If X is a finite space, a one-to-one continuous map f : X — X is a

homemorphism. In fact, since f is a permutation of the set X, there exists n € N such
that fn = 1)(.

Lemma 1.2.3. Let x,y be two comparable points of a finite space X. Then, there exists
a path from x to y in X, i.e. a map « from the unit interval I to X such that «(0) = x
and o(1) = y.

Proof. Assume x < y and define v : I — X, a(t) =z if0<t<1l,a(l)=y. fUCX
is open and contains y, then it contains x also. Therefore a~(U) is one of the following
sets, (), I or [0,1), which are all open in I. Thus, « is a continuous path from z to y. O

Let X be a finite preordered set. A fence in X is a sequence zg, x1,...,T, of points
such that any two consecutive are comparable. X is order-connected if for any two points
z,y € X there exists a fence starting in x and ending in y.

Proposition 1.2.4. Let X be a finite space. Then, the following are equivalent:

1. X is a connected topological space.
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2. X 1is an order-connected preorder.
3. X 1s a path-connected topological space.

Proof. If X is order-connected, it is path-connected by Lemma 1.2.3. We only have to
prove that connectedness implies order-connectedness. Suppose X is connected and let
x € X. Let A= {y € X | there is a fence from z to y}. If y € A and z < y, then z € A.
Therefore A is a down-set. Analogously, it is an up-set and then, A = X. O

If X and Y are finite spaces we can consider the finite set YX of continuous maps from
X to Y with the pointwise order: f < g if f(x) < g(z) for every z € X.

Proposition 1.2.5. The pointwise order on Y X corresponds to the compact-open topology.

Proof. Let S(K,W) = {f € YX | f(K) C W} be a set of the subbase of the compact-
open topology, where K is a (compact) subset of X and W an open set of Y. If g < f
and f € S(K,W), then g(x) < f(z) € W for every x € K and therefore, g € S(K,W).
Thus, S(K,W) is a down-set in YX. Conversely if f € YX, {g € YX | g < f} =
(N S({x},Uf(z)). Therefore both topologies coincide. O
zeX

If X and Y are topological spaces, a sufficient condition for the compact-open topology
of YX being exponential is that every point of X has a basis of compact neighborhoods. If
X is a finite space, every subspace of X is compact and this condition is trivialy satisfied.
In particular, if X is a finite space and Y is a topological space not necessarily finite,
there is a natural correspondence between the set of homotopies {H : X x I — Y} and
the set of paths {a : I — Y~}. From now on we consider the map spaces YX with the
compact-open topology, unless we say otherwise.

Corollary 1.2.6. Let f,g : X — Y be two maps between finite spaces. Then f ~ g if
and only if there is a fence f = fo < f1 > fo < ... fn = g. Moreover, if A C X, then
f ~ g rel A if and only if there exists a fence f = fo < f1 > fo < ...fn = g such that
fila = fla for every 0 <i <n.

Proof. There exists a homotopy H : f ~ g rel A if and only if there is a path o : I — YX
from f to g such that a(t)|a = f|a for every 0 < ¢ < 1. This is equivalent to say that
there is a path o : I — M from f to g where M is the subspace of YX of maps which
coincide with f in A. By 1.2.4 this means that there is a fence from f to g in M. The
order of M is the one induced by YX, which is the pointwise order by 1.2.5. O

Remark 1.2.7. Any finite space X with maximum or minimum is contractible since, in
that case, the identity map 1x is comparable with a constant map ¢ and therefore 1x ~ c.

For example, the space of Figure 1.2 has a maximum and therefore it is contractible.
Note that if X and Y are finite spaces and Y is Tp, then YX is Tj since f < g, g < f
implies f(x) = g(x) for every z € X.
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1.3 Homotopy types

In this Section we will recall the beautiful ideas of R. Stong [37] about homotopy types
of finite spaces. Stong introduced the notion of linear and colinear points that later were
called up beat and down beat points by P. May [24]. Removing such kind of points from
a finite space does not affect its homotopy type. Therefore any finite space is homotopy
equivalent to a space without beat points, which is called a minimal finite space. Moreover
two minimal finite spaces are homotopy equivalent only if they are homeomorphic.

The next result essentially shows that, when studying homotopy types of finite spaces,
we can restrict ourselves to Ty-spaces.

Proposition 1.3.1. Let X be a finite space. Let X be the quotient X/ ~ where z ~ y
ifx <y andy < x. Then Xg is Ty and the quotient map q : X — X is a homotopy
equivalence.

Proof. Take any section i : Xg — X, i.e. g¢ = 1x,. The composition iq is order preserving
and therefore ¢ is continuous. Moreover, since iq < 1x, ¢ is a homotopy inverse of q.

Let z,y € Xy such that ¢(z) < q(y), then x <ig(x) <iq(y) < y. If in addition ¢(y) <
q(z), y <z and then ¢(x) = q(y). Therefore the preorder of Xy is antisymmetric. O

Remark 1.3.2. Note that the map 7 : X9 — X of the previous proof is a subspace map
since qi = 1x,. Moreover, since iqg < 1x and the maps ¢q and 1x coincide on Xy, then by
1.2.6, iq >~ 1x rel Xg. Therefore Xy is a strong deformation retract of X.

Definition 1.3.3. A point z of a finite Ty-space X is a down beat point if x covers one
and only one element of X. This is equivalent to say that the set U, = U, ~ {z} has
a maximum. Dually, x € X is an up beat point if x is covered by a unique element or
equivalently if F,=F, ~ {z} has a minimum. In any of this cases we say that x is a beat
point of X.

Its easy to recognize beat points looking into the Hasse diagram of the space. A point
x € X is a down beat point if and only if there is one and just one edge with = at its top.
It is an up beat point if and only if there is one and only one edge with = at the bottom.
In example of Figure 1.2, a is not a beat point: it is not a down beat point because there
are two segments with a at the top and it is not an up beat point either because there is
no segment with a at the bottom. The point b is both a down and an up beat point, and
c is an up beat point but not a down beat point.

If X is a finite Ty-space, and z € X, then z is a down beat point of X if and only if it
is an up beat point of X°P. In particular x is a beat point of X if and only if it is a beat
point of X°P.

Proposition 1.3.4. Let X be a finite Ty-space and let © € X be a beat point. Then
X ~Ax} is a strong deformation retract of X.
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Proof. Assume that z is a down beat point and let y be the maximum of U,. Define the
retraction r : X — X ~ {z} by r(z) = y. Clearly, r is order-preserving. Moreover if
i: X~ {z} — X denotes the canonical inclusion, ir < 1x. By 1.2.6, ir ~ 1x rel X \ {z}.
If x is an up beat point the proof is similar. O

Definition 1.3.5. A finite Ty-space is a minimal finite space if it has no beat points. A
core of a finite space X is a strong deformation retract which is a minimal finite space.

By Remark 1.3.2 and Proposition 1.3.4 we deduce that every finite space has a core.
Given a finite space X, one can find a Ty-strong deformation retract Xo C X and then
remove beat points one by one to obtain a minimal finite space. The amazing thing about
this construction is that in fact the core of a finite space is unique up to homeomor-
phism, moreover: two finite spaces are homotopy equivalent if and only if their cores are
homeomorphic.

Theorem 1.3.6. Let X be a minimal finite space. A map f : X — X is homotopic to
the identity if and only if f = 1x.

Proof. By 1.2.6 we may suppose that f < 1x or f > 1x. Assume f < 1x. Let x € X and
suppose by induction that f|ﬁz =1y . If f(x) # x, then f(x) € U, and for every y < z,
y = f(y) < f(x). Therefore, f(x) is the maximum of U, which is a contradiction since X
has no down beat points. Therefore f(x) = z. The case f > 1x is similar. O

Corollary 1.3.7. A homotopy equivalence between minimal finite spaces is a homeomor-
phism. In particular the core of a finite space is unique up to homeomorphism and two
finite spaces are homotopy equivalent if and only if they have homeomorphic cores.

Proof. Let f: X — Y be a homotopy equivalence between finite spaces and let g : ¥ — X
be a homotopy inverse. Then gf = 1x and fg = 1y by Theorem 1.3.6. Thus, f is a
homeomorphism. If Xy and X; are two cores of a finite space X, then they are homotopy
equivalent minimal finite spaces, and therefore, homeomorphic. Two finite spaces X and
Y have the same homotopy type if and only if their cores are homotopy equivalent, but
this is the case only if they are homeomorphic. O

Example 1.3.8. Let X and Y be the following finite Ty-spaces:

X ‘o Y ‘o

. ¢ o . o°
[ .f .g [ .f

The following sequence of figures, shows how to obtain the core of X removing beat
points. Note that b is an up beat point of X, ¢ is an up beat point of X \ {b} and e an

up beat point of X ~\ {b,c}. The subspace X \ {b,c, e} obtained in this way is a minimal
finite space and then it is the core of X.

b b .d
e e g
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On the other hand, a is a beat point of Y and Y \ {a} is minimal. Therefore the cores
of X and Y are not homeomorphic, so X and Y are not homotopy equivalent.

To finish this Section, we exhibit the following characterization of minimal finite spaces.

Proposition 1.3.9. Let X be a finite Ty-space. Then X is a minimal finite space if and
only if there are no x,y € X with x # y such that if z € X is comparable with x, then so
1s it with y.

Proof. If X is not minimal, there exists a beat point x. Without loss of generality assume
that z is a down beat point. Let y be the maximum of U,. Then if z > z, z > y and if
z<x, 2 < y.

Conversely, suppose that there exists « and y as in the statement. In particular x
is comparable with y. We may assume that x > y. Let A = {z € X | 2z > y and for
every w € X comparable with z, w is comparable with y}. This set is non-empty since
x € A. Let 2/ be a minimal element of A. We show that 2’ is a down beat point with
y = maw(Ux/). Let z < 2/, then z is comparable with y since 2’ € A. Suppose z > y. Let
we X. If w < z, then w < 2/ and so, w is comparable with y. If w > 2z, w > y. Therefore
z € A, contradicting the minimality of 2. Then z < y. Therefore y is the maximum of
Uy O

1.4 Weak homotopy types: The theory of McCord

In the previous Section we have studied homotopy types of finite spaces. On the other hand
we will see in the next Chapter, that Hausdorff spaces do not have in general the homotopy
type of any finite space. However finite CW-complexes do have the weak homotopy type
of finite spaces. In 1966 M. C. McCord proved that every compact polyhedron has an
associated finite space with the same weak homotopy type and every finite space has a
weak equivalent associated polyhedron.
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Recall that a continuous map f : X — Y between topological spaces is said to be a
weak homotopy equivalence if it induces isomorphisms in all homotopy groups, i.e. if the
maps

Je 71'71()(7 xO) - Wn(Y, f(‘rO))

are isomorphisms for every n > 0 and every base point g € X. Note that, homotopy
equivalences are weak homotopy equivalences, but the converse is not true. Whitehead’s
Theorem says that the converse holds when both spaces are CW-complexes. We will see
many examples of weak homotopy equivalences which are not homotopy equivalences using
finite spaces. If f : X — Y is a weak homotopy equivalence, it induces isomorphisms in all
homology groups, that is to say f. : H,(X) — H,(Y) are isomorphisms for every n > 0.

Next, we will state the Theorem of McCord 1.4.2 which plays an essential role in the
homotopy theory of finite spaces. This result basically says that if a continuous map is
locally a weak homotopy equivalence, then it is a weak homotopy equivalence itself. The
original proof by McCord is in [26], Theorem 6, and it is based on an analogous result for
quasifibrations by A. Dold and R. Thom. A proof for finite covers can be also obtained
from Corollary 4K.2 of [21].

Definition 1.4.1. Let X be a topological space. An open cover U of X is called a basis-
like open cover if U is a basis for a topology which is coarser than the topology of X
(or, equivalently, if for any Uy,Uy; € U and = € Uy N Uy, there exists Us € U such that
xz e Us C UlﬂUg).

For instance, if X is a finite space, the minimal basis {U,},cx is a basis like open
cover of X.

Theorem 1.4.2 (McCord). Let X and Y be topological spaces and let f: X — Y be a
continuous map. Suppose that there exists a basis-like open cover U of Y such that each
restriction

flymy s f7HU) = U

is a weak homotopy equivalence for every U € U. Then f: X — Y is a weak homotopy
equivalence.

Example 1.4.3. Consider the following map between finite spaces
a2 o
c®
defined by f(a1) = f(a2) = f(az) = a, f(b) = b, f(c) = ¢, f(d) = d. Tt is order
preserving and therefore continuous. Moreover, the preimage of each minimal open set Uy,
is contractible, and then the restrictions f|s-1(y,) : f~1(U,) — U, are (weak) homotopy
equivalences. Since the minimal basis is a basis like open cover, by Theorem 1.4.2 f is a

weak homotopy equivalence. However, f is not a homotopy equivalence since its source
and target are non homeomorphic minimal spaces.

ag .b

X

c® o4

_

o?
g

al
as

10



1.4. WEAK HOMOTOPY TYPES: THE THEORY OF MCCORD

Definition 1.4.4. Let X be a finite Ty-space. The simplicial complex K(X) associated to
X (also called the order complex) is the simplicial complex whose simplices are the non-
empty chains of X. Moreover, if f : X — Y is a continuous map between finite Ty-spaces,
the associated simplicial map K(f) : K(X) — K(Y) is defined by K(f)(x) = f(x).

Figure 1.3: A finite space and its associated simplicial complex.

Note that if f: X — Y is a continuous map between finite Ty-spaces, the vertex map
K(f): K(X) — K(Y) is simplicial since f is order preserving and maps chains to chains.

If X is a finite Tp-space, K(X)=K(X). Moreover, if f : X — Y is a continuous map
between finite Ty-spaces, K(f) = IC(fP).

Let X be a finite Tp-space. A point « in the geometric realization |K(X)| of K(X)

IS
is a convex combination o = t;x1 + taxa + ... + tyx, where > t; = 1, t; > 0 for every

=1
1<i<randz <x9 <...<uxz is a chain of X. The support or carrier of « is the set
support(a) = {x1,x2,...,2,}. We will see that the map a — x; plays a fundamental role

in this theory.

Definition 1.4.5. Let X be a finite Ty-space. Define the K-McCord map px : |[K(X)| —
X by px(a) = min(support(a)).

Theorem 1.4.6. The K-McCord map ux is a weak homotopy equivalence for every finite
To-space X.

Proof. Notice that the minimal open sets U, are contractible because they have maximum.
We will prove that for each = € X, /,L)_(I(Uz) is open and contractible. This will show that
wx is continuous and that the restrictions px| PRICAE ,u)_(l(Ux) — U, are weak homotopy
equivalences. Therefore, by Theorem 1.4.2, ux is a weak homotopy equivalence.

Let z € X and let L = K(X \U,) C K(X). In other words, L is the full subcomplex
of K (possibly empty) spanned by the vertices which are not in U,. We claim that

pnx (Ua) = [K(X)| N L)

If a € py' (Uy), then min(support(a)) € U,. In particular, the support of o contains a
vertex of U, and then v ¢ |L|. Conversely, if a ¢ |L|, there exists y € support(«) such that

11
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y € Uy. Then min(support(a)) <y < x and therefore px(a) € U,. Since |L| C |[K(X)] is
closed, pu%*(U,) is open.

Now we show that |IC(U;)| is a strong deformation retract of |IC(X)| ~ |L|. This is a
more general fact. Let i : [IC(U,)| — |K(X)|~|L| be the inclusion. If o € [K(X)|\|L|, a =
tB+(1—t)y for some B € |K(Up)|, v € |L| and 0 < t < 1. Define r : |[K(X)|\|L| — |K(Uy)|
by 7(a) = 8. Note that r is continuous since 7| x)|z)ne : (K(X)| N [L])NT — 7 is
continuous for every o € K(X). Here, & C |IC(X)| denotes the closed simplex. Now, let
H: (|K(X)| N |L]) x T — |[K(X)| \ |L] be the linear homotopy between 1x(xyz| and 71,
ie.

H(a,s)=(1-s)a+ sp.

Then H is well defined and is continuous since each restriction

H(xx)~phnexr - (KX NIL)Ne) x I — &

is continuous for every simplex o of K(X). To prove the continuity of r and of H we use
that |[/C(X)| ~ |L| has the final topology with respect to the subspaces (|[K(X)| ~\ |L|)N&
for o € K(X).

Since every element of Uy is comparable with z, K(Uy) = zK(U, ~\ {z}) is a simplicial
cone (see Section 2.7). In particular |K(U,)| is contractible and then, so is py' (Us) =
(X))~ |L]. O

Remark 1.4.7. If f: X — Y is a continuous map between finite Tp-spaces, the following
diagram commutes

)= vy,
b

since, for a € |[K(X)],
fux (o) = f(min(support(a))) = min(f(support(e))) =

= min(support(|[K(f)|(a))) = py [L(f)|(e).

Corollary 1.4.8. Let f : X — Y be a map between finite Ty-spaces. Then f is a weak
homotopy equivalence if and only if |[IC(f)| : [KK(X)| — |[(Y)] is a homotopy equivalence.

Proof. From Remark 1.4.7, we deduce that fipux. = py«|K(f)|« @ m(|K(X)]) — m(Y)
for every n > 0. Since px, and py, are isomorphisms, f, is an isomorphism if and only if
IC(f)]« is an isomorphism. O

Corollary 1.4.9. Let f: X — Y be a map between finite Ty-spaces. Then f is a weak
homotopy equivalence if and only if f°P is a weak homotopy equivalence.

Proof. Follows immediately from the previous result since KC(f) = IC(f°P). O

12
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Definition 1.4.10. Let K be a finite simplicial complex. The finite Ty-space X (K)
associated to K (also called the face poset of K) is the poset of simplices of K ordered by
inclusion. If ¢ : K — L is a simplicial map between finite simplicial complexes, there is a
continuous map X (¢) : X(K) — X (L) defined by X(¢)(c) = ¢(o) for every simplex o of
K.

Example 1.4.11. If K is the 2-simplex, the associated finite space is the following

[ ] [

| X X
If K is a finite complex, K(X(K)) is the first barycentric subdivision K" of K. Let

sk : |K'| — |K| be the linear homeomorphism defined by sk (o) = b(o) for every simplex

o of K. Here, b(o) € |K| denotes the barycenter of o. Define the X-McCord map

pE = pr(r)sy K| — X(K)
From 1.4.6 we deduce immediately the following result.

Theorem 1.4.12. The X-McCord map px is a weak homotopy equivalence for every
finite simplicial complex K.

Proposition 1.4.13. Let ¢ : K — L be a simplicial map between finite simplicial com-
plexes. Then, the following diagram commutes up to homotopy

K| |l
HK 1239

x(K) 29 x(L).

Proof. Let S = {01,09,...,0,} be a simplex of K', where 09 C 09 C ... C 0, is a chain
of simplices of K. Let a be a point in the closed simplex S. Then sk (a) € &, C |K]|
and |plsk(«) € ¢(or) C |L|. On the other hand, |¢'|(a) € {p(01), ¢(02),...,¢(0,)} and
then sz|¢'|(«) € p(0y). Therefore, the linear homotopy H : |K'| x I — |L|, (a,t) —
(1 —t)|plsk(a) + tsp|¢'|(«) is well defined and continuous. Then |p|sx ~ sp|¢’| and, by
1.4.7,

pelel = mawysp' el = pam)le'lsg' =
= X(Q)pxr)sig = X (@)K
O
Remark 1.4.14. An explicit homotopy between pz|¢| and X (@)ux is H = pLH (st x 17).

If K1 C K and Ly C L are subcomplexes and (K1) C Ly then H(|K1| x I) C X(L;) C
X(L).

13
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Similarly as in Corollary 1.4.8 one can prove the following

Corollary 1.4.15. Let ¢ : K — L be a simplicial map between finite simplicial complezes.
Then || is a homotopy equivalence if and only if X (¢) : X(K) — X (L) is a weak homotopy
equivalence.

From now on we will call McCord maps to both X-McCord maps and X-McCord maps,
and it will be clear from the context which we are referring to.

Two topological spaces X and Y, not necessarily finite, are weak homotopy equivalent
(or they are said to have the same weak homotopy type) if there exists a sequence of spaces
X = X, X1,..., X, =Y such that there are weak homotopy equivalences X; — X; 1 or
Xit1 — X; for every 0 < i < n — 1. Clearly this defines an equivalence relation. If two
topological spaces X and Y are weak homotopy equivalent, we write X Y. IfXandY

are homotopy equivalent we write X I}\_f Y.

If two topological spaces X and Y are weak homotopy equivalent, there exists a CW-
complex Z and weak homotopy equivalences 7 — X and Z — Y. CW-complexes are
weak homotopy equivalent if and only if they are homotopy equivalent. As we have seen,
for finite spaces, weak homotopy equivalences are not in general homotopy equivalences.
Moreover, there exist weak homotopy equivalent finite spaces such that there is no weak
homotopy equivalence between them.

Example 1.4.16. The non-Hausdorff suspension S(Ds3) (see the paragraph below Defi-
nition 2.7.1) of the discrete space with three elements and its opposite S(D3)° have the
same weak homotopy type, because there exist weak homotopy equivalences

S(Ds) « [K(S(Ds))| = |K(S(D3))| — S(Ds)*.
S(Ds) S(Ds)°P

However there is no weak homotopy equivalence between S(D3) and S(D3)°. In fact
one can check that every map S(D3) — S(D3)? factors through its image, which is a
subspace of S(D3)° with trivial fundamental group or isomorphic to Z. We exhibit a
more elegant proof in 8.4.22.

From Theorems 1.4.6 and 1.4.12 we immediately deduce the following result.
Corollary 1.4.17.

(a) Let X and Y be finite Ty-spaces. Then, X = Y if and only if [KC(X)| 5 IIC(Y)].

we

(b) Let K and L be finite simplicial complezes. Then, |K| % |L| if and only if X(K) ~
X(L).

14
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McCord’s Theorem 1.4.2 is one of the most useful tools to distinguish weak homotopy
equivalences. Most of the times, we will apply this result to maps f : X — Y with
Y finite, using the open cover given by the minimal basis of Y. The particular case of
Theorem 1.4.2 for X, Y finite and Tj and the cover {Uy },cy is also a particular case of the
celebrated Quillen’s Theorem A applied to categories which are finite posets (see [32, 33]).

The simplicial version of Quillen’s Theorem A follows from this particular case for
posets and it states that if ¢ : K — L is a simplicial map and |p|~1(7) is contractible for
every closed simplex @ € |L|, then |p| is a homotopy equivalence (see [32], page 93).

Using this result, we prove a similar result to Theorem 1.4.2. A topological space is said
to be homotopically trivial if all its homotopy groups are zero. In virtue of Whitehead’s
Theorem, homotopically trivial CW-complexes are contractible.

Proposition 1.4.18. Let f : X — Y be a map between finite Ty-spaces such that f~*(c) C
X is homotopically trivial for every chain c of Y. Then f is a weak homotopy equivalence.

Proof. If ¢ is a chain of Y or, equivalently, a simplex of K(Y), then |K(f)|~!(c) =
IK(f~1(c))|, which is contractible since f~!(c) is homotopically trivial. By Theorem A,
IIC(f)| is a homotopy equivalence and then f is a weak homotopy equivalence. O

In fact, if the hypothesis of Proposition 1.4.18 hold, then f_l(Uy) is homotopically
trivial for every y € Y and, by McCord Theorem, f is a weak homotopy equivalence.
Therefore the proof of Proposition 1.4.18 is apparently superfluous. However, the proof
of the first fact is a bit twisted, because it uses the very Proposition 1.4.18. If f: X — Y
is such that f~!(c) is homotopically trivial for every chain ¢ of Y, then each restriction
fl-1w,) : f~1(U,) — U, satisfies the same hypothesis. Therefore, by Proposition 1.4.18,
flf-1(v,) s a weak homotopy equivalence and then f ~1(U,) is homotopically trivial.

In Section 4.3 we will prove, as an application of the simple homotopy theory of finite
spaces, a simple homotopy version of Quillen’s Theorem A for simplicial complexes.

15
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Chapter 2

Basic topological properties of finite
spaces

2.1 Homotopy and contiguity

Recall that two simplicial maps ¢, : K — L are said to be contiguous if for every simplex
o€ K, p(o) (o) is a simplex of L. Two simplicial maps ¢, : K — L lie in the same
contiguity class if there exists a sequence @ = g, 1, ..., n = ¥ such that ¢; and ;11
are contiguous for every 0 < ¢ < n.

If o,9 : K — L lie in the same contiguity class, the induced maps in the geometric
realizations |¢|, |¢| : |K| — |L| are homotopic. For more datails we refer the reader to
[36].

In this Section we study the relationship between contiguity classes of simplicial maps
and homotopy classes of the associated maps between finite spaces.

Lemma 2.1.1. Let f,g: X — Y be two homotopic maps between finite Ty-spaces. Then
there exists a sequence f = fo, f1,..., fn = g such that for every 0 < i <n there is a point
x; € X with the following properties:

1. fi and fiz1 coincide in X ~ {x;}, and

2. fi(wi) < fix1(w) or fiya(zi) < fi(zi).

Proof. Without loss of generality, we may assume that f = fo < g by 1.2.6. Let A = {x €
X | f(z) # g(x)}. If A=10, f =g and there is nothing to prove. Suppose A # () and
let © = xp be a maximal point of A. Let y € Y such that f(z) < y < g(x) and define
fi: X =Y by filx e} = flxqe} and fi(z) = y. Then f; is continuous for if 2" > x,
2’ ¢ A and therefore

fi(@') = f(@') = g(z') 2 g(2) =2 y = fi().

Repeating this construction for f; and g, we define f; ;. By finiteness of X and Y this
process ends. O

Proposition 2.1.2. Let f,g : X — Y be two homotopic maps between finite Ty-spaces.
Then the simplicial maps K(f),K(g) : K(X) — K(Y') lie in the same contiguity class.
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Proof. By the previous lemma, we can assume that there exists z € X such that f(y) =
g(y) for every y # x and f(z) < g(x). Therefore, if C' is a chain in X, f(C)U g(C) is a
chain on Y. In other words, if o € IC(X) is a simplex, IC(f)(c) U K(g)(o) is a simplex in
K(Y). O

Proposition 2.1.3. Let ¢, : K — L be simplicial maps which lie in the same contiguity
class. Then X(p) ~ X ().

Proof. Assume that ¢ and 1 are contiguous. Then the map f : X(K) — X(L), defined
by f(o) = ¢(0) U1(o) is well-defined and continuous. Moreover X (p) < f > X(¢), and
then X(p) ~ X (v). O

2.2 Minimal pairs

In this Section we generalize Stong ideas on homotopy types to the case of pairs of finite
spaces. As a consequence, we will deduce that every core of a finite Ty-space can be
obtained by removing beat points from X. Here we introduce the notion of strong collapse
which plays a central role in Chapter 5.

Definition 2.2.1. A pair (X, A) of finite Ty-spaces is a minimal pair if all the beat points
of X are in A.

The next result generalizes the result of Stong (the case A = ()) studied in Section 1.3
and its proof is very similar to the original one.

Proposition 2.2.2. Let (X, A) be a minimal pair and let f : X — X be a map such that
f~1x rel A. Then f = 1x.

Proof. Suppose that f < 1y and f|4 = 14. Let z € X. If z € X is minimal, f(z) = x. In
general, suppose we have proved that f o, = 1‘01-' IfxeA fl(x)=z. Ifx ¢ A, xisnot a
down beat point of X. However y < x implies y = f(y) < f(x) < x. Therefore f(z) = x.
The case f > 1x is similar, and the general case follows from 1.2.6. O

Corollary 2.2.3. Let (X, A) and (Y, B) be minimal pairs, f : X =Y, g:Y — X such
that gf ~1x rel A, gf ~ 1y rel B. Then f and g are homeomorphisms.

Definition 2.2.4. If z is a beat point of a finite Ty-space X, we say that there is an
elementary strong collapse from X to X ~\ = and write X \¢ X ~ z. There is a strong
collapse X N\, Y (or a strong expansion Y 7" X) if there is a sequence of elementary
strong collapses starting in X and ending in Y.

Stong’s results show that two finite Ty-spaces are homotopy equivalent if and only if
there exists a sequence of strong collapses and strong expansions from X to Y (since the
later is true for homeomorphic spaces).

Corollary 2.2.5. Let X be a finite Ty-space and let A C X. Then, X \\, A if and only
if A is a strong deformation retract of X.
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Proof. If X \, A, A C X is a strong deformation retract. This was already proved by
Stong (see Section 1.3). Conversely, suppose A C X is a strong deformation retract.
Perform arbitrary elementary strong collapses removing beat points which are not in A.
Suppose X \, Y D A and that all the beat points of Y lie in A. Then (Y, A) is a minimal
pair. Since A and Y are strong deformation retracts of X, the minimal pairs (4, A) and
(Y, A) are in the hypothesis of Corollary 2.2.3. Therefore A and Y are homeomorphic and
so, X \, Y = A. O

[ ]

[}

is contractible, but the point x is not a strong deformation retract of X, because (X, {z})
is a minimal pair.

Example 2.2.6. The space X

X
X

..’E

Corollary 2.2.7. Let (X, A) be a minimal pair such that A is a minimal finite space and
f=1xa:(X,A) = (X, A). Then f =1x.

If X and Y are homotopy equivalent finite Ty-spaces, the associated polyhedra [K(X)|
and |IC(Y)] also have the same homotopy type. However the converse is obviously false,
since the associated polyhedra are homotopy equivalent if and only if the finite spaces are
weak homotopy equivalent.

In Chapter 5 we will study the notion of strong homotopy types of simplicial complexes
which have a very simple description and corresponds exactly to the concept of homotopy
types of the associated finite spaces.

2.3 Ii-spaces

We will prove that Hausdorff spaces do not have in general the homotopy type of any
finite space. Recall that a topological space X satisfies the T}-separation axiom if for any
two distinct points z,y € X there exist open sets U and V such that z e U,y € V, y ¢ U,
x ¢ V. This is equivalent to say that the points are closed in X. All Hausdorff spaces are
T7, but the converse is false.

If a finite space is 11, then every subset is closed and so, X is discrete.

Since the core X, of a finite space X is the disjoint union of the cores of its connected
components, we can deduce the following

Lemma 2.3.1. Let X be a finite space such that X, is discrete. Then X is a disjoint
union of contractible spaces.

Theorem 2.3.2. Let X be a finite space and let Y be a T1-space homotopy equivalent to
X. Then X is a disjoint union of contractible spaces.
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Proof. Since X ~Y, X, ~Y. Let f : X, — Y be a homotopy equivalence with homotopy
inverse g. Then gf = 1x, by 1.3.6. Since f is a one to one map from X, to a T3-space, it
follows that X, is also T and therefore discrete. Now the result follows from the previous
lemma. ]

Remark 2.3.3. The proof of the previous Theorem can be done without using 1.3.6, showing
that any map f: X — Y from a finite space to a Tj-space must be locally constant.

Corollary 2.3.4. Let Y be a connected and non contractible Ti-space. Then'Y does not
have the same homotopy type as any finite space.

Proof. Follows immediately from the previous Theorem. O

For example, for any n > 1, the n-dimensional sphere S™ does not have the homotopy
type of any finite space. Although, S™ does have, as any finite polyhedron, the same weak
homotopy type as some finite space.

2.4 Loops in the Hasse diagram and the fundamental group

In this Section we give a full description of the fundamental group of a finite Tp-space
in terms of its Hasse diagram. This characterization is induced from the well known
description of the fundamental group of a simplicial complex. The Hasse diagram of a
finite Tp-space X will be denoted H(X), and E(H(X)) will denote the set of edges of the
digraph H(X).

Recall that an edge path in a simplicial complex K, is a sequence (vg, v1), (v1,v2), .. .,
(vp—1,v,) in which {v;,v;41} is a simplex for every . If an edge path contains a subse-
quence (v, Vit1), (Vi41,vir2) where {v;, vit1,vi42} is a simplex, we can replace it by the
subsequence (v;,v;12) to obtain an equivalent edge path. The equivalence classes of edge
paths are the morphisms of a grupoid called the edge-path grupoid of K, which is de-
noted by E(K). The full subcategory of edge paths with origin and end vy is the edge
path-group E(K,vp) which is isomorphic to the fundamental group (| K|, vo) (see [36]
for more details).

Definition 2.4.1. Let (X, zy) be a finite pointed Tp-space. An ordered pair of points
e = (x,y) is called an H-edge of X if (x,y) € E(H(X)) or (y,z) € E(H(X)). The point
x is called the origin of e and denoted x = o(e), the point y is called the end of e and
denoted y = e(e). The inverse of an H-edge e = (z,y) is the H-edge e~! = (y, z).

An H-path in (X, z0) is a finite sequence (possibly empty) of H-edges & = ejey... e,
such that e(e;) = o(e;41) for all 1 < i < n — 1. The origin of a non empty H-path & is
0(§) = o(eq) and its end is ¢(§) = e(e,). The origin and the end of the empty H-path is
0(0) = e(0) = wo. If € = eren...en, wedefine & = e te 1, ... eyt If €, ¢ are H-paths such
that ¢(&) = 0(¢’), we define the product H-path ££" as the concatenation of the sequence
¢ followed by the sequence &’.

An H-path £ = ejes ... e, is said to be monotonic if e; € E(H(X)) for all 1 <i <mn or
e; ' € E(H(X)) for all 1 <i < n.
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A loop at xq is an H-path that starts and ends in zg. Given two loops &, £ at xg, we say
that they are close if there exist H-paths &1, &9, €3, &4 such that & and £3 are monotonic

and the set {£, &'} coincides with {£1€2€384, £184}-

We say that two loops &, & at xg are H-equivalent if there exists a finite sequence of
loops € = &1, &9, ..., &, = £ such that any two consecutive are close. We denote by (&) the
H-equivalence class of a loop £ and (X, z¢) the set of these classes.

Theorem 2.4.2. Let (X, z0) be a pointed finite Ty-space. Then the product (£)(&') = (££')
is well defined and induces a group structure on (X, xg).

Proof. Tt is easy to check that the product is well defined, associative and that (@) is the

identity. In order to prove that the inverse of (e1es...e,) is {egte !, ...e") we need to

show that for any composable H-paths £, &’ such that o(€) = e(¢') = xg and for any H-edge
e, composable with &, one has that (€ee™1¢’) = (£¢/). But this follows immediately from
the definition of close loops since e and e~! are monotonic. O

Theorem 2.4.3. Let (X,zg) be a pointed finite Ty-space. Then the edge-path group
E(K(X),x0) of K(X) with base vertex xq is isomorphic to 7 (X, xo).

Proof. Let us define
p: H(X,x9) — E(K(X),x0),

(e1€2...6en) — [e1€2...€p],

(@) — [(x0,z0)],
where [¢] denotes the class of £ in E(K(X), zo).

To prove that ¢ is well defined, let us suppose that the loops £1£2€3&4 and &€, are

close, where § = ejes...ep, {3 = €jeh ... el are monotonic H-paths. By induction, it

can be proved that [£1£26384] = [C1e1ea. .. en—j(0(en—jr1),e(en))E3&4] for 1 < j < n. In
particular [§1£26384] = [€1(e(&1), e(€n))E384].

Analogously,

[€1(e(81), e(en))Es8a] = [€1(e(€1), e(en))(0(€]), 0(E4))84]
and then
[€162€384] = [€1(e(61), e(en))(0(€)), 0(84))6a] = [€1(e(&1), e(en))(e(en), e(&1))6d] =
= [&1(e(&1), e(£1))&a] = [&1€4]-

If £ = (xo,21)(x1,22) - .. (Tp—1,%n) is an edge path in (X)) with z,, = xg, then x;_;
and x; are comparable for all 1 < i < n. In this case, we can find monotonic H-paths
&1,&2,...,&, such that o(&) = x;—1, (&) = z; for all 1 < i < n. Let us define

Y B(K(X),zo) — H(X, x0),
(€] — (6162 &n)-
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This definition does not depend on the choice of the H-paths &; since if two choices
differ only for i = k then & ... &, ... &, and & ... &}, ... &, are H-equivalent because both
of them are close to & .. -§k51;1§;c K

The definition of 1) does not depend on the representative. Suppose that &' (x,y)(y, 2)£”
and &'(z,2)¢" are simply equivalent edge paths in (X) that start and end in zy, where
¢ and &' are edge paths and x,y, 2z are comparable.

In the case that y lies between x and z, we can choose the monotonic H-path corre-
sponding to (z, z) to be the juxtaposition of the corresponding to (z,y) and (y, z), and so
1) is equally defined in both edge paths.

In the case that z < = < y we can choose monotonic H-paths «, § from x to y and
from z to x, and then a will be the corresponding H-path to (z,y), @3 that corresponding
to (y,z) and 3 to (x,z). It only remains to prove that (yaaBy") = (/3v") for H-paths
~" and ~”, which is trivial.

The other cases are analogous to the last one.

It remains to verify that ¢ and ¢ are mutually inverses, but this is clear. O

Since E(K(X),xzg) is isomorphic to w1 (|K(X)|, zo) (cf. [36]), we obtain the following
result.

Corollary 2.4.4. Let (X, x0) be a pointed finite Ty-space, then (X, xo) = m1 (X, z0).

Remark 2.4.5. Since every finite space is homotopy equivalent to a finite Ty-space, this
computation of the fundamental group can be applied to any finite space.

2.5 Euler characteristic

If the homology of a topological space X is finitely generated as a graded group, the
Euler characteristic of X is defined by x(X) = > (—1)"rank(H,(X)). If Z is a compact

n>0

CW-complex, its homology is finitely generated and x(Z) = 3 (—1)"ay, where oy, is the
n>0
number of n-cells of Z. A weak homotopy equivalence induces isomorphisms in homology

groups and therefore weak homotopy equivalent spaces have the same Euler characteristic.
Since any finite Ty-space X is weak homotopy equivalent to the geometric realization
of (X)), whose simplices are the non empty chains of X, the Euler characteristic of X is

X(X)= Y (-pFeHt (2.1)
cec(X)
where C(X) is the set of non empty chains of X and #C is the cardinality of C.

We will give a basic combinatorial proof of the fact that the Euler characteristic is a
homotopy invariant in the setting of finite spaces, using only the formula 2.1 as definition.

Theorem 2.5.1. Let X and Y be finite Ty-spaces with the same homotopy type. Then
X(X) = x(Y).
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Proof. Let X, and Y, be cores of X and Y. Then, there exist two sequences of finite 7p-
spaces X = Xg2...20 X, =Xcand Y =Yy D ... DY, =Y., where X;;; is constructed
from X; by removing a beat point and Y;41 is constructed from Y;, similarly. Since X and
Y are homotopy equivalent, X, and Y, are homeomorphic. Thus, x(X.) = x(Yz).

It suffices to show that the Euler characteristic does not change when a beat point is
removed. Let P be a finite poset and let p € P be a beat point. Then there exists ¢ € P
such that if r is comparable with p then r is comparable with .

Hence we have a bijection

p:{CeC(P)|peC,q¢gCt—{CelC(P)|peC, qeC},

C+— CU{q}.
Therefore
X(P) = x(P~Ap}) = Z (—1)#O+L = Z (—1)#CH 4 Z (—1)#C+ =
peCeCh q¢C3p qcCap
q¢C3p q¢C>p q¢C>3p a¢C3p

O

The Euler characteristic of finite Typ-spaces is intimately related to the Mobius function
of posets, which is a generalization of the classical M6bius function of number theory. We
will say just a few words about this. For proofs and applications we refer the reader to
[16].

Given a finite poset P, we define the incidence algebra A(P) of P as the set of functions
P x P — R such that f(z,y) =0 if z £ y with the usual structure of R-vector space and
the product given by

folw,y) = f(x,2)9(z, ).
zeP

The element (p € A(P) defined by (p(z,y) = 1 if x < y and 0 in other case, is
invertible in A(P). The Mébius fuction pup € A(P) is the inverse of (p.

The Theorem of Hall states that if P is a finite poset and z,y € P, then up(z,y) =

3" (—1)"*t¢,, where ¢, is the number of chains of n-elements which start in = and end in
n>0
Y- R

Given a finite poset P, P = P U {0, 1} denotes the poset obtained when adjoining a
minimum 0 and a maximum 1 to P. In particular, Equation 2.1 and the Theorem of Hall,

give the following

Corollary 2.5.2. Let P be a finite poset. Then

X(P) = :u[f)(ov 1),

where X(P) = x(P) — 1 denotes the reduced Euler characteristic of the finite space P.
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One of the motivations of the Mdébius function is the following inversion formula.

Theorem 2.5.3 (Mdébius inversion formula). Let P be a finite poset and let f,g: P — R.
Then
g(x) = f(y) if and only if f(x) =>_ pp(y, 2)g(y).

y<z y<z

Analogously,
g(@) =Y fy) if and only if f(z) = pp(y,z)g(y).

y>x y>x

Beautiful applications of these formulae are: (1) the Mobius inversion of number theory
which is obtained when applying Theorem 2.5.3 to the order given by divisibility of the
integer numbers; (2) the inclusion-exclusion formula obtained from the power set of a set
ordered by inclusion.

2.6 Automorphism groups of finite posets

It is well known that any finite group G can be realized as the automorphism group of a
finite poset. In 1946 Birkhoff [9] proved that if the order of G is n, G can be realized as the
automorphisms of a poset with n(n 4 1) points. In 1972 Thornton [39] improved slightly
Birkhoff’s result: He obtained a poset of n(2r + 1) points, when the group is generated by
r elements.

We present here a result which appears in [5]. Following Birkhoff’s and Thornton’s
ideas, we exhibit a simple proof of the following fact which improves their results

Theorem 2.6.1. Given a group G of finite order n with r generators, there exists a poset
X with n(r + 2) points such that Aut(X) ~ G.

Proof. Let {hi,hg,...,h;} be a set of r generators of G. We define the poset X =
G x {-1,0,...,r} with the following order

° (9.9)< (g, j)if -1<i<j<r

o (ghiy,—1)<(g,j)if1<i<j<r

Define ¢ : G — Aut(X) by ¢(g)(h,i) = (gh,i). It is easy to see that ¢(g) : X — X
is order preserving and that it is an automorphism with inverse ¢(g~!'). Therefore ¢
is a well defined homomorphism. Clearly ¢ is a monomorphism since ¢(g) = 1 implies
(9, —1) = ¢(g)(e, —1) = (e, —1).

It remains to show that ¢ is an epimorphism. Let f : X — X be an automorphism.
Since (e, —1) is minimal in X, so is f(e, —1) and therefore f(e,—1) = (g,—1) for some
g € G. We will prove that f = ¢(g).

Let Y ={z € X | f(x) = ¢(g9)(x)}. Y is non-empty since (e, —1) € Y. We prove first
that Y is an open subspace of X. Suppose z = (h,i) € Y. Then the restrictions
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(9:7) o
(g’rfl)
(9:2) o

(g:1)

(9,0)

(9:-1) (gh1,-1)  (gh2,-1)  (ghr—1,-1)  (ghr,-1)

Figure 2.1: Uy .

are isomorphisms. On the other hand, there exists a unique automorphism U, — U,
since the unique chain of ¢ + 2 elements must be fixed by any such automorphism. Thus,
f\(}jqﬁ(g)bm = 1y,, and then f|y, = ¢(g)|v,, which proves that U, C Y. Similarly we
see that Y C X is closed. Assume x = (h,i) ¢ Y. Since f € Aut(X), it preserves
the height ht(y) of any point y. In particular ht(f(z)) = ht(x) = i + 1 and therefore
f(z) = (ki) = ¢(kh=1)(z) for some k € G. Moreover k # gh since z ¢ Y. As above,
flu, = ¢(kh™Y)|u,, and since kh~! # g we conclude that U, NY = 0.

We prove now that X is connected. It suffices to prove that any two minimal el-
ements of X are in the same connected component. Given h,k € G, we have h =
khi hi, ... h;, for some 1 < iy, ig...9y, < r. On the other hand, (khj hi,...h;,,—1)
and (khg, hi, ... h; ., —1) are connected via (kh; hi,...hi,—1) < (khghi, ... hi,r) >
(khi hiy ... hi,,,—1). This implies that (k,—1) and (h,—1) are in the same connected
component.

Finally, since X is connected and Y is closed, open and nonempty, ¥ = X, ie. f =
#(g). Therefore ¢ is an epimorphim, and then G ~ Aut(X). O O

If the generators hq, hg, ..., h, are non-trivial, the open sets U, ,) look as in Figure
2.1. In that case it is not hard to prove that the finite space X constructed above is weak
homotopy equivalent to a wedge of n(r — 1) + 1 circles, or in other words, that the order
complex of X is homotopy equivalent to a wedge of n(r — 1) + 1 circles. The space X
deformation retracts to the subspace Y = G x {—1,7} of its minimal and maximal points.
A retraction is given by the map f : X — Y, defined as f(g,7) = (g,7r) if « > 0 and
f(g,—1) = (g9, —1). Now the order complex K(Y) of Y is a connected simplicial complex
of dimension 1, so its homotopy type is completely determined by its Euler Characteristic.
This complex has 2n vertices and n(r + 1) edges, which means that it has the homotopy
type of a wedge of 1 — x(K(Y)) = n(r — 1) + 1 circles.

On the other hand, note that in general the automorphism group of a finite space,
does not say much about its homotopy type as we state in the following
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Remark 2.6.2. Given a finite group GG and a finite space X, there exists a finite space Y
which is homotopy equivalent to X and such that Aut(Y) ~ G.

We make this construction in two steps. First, we find a finite Th-space X homotopy
equivalent to X and such that Aut(X) = 0. To do this, assume that X is Ty and consider
a linear extension x1, s, ..., T, of the poset X. Now, for each 1 < k < n attach a chain
of length kn to X with minimum x,,_;y1. The resulting space X deformation retracts to
X and every automorphism f : X — X must fix the unique chain C; of length n? (with
minimum ). Therefore f restricts to a homeomorphism X~ Ch — X~ C1 which must
fix the unique chain Cy of length n(n — 1) of X ~ C; (with minimum z5). Applying this
reasoning repeatedly, we conclude that f fixes every point of X. On the other hand, we
know that there exists a finite Tp-space Z such that Aut(Z) = G.

Now the space Y is constructed as follows. Take one copy of X and of Z, and put
every element of Z under x;, € X. Clearly Y deformation retracts to X. Moreover, if
f:Y — Y is an automorphism, f(z1) ¢ Z since f(x1) cannot be comparable with x; and
distinct from it. Since there is only one chain of n? elements in X, it must be fixed by f.
In particular f(x1) = 21, and then f|z : Z — Z. Thus f restricts to automorphisms of X
and of Z and therefore Aut(Y) ~ Aut(Z) ~ G.

2.7 Joins, products, quotients and wedges

In this Section we will study some basic constructions of finite spaces, simplicial complexes
and general topological spaces. We will investigate the relationship between the simplicial
and the finite space constructions and we will see how they are related to the homotopy
and weak homotopy type of the spaces involved.

Recall that the simplicial join KL of two simplicial complexes K and L is the complex
K+«L=KULU{oUr7|oe€K,r€L}.

The cone aK of a simplicial complex K is the join of K with a vertex a ¢ K. It is well
known that for finite simplicial complexes K and L, the geometric realization |K x L] is
homeomorphic to the topological join |K |« |L|. If K is the 0-complex with two vertices,
|K*L| = |K|*|L| = S°|L| = X|L| is the suspension of |L|. Here, S° denotes the discrete
space on two points (0-sphere).

There is an analogous construction for finite spaces.

Definition 2.7.1. The (non-Hausdorff) join X @Y of two finite Tp-spaces X and Y is
the disjoint union X LY keeping the giving ordering within X and Y and setting z <y
forevery z € X and y € Y.

Special cases of joins are the non-Hausdorff cone C(X) = X @ D° and the non-
Hausdorff suspension S(X) = X @ S° of any finite Ty-space X. Here D? denotes the
singleton (0-cell).

Remark 2.72. K(X @Y) = L(X) « (Y.
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Given a point z in a finite Tp-space X, the star C, of x consists of the points which
are comparable with z, i.e. C, = U, U F,. Note that C, is always contractible since
le, < f > g where f: C; — C, is the map which is the identity on F} and the constant
map x on U, and g is the constant map z. The link of x is the subspace Cp=Cy~ {aj} In
case we need to specify the ambient space X, we will write CX Note that Cy = U, & F).

Proposition 2.7.3. Let X and Y be finite Ty-spaces. Then X @Y is contractible if and
only if X orY is contractible.

Proof. Assume X is contractible. Then there exists a sequence of spaces
XZXnQXn_l _:2 QXlz{wl}

with X; = {z1,292,...,z;} and such that z; is a beat point of X; for every 2 < i < n.

Then z; is a beat point of X; @Y for each 2 < ¢ < n and therefore, X ® Y deformation

retracts to {z1} @Y which is contractible. Analogously, if Y is contractible, so is X ® Y.
Now suppose X @Y is contractible. Then there exists a sequence

X@Y:Xn@YnQanl@Ynfl2...2X1@Y1:{21}

with X; CX, Y, CY, X;®Y; ={z1,22..., 2} such that z; is a beat point of X; ®Y; for
1> 2.

Let ¢ > 2. If z; € X, 2; is a beat point of X; unless it is a maximal point of X; and Y;
has a minimum. In the same way, if z; € Y;, 2; is a beat point of Y; or X; has a maximum.
Therefore, for each 2 < i < n, either X; 1 C X, and Y;_1 C Y; are deformation retracts
(in fact, one inclusion is an identity and the other inclusion is strict), or one of them, X;
or Y;, is contractible. This proves that X or Y is contractible. ]

In 4.2.19 we will prove a result which is the analogous of 2.7.3 for collapsible finite
spaces.

If X and Y are finite spaces, the preorder corresponding to the topological product
X XY is the product of the preorders of X and Y (Remark 1.1.2), i.e. (z,y) < (2/,v')
if and only if x < 2/ and y < /. If X and Y are two topological spaces, not necessarily
finite, and A is strong deformation retract of a X, then A x Y is a strong deformation
retract of X x Y.

Proposition 2.7.4. Let X. and Y, be cores of finite spaces X andY. Then X. X Y. is a
core of X x Y.

Proof. Since X. C X is a strong deformation retract, so is X, x Y C X x Y. Analogously
X.xY,is astrong deformation retract of X.xY and then, sois X, xY, C X xY. We have
to prove that the product of minimal finite spaces is also minimal. Let (z,y) € X, x Y. If
there exist 2’ € X, with 2’ < z and ¢/ € Y. with ¢/ <y, (z,y) covers at least two elements
(«',y) and (z,y'). If x is minimal in X, U( ,y) 18 homeomorphic to U Analogously if y
is minimal. Therefore, (z,y) is not a down beat point. Similarly, X, x Y. does not have
up beat points. Thus, it is a minimal finite space. ]
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In particular X x Y is contractible if and only if each space X and Y is contractible.
In fact this result holds in general, when X and Y are not necessarily finite.
Recall that the product of two non-empty spaces is Ty if and only if each space is.

Proposition 2.7.5. Let X andY be finite Ty-spaces. Then |K(X xY')| is homeomorphic
to [K(X)| x [K(Y)].

Proof. Let px : X XY — X and py : X XY — Y be the canonical projections. Define
f KX xY)| — [K(X)| x |[K(Y)| by f = |K(px)| x |K(py)|- In other words, if a =
k

> ti(xi, vi) € [K(X x Y)| where (x0,y0) < (z1,91) < ... < (Tg,yk) is a chain in X x Y,
i=0

k k
define f(a) = (32 tixi, 3 tiyi)-
i=0 i=0
Since |[K(px )| and | (py )| are continuous, so is f. [IC(X xY')| is compact and |[K(X)|x
|IC(Y)| is Hausdorff, so we only need to show that f is a bijection. Details will be left to

the reader. An explicit formula for ¢ = f~! is given by

k z
9> wiwi, Y o) = Y tij(wi, ;)
i=0 i=0 0]

where t;; = maz{0, min{ug+u1+...+u;,vo+v1+...v;} —max{ug+ur+...+ui—1,v0+
vi+...vj_1}}. The idea is very simple. Consider the segments Uy, Uy,...,U; € I =0,1],
each U; of length u;, U; = [ug +u1 + ... 4+ uj—1,u0 + ui + ... + u;]. Analogously, define
Vi=[wo+uvi+...+vj_1,v0+vi+...+v;] C I for 0 < j <l Then t; is the length of the
segment U;NVj. It is not hard to see that g : |[IC(X)|x |[K(Y)]| — |[K(X xY)]| is well defined
since support(d_ tij(zs,y;)) is a chain and ) t;; = ) length(U;NV)) = > length(U;) = 1.
1, 1, 1
Moreover, the c]ompositions gf and fg are the corrésponding identities. O

If X is a finite Tp-space, and A C X is a subspace, the quotient X/A need not be Tj.
For example, if X is the chain of three elements 0 < 1 < 2 and A = {0,2}, X/A is the
indiscrete space of two elements. We will exhibit a necessary and sufficient condition for
X/A to be Ty. Recall that A denotes the closure of A.

Let X be a finite space and A C X a subspace. We will denote by ¢ : X — X/A
the quotient map, qr the class in the quotient of an element z € X and denote by
A={re X |Jac Awithz <a}= |J U, C X, the open hull of A.

acA
Lemma 2.7.6. Letz € X. Ifv € A, Uy, = q(U, UA). Ifx ¢ A, Uy = q(Uy).

Proof. Suppose = € A. Since ¢ !(q(U, UA)) = U, UA C X is open, q(U, UA) C X/A is
open and contains gx. Therefore Uy, C (U, U A). The other inclusion follows from the
continuity of g since z € A.

If 2 ¢ A, ¢ Y(q(Us)) = Uy, so q(U,) is open and therefore Uy, C q(U,). The other
inclusion is trivial. O

Proposition 2.7.7. Let X be a finite space and A C X a subspace. Let x,y € X, then
qr < qy in the quotient X/A if and only if x <y or there exist a,b € A such that x < a
and b <y.

28



2.7. JOINS, PRODUCTS, QUOTIENTS AND WEDGES

Proof. Assume gz < qy. If y € A, there exists b € A with b < y and by the previous
lemma gz € Uy = q(Uy U A). Therefore x € U, U A and then < y or < a for some
a€ A Ify¢ A qve Uy = q(Uy). Hence, x € U,,.

Conversely if < y or there are some a,b € A such that £ < a and b < y, then gz < qy
or qr < ga = gb < qy. ]

Proposition 2.7.8. Let X be a finite Ty-space and A C X. The quotient X/A is not Ty
if and only if there exists a triple a < x < b with a,b € A and x ¢ A.

Proof. Suppose there is not such triple and that ¢z < ¢2’, gz’ < qz. Then z < y or there
exist a,b € A with x < a, b < 2/, and, on the other hand, y < x or there are some a’, b’ € A
such that 2/ < d/, bt/ <z. If x <2’ and 2’ < z, then z = 2’. In other case, both z and 2’
are in A. Therefore, g = ga’. This proves that X/A is Ty. Conversely, if there exists a
triple a < x < b as above, ga < gz < gb = qa, but ga # qx. Therefore, X/A is not Ty. O

The non-existence of a triple as above is equivalent to say that A = AN A, i.e.:
X/Ais Ty if and only if A = AN A.
For example open or closed subsets satisfy this condition.

Now we want to study how the functors X and X behave with respect to quotients.

Example 2.7.9. Let X = CDy = {z,a,b} and let A = {a,b} be the subspace of minimal
elements.

I\,

Then, X/A is the Sierpinski space and |K(X)|/|K(A)| is homeomorphic to S!. Therefore
IK(X)|/|KC(A)] and |K(X/A)| are not homotopy equivalent. However X’/A’ = S°@® SY and
then [K(X')|/|KC(A")| and |K(X'/A")| are both homeomorphic to a circle. The application
K does not preserve quotients in general. In 7.2.2 we prove that if A is a subspace of a
finite Tp-space X, |IC(X')|/|K(A")| and |[K(X'/A’)| are homotopy equivalent.

A particular case of a quotient X/A is the one-point union or wedge. If X and Y are
topological spaces with base points zg € X, yo € Y, then the wedge X VY is the quotient
XUY/A with A = {x0,y0}. Clearly, if X and Y are finite Tp-spaces, A = {zg,yo} C XUY
satisfies A = AN A and then X VY is also Ty. Moreover, if z, 2’ € X, then x covers 2’
in X if and only if z covers 2’ in X VY. The same holds for Y, and if x € X ~\ {0},
y €Y < {yo} then = does not cover y in X VY and y does not cover z. Thus, the Hasse
diagram of X VY is the union of the Hasse diagrams of X and Y, identifying x¢ and yo.

If X VY is contractible, then X and Y are contractible. This holds for general topo-
logical spaces. Let i : X — X VY denote the canonical inclusion and r : X VY — X the
retraction which sends all of Y to xg. If H: (X VY) x I — X VY is a homotopy between
the identity and a constant, then rH (i x 17) : X x I — X shows that X is contractible.
The following example shows that the converse is not true for finite spaces.
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Example 2.7.10. The space X of Example 2.2.6 is contractible, but the union at = of
two copies of X is a minimal finite space, and in particular it is not contractible.

XIN X
However, from Corollary 4.2.26 we will deduce that X V X is homotopically trivial, or
in other words, it is weak homotopy equivalent to a point. This is the first example we

exhibit of a finite space which has trivial homotopy groups but which is not contractible.
These spaces play a fundamental rol in the theory of finite spaces.

In Proposition 4.2.25 we will prove that if X and Y are finite Ty-spaces, there is a
weak homotopy equivalence |[K(X)|V |K(Y)] - X VY.
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Chapter 3

Minimal finite models

In 2.3 we proved that in general, if K is a finite simplicial complex, there is no finite space
with the homotopy type of |K|. However, the theory of McCord, shows how to use finite
spaces to model compact polyhedra finding for each finite complex K a weak homotopy
equivalent finite space X'(K). In this Chapter we will study finite models of polyhedra in
this sense and we will describe the minimal finite models of some known Hausdorff spaces,
i.e. weak homotopy equivalent finite spaces of minimum cardinality.

Definition 3.0.1. Let X be a space. We say that a finite space Y is a finite model of X
if it is weak homotopy equivalent to X. We say that Y is a minimal finite model if it is a
finite model of minimum cardinality.

For example, the singleton is the unique minimal finite model of every contractible
space. Moreover, it is the unique minimal finite model of every homotopically trivial
space, i.e. with trivial homotopy groups.

Since every finite space is homotopy equivalent to its core, which is a smaller space,
we have the following

Remark 3.0.2. Every minimal finite model is a minimal finite space.
Since (X)) = K(XP), if X is a minimal finite model of a space Y, then so is X°P.

Example 3.0.3. The 5-point Ty-space X, whose Hasse diagram is
[ [ ]
[ ] Xﬂ [ ]
has an associated polyhedron |K(X)|, which is homotopy equivalent to S'V S!. Therefore,
X is a finite model of S* Vv S'. In fact, it is a minimal finite model since every space with
less than 5 points is either contractible, or non connected or weak homotopy equivalent to

S1. However, this minimal finite model is not unique since X° is another minimal finite
model not homeomorphic to X.

We will generalize this result later, when we characterize the minimal finite models of
graphs.
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Note that, by Whitehead Theorem, if X is a finite model of a polyhedron Y, then Y
is homotopy equivalent to |IC(X)|.

Generalizing the Definition made in Section 2.7, we define the non-Hausdorff suspen-
sion S(X) of a topological space X as the space X U{+, —} whose open sets are those of X
together with X U{+}, XU{—} and X U{+, —}. If X is a finite space, the non-Hausddorff
suspension of X is the join S(X) = X ® S°. The non-Hausdorff suspension of order n is
defined recursively by S*(X) = S(S* !(X)). For convenience we define S°(X) = X.

The following result is due to McCord [26].

Proposition 3.0.4. The finite space S*(S°) is a finite model of the n-dimensional sphere
S™ for every n > 0.

Proof. By 2.7.2, |K(S*(5%))| = |K(S°& S0 ... @ S%)| = [K(S0)|#|[K(S)| . ..x|K(SY)]

Ol

S48 xS0 =g
. X
X X
SY S(S9) S2(S9)

In [23] P. May conjectures that S*(SY) is a minimal finite model of S™. We will show
that this conjecture is true. In fact, we prove a stronger result. Namely, we will see that
any space with the same homotopy groups as S™ has at least 2n + 2 points. Moreover, if
it has exactly 2n + 2 points then it has to be homeomorphic to S*S°.

3.1 Minimal finite models of the spheres

The height h(X) of a finite poset X is one less that the maximum cardinality of a chain
of X. Therefore h(X) coincides with the dimension of the associated complex K(X).

Theorem 3.1.1. Let X # % be a minimal finite space. Then X has at least 2h(X) + 2
points. Moreover, if X has exactly 2h(X )42 points, then it is homeomorphic to SMX)(89).

Proof. Let g < z1 < ... <z be a chain in X of length h = h(X). Since X is a minimal
finite space, x; is not an up beat point for any 0 < ¢ < h. Then, for every 0 <+¢ < h there
exists y;+1 € X such that y;11 > z; and y;4+1 ;f Zi+1. We assert that the points y; (for
0 <@ < h) are all distinct from each other and also different from the z; ( 0 < j < h).

Since y;41 > x4, it follows that y;41 # x; for all j < i. But y;41 # x; for all j >4

because yi+1 F Tit1.
If yiy1 = yj41 for some i < j, then y;11 = yj41 > x; > x;41, which is a contradiction.
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Since finite spaces with minimum or maximum are contractible and X # * is a minimal
finite space, it cannot have a minimum. Then there exists yg € X such that yq z Zo.
Therefore, 19 must be distinct from the other 2h + 1 points and #X > 2h + 2.

Let us suppose now that X has exactly 2h + 2 points, i.e.

X = {$07$17-"7xh7y0ay17'"7yh}'

Because of the maximality of the chain zg < ... < xp, we get that x; and y; are
incomparable for all 7.
We show that y; < x; and y; < y; for all i < j by induction in j.

For j = 0 there is nothing to prove. Let 0 < k < h and assume the statement holds
for j = k. As xx11 is not a down beat point, there exists z € X such that z < x41, and
z ﬁ Zk. Since xpy1 and ygy1 are incomparable, it follows that z # yr,1. By induction we
know that every point in X, with the exception of y, and yx11, is greater than zp,; or
less than z;. Then z = y; and so, yx < xpy1. Analogously, yxr1 is not a down beat point
and there exists w € X such that w < yx4+1 and w £ zj. Again by induction, and because
Yk+1 ;f Zr11, we deduce that w must be y;, and then y; < ygy1. Furthermore, if i < k,
then y; < zp < 241 and y; < g < Yp41.

We proved that, for any i < j, we have that y; < z;, v; < y;, ; < z; and z; < y;.
Moreover, for any 0 < i < h, x; and y; are incomparable.

This is exactly the order of S?(S9). Therefore X is homeomorphic to S*(S9). O

Theorem 3.1.2. Any space with the same homotopy groups as S™ has at least 2n + 2
points. Moreover, S*(S°) is the unique space with 2n + 2 points with this property.

Proof. The case n = 1 is trivial. In the other cases, let us suppose that X is a finite space
with minimum cardinality such that 7, (X, z) = 7, (5", s) for all £ > 0. Then X must be
a minimal finite space and so is Tp.

By the Hurewicz Theorem, H, (|K(X)|) = m(|K(X)|) = m(S™) # 0. This implies
that the dimension of the simplicial complex (X ) must be at least n, which means that
the height of X is at least n. The result now follows immediately from the previous
theorem. O

Corollary 3.1.3. The n-sphere has a unique minimal finite model and it has 2n+2 points.

Remark 3.1.4. After obtaining these results, we found another article of McCord (Singular
homology and homotopy groups of finite spaces, Notices of the American Mathematical
Society, vol. 12(1965)) with a result (Theorem 2) without proof, from which the first
part of 3.1.2 could be deduced. McCord’s result can be easily deduced from our stronger
theorem 3.1.1 (which also implies the uniqueness of these minimal models).

Furthermore, we think that the proof of 3.1.1 itself is interesting because it relates the
combinatorial methods of Stong’s theory with McCord’s point of view.
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3.2 Minimal finite models of graphs

Remark 3.2.1. If X is a connected finite Tp-space of height one, [IC(X)| is a connected graph,
i.e. a CW complex of dimension one. Therefore, the weak homotopy type of X is completely
determined by its Euler characteristic. More precisely, if x(X) = #X — #E(H(X)) = n,

1-n
then X is a finite model of \/ S!. Recall that E(H(X)) denotes the set of edges of the
i=1
Hasse diagram of X.

Proposition 3.2.2. Let X be a connected finite Ty-space and let xg,x € X, xog # T such
that © is neither maximal nor minimal in X. Then the inclusion map of the associated
simplicial complexzes K(X ~ {z}) C K(X) induces an epimorphism

ix: E(IK(X N Az}),20) — E(K(X), )
between their edge-path groups.

Proof. We have to check that every closed edge path in K(X) with base point z( is
equivalent to another edge path that does not go through x. Let us suppose that y < x
and (y,z)(x, z) is an edge path in K(X). If z < z then (y,z)(x, 2) = (y,2). In the case
that z < z, since z is not maximal in X, there exists w > x. Therefore (y,z)(z,z) =
(y,z)(x,w)(w, z)(x, z) = (y,w)(w, z). The case y > x is analogous.

In this way, one can eliminate x from the writing of any closed edge path with base
point xg. [

Note that the space X \ {x} of the previous proposition is also connected. An al-
ternative proof of the previous proposition is given by the Van Kampen Theorem. Let
C, = U, UF, be the star of z. Since x is not maximal or minimal, the link Cp=Ch~ {z}
is connected. Then Van Kampen gives an epimorphism 7 (|[K(X ~\ z)]) * w1 (|[K(Cy)|) —

T (|IK(X)]). But £(Cp) = zK(C,) is a cone, and then (| (C;)|) = 0. Therefore,
is M ([K(X N 2)]) = m (] (X)]) is an epimorphism.

The result above shows one of the advantages of using finite spaces instead of simplicial
complexes. The conditions of maximality or minimality of points in a finite space are hard
to express in terms of simplicial complexes.

Remark 3.2.3. If X is a finite Typ-space, then h(X) < 1 if and only if every point in X is
maximal or minimal.

Corollary 3.2.4. Let X be a connected finite space. Then there exists a connected Tp-
subspace Y C X of height at most one such that the fundamental group of X is a quotient
of the fundamental group of Y.

Proof. We can assume that X is Ty because X has a core. Now, the result follows imme-
diately from the previous proposition. O

Remark 3.2.5. Note that the fundamental group of a connected finite Ty-space of height
at most one is finitely generated by 3.2.1. Therefore, path-connected spaces whose funda-
mental group does not have a finite set of generators do not admit finite models.
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Corollary 3.2.6. Let n € N. If X is a minimal finite model of \/ S*, then h(X) = 1.
i=1

1=

n
Proof. Let X be a minimal finite model of \/ S'. Then there exists a connected Typ-sub-
i=1

space Y C X of height one, x € Y and an epimorphism from 71 (Y, z) to m1(X,z) = ‘%Z.
=

Since h(Y) = 1, Y is a model of a graph, thus m(Y,z) = :?12 for some integer m.
1=
Note that m > n.

There are m edges of H(Y') which are not in a maximal tree of the underlying non
directed graph of H(Y') (i.e. K(Y)). Therefore, we can remove m — n edges from H(Y')
in such a way that it remains connected and the new space Z obtained in this way is a

n
model of \/ S
i=1
Note that #7 = #Y < #X, but since X is a minimal finite model, #X < #Z and
then X =Y has height one. O
n
If X is a minimal finite model of \/ S and we call i = #{y € X | y is maximal},
i=1
Jj=#{y € X | yis minimal}, then #X =i+ j and #E(H (X)) < ij. Since x(X) =1 —n,
we have that n <ij— (i +7)+1=(G—1)(j —1).

We can now state the main result of this Section.

Theorem 3.2.7. Let n € N. A finite To-space X is a minimal finite model of \/ S* if
i=1
and only if h(X) =1, #X =min{i+j | (i—1)(j—1) > n} and #E(H(X)) = #X +n—1.

Proof. We have already proved that if X is a minimal finite model of \/ S*, then h(X) =1
i=1
and #X > min{i+j | (i —1)(j —1) > n}. If i and j are such that n < (i — 1)(j — 1),

we can consider Y = {x1,x2,...,24,y1,Y2,...y;} with the order y, < x; for all k,I,
(i=1)(F—1)
which is a model of \/  S!. Then we can remove (i — 1)(j — 1) — n edges from
k=1

n
H(X) to obtain a connected space of cardinality i + j which is a finite model of \/ S?.

k=1
Therefore #X < #Y = i+ j. This is true for any i,j with n < (i — 1)(j — 1), then

#X =min{i+j | (i—1)(j —1) > n}. Moreover, #E(H(X)) = #X + n — 1 because
X(X)=1-n.

In order to show the converse of the theorem we only need to prove that the conditions
MX)=1,#X =min{i+ 7| (1 —1)(j — 1) > n} and #E(H(X)) = #X +n — 1 imply
that X is connected, because in this case, by 3.2.1, the first and third conditions would

n
say that X is a model of \/ S', and the second condition would say that it has the right

=1
cardinality.

Suppose X satisfies the conditions of above and let X;, 1 <1 < k, be the connected
components of X. Let us denote by M; the set of maximal elements of X; and let m; =
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k k
Xi~M;. Leti= > #M;,j= > #my. Sincei+j =#X =min{s+t| (s—1)(t—1) > n},
r=1 r=1
it follows that (i —2)(j —1) <n=#E(H(X)) —#X +1=#E(H(X))— (i+7)+ 1. Hence
ij — #E(H(X)) < j — 1. This means that K£(X) differs from the complete bipartite graph
(Umy, UM;) in less than j — 1 edges. Since there are no edges from m, to M; if r # [,

k k
G= 1> ) H#HM(G —Hm) =Y (G — #m) = (k- 1)j.
=1

=1
Therefore k£ = 1 and the proof is complete. O

Remark 3.2.8. Since the minimum min{i+j | (¢ —1)(j — 1) > n} is attained for i = j or
n
i = j + 1, the cardinality of a minimal finite model of \/ S? is

=1

min{2[v/n + 11,2

LTy

Note that a space may admit many minimal finite models as we can see in the following
example.

3
Example 3.2.9. Any minimal finite model of \/ S! has 6 points and 8 edges. So, they
i=1
are, up to homeomorphism

In fact, using our characterization, it is not hard to prove the following

n
Proposition 3.2.10. \/ S! has a unique minimal finite model if and only if n is a square.
i=1

Note that since any graph is a K (G, 1), the minimal finite models of a graph X are,
in fact, the smallest spaces with the same homotopy groups as X.
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Chapter 4

Simple homotopy types and finite
spaces

J.H.C. Whitehead’s theory of simple homotopy types is inspired by Tietze’s theorem in
combinatorial group theory, which states that any finite presentation of a group could be
deformed into any other by a finite sequence of elementary moves, which are now called
Tietze transformations. Whitehead translated these algebraic moves into the well-known
geometric moves of elementary collapses and expansions of finite simplicial complexes.
His beautiful theory turned out to be fundamental for the development of piecewise-linear
topology: The s-cobordism theorem, Zeeman’s conjecture [45], the applications of the
theory in surgery, Milnor’s classical paper on Whitehead Torsion [28] and the topological
invariance of torsion are some of its major uses and advances.

In this Chapter we show how to use finite topological spaces to study simple homotopy
types using the relationship between finite spaces and simplicial complexes

We have seen that if two finite Ty-spaces X, Y are homotopy equivalent, their associated
simplicial complexes IC(X), K(Y) are also homotopy equivalent. Furthermore, Osaki [31]
showed that in this case, the latter have the same simple homotopy type. Nevertheless,
we noticed that the converse of this result is not true in general: There are finite spaces
with different homotopy types whose associated simplicial complexes have the same simple
homotopy type. Starting from this point, we were looking for the relation that X and
Y should satisfy for their associated complexes to be simple homotopy equivalent. More
specifically, we wanted to find an elementary move in the setting of finite spaces (if it
existed) which corresponds exactly to a simplicial collapse of the associated polyhedra.

We discovered this elementary move when we were looking for a homotopically trivial
finite space (i.e. weak homotopy equivalent to a point) which was non-contractible. In
order to construct such a space, we developed a method of reduction, i.e. a method that
allows us to reduce a finite space to a smaller weak homotopy equivalent space. This
method of reduction together with the homotopically trivial and non-contractible space
(of 11 points) that we found are exhibited in Section 4.2. Suprisingly, this method, which
consists of removing a weak point of the space (see Definition 4.2.2), turned out to be the
key to solve the problem of translating simplicial collapses into this setting.

We will say that two finite spaces are simple homotopy equivalent if we can obtain one
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of them from the other by adding and removing weak points. If Y is obtained from X by
only removing weak points, we say that X collapses to Y and write X \, Y. The first
main result of this Chapter is the following

Theorem 4.2.12.

(a) Let X and Y be finite Ty-spaces. Then, X and Y are simple homotopy equivalent
if and only if IK(X) and K(Y) have the same simple homotopy type. Moreover, if
X N Y then K(X) N\, K(Y).

(b) Let K and L be finite simplicial complexes. Then, K and L are simple homotopy
equivalent if and only if X (K) and X (L) are simple homotopy equivalent. Moreover,
if K\, L then X(K) N\, X(L).

In particular, the functors K and X induce a one-to-one correspondence between simple
equivalence classes of finite spaces and simple homotopy types:

K
{Finite Ty — Spaces}/ {Finite Simplicial C’omplexes}/
7N\ v 7N\

We are now able to study finite spaces using all the machinery of Whitehead’s simple
homotopy theory for CW-complexes. But also, what is more important, we can use finite
spaces to strengthen the classical theory. The elementary move in this setting is much
simpler to handle and describe because it consists of adding or removing just one single
point. Applications of this theorem will appear constantly in the next Chapters.

In the third Section of this Chapter we investigate the class of maps between finite
spaces which induce simple homotopy equivalences between their associated simplicial
complexes. To this end, we introduce the notion of a distinguished map. Similarly to
the classical case, the class of simple equivalences between finite spaces can be generated,
in a certain way, by expansions and a kind of formal homotopy inverses of expansions.
Remarkably this class, denoted by S, is also generated by the distinguished maps. The
second main result of this Chapter is the following

Theorem 4.3.12.

(a) Let f: X — Y be a map between finite Ty-spaces. Then f is a simple equivalence if
and only if K(f) : K(X) — K(Y) is a simple homotopy equivalence.

(b) Let ¢ : K — L be a simplicial map between finite simplicial complezes. Then ¢ is a
simple homotopy equivalence if and only if X(p) is a simple equivalence.

Many of the results of this Chapter were originally published in [8], but here we exhibit
more applications and shorter proofs in some cases.

4.1 Whitehead’s simple homotopy types

At the end of the 1930’s, J.H.C. Whitehead, started to study homotopy types of polyhedra
from a combinatorial point of view. An elementary simplicial collapse of a finite simplicial
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complex K is a fundamental move that transforms K into another complex L. This
move leads to the notion of simple homotopy types of simplicial complexes. It is easy to
prove that simple homotopy equivalent complexes have homotopy equivalent geometric
realizations. In 1939, Whitehead asked whether the converse of this result held. It was
Whitehead himself who, in 1950 proved that the answer of his question was negative.
Moreover, he found the obstruction for this implication to hold, which is now called the
Whitehead group of the complex. During the development of his theory, Whitehead had
to overcome a lot of difficulties intrinsic from the rigid structure of simplicial complexes.
These obstacles finally led him to the definition of CW-complexes.

In this Section we will recall some basic notions on simplicial complexes and simple
homotopy theory for complexes and we will fix the notations that we will use henceforth.
The standard references for this are Whitehead’s papers [44, 42, 43], Milnor’s article [28]
and M.M.Cohen’s book [14].

If K is a simplicial complex and v is a vertex of K, the (simplicial) star of v in K is
the subcomplex st(v) C K of simplices o € K such that vo € K. The link of v in K is
the subcomplex lk(v) C st(z) of the simplices which do not contain v.

The star st(v) of v.

A complex K and a vertex v € K.

The link (k(v) of v.

More generally, if o is a simplex of K, its star st(o) is the subcomplex of K whose
simplices are the simplices ¢/ € K such that oo’ € K. The link lk(c) is the subcomplex
of st(o) of the simplices which are disjoint with o.

If o is a simplex of K, ¢ denotes its boundary and ¢¢ denotes the subcomplex of K of
the simplices which do not contain o. The stellar subdivision of K at the simplex o is the
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complex adlk(c) + o¢ where a is a vertex which is not in K. The first barycentric subdi-
vision K’ of K can be obtained from K by performing a sequence of stellar subdivisions
(see [18]).

A complex K and a simplex o € K. The stellar subdivision of K at o.

Let L be a subcomplex of a finite simplicial complex K. There is an elementary
stmplicial collapse from K to L if there is a simplex o of K and a vertex a of K not in o
such that K = LU ac and L Nao = ac. This is equivalent to say that there are only two
simplices o, ¢’ of K which are not in L and such that ¢’ is the unique simplex containing
o properly. In this case we say that o is a free face of ¢’/. Elementary collapses will be
denoted, as usual, K ~$ L.

Figure 4.1: A complex which collapses to the boundary of a 2-simplex

We say that K (simplicially) collapses to L (or that L expands to K) if there exists
a sequence K = Ky, Ks,..., K, = L of finite simplicial complexes such that K; X, K;11
for all 4. This is denoted by K \, L or L /* K. Two complexes K and L have the same
simple homotopy type (or they are simple homotopy equivalent) if there is a sequence
K =Ky, Ks,...,K, = L such that K; \, K;11 or K; / K;1 for all i. Following M.M.
Cohen’s notation, we denote this by K "\, L.

The notion of simple homotopy types is extended to CW-complexes. The Whitehead
group Wh(G) of a group G is a quotient of the first group of K-theory K1 (Z(G)) (see [14]).
The Whitehead group Wh(X) of a connected CW-complex X is the Whitehead group of its

40



4.2. SIMPLE HOMOTOPY TYPES: THE FIRST MAIN THEOREM

fundamental group Wh(m(X)). If two homotopy equivalent CW-complexes have trivial
Whitehead group, then they are simple homotopy equivalent, but if Wh(X) # 0, there
exists a CW-complex Y with the homotopy type of X and different simple homotopy type.

For example, if G is a free group, Wh(G) = 0. In particular, contractible CW-
complexes are simple homotopy equivalent.

Remark 4.1.1. If K and L are subcomplexes of a finite simplicial complex, then KUL \, K
if and only if L \, K N L.

Remark 4.1.2. If K is a finite simplicial complex, then K\, K’. In fact we can perform
all the collapses and expansions involving complexes of dimension at most n + 1 where n
is the dimension of K. In this case we say that K (n + 1)-deforms to K’. Moreover, this
is true not only for the barycentric subdivision, but for any stellar subdivision aK of K.

Suppose o is a simplex of K and «a is a vertex which is not in K. Then a6 " ac \, o
(see 4.2.10). Therefore adlk(c) / aclk(c) \, olk(o) and then

aK = adlk(o) + o / aolk(o) + 0 \, olk(o) + 0 = K

where aK is the stellar subdivision at the simplex o.

4.2 Simple homotopy types: The first main Theorem

The first mathematician who investigated the relationship between finite spaces and simple

homotopy types of polyhedra was T. Osaki [31]. He showed that if 2 € X is a beat point,

K(X) collapses to KK(X ~{z}). In particular, if two finite Tp-spaces, X and Y are homotopy

equivalent, their associated simplicial complexes, K£(X) and IC(Y'), have the same simple

homotopy type. However, there exist finite spaces which are not homotopy equivalent but

whose associated complexes have the same simple homotopy type. Consider, for instance,
[ ] [ ]

the spaces with the following Hasse diagrams.
[ ] [
X

[ ] [ ] [ ]
They are not homotopy equivalent because they are non-homeomorphic minimal finite
spaces. However their associated complexes are triangulations of S and therefore, have
the same simple homotopy type.
A more interesting example is the following.

Example 4.2.1 (The Wallet). Let W be a finite Ty-space, whose Hasse diagram is the
one of Figure 4.2 below.

This finite space is not contractible since it does not have beat points, but it is not hard
to see that |[IC(W)] is contractible and therefore, it has the same simple homotopy type as
a point. In fact we will deduce from Proposition 4.2.3 that W is a homotopically trivial
space, i.e. all its homotopy groups are trivial. This example also shows that Whitehead
Theorem does not hold in the context of finite spaces, not even for homotopically trivial
spaces.
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We introduce now the notion of a weak beat point which generalizes Stong’s definition
of beat points.

Definition 4.2.2. Let X be a finite Ty- -space. We will say that x € X is a weak beat point
of X (or a weak point, for short) if either U, is contractible or F}, is contractible. In the
first case we say that x is a down weak point and in the second, that = is an up weak point.

Note that beat points are in partlcular weak points since spaces with maximum or
minimum are contractible. Since the link C, = U, ® F} is a join, we conclude from 2.7.3
that = is a weak point if and only if C,, is contractible.

When z is a beat point of X, we have seen that the inclusion i : X \ {z} — X is a
homotopy equivalence. This is not the case if x is just a weak point. However, a slightly
weaker result holds.

Proposition 4.2.3. Let x be a weak point of a finite Ty-space X. Then the inclusion map
i: X N A{x} — X is a weak homotopy equivalence.

Proof. We may suppose that = is a down weak point since the other case follows immedi-
ately from this one, considering X instead of X. Note that (X ) = K(X).

Given y € X, the set i~ 1(Uy,) = U, \ {z} has a maximum if y # x and is contractible
if y = z. Therefore il;—1(y,) : i~1(U,) — U, is a weak homotopy equivalence for every
y € X. Now the result follows from Theorem 1.4.2 applied to the basis-like cover given by
the minimal basis of X. O

As an application of the last proposition, we verify that the space W defined above,
is a non-contractible homotopically trivial space. As we pointed out in Example 4.2.1, W
is not contractible since it is a minimal finite space with more than one point. However,
it contains a weak point z (see Figure 4.2), since U, is contractible (see Figure 4.3).
Therefore W is weak homotopy equivalent to W ~ {z}. Now it is easy to see that this

/N7

Figure 4.3: U,.
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.
N

Figure 4.4: W N {z}.

subspace is contractible, because it does have beat points, and one can get rid of them
one by one.

Definition 4.2.4. Let X be a finite Tp-space and let Y C X. We say that X collapses
to Y by an elementary collapse (or that Y expands to X by an elementary expansion)
if Y is obtained from X by removing a weak point. We denote X X Y or Y ¢ X. In
general, given two finite Ty-spaces X and Y, we say that X collapses to'Y (or Y expands
to X) if there is a sequence X = X1, Xo,..., X,, =Y of finite Ty-spaces such that for each
1<i<n, X; X X;41. In this case we write X (Y or Y  X. Two finite Tp-spaces X
and Y are simple homotopy equivalent if there is a sequence X = X1, Xo,..., X;, =Y of
finite Tg-spaces such that for each 1 < ¢ < n, X; \, X;41 or X; /" X;11. We denote in
this case X M\ Y, following the same notation that we adopted for simplicial complexes.

In contrast with the classical situation, where a simple homotopy equivalence is a
special kind of homotopy equivalence, we will see that homotopy equivalent finite spaces
are simple homotopy equivalent. In fact this follows almost immediately from the fact
that beat points are weak points.

It follows from Proposition 4.2.3 that simple homotopy equivalent finite spaces are
weak homotopy equivalent.

In order to prove Theorem 4.2.12, we need some previous results. The first one concerns
the homotopy type of the associated finite space X'(K) of a simplicial cone K. Suppose
K = alL is a cone, i.e. K is the join of a simplicial complex L with a vertex a ¢ L. Since
|K| is contractible, it is clear that X(K) is homotopically trivial. The following lemma
shows that X' (K) is in fact contractible (compare with [33]).

Lemma 4.2.5. Let K = aL be a finite cone. Then X (K) is contractible.

Proof. Define f : X(K) — X(K) by f(o) = o U {a}. This function is order-preserving
and therefore continuous.

If we consider the constant map g : X(K) — X(K) that takes all X(K) into {a},
we have that 1yx) < f > g. This proves that the identity is homotopic to a constant
map. ]

The following construction is the analogue to the mapping cylinder of general spaces
and the simplicial mapping cylinder of simplicial complexes.

Definition 4.2.6. Let f : X — Y be a map between finite Ty-spaces. We define the
non-Hausdorff mapping cylinder B(f) as the following finite Ty-space. The underlying set

43



CHAPTER 4. SIMPLE HOMOTOPY TYPES AND FINITE SPACES

is the disjoint union X UY. We keep the given ordering within X and Y and for z € X,
yeY weset z <yin B(f)if f(x) <yinY.

Lemma 4.2.7. Let f : X — Y be a map between finite Ty-spaces such that f~1(Uy) is
contractible for every y € Y. Then B(f) \,i(X) and B(f) \, j(Y), where i : X — B(f)
and j : Y < B(f) are the canonical inclusions.

Proof. Label all the elements x1,zo, ..., z, of X in such a way that x, < zs implies r < s
and define Y, = j(Y) U {i(z1),i(z2),...,i(z;)} € B(f) for each 0 <r < n. Then

Er =1{i) |y > f@)}

is homeomorphic to the contractible space F}/(IT). It follows that Y, X Y,_; for 1 <r <mn,
and then B(f) = Y, collapses to j(Y) = Y. Notice that we have not yet used the
hypothesis on f.

Now order the elements y1,¥s,...,¥ymn of Y in such a way that y, < ys implies r < s
and define X, = (X)) U{j(yr+1),7(Yr+2)s-- -7 (ym)} € B(f) for every 0 < r < m. Then

Ot = {i(z) | f(z) < w}

is homeomorphic to f~!(U,,), which is contractible by hypothesis. Thus X,_; ¢, X, for
1 <r < m and therefore B(f) = Xy collapses to i(X) = X,,. O

Notice that in Definition 4.2.4 it is not explicit that homeomorphic finite Ty-spaces
are simple homotopy equivalent. One could have added that to the definition, but it is
not needed since it can be deduced from it. If X and Y are disjoint homeomorphic finite
To-spaces, then we can take a homeomorphism f : X — Y and the underlying set of B(f)
as the union of the dijoint sets X and Y. Then by Lemma 4.2.7, X  B(f) \, Y. In the
case that X and Y are non-disjoint, one can choose a third space Z homeomorphic to X
and Y and disjoint from both of them. Therefore X "\, Z "\, Y.

Now we can positively deduce the following

Remark 4.2.8. Homotopy equivalent finite Tp-spaces are simple homotopy equivalent. Sup-

h
pose X X Y and that X and Y, are cores of X and Y. Since beat points are weak points,
X N\, Xc and Y N\ Y.. On the other hand, X, and Y, are homeomorphic and therefore,

Xe/ N\ Ye.

As we pointed out above, any finite simplicial complex K has the same simple homo-
topy type of its barycentric subdivision K’. We prove next an analogous result for finite
spaces. Following [20], the barycentric subdivision of a finite Ty-space X is defined by
X' =X (K(X)). Explicitly, X’ consists of the non-empty chains of X ordered by inclu-
sion. It is shown in [20] that there is a weak homotopy equivalence h : X’ — X which
takes each chain C to its maximum maz(C).

Proposition 4.2.9. Let X be a finite Ty-space. Then X and X' are simple homotopy
equivalent.
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Proof. Tt suffices to show that the map h : X’ — X satisfies the hypothesis of Lemma 4.2.7.
This is clear since h=1(U,) = {C | maz(C) < z} = (U,) = X(zK(U,)) is contractible
by Lemma 4.2.5 (in fact, if a finite Ty-space Y is contractible, so is Y’ (see Corollary

5.0.18)). O

Note also that the proof of Proposition 4.2.9 shows that h is a weak homotopy equiv-
alence. Moreover, any map in the hypothesis of Lemma 4.2.7 is a weak homotopy equiva-
lence by Theorem 1.4.2.

We will use the following easy lemma whose proof we omit.

Lemma 4.2.10. Let aK be a simplicial cone of a finite complex K. Then, K is collapsible
if and only if aKK \, K.

Lemma 4.2.11. Let v be a vertex of a finite simplicial complex K. Then, lk(v) is col-
lapsible if and only if K \, K \ v.

Proof. By Lemma 4.2.10, lk(v) is collapsible if and only if st(v) = vlk(v) \, lk(v) =
st(v) N (K \ o) if and only if K = st(v) U (K ~v) \, K N\ v. O

Theorem 4.2.12.

(a) Let X and Y be finite Ty-spaces. Then, X and Y are simple homotopy equivalent
if and only if K(X) and K(Y) have the same simple homotopy type. Moreover, if
X N Y then K(X) N\, K(Y).

(b) Let K and L be finite simplicial complexes. Then, K and L are simple homotopy
equivalent if and only if X(K) and X (L) are simple homotopy equivalent. Moreover,
if K\, L then X(K) \, X(L).

Proof. Let X be a finite Ty-space and assume first that x € X is a beat point. Then, there
exists 2/ € X and subspaces Y, Z C X such that C, = Y @ {2/} ® Z. The link lk(x) of the
vertex z in K(X) is collapsible, since lk(z) = K(C,) = /K(Y & Z). By Lemma 4.2.11,
K(X) N\ K(X ~ {z}). In particular, if X is contractible, (X)) is collapsible.

Now suppose x € X is a weak point. Then C, is contractible and therefore lk(x) =
K(C,) is collapsible. Again, by 4.2.11, K(X) \, K(X ~ {z}). We have then proved that
X Y implies (X)) N\, £(Y). In particular, X "\ Y implies (X)), ™\ KL(Y).

Suppose now that K and L are finite simplicial complexes such that K X L. Then,
there exist 0 € K and a vertex a of K not in o such that aoc € K, K = LU{0,ac} and acN
L = as. Tt follows that o is an up beat point of X(K), and since (A]fa(K)\{U} = X(ac), by
Lemma 4.2.5, ao is a down weak point of X' (K)~{c}. Therefore X(K) , X (K) \ {o}
X(K) ~{o,ac} = X(L). This proves the first part of (b) and the “moreover” part.

Let X, Y be finite Tp-spaces such that (X)), N\ K(Y). Then X' = X(K(X)), "\,
X(K(Y)) =Y’ and by Proposition 4.2.9, X ”\ Y. Finally, if K, L are finite simplicial
complexes such that X (K), "\ X (L), K' = K(X(K)) "\ K(X(L)) = L' and therefore
K\, L. This completes the proof. O
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Corollary 4.2.13. The functors K, X induce a one-to-one correspondence between simple
equivalence classes of finite spaces and simple homotopy types of finite simplicial complezes

K
{Finite Ty — Spaces}/ {Finite Simplicial Complexes}/
/N X /N

The following diagrams illustrate the whole situation.

XEyYy—osX N Y—-—oX%Y

U !

K(X),/AKE) = [K(X)| & )] < K(X)] £ 1K)

he we

X(K) S X(L) — X(K),/\ X(L) — X(K) £ x(L)

| 1

h
KN\ L——— K| % |L| —= |K| ~ |L|

he
The Wallet W satisfies W\, %, however W ¢ %. Therefore X Y & X <y,
Since |K| < |L| & KL, X %Y = X, Y. Note that, if X = Y and their
Whitehead group Wh(m (X)) is trivial, then |[K(X)| and |[K(Y)| are simple homotopy
equivalent CW-complexes. It follows from Theorem 4.2.12 that X Y. Thus, we have
proved

Corollary 4.2.14. Let X, Y be weak homotopy equivalent finite Ty-spaces such that
Wh(m (X)) =0. Then X "N\ Y.

Beat points defined by Stong provide an effective way of deciding whether two finite
spaces are homotopy equivalent. The problem becomes much harder when one deals with
weak homotopy types instead. There is no easy way to decide whether two finite spaces are
weak homotopy equivalent or not. However if two finite Tp-spaces have trivial Whitehead
group, then they are weak homotopy equivalent if and only we can obtain one from the
other just by adding and removing weak points.

Another immediate consequence of the Theorem is the following

Corollary 4.2.15. Let X, Y be finite Ty-spaces. If X Y, then X' /Y.

Note that from Theorem 4.2.12 one also deduces the following well-known fact: If K
and L are finite simplicial complexes such that K \, L, then K’ \ L'
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4.2.1 Joins, products, wedges and collapsibility

The notion of collapsibility for finite spaces is closely related with the analogous notion
for simplicial complexes: We say that a finite Tp-space is collapsible if it collapses to a
point. Observe that every contractible finite Ty-space is collapsible, however the converse
is not true. The Wallet W introduced in Example 4.2.1 is collapsible and non-contractible.
Note that if a finite Ty-space X is collapsible, its associated simplicial complex (X)) is
also collapsible. Moreover, if K is a collapsible complex, then X' (K) is a collapsible finite
space. Therefore, if X is a collapsible finite space, its subdivision X’ is also collapsible.

Remark 4.2.16. Note that if the link C, of a point 2 € X is collapsible, K(C,) is also
collapsible and one has that (X) \, K(X ~\ {z}) by 4.2.11.

Example 4.2.17. Let W be the Wallet, and C(WW) its non-Hausdorff cone. By Remark
4.2.16, K(C(W)) \, K(W) but C(IW) does not collapse to W.

Let us consider now a compact contractible polyhedron X with the property that any
triangulation of X is non-collapsible, for instance the Dunce Hat [45]. Let K be any
triangulation of X. The associated finite space X'(K) is homotopically trivial because X
is contractible. However, X' (K) is not collapsible since K’ is not collapsible. In Figure 7.3
we exhibit a finite space of 15 points which is homotopically trivial and non-collapsible.

We have therefore the following strict implications in the context of finite spaces:

contractible = collapsible = homotopically trivial.

Example 4.2.18. The following space X is another example of a collapsible space which

is not contractible.
[ ] [ ]
|IX X

The space X U {a} is contractible and collapses to X. Therefore contractibility is not

invariant under collapses.
‘e
[} / [ ] \ [ ]
XK X

It is known that if K and L are finite simplicial complexes and one of them is collapsible,
then K x L is also collapsible. As far as we know the converse of this result is an open
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problem (see [41, (4.1)]). In the setting of finite spaces, the analogous result and its
converse hold.

Proposition 4.2.19. Let X and Y be finite Ty-spaces. Then X @Y 1is collapsible if and
only if X orY is collapsible.

Proof. We proceed as in Proposition 2.7.3, replacing beat points by weak points and
deformation retractions by collapses. Note that if x; is a weak point of X;, then x; is also
a weak point of X; @Y, since CA'Q??@Y = C’él @Y is contractible by Proposition 2.7.3.

On the other hand, if z; is a weak point of X; @ Y; and z; € X;, then by Proposition
2.7.3, z; is a weak point of X; or Y; is contractible. O

By the proof of Proposition 4.2.19 one also has the following

Proposition 4.2.20. Let X1, Xo,Y1,Ys be finite Ty-spaces. If X1\, Xo and Y1,7\, Y2,
X10Y,/\\ X2 @Yo,

These are a similar results for products.
Lemma 4.2.21. Let X and Y be finite Ty-spaces. If X \ A, X xY N\ AXxY.

Proof. 1t suffices to show that if # € X is a weak point of X, X x Y N\ (X ~{z}) x Y.
Suppose without loss of generality that x is a down weak point. If y € Y,

U(:(:,y) = Ux x Uy U {z} x 0y-

Let yo € Y be a minimal point. Then IA](%yO) = U, x Uy, is contractible since each
factor is contractible. Therefore, (x,y0) is a down weak point of X x Y. Now, let y;

be minimal in Y \ {yo}. Then U();;l};\{(r,yo)} = U, x Uy u{z} x ﬁy}; ~ Az, m)} =

U, x Uy U{z} x U;;\{y()} = U, x U, which again is contractible. Therefore (z,y1) is a
weak point in X x Y ~ {(x,yp)}. Following this reasoning we remove from X x Y all the
points of the form (z,y) with y € Y. O

In particular we deduce the following two results.

Proposition 4.2.22. Let X1, X9, Y1, Y2 be finite Ty-spaces. If X1, X2 and Y1,\, Yo,
X1 X Yl/\XQ X YQ.

Proposition 4.2.23. Let X and Y be collapsible finite Ty-spaces. Then X X Y is col-
lapsible.

There is an analogous result of Proposition 4.2.23 for the associated complexes, which
relates the collapsibility of (X x Y') with the collapsibility of I(X) and K(Y") (see [41]).

The following lemma, was used in the original proof of Theorem 4.2.12 in [8]. The
shorter proof we exhibit here does not use this result, but we will need it for the proof of
Proposition 4.2.25
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Lemma 4.2.24. Let L be a subcomplex of a finite simplicial complex K. Let T be a set
of simplices of K which are not in L, and let a be a vertex of K which is contained in no
simplex of T, but such that ao is a simplex of K for every o € T. Finally, suppose that

K =LU | {o,ac} (i.e. the simplices of K are those of L together with the simplices o
o€T
and ao for every o inT). Then L /" K.

Proof. Number the elements o1, 09, ...,0, of T in such a way that for every i, j with ¢ < j,
i
#0; < #0;. Here #0}, denotes the cardinality of oj. Define K; = LU |J {0j,a0;} for
j=1

0<i<n. Leto Co; IfoceT,then o,a0 € K;_1, since #0 < #o0;. If 0 ¢ T, then
o,a0 € L C K; 1. This proves that ac; N K;_1 = ao;.

By induction, Kj; is a simplicial complex for every i, and K;_1 ¢ K;. Therefore L =
Ky /' K,=K. O

Proposition 4.2.25. Let (X,zg) and (Y,yo) be finite Ty-pointed spaces. Then, there
exists a weak homotopy equivalence |[KK(X)| V|K(Y)] - X VY.

Proof. Let K(X)VIK(Y) C K(X VY) be the simplicial complex which is the union of the
complexes KC(X) and K(Y) identifying the vertices z¢ and yo. Then [IC(X)|V |[K(Y)] is
homeomorphic to [K(X)VI(Y)|. The McCord map pxvy : [K(XVY)| — X VY induces
amap f = pxvyyi: [K(X)|VIKY) - X VY, wherei: |[K(X)|VIKY) — [K(XVY)]
is the canonical inclusion. In order to prove that f is a weak homotopy equivalence, we
only need to prove that ¢ is a homotopy equivalence. We show something stronger: there
is a simplicial expansion from K(X) VvV K(Y) to L(X VY).

Take K = K(X VY)and L = K(X) VK(Y). Let a = 290 = yp and let T' = {0 €
K|o¢ Landa¢o}. If 0 €T, then every point of o is comparable with a, and therefore
ao € K. By Lemma 4.2.24, L /' K. O

Corollary 4.2.26. Let X and Y be finite Ty-spaces. Then X VY is homotopically trivial
if and only if both X and Y are.

Proof. If X and Y are homotopically trivial, the polyhedra [K(X)| and |IC(Y)| are con-
tractible and therefore |[/C(X)|V|IC(Y)]| is contractible. Thus, X VY is homotopically trivial
by Proposition 4.2.25. Conversely, if X VY is homotopically trivial, [K(X)| V [KC(Y)] is
contractible and then |/C(X)| and |/C(Y')| are contractible. Therefore, X and Y are homo-
topically trivial. O

Suppose that X and Y are finite Ty-spaces and z¢p € X, yo € Y are minimal points.
If X VY is collapsible it can be proved by induction that both X and Y are collapsible.
If z € X VY is a weak point, z # Tg (the class of zp in X VY) unless X =% or Y = .
But the distinguished point Tg € X VY could be a weak point with X # « #Y if zg € X
or Yo € Y is not minimal. It is not known in the general case whether X V'Y collapsible
implies that X and Y are collapsible. However, the converse is false as the next example
shows.

Example 4.2.27. The simplicial complex K of Example 9.1.8 is collapsible and therefore,
X(K) is collapsible. The space X(K) has a unique weak point o corresponding to the
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unique free face of K. Then, the union X = X' (K )V X (K) of two copies of X(K) at xg = o
is homotopically trivial, but it has no weak points and then it is not collapsible. If x €
X (K) is distinct from o, CA;X deformation retracts into Ciy ) Which is not contractible.
The point Ty € X is not a weak point either, since its link C’% is a join of non-connected
spaces.

4.3 Simple homotopy equivalences: The second main Theorem

In this Section we prove the second main result of the Chapter, which relates simple
homotopy equivalences of complexes with simple equivalences between finite spaces. Like
in the classical setting, the class of simple equivalences is generated by the elementary
expansions. However, in the context of finite spaces this class is also generated by the
distinguished maps, which play a key role in this theory.

Recall that a homotopy equivalence f : |K| — |L| between compact polyhedra is a
simple homotopy equivalence if it is homotopic to a composition of a finite sequence of
maps |K| — |Ki| — ... — |K,| — |L|, each of them an expansion or a homotopy inverse
of one [14, 35].

We prove first that homotopy equivalences between finite spaces induce simple homo-
topy equivalences between the associated polyhedra.

Theorem 4.3.1. If f: X — Y is a homotopy equivalence between finite Ty-spaces, then
(O IK(X)] — |[K(Y)] is a simple homotopy equivalence.

Proof. Let X, and Y, be cores of X and Y. Let ix : X, — X and iy : Y. — Y be the
inclusions and rx : X — X, ry : Y — Y, retractions of ix and iy such that ixryxy ~ 1x
and iyry ~ ly.

Since ry fix : X, — Y. is a homotopy equivalence between minimal finite spaces, it
is a homeomorphism. Therefore K(ry fix) : K(X.) — K(Y;) is an isomorphism and then
IK(ry fix)| is a simple homotopy equivalence. Since IC(X) N\, K(X.), |[K(ix)| is a simple
homotopy equivalence, and then the homotopy inverse |[K(rx)]| is also a simple homotopy
equivalence. Analogously |K(iy)| is a simple homotopy equivalence.

Finally, since f ~ iyry fixrx, it follows that [KC(f)| =~ [K(iy)||[K(ry fix)||K(rx)| is a
simple homotopy equivalence. ]

In order to describe the class of simple equivalences, we will use a kind of maps that
was already studied in Lemma 4.2.7.

Definition 4.3.2. A map f: X — Y between finite Ty-spaces is distinguished if f~(U,)
is contractible for each y € Y. We denote by D the class of distinguished maps.

Note that by the Theorem of McCord 1.4.2, every distinguished map is a weak ho-
motopy equivalence and therefore induces a homotopy equivalence between the associated
complexes. We will prove in Theorem 4.3.4 that in fact the induced map is a simple
homotopy equivalence. From the proof of Proposition 4.2.3, it is clear that if z € X is a
down weak point, the inclusion X \ {z} — X is distinguished.

Remark 4.3.3. The map h : X’ — X defined by h(C) = max(C), is distinguished by the
proof of Proposition 4.2.9.
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Clearly, homeomorphisms are distinguished. However it is not difficult to show that
homotopy equivalences are not distinguished in general.

Theorem 4.3.4. Fvery distinguished map induces a simple homotopy equivalence.

Proof. Suppose f: X — Y is distinguished. Consider the non-Hausdorff mapping cylinder
B(f) and the canonical inclusions i : X — B(f), j: Y — B(f).
The following diagram

does not commute, but ¢ < jf and then i ~ jf. Therefore |[K(i)| ~ |[K(H)||(f)|. By
Lemma 4.2.7 and Theorem 4.2.12, |[KC(7)| and |K(j)| are expansions (composed with iso-
morphisms) and then, [KC(f)| is a simple homotopy equivalence. O

In Proposition 6.2.9 we will prove that Theorem 4.3.4 also holds for a weaker notion
of distinguished map: if f : X — Y is a map between finite Ty spaces such that f~(U,)
is homotopically trivial for every y € Y, then f induces a simple homotopy equivalence.

We have already shown that expansions, homotopy equivalences and distinguished
maps induce simple homotopy equivalences at the level of complexes. Note that if f,g,h
are three maps between finite Typ-spaces such that fg >~ h and two of them induce simple
homotopy equivalences, then so does the third.

Definition 4.3.5. Let C be a class of continuous maps between topological spaces. We
say that C is closed if it satisfies the following homotopy 2-out-of-3 property: For any
f,g9,h with fg ~ h, if two of the three maps are in C, then so is the third.

Definition 4.3.6. Let C be a class of continuous maps. The class C generated by C is the
smallest closed class containing C.

It is clear that C is always closed under composition and homotopy. The class of
simple homotopy equivalences between CW-complexes is closed and it is generated by
the elementary expansions. Note that every map in the class £ of elementary expansions
between finite spaces induces a simple homotopy equivalence at the level of complexes and
therefore the same holds for the maps of £. Contrary to the case of CW-complexes, a
map between finite spaces which induces a simple homotopy equivalence, need not have
a homotopy inverse. This is the reason why the definition of £ is not as simple as in the
setting of complexes. We will prove that £ = D, the class generated by the distinguished
maps.

A map f: X — Y such that f‘l(Fy) is contractible for every y, need not be distin-
guished. However we will show that f € D. We denote by f° : X°? — Y°P the map that
coincides with f in the underlying sets, and let D? = {f | f°P € D}.

Lemma 4.3.7. Do? = D.
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Proof. Suppose that f: X — Y lies in D°. Consider the following commutative diagram

hXop

X <X x = (Xory X2 xop

AP
h hyop

Y=Y = (YP) s yor,

Here, f' denotes the map X (K(f)). Since D satisfies the 2-out-of-3 property and hxos,
hyor, f°P are distinguished by Remark 4.3.3, f' € D. And since hx, hy are distinguished,
f € D. This proves that D¢ C D. The other inclusion follows analogously from the
opposite diagram. ]

Proposition 4.3.8. £ = D, and this class contains all homotopy equivalences between
finite Ty-spaces.

Proof. Every expansion of finite spaces is in £ because it is a composition of maps in &.
Let f : X — Y be distinguished. By the proof of Theorem 4.3.4 there exist expansions
(eventually composed with homeomorphisms) 4, j, such that i ~ jf. Therefore f € .
If z € X is a down weak point, the inclusion X \ {z} — X is distinguished. If z is an
up weak point, X \ {} — X lies in D by the previous lemma and therefore & C D.
Suppose now that f: X — Y is a homotopy equivalence. From the proof of Theorem
4.3.1, fix ~ iyry fix where ix, iy are expansions and ry fix is a homeomorphism. This
implies that f € £ = D. O

We denote by S = € = D the class of simple equivalences between finite spaces. In the
rest of the paper we study the relationship between simple equivalences of finite spaces
and simple homotopy equivalences of polyhedra.

Given n € N we denote by K™ the n-th barycentric subdivision of K.

Lemma 4.3.9. Let A : K" — K be a simplicial approximation to the identity. Then
X(\)eS.

Proof. Tt suffices to prove the case n = 1. Suppose A : K’ — K is a simplicial approxima-
tion of 1. Then X(\) : X(K)" — X (K) is homotopic to hy(xy, forifor S oa & ... C o
is a chain of simplices of K, then X'(\)({o1,02,...,0m}) = {\o1),A(02),..., A(om)} C
om = hxy({01,02,...,0m}). By Remark 4.3.3, it follows that X'()) € S. O

Lemma 4.3.10. Let ¢,v¢ : K — L be simplicial maps such that |@| ~ |¢]. If X(p) € S,
then X (1) also lies in S.

Proof. There exists an approximation to the identity A : K™ — K for some n > 1, such
that @A and ¥\ lie in the same contiguity class. By Proposition 2.1.3, X(¢)X(\) =
X(pA) >~ X (YA) = X(¢)X(N). By Lemma 4.3.9, X'(\) € S and since X(p) € S, it follows
that X' () € S. O

Theorem 4.3.11. Let Ko, K1,..., K, be finite simplicial complexes and let

fo o fn-1

!
| Kol | K| = et

be a sequence of continuous maps such that for each 0 < i < n either
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(1) fi = |pi| where @; : K; — Ki1 is a simplicial map such that X(p;) € S or

(2) fi is a homotopy inverse of a map |¢;| with p; : Ki+1 — K; a simplicial map such
that X (¢;) € S.

If p: Ko — Ky, is a simplicial map such that |p| >~ fu—1fn—2... fo, then X(¢) € S.

Proof. We may assume that fy satisfies condition (1). Otherwise we define IA(B = Ky,
f() = |1K0‘ : |K0| — ‘Kg‘ and then |(p‘ >~ fn—lfn—2 .. .f(]fg.

We proceed by induction on n. If n = 1, |p| =~ |po| where X' (¢g) € S and the result
follows from Lemma 4.3.10. Suppose now that n > 1 and let Ko, K1,...,K,, K 4+1 be
finite simplicial complexes and f; : |K;| — |K;y1| maps satisfying conditions (1) or (2),
fo satisfying condition (1). Let ¢ : Ky — K,+1 be a simplicial map such that |¢| ~
fofn—1...fo. We consider two cases: f, satisfies condition (1) or f,, satisfies condition
(2).

In the first case we define g : |Ko| — |Ky| by g = fo—1fn—2... fo. Let g : K" — K,
be a simplicial approximation to g and let A : Kj* — Ky be a simplicial approximation to
the identity. Then [g] =~ g1l = fa_1/a 2 ... f1(folAl) where folA] = |poA| and X(goA) =
X(p0)X(A) € S by Lemma 4.3.9. By induction, X(g) € S, and then X(p,g) € S. Since
|oAl >~ frglAl =~ frulgl = l¢ngl, by Lemma 4.3.10, X (o)) lies in S. Therefore X' (¢) € S.

In the other case, |@n¢| ~ fn-1fn—2-..fo and by induction, X(p,p) € S. Therefore
X(p) also lies in S. O

Theorem 4.3.12.

(a) Let f: X —Y be a map between finite Ty-spaces. Then f is a simple equivalence if
and only if |K(f)] : |K(X)| — |K(Y)| is a simple homotopy equivalence.

(b) Let ¢ : K — L be a simplicial map between finite simplicial complexes. Then || is
a simple homotopy equivalence if and only if X () is a simple equivalence.

Proof. By definition, if f € S, |[K(f)| is a simple homotopy equivalence.

Let ¢ : K — L be a simplicial map such that |¢| is a simple homotopy equivalence.
Then there exist finite complexes K = Ky, K1, ..., K, = L and maps f; : |K;| — |K;t1],
which are simplicial expansions or homotopy inverses of simplicial expansions, and such
that |¢| ~ fn—1fn—2...fo. By Theorem 4.2.12, simplicial expansions between complexes
induce expansions between the associated finite spaces and therefore, by Theorem 4.3.11,
X(p) €S.

Suppose now that f: X — Y is a map such that |[K(f)| is a simple homotopy equiva-
lence. Then, f' = X(K(f)): X' — Y’ liesin S. Since fhx = hy f', f € S.

Finally, if ¢ : K — L is a simplicial map such that X(¢) € S, |¢| : |[K'| — |L/| is
a simple homotopy equivalence. Here ¢’ = K(X(p)) is the barycentric subdivision of .
Let A\ : K/ — K and A\, : L' — L be simplicial approximations to the identities. Then
Ary’ and @Ak are contiguous. In particular |Ap||¢’| =~ |p|| k| and then |p| is a simple
homotopy equivalence. O
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In the setting of finite spaces one has the following strict inclusions
{homotopy equivalences} C S C {weak equivalences}.

Clearly, if f: X — Y is a weak homotopy equivalence between finite Ty-spaces with
trivial Whitehead group, f € S.

4.3.1 Simple homotopy version of Quillen’s Theorem A

Results which carry local information to global information appear frequently in Alge-
braic Topology. The Theorem of McCord 1.4.2 roughly states that if a map is locally
a weak homotopy equivalence, then it is also a weak homotopy equivalence (globally).
In the following we prove a result of this kind for simplicial maps and simple homotopy
equivalences.

Let K and L be finite simplicial complexes and let ¢ : K — L be a simplicial map.
Given a simplex o € L, we denote by ¢~ !(o) the full subcomplex of K spanned by the
vertices v € K such that ¢(v) € o.

Recall that the simplicial version of Quillen’s Theorem A, states that if ¢ : K — L
is a simplicial map and |p|~1(7) is contractible for every simplex o € L, then |¢| is a
homotopy equivalence (see [32], page 93). Note that |p~!(0)| = |¢|~1(7). In particular, if
¢~ (o) is collapsible for every o € L, |¢| is a homotopy equivalence. We prove that under
these hypothesis, |¢| is a simple homotopy equivalence.

First, we need to state a stronger version of Lemma 4.2.7. We keep the notation we
use there.

Lemma 4.3.13. Let f: X — Y be a map between finite Ty-spaces such that f~1(U,) is
collapsible for everyy € Y. Then K(B(f)) \ K(i(X)).

Proof. We follow the proof and notation of Lemma 4.2.7. The set Uj((yr;)l ={i(z) | f(z) <

yr} is homeomorphic to f_l(UyT), which is collapsible by hypothesis. Therefore, C’jﬁ;r’l

is collapsible by 4.2.19 and, from Remark 4.2.16, (X,_1) \, K(X,). Thus, K(B(f)) =
K(Xo) collapses to KC(i(X)) = K(Xm). O

Theorem 4.3.14. Let o : K — L be a simplicial map between finite simplicial complezes.
If =Y (o) is collapsible for every simplex o of L, then |¢| is a simple homotopy equivalence.

Proof. Let 0 € L. We show first that X () }(U,) = X(¢!(0)). Let 7 € K. Then,
7 € X(p~Y(0)) if and only if 7 is a simplex of ¢~!(c). But this is equivalent to say that
for every vertex v of 7, p(v) € o or, in other words, that ¢(7) C ¢ which means that
X(¢)(1) < 0. By Theorem 4.2.12, X ()~ (U,) is collapsible.

By Lemma 4.3.13, |[K(i)| : |K'| — |[K(B(X(p)))| is a simple homotopy equivalence, and
sois [K(j)| : |L| — |K(B(X(¢)))|, where i : X(K) — B(X(¢)) and j : X(L) — B(X(p))
are the inclusions. Since |K(i)| =~ |K(j)||¢'], |¢| is a simple homotopy equivalence and
then, so is |¢p|. O
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4.4 The multiple non-Hausdorff mapping cylinder

It is easy to prove that if K1 and K5 are simple homotopy equivalent finite CW-complexes,
there exists a third complex L such that K1 ' L\, Ko. When CW-complexes are changed
by simplicial complexes or finite spaces, the structure becomes much more rigid, and the
result is not so trivial. In this Section we will prove that if X and Y are finite Ty-spaces,
there exists a finite Tp-space Z which collapses to both of them. One such space is the
multiple non-Hausdorff mapping cylinder of some maps which is a generalization of the
non-Hausdorff mapping cylinder defined in Definition 4.2.6.

Definition 4.4.1. Let Xg, X1,..., X, be a sequence of finite Ty-spaces and let fy, f1,...,
fn—1 be a sequence of maps such that f; : X; — X;a10r f;: X501 — X5 If f; 0 Xy — X4
we say that f; goes right, and in other case we say that it goes left. We define the
multiple non-Hausdorff mapping cylinder B(fo, f1,---, fn—1; X0, X1,...,X,) as follows.
n
The underlying set is the disjoint union | | X;. We keep the given ordering in each copy
i=0
X; and for x and y in different copies, we set x < y in any of the following cases:
o If z € Xoj, y € Xoj+1 and fo;(z) <y or = < fo; (y).
o If z € Xo;, y € Xoj—1 and fo;1(x) <y or x < fo;_1(y).

Note that the multiple non-Hausdorff mapping cylinder coincides with the ordinary
non-Hausdorff mapping cylinder (Definition 4.2.6) when n = 1 and the unique map goes
right.

Lemma 4.4.2. Let B = B(fo, f1,---, fa—1, X0, X1,...,Xpn). If fo goes right or if fy goes
left and it lies in D°P, then B\, B \ Xj.

Proof. If fo goes right, B(fy) collapses to X; (see the proof of Lemma 4.2.7). In fact,
the collapse B(fy) “\, X1 is a strong collapse since the points removed are not only weak
points, but beat points. Since the points of Xy are not comparable with the points of
X5, X3,...X,, the same elementary collapses can be performed in B. Then B \, B \ Xj.

Now, if fo goes left and fg¥ € D, then B(f5") \, X|” by 4.2.7. Thus, B(f")? \, X;i.
On the other hand, B(fg") = B(f;"; X{¥, X3") = B(fo; Xo, X1)° and then B(fy; Xo, X1)
\, X1. By the same argument as before, B \, B \ Xj. O

The following remark is an easy consecuence of the definition.

Remark 4.4.3.

B(fl, fg, e ,fn_l;Xl,XQ, e ,Xn)OP = B( gp, fp’ ceey z]il;Xgp, Xfp, e X;pr) N Xgp.
Lemma 4.4.4. Let B = B(fo, f1,-- - fn-1, X0, X1,...,Xy). Suppose that
foi € D if fo; goes right.
fai € DP if fo goes left.
fait1 € D if foiy1 goes right.
foiv1 € D if fair1 goes left.
Then B\, X,. If in addition n is even, B\, Xg.
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Proof. By 4.4.2, B\, B \ Xy. By the previous remark,

B~ Xo=DB(f{" fsf . f s X XS X PP
By induction B(f{?, f3¥, ..., fol 1; X7F, XoF, Xo) \, X Therefore B \, B \ X \
X,,.
If nis even, B = B(fn_l,fn_z, .. .,fD;Xn,Xn_l, . ,Xo) \ Xo. L]

Theorem 4.4.5. Let X andY be simple equivalent finite To-spaces. Then, there exists a
finite Ty-space Z such that X /' Z Y, where Y is homeomorphic to Y.

Proof. If X 7\|Y, there exists a sequence of elementary expansions and collapses from
X to Y. An elementary expansion X; ¢ X;;; induces an inclusion map X; — X,
which lies in D or D depending on if the weak point removed is a down weak point or
an up weak point. In particular, there exists a sequence X = Xg, X1, Xo,..., X, =Y
of finite Tp-spaces and a sequence fy, f1,..., fn—1 of maps such that f; : X; — X;41 or
fi 1 Xi31 — X; and f; € DUDP for every 0 < i <n — 1. Adding identities if needed, we
can assume that the maps are in the hypothesis of Lemma 4.4.4, and the result follows. [
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Chapter 5

Strong homotopy types

The notion of collapse of finite spaces is directly connected with the concept of simplicial
collapse. In Chapter 2 we have studied the notion of elementary strong collapse which
is the fundamental move that describes homotopy types of finite spaces. In this Chapter
we will define the notion of strong collapse of simplicial complexes which leads to strong
homotopy types of complexes. This notion corresponds to the homotopy types of the
associated finite spaces, but we shall see that it also arises naturally from the concept of
contiguity classes.

Strong homotopy types of simplicial complexes have a beautiful caracterization which
is similar to the description of homotopy types of finite spaces given by Stong.

Definition 5.0.1. Let K be a finite simplicial complex and let v € K be a vertex. We
denote by K ~ v the full subcomplex of K spanned by the vertices different from v. We
say that there is an elementary strong collapse from K to K ~\ v if [k(v) is a simplicial
cone v’ L. In this case we say that v is dominated (by v') and we note K \¢ K \ v. There
is a strong collapse from a complex K to a subcomplex L if there exists a sequence of
elementary strong collapses that starts in K and ends in L. In this case we write K N\, L.
The inverse of a strong collapse is a strong expansion and two finite complexes K and L
have the same strong homotopy type if there is a sequence of strong collapses and strong
expansions that starts in K and ends in L.

Remark 5.0.2. Isomorphic complexes have the same strong homotopy type. Let K be a
finite simplicial complex and let v € K be a vertex. Let v’ be a vertex which is not in K and
consider the complex L = K + v'stg(v) = K \ v + v'vlkg(v). Since Ik (v') = vlkg(v),
L\, K. Moreover, by symmetry L \, L ~v = K. Clearly, there is an isomorphism
K — K which sends v to v’ and fixes the other vertices. Thus, if K7 and K> are isomorphic
simplicial complexes, we can obtain a third complex K3 whose vertices are different from
the vertices of K1 and K5 and such that K; and K3 have the same strong homotopy type
fori=1,2.

If v € K is dominated, lk(v) is collapsible and therefore st(v) = v(lk(v)) \, lk(v) =
st(v) N (K ~v). Then K = st(v) U (K ~v)\, K \ v. Thus, the usual notion of collapse
is weaker than the notion of strong collapse.

Remark 5.0.3. A vertex v is dominated by another v’ if and only if every maximal simplex
that contains v also contains v’.
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We will prove that this notion of collapse corresponds exactly to the notion of strong
collapse of finite spaces (i.e., strong deformation retracts).

If two simplicial maps ¢, : K — L lie in the same contiguity class, we will write
p ~ 1. It is easy to see that if ¢y, 9 : K — L, ¥1,%9 : L — M are simplicial maps such
that @1 ~ @2 and ¢y ~ 1o, then 11 ~ Papa.

Definition 5.0.4. A simplicial map ¢ : K — L is a strong equivalence if there exists
1 : L — K such that ¥p ~ 1 and @iy ~ 1. If there is a strong equivalence ¢ : K — L
we write K ~ L.

The relation ~ is clearly an equivalence.

Definition 5.0.5. A finite simplicial complex K is a minimal complex if it has no domi-
nated vertices.

Proposition 5.0.6. Let K be a minimal complex and let ¢ : K — K be simplicial map
which lies in the same contiguity class as the identity. Then @ is the identity.

Proof. We may assume that ¢ is contiguous to 1. Let v € K and let ¢ € K be a
maximal simplex such that v € 0. Then ¢(o) U o is a simplex, and by the maximality of
o, p(v) € p(0) Uo = o. Therefore every maximal simplex which contains v, also contains
©(v). Hence, ¢(v) = v, since K is minimal. O

Corollary 5.0.7. A strong equivalence between minimal complexes is an isomorphism.

Proposition 5.0.8. Let K be a finite simplicial complex and v € K a verter dominated
by v'. Then, the inclusion i : K ~ v — K is a strong equivalence. In particular, if two
compleres K and L have the same strong homotopy type, then K ~ L.

Proof. Define a vertex map r : K — K ~ v which is the identity on K ~ v and such
that r(v) = v'. If ¢ € K is a simplex with v € o, consider ¢/ O ¢ a maximal simplex.
Therefore v € ¢’ and r(o) = o U {v'} ~ {v} C ¢’ is a simplex of K \ v. Moreover
ir(c)Uo =oU{v'} C o’ is a simplex of K. This proves that r is simplicial and that ir is
contiguous to 1. Therefore, i is a strong equivalence. O

Definition 5.0.9. A core of a finite simplicial complex K is a minimal subcomplex Ky C
K such that K\, Kp.

Theorem 5.0.10. Every complex has a core and it is unique up to isomorphism. Two
finite simplicial complexes have the same strong homotopy type if and only if their cores
are isomorphic.

Proof. A core of a complex can be obtained removing dominated points one at the time.
If K1 and K> are two cores of K, they have the same strong homotopy type and by Propo-
sition 5.0.8, K1 ~ Kjs. Since they are minimal, by Corollary 5.0.7 they are isomorphic.
Let K, L be two finite complexes. If they have the same strong homotopy type, then
also their cores Ky and Lg do. As above, we conclude that Ky and Ly are isomorphic.
Conversely, If Ky and Ly are isomorphic, then they have the same strong homotopy
type by Remark 5.0.2 and then K and L have the same strong homotopy type. O
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If K and L are two complexes such that K ~ L and Ko C K, Ly C L are their cores,
then K¢ ~ Ly and therefore Ky and Lg are homeomorphic. Hence, we deduce the following

Corollary 5.0.11. Two finite simplicial complexes K and L have the same strong homo-
topy type if and only if K ~ L.

Example 5.0.12. The following homogeneous 2-complex is collapsible (moreover it is
non-evasive [41]). However, it is a minimal complex and therefore it does not have the
strong homotopy type of a point.

Example 5.0.13. In contrast to the case of simple homotopy types, a complex and its
barycentric subdivision need not have the same strong homotopy type. The boundary of a
2-simplex and its barycentric subdivision are minimal non-isomorphic complexes, therefore
they do not have the same strong homotopy type.

Proposition 5.0.14. Strong equivalences are simple homotopy equivalences.

Proof. Let ¢ : K — L be a strong equivalence. Let Ky be a core of K and Ly a core
of L. Then, the inclusion ¢ : Ky — K is a strong equivalence and there exists a strong
equivalence r : L — Ly which is a homotopy inverse of the inclusion Ly <— L. Since Kj
and Ly are minimal complexes, the strong equivalence rei is an isomorphism. Therefore,
], |r] and |ryi| are simple homotopy equivalences, and then so is |p|. O

Now we will study the relationship between strong homotopy types of simplicial com-
plexes and homotopy types of finite spaces. The following result is a direct consequence
of Propositions 2.1.2 and 2.1.3.

Theorem 5.0.15.

(a) If two finite Ty-spaces are homotopy equivalent, their associated complezes have the
same strong homotopy type.

(b) If two finite complexes have the same strong homotopy type, the associated finite
spaces are homotopy equivalent.

Proof. Suppose f : X — Y is a homotopy equivalence between finite Tp-spaces with
homotopy inverse g : ¥ — X. Then by Proposition 2.1.2, K(9)K(f) ~ lxx) and

If K and L are complexes with the same strong homotopy type, there exist ¢ : K — L
and ¢ : L — K such that ¢p ~ 1x and ¢ ~ 1. By Proposition 2.1.3, X (¢) : X(K) —
X (L) is a homotopy equivalence with homotopy inverse X (¢). O
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In fact, we will give a more precise result:

Theorem 5.0.16.

(a) Let X be a finite Ty-space and let Y C X. If X \, Y, £(X) X\, £(Y).
(b) Let K be a finite simplicial complex and let L C K. If K \, L, X(K) X, X(K).

Eroof. If z € X is a beat point, there exist a point z' € X and subspaces A, B such that
Cy =A@ {2’} ® B. Then lk(z) = K(Cy) = 2’K(A ® B) is a simplicial cone. Therefore,
K(X) N\ K(X) Nz =K(X ~A{z}).
If K is a finite complex and v € K is such that lk(v) = aL is a simplicial cone, we
define r : X(K) — X (K \ v) as follows:
[ ac~{v} ifveo
rlo) = { o ifvdo
Clearly 7 is a well defined order preserving map. Denote i : X(K \ v) — X(K) the
inclusion and define f : X(K) — X (K),

ac ifveo
f(a)—{ o ifvégo
Then ir < f > ly) and both ir and f are the identity on X(K \ v). Therefore
ir ~ 1y (k) rel X(K \ v) and then X'(K) \, X(K \ v) by 2.2.5. O

In particular, if two finite Tp-spaces are homotopy equivalent, the associated complexes
have the same strong homotopy type. If two finite simplicial complexes have the same
strong homotopy type, the associated finite spaces are homotopy equivalent.

Example 5.0.17. The complex (W) associated to the Wallet is collapsible because W
is collapsible, but it is not strong collapsible since W' is not contractible.

Corollary 5.0.18. If X is a contractible finite Ty-space, so is X'.

Proof. If X is contractible, X N\, *, then I(X) N\, * and therefore X’ = X(K(X)) \ *.
O

5.1 The m construction

We introduce an application which transforms a simplicial complex in another complex
with the same homotopy type. This construction is closely related to the Cech cohomology
of finite spaces. We will prove that this application can be used to obtain the core of a
simplicial complex.
Recall that if &/ is an open cover of a topological space X, the nerve of U is the
simplicial complex N (U) whose simplices are the finite subsets {Uy,Us, ..., U,} of U such
T

that () U; is nonempty. If V is a refinement of U, there is a simplicial map N (V) — N (U)
i=1
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which is uniquely determined up to homotopy, and sends any vertex V € N(V) to a
vertex U € N(U) such that V' C U. The Cech cohomology of X is the direct limit
H™ = colim H™(N(U)) taken over the family of covers of X preordered by refinement.

It is well known that if X is a CW-complex, the Cech cohomology coincides with the
singular cohomology of X. But this is not true in general. Given a finite space X, we
denote by Uy the open cover given by the minimal open sets of the maximal points of X.
Note that Uy refines every open cover of X. Therefore H™(X) = H™(N (Up)).

Example 5.1.1. If X = S(S°) is the minimal finite model of S, N (i) is a 1-simplex
and therefore H'(X) = 0. On the other hand H'(X) = H'(S') = Z.

If K is a finite simplicial complex, the cover Uy of X(K) satisfies that arbitrary in-
tersections of its elements is empty or homotopically trivial. Indeed, if o1, 09,...,0, are
maximal simplices of K, then NU,, is empty or it is Uny,. By Theorem 2 of [25], there is
a weak homotopy equivalence |N(Uy)| — X (K). Therefore H™(X(K)) = H"(|N(Up)|) =
H™(X(K)), so we proved

Proposition 5.1.2. Let K be a finite simplicial complex. Then H"(X(K)) = H*(X(K))
for every n > 0.

Another proof of the last result can be given invoking a Theorem of Dowker [15].
Let V' be the set of vertices of K and S the set of its maximal simplices. Define the
relation R C V x S by vRo if v € 0. Dowker consider two simplicial complexes. The
first has as simplices the finite subsets of V' which are related with one element of S,
this is the original complex K. The second complex has as simplices the finite subsets
of S which are related with an element of V. This complex is isomorphic to N (X (Up)).
The Theorem of Dowker concludes that |K| and |N(X(Up))| are homotopy equivalent.
Therefore H"(X(K)) = H™(|K|) = H"(|[N(X(Up))|) = H*(X(K)).

We now let aside the Cech cohomology to center our attention in the construction which
transforms K in the complex N (X (Up)). We will denote m(K) = N(X(Up)). Concretely,
the vertices of m(K') are the maximal simplices of K and the simplices of m(K) are the
sets of maximal simplices of K with nonempty intersection. The paragraph above shows
that if K is a finite simplicial complex, |K| and |m(K)| have the same homotopy type.
Given n > 2, we define recursively m"(K) = m(m" 1(K)).

Example 5.1.3. Let K be the following simplicial complex

Sz

61



CHAPTER 5. STRONG HOMOTOPY TYPES

Since K has four maximal simplices, m(K) has four vertices, and it looks as follows

S

Sy

For n > 2, the complex m"(K) is the boundary of a 2-simplex.

If m"(K) = « for some r > 1, then |K]| is contractible. But there are contractible
complexes such that m"(K) is not a point for every r. For instance, if K is the complex of
Example 5.0.12, m(K) has more vertices than K, but m?(K) is isomorphic to K. Therefore
m"(K) # * for every r, although |K]| is contractible.

We will see that in fact, there is a strong collapse from K to a complex isomorphic to
m?(K) and that there exists r such that m"(K) = * if and only if K is strong collapsible.

Lemma 5.1.4. Let L be a full subcomplex of a finite simplicial complex K such that every
verter of K which is not in L is dominated by some verter in L. Then K \, L.

Proof. Let v be a vertex of K which is not in L. By hypothesis, v is dominated and then
K N\ K ~ v. Now suppose w is a vertex of K ~\ v which is not in L. Then, the link
lkr(w) in K is a simplicial cone aM with a € L. Therefore, the link lkg,(w) in K \ v
is a(M ~\ v). By induction K \ v N\, L and then K \, L. O

Proposition 5.1.5. Let K be a finite simplicial complex. Then, there exists a complex L
isomorphic to m?(K) such that K N\, L.

Proof. A vertex of m?(K) is a maximal family ¥ = {0, 01,...,0,} of maximal simplices

of K with nonempty intersection. Consider a vertex map ¢ : m?(K) — K such that
T

©(X) € () ;. This is a simplicial map for if g, X1, ..., %, constitute a simplex of m?(K),

then th:erg is a common element ¢ in all of them, which is a maximal simplex of K.

Therefore p(3;) € o for every 0 < ¢ < r and then {¢(X1),¢(X2),...,¢(E,)} is a simplex

of K.

The vertex map ¢ is injective. If o(¥1) = v = ¢(X9) for 1 = {09,01,...,0},
Yo = {r0,71,...,7¢}, then v € o; for every 0 < ¢ < r and v € 7; for every 0 < i < ¢.
Therefore Y1 U X9 is a family of maximal simplices of K with nonempty intersection. By
the maximality of 31 and g, 31 = ¥ U X9 = 3.

Suppose X, %1, .., %, are vertices of m?(K) such that vg = ¢(Xg),v1 = ©(21),...,
v = (X,) constitute a simplex of K. Let ¢ by a maximal simplex of K which contains
vg, V1, - - ., U Then, by the maximality of the families ;, o € ¥; for every ¢ and therefore
{30,%1,...,%,} is a simplex of m?(K).

This proves that L = p(m?(K)) is a full subcomplex of K which is isomorphic to
m?(K).
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Now, suppose v is a vertex of K which is not in L. Let X be the set of maximal
simplices of K which contain v. The intersection of the elements of ¥ is nonempty, but X
could be not maximal. Let ¥’ D 3 be a maximal family of maximal simplices of K with
nonempty intersection. Then v' = ¢(¥') € L and if ¢ is a maximal simplex of K which
contains v, then 0 € ¥ C ¥/. Hence, v’ € 0. Therefore v is dominated by v’. By Lemma
51.4, K \ L. O

Lemma 5.1.6. A finite simplicial compler K is minimal if and only if m?(K) is isomor-
phic to K.

Proof. By Proposition 5.1.5, there exists a complex L isomorphic to m?(K) such that
K N\, L. Therefore, if K is minimal, L. = K.

If K is not minimal, there exists a vertex v dominated by other vertex v’. If v is
contained in each element of a maximal family > of maximal simplices of K with nonempty
intersection, then the same occur with v’. Therefore, we can define the map ¢ of the proof
of Proposition 5.1.5 so that v is not in its image. Therefore, L = p(m?(K)) is isomorphic
to m?(K) and has less vertices than K. Thus, m?(K) and K can not be isomorphic.  [J

The sequence K, m?(K),m*(K),m°(K),... is a decreasing sequence of subcomplexes
of K (up to isomorphism). Therefore, there exists n > 1 such that m?"(K) and m?"*2(K)
are isomorphic. Then K strongly collapses to a subcomplex L which is isomorphic to
m??(K) and which is minimal. Thus, we have proved the following

Proposition 5.1.7. Given a finite simplicial complex K, there exists n > 1 such that
m"(K) is isomorphic to the core of K.

Theorem 5.1.8. Let K be a finite simplicial complex. Then, K is strongly collapsible if
and only if there exists n > 1 such that m™(K) is a point.

Proof. 1f K is strongly collapsible, its core is a point and then, there exists n such that
m"(K) = * by the previous proposition. If m"(K) = * for some n, then m"*!(K) is also a
point. Therefore there exists an even positive integer r such that m"(K) = x, and K \, *
by Proposition 5.1.5. O

Example 5.1.9. The following complex K is strongly collapsible since m3(K) = *.

m2K m3K
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Chapter 6

Methods of reduction

A method of reduction of finite spaces is a technique that allows one to reduce the number
of points of a finite topological space preserving some properties of the original one.

An important example of reduction method is described by beat points defined by
Stong. The property that is preserved when removing a beat point is the homotopy type.
Stong method is effective in the sense that for any finite Ty-space X, one can obtain a space
homotopy equivalent to X of minimum cardinality, by applying repeatedly the method of
removing beat points.

Throghout our work, we have found other methods of reduction. The most important
is probably the one described by weak points (see Chapter 4). However it is still an open
problem to find an effective reduction method for the weak homotopy type and the simple
homotopy type. This is a reason why it is so difficult to find minimal finite models.

6.1 Osaki’s reduction methods

The first examples of reduction methods where introduced by T. Osaki [31]. In these cases,
Osaki presents two methods that allow to find a quotient of a given finite space such that
the quotient map is a weak homotopy equivalence.

Theorem 6.1.1. (Osaki) Let X be a finite Ty-space. Suppose there exists v € X such
that U, NUy is either empty or homotopically trivial for ally € X. Then the quotient map
q: X — X/U, is a weak homotopy equivalence.

Proof. Let y € X. If U, NU, = 0, ¢4(Uy,) = Uy,. In other case, ¢~ (Uy,) = U, U U,
(see Lemma 2.7.6). In order to apply McCord Theorem 1.4.2 to the minimal basis of
X/U,, we only have to prove that if U, N U, is homotopically trivial, then so is U, U U,,.
If U, N U, is homotopically trivial, since U, and U, are contractible, we obtain from the
Mayer-Vietoris sequence, that f[n(Um UU,) = 0 for every n > 0 and from the Theorem of
Van-Kampen, U, U Uy is simply connected. By Hurewicz’s Theorem, it is homotopically
trivial. Therefore, Theorem 1.4.2 applies and ¢ is a weak homotopy equivalence. O

The process of obtaining X/U, from X is called an open reduction. There is an
analogous result for the minimal closed sets F, i.e. the closures of the one point spaces
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{z}. This result follows from the previous one applied to the opposite X°P.

Theorem 6.1.2. (Osaki) Let X be a finite Ty-space. Suppose there exists © € X such
that Fy N Fy is either empty or homotopically trivial for all y € X. Then the quotient map
q: X — X/F, is a weak homotopy equivalence.

The process of obtaining X/F, from X is called a closed reduction.
Osaki asserts in [31] that he does not know whether by a sequence of reductions, each
finite Tp-space can be reduced to the smallest space with the same homotopy groups.

We show with the following example that the answer to this question is negative.

Let X = {a1,b,az,¢c,d, e} be the 6-point Tp-space with the following order: ¢,d < a;
¢,dye < band d,e < ay. Let D3 = {c,d, e} be the 3-point discrete space and Y = SD3 =

{a,b,c,d, e} the non-Haussdorf suspension of Ds.
Y ‘e o’
C. .d>< .e C. X.dﬁ\.e

The function f: X — Y defined by f(a1) = f(a2) = a, f(b) =b, f(c) =¢, f(d) =d
and f(e) = e is continuous because it preserves the order.

In order to prove that f is a weak homotopy equivalence we use the Theorem of McCord
1.4.2.

X a1 be 042

The sets Uy form a basis-like cover of Y. It is easy to verify that f~1(U,) is contractible
for each y € Y and, since Uy, is also contractible, the map f|;-1(y,) : YU, - Uy is a
weak homotopy equivalence for each y € Y.

Applying Theorem 1.4.2, one proves that f is a weak homotopy equivalence. Therefore
X and Y have the same homotopy groups.

Another way to show that X and Y are weak homotopy equivalent is considering the
associated polyhedra |IC(X)| and |[KC(Y)| which are homotopy equivalent to S* v S*.

On the other hand, it is easy to see that Osaki reduction methods cannot be applied to
the space X. Therefore his methods are not effective in this case since we cannot obtain,
by a sequence of reductions, the smallest space with the same homotopy groups as X.

6.2 ~v-points and one-point reduction methods

In this Section we delve deeper into the study of one-point reductions of finite spaces, i.e.
methods which consist on removing just one point of the space in such a way that it does
not affect its homotopy, weak homotopy or simple homotopy type. Beat points and weak
points provide two important examples of one-point reductions.

Recall that x € X is a weak point if and only if C, is contractible. This motivates the
following definition.

Definition 6.2.1. A point z of a finite Ty-space X is a y-point if C, is homotopically
trivial.
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Note that weak points are v-points. It is not difficult to see that both notions coincide
in spaces of height less than or equal to 2. This is because any space of height 1 is
contractible if and only if it is homotopically trivial. However, this is false for spaces of
height greater than 2.

Let x be a y-point of a finite Ty-space X. We will show that the inclusion X ~{z} — X
is a weak homotopy equivalence. Note that since U, and F} need not be homotopically
trivial, we cannot proceed as we did in Proposition 4.2.3. However, in this case, one has
the following pushout

KC(Cy)| [K(Ca)l

KX A{z})| — LX)

Where |[K(C3)| — |K(C3)| is a homotopy equivalence and [K(Cy)| — |[K(X ~{z})]| satisfies
the homotopy extension property. Therefore [(X ~\ {z})| — |[K(X)| is a homotopy
equivalence. This proves the following

Proposition 6.2.2. If © € X is a y-point, the inclusion i : X \ {x} — X is a weak
homotopy equivalence.

As we mentioned in the introduction, this result improves an old result which appears
for example in Walker’s Thesis [40, Proposition 5.8], which asserts, in the language of
finite spaces, that X ~ {z} — X is a weak homotopy equivalence provided U, or I, is
homotopically trivial. By Proposition 6.2.11 below, it is clear that a point = is a y-point
if U, or F} is homotopically trivial, but the converse is false.

We will show that the converse of Proposition 6.2.2 is true in most cases. First, we
need some results.

Proposition 6.2.3. Let x be a point of a finite Ty-space X . The inclusioni : X~{z} — X
induces isomorphisms in all homology groups if and only if the subspace C, is acyclic.

Proof. Apply the Mayer-Vietoris sequence to the triple (K(X); C(Cy), K(X ~ {z})). O

Remark 6.2.4. If X and Y are non-empty finite Tp-spaces with n and m connected com-
ponents respectively, the fundamental group m1(X @Y') is a free product of (n —1)(m—1)
copies of Z. In particular if z € X is neither maximal nor minimal, the fundamental group
of C’m = Um @ Fx is a free group.

Theorem 6.2.5. Let X be a finite Ty-space, and x € X a point which is neither maximal
nor minimal and such that X \ {x} — X is a weak homotopy equivalence. Then x is a
y-point.

Proof. If X ~ {xA} — X is a weak homotopy equivalence, C, is acyclic by Proposition
6.2.3. Then m(C,) is a perfect group and therefore trivial, by Remark 6.2.4. Now the
result follows from the Hurewicz Theorem. ]

The theorem fails if x is maximal or minimal as the next example shows.
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Example 6.2.6. Let X be an acyclic finite Ty-space with nontrivial fundamental group.
Let S(X) = X U {—1,1} be its non-Hausdorff suspension. Then S(X) is also acyclic and
m1(S(X)) = 0. Therefore it is homotopically trivial. Hence, X U {1} — S(X) is a weak
homotopy equivalence. However —1 is not a 7-point of S(X).

Using the relativity principle of simple homotopy theory [14, (5.3)] one can prove that
if z is a y-point, |[K(X ~ {z})| — |K(X)| is a simple homotopy equivalence. In fact this
holds whenever X ~\ {z} — X is a weak homotopy equivalence.

Theorem 6.2.7. Let X be a finite To-space and let x € X. If the inclusion i : X ~
{z} — X is a weak homotopy equivalence, it induces a simple homotopy equivalence

IK(X N Az})| — IK(X)|. In particular X ~{z}, "\, X.

Proof. Since |[K(X ~ {z})| is a strong deformation retract of |[/C(X)| and the open star of
xz,

st(x) = [K(X)| ~ KX ~ {a})]

is contractible, then by [14, (20.1)], the Whitehead Torsion 7(|K(X)|, |[K(X ~{z})]) =
0. O

This result essentially shows that one-point reductions are not sufficient to describe
all weak homotopy types of finite spaces. Of course they are sufficient to reach all finite
models of spaces with trivial Whitehead group. On the other hand, note that the fact
that X \ {z} and X have the same weak homotopy type does not imply that the inclusion
X ~ {z} — X is a weak homotopy equivalence.

Definition 6.2.8. If z € X is a y-point, we say that there is an elementary v-collapse from
X to X ~ {x}. A finite Ty-space X v-collapses to Y if there is a sequence of elementary
~v-collapses that starts in X and ends in Y. We denote this by X X Y. If X ~-collapses
to a point, we say that it is y-collapsible.

In contrast to collapses, a ~y-collapse does not induce in general a collapse between
the associated simplicial complexes. For example, if K is any triangulation of the Dunce
hat, C(X(K)) Y, X(K), but aK’ ), K’ since K’ is not collapsible (see Lemma 4.2.10).
However, if X \ Y, then X Y by Theorem 6.2.7 and then K(X) has the same simple
homotopy type as K(Y).

Recall that f : X — Y is said to be distinguished if f~1(U,) is contractible for every
y € Y. Distinguished maps are simple homotopy equivalences (see Section 4.3). The
following result generalizes that fact.

Proposition 6.2.9. Let f : X — Y be a map between finite Ty-spaces such that f~1(U,)
is homotopically trivial for everyy € Y. Then f is a simple homotopy equivalence.

Proof. Consider the non-Hausdorff mapping cylinder B(f) with the inclusions i : X —
B(f), j: Y < B(f). Using the same proof of Lemma 4.2.7, one can show that B(f)
i(X), while B(f) \\ j(Y) (the latter is true for every map f without more asumptions
than its continuity). Then ¢ and j are simple homotopy equivalences by Theorem 6.2.7,
and since jf =1, so is f. O
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Note that in the hypothesis of the last Proposition, every space Z with f(X) C Z CY
has the simple homotopy type of Y, because in this case f : X — Z also satisfies the
hypothesis of above.

Remark 6.2.10. The quotient maps of Theorems 6.1.1 and 6.1.2 are simple homotopy
equivalences.

We finish this Section analyzing the relationship between ~-collapsibility and joins.
Proposition 6.2.11. Let X and Y be finite Ty-spaces. Then
(i) X @Y is homotopically trivial if X orY is homotopically trivial.
(ii) X @Y is y-collapsible if X orY is ~y-collapsible.

Proof. If X or Y is homotopically trivial, [IC(X)| or |K(Y")| is contractible and then so is
IK(X)| = |[K(Y)| = K(X &Y)|. Therefore X &Y is homotopically trivial.

The proof of (i7) follows as in Proposition 2.7.3. If z; € X; is a y-point, CA’giiiEBY =
é’él @Y is homotopically trivial by item (¢) and then z; is a y-point of X; ® Y. O

There is an analogous result for acyclic spaces that follows from the Kiinneth formula
for joins [27].

Note that the converse of these results are false. To see this, consider two finite
simply connected simplicial complexes K, L such that Ho(|K|) = Zo, Ha(|L|) = Z3 and
H,(|K|) = Hn(|L|) = 0 for every n > 3. Then X(K) and X (L) are not acyclic, but
X(K) @ X (L), which is weak homotopy equivalent to | K|« |L|, is acyclic by the Kiinneth
formula and, since it is simply connected (see [27] or Remark 6.2.4), it is homotopically
trivial.

A counterexample for the converse of item (i) is the following.

Example 6.2.12. Let K be a triangulation of the Dunce hat. Then, X(K) is a ho-
motopically trivial finite space of height 2. The non-Hausdorff suspension S(X(K)) =
X(K)U{—1,1} is y-collapsible since 1 is a y-point and S(X'(K)) ~\ {1} has maximum.
However X' (K) is not collapsible and then S(X (X)) is not collapsible by Proposition 4.2.19.
Moreover X (K) and S° are not -collapsible either because their heights are less than or
equal to 2.
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Chapter 7

H-regular complexes and quotients

7.1 H-regular CW-complexes and their associated finite spaces

Recall that a CW-complex K is regular if for each (open) cell ", the characteristic map
D" — e is a homeomorphism, or equivalently, the attaching map S" ! — K is a home-
omorphism onto its image €™, the boundary of e". In this case, it can be proved that the
closure €™ of each cell is a subcomplex, which is equivalent to say that é” is a subcomplex.

A cell e of a regular complex K is a face of a cell € if e C €’. This will be denoted by
e < ¢’. The barycentric subdivision K’ is the simplicial complex whose vertices are the
cells of K and whose simplices are the sets {ej, ea,...,e,} such that e; is a face of e;41.

We can define, as in the case of simplicial complexes, the face poset X'(K) of a regular
complex K, which is the set of cells ordered by <. Note that K(X(K)) = K’, which is
homeomorphic to K and therefore X' (K) is a finite model of K, i.e. it has the same weak
homotopy type as K.

Example 7.1.1. The following figure (Figure 7.1) shows a regular structure for the real
projective plane RP?. The edges are identified in the way indicated by the arrows. It has
three 0-cells, six 1-cells and four 3-cells. Therefore its face poset has 13 points (Figure
7.2).

Figure 7.1: RP2,

In this Section we introduce the concept of h-regular complez, generalizing the notion
of regular complex. Given an h-regular complex K, one can define X(K) as before. In

71



CHAPTER 7. H-REGULAR COMPLEXES AND QUOTIENTS

Figure 7.2: A finite model of RP2.

general, K and (X (K)) are not homeomorphic. However we prove that X'(K) is a finite
model of K. We also study the relationship between collapses of h-regular complexes and
of finite spaces.

Definition 7.1.2. A CW-complex K is h-regular if the attaching map of each cell is a
homotopy equivalence with its image and the closed cells e are subcomplexes of K.

In particular, regular complexes are h-regular.

Proposition 7.1.3. Let K = LUe" be a CW-complex such that €" is a subcomplex of L.
Then €™ is contractible if and only if the attaching map p : S"~1 — é™ of the cell €™ is a
homotopy equivalence.

Proof. Suppose ¢ : S*"~! — ¢" is a homotopy equivalence. Since S"~! < D™ has the
homotopy extension property, the characteristic map 1 : D™ — e is also a homotopy
equivalence.

Suppose now that e” is contractible. The map 1 : D"/S"~1 — €7 /¢" is a homeomor-
phism and therefore it induces isomorphisms in homology and, since e™ is contractible,
by the long exact sequence of homology it follows that ¢, : Hyp(S"™!) — Hp(é") is an
isomorphism for every k.

If n > 3, m(é") = m(e”) = 0 and by a theorem of Whitehead, ¢ is a homotopy
equivalence. If n = 2, ¢" is just a graph and since o, : Hy(S') — Hy(é") is an isomorphism,
the attaching map ¢ is a homotopy equivalence. Finally, if n = 1, since the cell is
contractible, ¢ is one-to-one and therefore a homeomorphism. O

Corollary 7.1.4. A CW-complez is h-reqular if and only if the closed cells are contractible
subcomplexes.

Example 7.1.5. The following are four different h-regular structures for the Dunce hat
which are not regular structures. In each example the edges are identified in the way
indicated by the arrows.
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a a
b b b b
a b a a b a
a

a b a
For an h-regular complex K, we also define the associated finite space (or face poset)
X (K) as the poset of cells of K ordered by the face relation <, like in the regular case.

Note that since closed cells are subcomplexes, e < € if and only if & C €.
The proof of the following lemma is standard.

Lemma 7.1.6. Let K Ue be a CW-complex, let ¢ : D™ — € be the characteristic map of
the cell e and let A be a subspace of é. We denote Ce(A) = {¢(x) | x € D"~ {0}, ¢(ﬁ) €
A} Ce. Then

1. If A C é is open, Ce(A) C € is open.
2. AC C.(A) is a strong deformation retract.
Theorem 7.1.7. If K is a finite h-reqular complez, X (K) is a finite model of K.

Proof. We define recursivelly a weak homotopy equivalence fx : K — X (K).

Assume frn1 @ K" — X(K" 1) C X(K) is already defined and let x = 1(a) be
a point in an n-cell " with characteristic map ¢ : D" — ¢em. If a = 0 € D", define
fr(z) = €™ Otherwise, define fx(x) = fKn_l(w(”%H)).

In particular note that if e € K is a 0-cell, fx(e") = ¢ € X(K). Notice also that if
L is a subcomplex of K, fr = fx|L.

We will show by induction on the number of cells of K, that for every cell e € K,
f;l(Ue) is open and contractible. This will prove that fx is continuous and, by McCord’s
Theorem 1.4.2, a weak homotopy equivalence.

Let e be a cell of K. Suppose first that there exists a cell of K which is not contained
in . Take a maximal cell ¢ (with respect to the face relation <) with this property.
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Then L = K \ € is a subcomplex and by induction, f; 1(Ue) is open in L. It follows
that f; '(U.) Né' C ¢ is open and by the previous lemma, Cur(f; 1 (Ue) N¢é') C € is open.
Therefore,

f'(Ue) = frH(U) U Ce(f (U N €

is open in K.

Moreover, since f; '(Ue) Né' C Cu(f; 1 (Ue) Né') is a strong deformation retract, so is
f1H(Ue) C fr(Ue). By induction, f5'(U,) is contractible.

In the case that every cell of K is contained in e, fI_(l(Ue) =¢ = K, which is open and
contractible. ]

As an application we deduce that the finite spaces associated to the h-regular structures
of the Dunce hat considered in Example 7.1.5 are all homotopically trivial. The first one
is a contractible space of 5 points, the second one is a collapsible and non-contractible
space of 13 points and the last two are non-collapsible spaces of 15 points since they do
not have weak points. Here we exhibit the Hasse diagram of the space associated to the
third h-regular structure of the Dunce hat.

[ ] [ J [ ) [ ) [ ) [ ] [ J
Figure 7.3: A homotopically trivial non-collapsible space of 15 points.

Example 7.1.8. Let K be the space which is obtained from a square by identifying all
its edges as indicated.

We verify that K is homotopy equivalent to S? using techniques of finite spaces. Consider
the following h-regular structure of K
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b a

which consists of three 0-cells, three 1-cells and two 2-cells. The Hasse diagram of the

associated finite space X' (K) is
PN
° ° otb
a ®

X
The 0-cell b is an up beat point of X(K) and the 1-cell ab is a down beat point of
X(K) ~ {b}. Therefore K is weak homotopy equivalent to X(K) ~ {b,ab} which is a
(minimal) finite model of S? (see Chapter 3). In fact X(K) \ {b,ab} = S* @ S @ SV is
weak homotopy equivalent to S % SO« S0 = §2.

In Chapter 4 we proved that a collapse K \, L of finite simplicial complexes induces
a collapse X (K) N\, X(L) between the associated finite spaces. This is not true when K
and L are regular complexes. Consider L = IC(W) the associated simplicial complex to
the Wallet W (see Figure 4.2), and K the CW-complex obtained from L by attaching a
regular 2-cell €2 with boundary K({a, b, c,d}) and a regular 3-cell e* with boundary LUe?.

Note that the complex K is regular and collapses to L, but X' (K) = X (L)U{e?, €3} does
not collapse to X' (L) because Ujg(K)\{eQ} = X(L) = W' is not contractible. However, one
can prove that a collapse K N\, L between h-regular CW-complexes induces a y-collapse
X(K) N X(L).

Theorem 7.1.9. Let L be a subcomplex of an h-reqular complex K. If K \, L, then
X(K) X X(L).

Proof. Assume K = LU e Ue™!. Then e” is an up beat point of X (K). Since K \ L,
entl N L Nentl = ¢ntl e In particular é"t! < e is contractible and then

CHINET = p(em+t Lem)

is homotopically trivial. Therefore

A(K) N X(K) ~ {e"} X (D).
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We study the relatonship between the weak homotopy equivalence fx : |K| — X (K)
defined in 7.1.7 and the McCord map ug : |K| — X(K). We will prove that both maps
coincide if we take convenient characteristic maps for the cells of the polyhedron |K]|.

Let o be an n-simplex of the simplicial complex K. Let ¢ : S"~! — & be a homeo-
morphism. Define the characteristic map @ : D™ — @ of the cell o by

v A=z Do(o)+ | z || ¢(yzp) fx#0
cp(x)—{ bo) ] T

Here b(o) € @ denotes the barycenter of o. Clearly p is continuous and bijective and
therefore a homeomorphism.

Definition 7.1.10. We say that the polyhedron |K| has a convenient cell structure (as a
CW-complex) if the characteristic maps of the cells are defined as above.

Proposition 7.1.11. Let K be a finite simplicial complex. Consider a convenient cell
structure for |K|. Then fx and px coincide.

Proof. Let x € |K|, contained in an open n-simplex o. Let ¢ : S" ! — |K| be the
attaching map of the cell o, and @ : D™ — @ its characteristic map. If x is the barycenter

of o, fx(z) = fx(®(0)) = 0 € X(K) and ug(z) = pr)syg (0(0)) = pyio (o) = o.
Assume then that = = @(y) with y # 0. Thus, fx(z) = fK(gp(”—gH)) Then, by an
inductive argument,

frelz) = mw(ﬁ» - mm(s;{lw(ﬁ».

On the other hand,

p(2) = rr)si @) = pa sy (L= [y Dbo)+ [y | w(ﬁ)) =

— e (=1 Do+ 1 91 s;g«p(H;’—H».

Finally, s;(lcp(”z—”) € 1(¢)'| and then,

o (= Ly Do+ 1|y | s;wﬁ» = min(support((1— || y [No+ || y | sféso(Hjj*H))) =

= min({o}Usupport(sigo((-))) = min(support(si o)) = o (552 o)

Thus, fk(z) = pr(X). O

7.2 Quotients of finite spaces: An exact sequence for homology
groups

For CW-pairs, (Z, W) there exists a long exact sequence of reduced homology groups

v Hy (W) — H,,(Z) — Hp(Z/W) —= Hyr (W) —> -+
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More generally, this holds for any good pair (Z,W); i.e., a pair of topological spaces Z
and W such that W is a closed subspace of Z which is a deformation retract of some
neighborhood in Z. When Z and W are finite spaces, one does not have such a sequence in
general. For a pair of finite spaces (X, A), H,(X, A) and H,,(X/A) need not be isomorphic
(see Example 2.7.9) . However, we will prove that if A is a subspace of a finite Ty-space
X, there is a long exact sequence

”Hﬁn(A,)Hﬁn(X/)Hﬁn(X,/A,)H~n71(A/)H"’

of the reduced homology groups of the subdivisions of X and A and their quotient. In
fact, in this case we will prove that H,(X’/A') = H,(X,A) = H, (X', A").

Recall that if W is a subcomplex of a CW-complex Z, Z/W is CW-complex with one
n-cell for every n-cell of Z which is not a cell of W and an extra 0-cell. The n-squeleton
(Z/W)™ is the quotient Z™/W™. If e” is a closed n-cell of Z which is not in W, there
is a corresponding closed n-cell g(e™) in Z/W where q : Z — Z/W is the quotient map.
If o : S»1 — Z"~1 is the attaching map of e® and @ : D" — e” its characteristic
map, qp : S"71 — Z" 1 /W" 1 and qp : D™ — q(e") are respectively, the attaching and
caracteristic maps of the corresponding cell " in Z/W.

Theorem 7.2.1. Let K be a finite simplicial complex and let L C K be a full sub-
complex. Then |K|/|L| is an h-reqular CW-complex and X (|K|/|L|) is homeomorphic to
X(K)/X(L).

Proof. Let o be an n-simplex of K which is not a simplex of L. If ¢ intersects L, then o N
L = 7 is a proper face of o. In particular 7 is contractible and therefore the corresponding
closed cell q(¢) = /7 C |K|/|L| is homotopy equivalent to & which is contractible. Thus,
closed cells of |K|/|L| are contractible subcomplexes. By 7.1.4, |K|/|L| is h-regular.
Now, if 7 and o are simplices of K which are not in L, then 7 < ¢ in X(|K|/|L]) if
and only if ¢(F) = 7 C & = ¢(7) if and only if 7 is a face of ¢ in K if and only if 7 < o in
X(K)/X(L). Finally, if r € L and 0 ¢ L, 7 < ¢ in X(|K|/|L]) if and only if ¢(7) C ¢(o)
if and only if c N L # 0 if and only if 7 < ¢ in X(K)/X(L). Therefore, X(|K|/|L|) and
X(K)/X(L) are homeomorphic. O

Corollary 7.2.2. Let X be a finite Ty-space and A C X a subspace. Then, the space
X(IK(X)|/IK(A)|) is homeomorphic to X' /A’ In particular |K(X)|/|IK(A)| and |K(X'/A")]|

are homotopy equivalent.
Proof. Apply 7.2.1 to K = K(X) and the full subcomplex L = IC(A). O

Corollary 7.2.3. If A is a subspace of a finite Ty-space X, Hyp(X,A) = H,(X'/A") for
every n > 0.

Proof. By the naturality of the long exact sequence of homology, the McCord map ux :
I(X)| — X induces isomorphisms H, (|K(X)|, |K(A)|) — Hp(X, A). Thus,

Ho(X, A) = Hy(IKX), IK(A)) = Hy(IK(X)I/IK(A)]) = Ha(K(X'/A")]) = Ha(X'/A).

O]
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Example 2.7.9 shows that H,(X, A) is not isomorphic to H, (X/A) in general.

Proposition 7.2.4. Let L be a full subcomplex of a finite simplicial complexr K. Let fx :
|K| — X(K), fr/r: |K|/|L] — X(|K|/|L]) be the weak homotopy equivalences constructed
in Theorem 7.1.7 (for some characteristic maps of the cells of |K|). Let q: |K| — |K|/|L|
and q: X(K) — X(K)/X(L) be the quotient maps and let h : X(|K|/|L|) — X(K)/X(L)
be the homeomorphism defined by h(c) = q(o). Then, the following diagram commutes

q
K] [K|/IL|

lf}( J/th/L

X(K)—2 X(K)/X(L).

Proof. Let x € |K|, z € €", an open n-simplex. We prove that ¢fx(r) = hfx/rq()
by induction in n. Note that this is clear if z € |L|, so we suppose = ¢ |L|. If n = 0,
hikpa(e®) = hfx (%) = h(e®) = q(e°) = Gfx (e"). Assume then that n > 0, z € ™. Let
¢ : 8"t — |K| and § : D™ — " be the attaching and characteristic maps of e™. Since
e™ is not a simplex of L, e is a cell of |K|/|L| with attaching map q¢ : S" ! — |K|/|L]|
and characteristic map ¢ : D™ — ¢(e"). Let y in the interior of the disc D™ such that
T =p(y). By definition of fx,r,
y .
Fgnlate) = Tl ) = { LG0T L7

e ify=0
£y £ 0, hfscsn(a(a)) = hfipa(e() = Ticle(l) = @fic(a) by induction. Ify — 0,
hfk/L(x) = h(e") = q(e") = ¢fx (z). This proves that ¢fx(z) = hfx/Lq(z). O

Let 8 : H,(|K|/|L|) — Hy,_1(|L|) be the connecting homomorphism of the long ex-
act sequence of reduced homology. Define 9 = fr.0((hfr/r)«) " : Ho(X(K)/X(L)) —

H,(X(L)). By the previous results, there exists a long exact sequence

o o (X (L)~ Ha(X(K)) —F Ho(X(K) /(L) S Hyot (X (L) —=

(7.1)

Corollary 7.2.5. Let A be a subspace of a finite Ty-space X. There exists a long exact
sequence

e F(A) < (X))~ B (XA T H g (A) - (12)

which is natural in the following sense: if g : (X, A) — (Y, B) is a map of pairs, there is
a commutative diagram

~ Tx

s () < F (X)) 5 (XA L (4 — - (13)

igi lgi ig’* J{gi

f[n(if’)‘@;}T[n(}/l/B/)i> anl(B,)H"‘

i
3.
2
|
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where ¢ = X(K(g)) is the induced map in the subdivisions.

Proof. Consider a convenient cell structure for |(X)|. Taking K = K(X) and L = K(A)
in 7.1 one obtains the long exact sequence 7.2 with the connecting morphism 0 defined as
above for the maps fx and fx/; induced by the cell structure of [K(X)].

The first two squares of 7.3 commute before taking homology. We only have to prove
the commutativity of the third square.

Consider the following cube,

0

ﬁn(K(X)/K%\ ﬁnl(K(A))Kx (7.4)
K(X)/KC(A)* J KC(A)*
K. H,(X'/A") Hetoy= H,_1(A)
ffnm(Y)/ic% 7 ﬁn1<K<B>>\ .
K(Y)/K(B)x* K(B)x*
H,(Y'/B) 0 H,_(B)

The top and bottom faces of the cube commute by definition of d. The back face
commute by the naturality of the long exact sequence for CW-complexes. Therefore, to
prove that the front face commutes, we only have to check that the left and right faces
do. To achieve this, we prove that these two squares commute up to homotopy:

Tr(a) hfr(x)/K(a)

KA Y 0K X' /A
[KC(g)| J{g’ iIC(g)I ig’
KB L2 g ) K(B)| )y

For the first square this is clear, since the convenient cell structures for [K(X)| and
|K(Y)| induce convenient cell structures for the subcomplexes [(A)| and |[K(B)| and in
this case fia) = mxa) and figg) = pxpy by 7.1.11. For the second square we just
have to remember that there exists a homotopy H : puxy)IK(g)] =~ ¢'pi(x) such that
H(|K(A)| x I) € B’ by 1.4.14 and this induces a homotopy H : |[K(X)|/|K(A)] x I —
Y'/B’ which is the homotopy between h fi(yy/k(5)|K(g)| and Ehf,C(X)/,C(A) by 7.1.11 and
7.2.4. O

Remark 7.2.6. There is an alternative way to prove the existence of the sequence 7.1 and
Corollary 7.2.5 above, which is in fact simpler than what we exhibit here. This proof does
not use the fact that X(K)/X(L) is a finite model of |K|/|L| when L is a full subcomplex
of K. However we chose that proof because Theorem 7.2.1 and Proposition 7.2.4 are
applicatons of the first Section of this Chapter which give stronger results and provide an
explicit formula for the weak homotopy equivalence |K|/|L| — X (K)/X(L).
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The idea of the alternative proof is as follows: if L is a full subcomplex of K, X'(L)°P is
a closed subspace of X'(K)° which is a deformation retract of the nighborhood X' (L)% C
X (K)°P. Therefore, there is a long exact sequence as in Proposition 7.1 but for the
opposite spaces X (L)°P, X(K)° and X (K)° /X (L)°. Using the associated complexes of
these spaces we obtain the long exact sequence of Proposition 7.1 and the naturality of
Corollary 7.2.5 follows from the naturality of the sequence for the opposite spaces.
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Chapter 8

Actions, fixed points and a
conjecture of Quillen

8.1 Equivariant homotopy theory and the poset of nontrivial p-
subgroups of a group

Given a finite group G and a prime integer p, we denote by S,(G) the poset of nontrivial
p-subgroups of G ordered by inclusion. In 1975, K. Brown [13] studies the relationship
between the topological properties of the simplicial complex K(S,(G)) and the algebraic
properties of G, and proves a very interesting variation of Sylow’s Theorems for the Euler
characteristic of (S,(G)). In 1978, Daniel Quillen [33] investigates in depth topological
properties of this complex [33]. One of his results claims that if G has a nontrivial normal
p-subgroup, |KC(S,(G))| is contractible. He proves that the converse of this statement is
true for solvable groups and conjectures that it is true for all finite groups. This conjecture
is still open.

Apparently, Quillen was not aware of the theory of finite spaces by the time he wrote
[33]. In fact, he works with the associated complex K(.S),) without considering the intrinsic
topology of the poset Sp(G).

In 1984, Stong [38] investigates the equivariant homotopy theory of finite spaces and
its relationship with Quillen’s conjecture. He shows that G has a nontrivial p-subgroup if
and only if S,(G) is a contractible finite space. Therefore, the conjecture can be restated
as:

Sp(G) is contractible if and only if it is homotopically trivial.

In this Section, we recall the basic results on equivariant homotopy theory of finite
spaces due to Stong [38] and their applications to the study of the poset S,(G). At the
end of the Section, we exhibit an alternative proof of K. Brown’s result on the Euler
characteristic of S,(G).

In the following, G will denote a finite group and p, a prime integer dividing the order
of G.

Example 8.1.1. For G = Dg =< s,7 | s> = r® = srsr = 1 >, the dihedral group of order
12, and p = 2, the poset S2(Dg) looks as follows
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<73 s> <3 sr> <73, sr2 >
<s>  <grd>s  <sr> <> < srt > < sr? > < srP >

Theorem 8.1.2 (Quillen). If G has a nontrivial normal p-subgroup, |KC(Sy(G))| is con-
tractible.

Proof. Suppose N is a nontrivial normal p-subgroup of G. Define f : S,(G) — S,(G) by
f(H)=NH ={nh|n€ N, he€ H}. NH is asubgroup of G since N < G. Moreover, NH
is a quotient of the semiderct product N x H, where (n1, h1)(ng, ha) = (nlhlnghfl, hihs).
Since N and H are p-groups, so is NH. Therefore, f is well defined. Clearly f is order
preserving, and if ¢y denotes the constant map N, ey < f > 1g,). Thus 1g ) is
homotopic to a constant and then, S,(G) is contractible. In particular, its associated
complex is contractible. ]

Note that in fact Quillen proved that if G’ has a nontrivial normal p-subgroup, S,(G)
is a contractible finite space.

Conjecture 8.1.3 (Quillen). If |IC(Sp(G))| is contractible, G has a nontrivial normal p-
subgroup.

By a G-space we will mean a topological space X with an action of G such that the
maps mgy : X — X defined by my(z) = gx are continuous for every g € G. A G-map (or
equivariant map) between G-spaces X and Y is a continuous map f : X — Y such that
flgz) = gf(x) for every g € G and z € X. A homotopy H : X x I — Y is a G-homotopy
(or equivariant homotopy) if H(gz,t) = gH (z,t) for every g € G,z € X,t € I. A G-map
f: X — Y is a G-homotopy equivalence if there exists a G-map h : Y — X such that there
exists G-homotopies between hf and 1x and between fh and 1y. A subspace A of a G-
space X is said to be G-invariant if ga € A for every g € G,a € A. A G-invariant subspace
A C X is an equivariant strong deformation retract if there is an equivariant retraction
r: X — A such that ir is homotopic to 1x via a G-homotopy which is stationary at A.

If = is a point of a G-space X, Gz = {gx}4ec denotes the orbit of x. The set of fixed
points by the action is denoted by X& = {zx € X | gz = = Vg € G}.

A finite Ty-space which is a G-space will be called a finite Ty-G-space.

Proposition 8.1.4. Let X be a finite Ty-space, x € X and let f : X — X be an auto-
morphism. If x and f(x) are comparable, x = f(x).

Proof. Assume without loss of generality that < f(x). Then, fi(z) < fit!(z) for
every i > 0. By the finitness of X, the equality must hold for some 7 and since f is a
homeomorphism z = f(x). O

Lemma 8.1.5. Let X be a finite Ty-G-space. Then, there exists a core of X which is
G-invariant and an equivariant strong deformation retract of X.
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Proof. Suppose X is not minimal. Then, there exists a beat point x € X. Without
loss of generality suppose x is a down beat point. Let y be the maximum of U,. Since
mg : X — X is a homeomorphism, gy is the maximum of Ugw for every g € G. Define the
retraction r : X — X ~ Gz by r(gx) = gy. This map is well defined since gy ¢ Gz by
Proposition 8.1.4 and since gx = ha implies gy = mazx ﬁgm = maz Upy = hy. Moreover, r
is a continuous G-map. The homotopy X x I — X corresponding to the path a: I — XX
given by a(t) =irif 0 <t < 1 and a(1) = 1x is a G-homotopy between ir and 1y relative
to X \ Gz. Therefore X \ Gz is an equivariant strong deformation retract of X. The
proof is concluded by an inductive argument. O

Proposition 8.1.6. A contractible finite Ty-G-space has a point which is fixed by the
action of G.

Proof. By Lemma 8.1.5 there is a core, i.e. a point, which is G-invariant. O

Proposition 8.1.7. Let X and Y be finite Ty-G-spaces and let f : X — Y be a G-map
which is a homotopy equivalence. Then f is an equivariant homotopy equivalence.

Proof. Let X. and Y. be cores of X and Y which are equivariant strong deformation
retracts. Denote ix, iy and rx, ry the inclusions and equivariant strong deformation
retractions. Since f is a homotopy equivalence and a G-map, so is ry fix : X, — Y.
Therefore, r, fix is a G-isomorphism. Define the G-map g = ix(ryfix) lry 1 Y — X,
then

fg = fix(ry fix) " 'ry = iyry fix(ry fix) 'ry =iyry =~ ly,

gf =ix(ry fix)"'ry f = ix(ry fix) vy fixrx =ixrx ~ lx.

All the homotopies being equivariant. Therefore f is an equivariant homotopy equivalence
with homotopy inverse g. O

Remark 8.1.8. Two finite Ty-G-spaces which are homotopy equivalent, need not have the
same equivariant homotopy type. Let X = S(SY). The group of automorphisms Aut(X)
acts on X in the usual way by f -2 = f(x) and in the trivial way by f ox = z. Denote
by Xy the Aut(X)-space with the first action and by Xi, the second. Suppose there
exists an equivariant homotopy equivalence g : Xg — X;. Since X is minimal, g is a
homeomorphism. Let f: X — X be an automorphism distinct from the identity. Then,
gf(z) =g(f-x) = fog(x) = g(z) for every z € X. Thus, f = 1x, which is a contradiction.

Theorem 8.1.9 (Stong). Let G be a finite group and let p be a prime integer. Then Sy(G)
1s contractible if and only if G has a nontrivial normal p-subgroup.

Proof. The poset S,(G) is a G-space with the action given by conjugation, g- H = gHg™!.
If S,(G) is contractible, by Proposition 8.1.6, there exists N € S,(G) such that gNg~' = N
for every g € G, i.e., N is a normal subgroup of G.

The converse can be deduced from the proof of Theorem 8.1.2. O

In the light of Theorem 8.1.9, the conjecture may be restated as follows:

Restatement of Quillen’s conjecture (Stong): if S,(G) is homotopically trivial, it
is contractible.
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In [33], Quillen shows that his conjecture 8.1.3 is true for solvable groups. To do this,
Quillen works with another poset A,(G) which is weak homotopy equivalent to S,(G),
and proves that if G does not have nontrivial normal p-subgroups, then A,(G) has a
nonvanishing homology group. The finite space A,(G) is the subspace of S,(G) consisting
of the elementary abelian p-subgroups, i.e. abelian subgroups whose elements have all
order 1 or p.

Proposition 8.1.10. The inclusion Ap(G) — Sp(G) is a weak homotopy equivalence.

Proof. By Theorem 1.4.2, it suffices to show that i~}(Uy) = A,(H) is contractible for
every H € S,(G). Since H is a nontrivial p-subgroup, its center Z is not trivial. Let
N C H be the subgroup of elements of order 1 or p. If T' € A,(H), TN € A,(H) and
T <TN > N. Therefore, A,(H) is contractible. O

In [38], Stong shows that in general A,(G) and S,(G) are not homotopy equivalent,
however, if A,(G) is contractible, there is a fixed point by the action of G and then S,(G)
is contractible. Apparently it is unknown whether the converse of this results holds.

Example 8.1.11. Let X5 be the symmetric group on five letters. We give an alternative
proof of the well known fact that X5 has no nontrivial normal 2-subgroups.

The subgroup < (1234), (13) >C X5 has order 8 and it is not abelian. All the other
subgroups of order 8 are isomorphic to this Sylow 2-subgroup and therefore, 35 has no
elementary abelian subgroups of order 8. Thus, the height of the poset As(X5) is at most
one.

On the other hand, there is a subspace of A3(¥5) with the following Hasse diagram

< (12),(34) > < (12),(45) > < (15),(34) > < (23),(45) > < (15),(23) >
(12) > < (34) > < (45) > < (15) > < (23) >
Then the graph K(A2(X5)) has a cycle and therefore it is not contractible. Hence,

As(X5) is not homotopically trivial and then neither is S2(X5). In particular, S2(3s) is
not contractible and then X5 does not have normal 2-subgroups which are nontrivial.

Now we exhibit an alternative proof of K. Brown’s result on Euler characteristic.
Proposition 8.1.12. Let H be a subgroup of G. Then, Sp(G)H is contractible.

Proof. If T € S,(G)", TH € S,(G)". Since T < TH > H, the constant map cy :
S,(GYH — S,(G) is homotopic to the identity. O

Note that if X is a finite To-G-space, the subdivision X’ is also a G-space with the
action given by g - {xo,z1,..., 20} = {920,921, ..., 920}

Let P be a Sylow p-subgroup of G. The action of P on S,(G) by conjugation induces
an action of P on S,(G)’. Given ¢ € Sp(G)', let P, = {g € P | gc = ¢} denote the isotropy
group (or stabilizer) of c. Define Y = {c € S,(G)" | P. # 0}.
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Lemma 8.1.13. x(S,(G)",Y) = 0 mod(#P).

Proof. Let C = {cp < ¢1 < ... < ¢p} € Sp(G)” be a chain of S,(G)" which is not a chain
of Y. Then, there exists 0 < i < n such that ¢; ¢ Y. Therefore, if g and h are two
diferent elements of P, gc; # he;. In other words, the orbit of ¢; under the action of P
has #P elements. Thus, the orbit of C also has #P elements. In particular, #P divides
X(Sp(G),Y) = > (—1)i;, where q; is the number of chains of (i + 1)-elements of S,(G)’

>0
which are not chains of Y. O

Lemma 8.1.14. Y is homotopically trivial.

Proof. Let f:Y — S,(P)° defined by f(c) = P, the isotropy group of c. By definition of
Y, P, is a nontrivial subgroup of P and then f is a well defined function. If ¢g < ¢1, P, 2
P.,. Thus, f is continuous. If 0 # H C P, f~Y(Uy) ={c €Y | H C P.} = (S,(G)1Y,
which is contractible by Proposition 8.1.12. From Theorem 1.4.2 we deduce that f is a
weak homotopy equivalence. Since S,(P)° has minimum, Y is homotopically trivial. [

In [33], Quillen proves that Y is homotopically trivial finding a third space Z which is
weak homotopy equivalent to Y and S,(P). Our proof is somewhat more direct.

Theorem 8.1.15 (K. Brown). x(S,(G)) =1 mod(#P).

Proof. Since x(Y) =1 by Lemma 8.1.14, x(S,(G)) = x(Sp(GQ)") = x(Y) + x(Sp(G),Y)
1 mod(#P).

al

8.2 Equivariant simple homotopy types and Quillen’s conjecture

Stong’s result 8.1.6 says that if X is a finite To-G-space which is contractible, then there
is a point which is fixed by G. This is not true if we change X by a polyhedron (see [30]).
There exists a contractible finite G-simplicial complex K with no fixed points. Therefore,
considering the associated finite space with the induced action of GG, we obtain a finite
Ty-G-space which is homotopically trivial and which has no fixed points. To prove the
Quillen’s conjecture, we need to show that if S,(G) is homotopically trivial, then the
action of G by conjugation has a fixed point.

The proof of Proposition 8.1.6 and the previous results suggest that the hypothesis of
contractibilty can be replaced by a weaker notion. Combining these ideas with the simple
homotopy theory of finite spaces, we introduce the notion of G-collapse of finite spaces
and of simplicial complexes. These two concepts are strongly related similarly as in the
nonequivariant case.

Equivariant simple homotopy types of finite spaces allow us to attack the conjecture of
Quillen and to deepen into equivariant homotopy theory of finite spaces originally studied
by Stong. We obtain new formulations of the conjecture using these concepts, trying to
get closer to its proof.

As in the previous Section, G will denote a finite group.
Recall that there is a strong collapse from a finite Typ-space X to a subspace Y if the
second one is obtained from the first by removing beat points. By our results on minimal
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pairs, this is equivalent to say that Y C X is a strong deformation retract. We denote
this situation by X \ Y.

If = is a beat point of a finite Ty-G-space X, gr € X is a beat point for every g € G.
In this case we say that there is an elementary strong G-collapse from X to X \ Gz.
Note that elementary strong G-collapses are strong collapses. A sequence of elementary
strong G-collapses is called a strong G-collapse and it is denoted by X \¢ Y. Strong
G-expansions are defined dually.

Proposition 8.2.1. Let X be a finite Ty-G-space and Y C X a G-invariant subspace.
The following are equivalent:

i XN\C VY.
1. Y C X is an equivariant strong deformation retract.

1i. Y C X is a strong deformation retract.

Proof. If there is an elementary strong G-collapse from X to Y, then by the proof of
Lemma 8.1.5, Y is an equivariant strong deformation retract of X.

If Y C X is a strong deformation retract and x € X \ Y is a beat point of X,
X N\Y X \ Gz = X;. In particular X; C X is a strong deformation retract, and then, so
is Y C X;. By induction, X1 \¢ Y and then X \¢ Y. O

Let X be a finite To-G-space. A core of X which is G-invariant is called a G-core.
From Stong’s results (Lemma 8.1.5), it follows that every finite Ty-G-space has a G-core.

Definition 8.2.2. Let X be a finite Tp-G-space. If x € X is a weak point, gz € X is
also a weak point for every g € G and we say that there is an elementary G-collapse from
X to X ~ Gx. Note that the resulting subspace X ~\ Gx is G-invariant. A sequence of
elementary G-collapses is called a G-collapse and it is denoted X \& Y. G-expansions are
defined dually. X is G-collapsible if it G-collapses to a point.

Note that strong G-collapses are G-collapses and that G-collapses are collapses. If the
action is trivial, G-collapses and collapses coincide.

A finite Tp-G-space is strongly collapsible if and only if it is G-strongly collapsible.
However, this is not true for collapsibility and G-collapsibility as the nex example shows.

Example 8.2.3. Let X be the following finite space (cf. Figure 7.3 above Example 7.1.8)

X

2o
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Consider the action of the two-element group Zo over X that permutes 0 and 1 and fixes
every other element. The unique weak points of X are 0 and 1. X ~ {0} is collapsible but
X ~{0,1} is not. Therefore X is a collapsible finite space which is not G-collapsible.

The notion of G-collapse can be studied also in the setting of simplicial complexes.
Suppose K is a finite G-simplicial complex and ¢ € K is a free face of ¢/ € K. Then
for every g € G, go is a free face of go’, however it is not necessarily true that K collapses

to K~ | {g0,90'}.
geG

Example 8.2.4. Let ¢’ be a 2-simplex and o C ¢’ a 1-face of 0. Consider the action

of Zs3 by rotation over K = ¢’. Then ¢ is a free face of ¢/, but ¢’ does not collapse to

o'~ | {go, go'} which is the discrete complex with 3 vertices.
gEZL3

If 0 is a free face of ¢’ in the G-complex K, and g € G is such that go = o, then
o C go’ and therefore go’ = ¢’. In other words, the isotropy group G, of ¢ is contained in
the isotropy group G, of ¢’. The other inclusion does not hold in general as the previous
example shows.

Definition 8.2.5. Let K be a finite G-simplicial complex and let ¢ € K be a free face
of o/ € K (¢ C ¢ is a collapsible pair). Consider the G-invariant subcomplex L =

K~ U {go,g0o’}. We say that there is an elementary G-collapse K \&¢ L from K to L,
geG
or that o C ¢’ is a G-collapsible pair, if G, = G,. A sequence of elementary G-collapses

is called a G-collapse and denoted by K \¢ L. A G-complex K is G-collapsible if it
G-collapses to a vertex.

Proposition 8.2.6. Let K be a finite G-simplicial complex and let o C o’ be a collapsible
pair. The following are equivalent:

1. 0 C o' is a G-collapsible pair.

2. K\\L=K- {{go,90'}.
geG

Proof. Suppose o is an n-simplex and that K \, L. Then, the set |J {go, go’} contains as
geG

many n-simplices as (n + 1)-simplices i.e., the sets G- 0 = {go}4eq and G -0’ = {go'}ge

have the same cardinality. Therefore

#Go = #G[#G 0 = #G/#G -0’ = #Go.

Since G, C G, the equality holds.
Conversely, suppose o C ¢’ is a G-collapsible pair. Then, the pairs go C go’ can be
collapsed one at the time. ]

Therefore, G-collapses are collapses. The following is an extension of the classical result
of Whitehead (see [44] for example) which says that if K, Ko C K are finite simplicial
complexes, then K1 U Ky \, K7 if and only if Ko \, K1 N K» (with the same sequence of
collapses). The proof is straightforward.
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Remark 8.2.7. Let K be a finite G-simplicial complex and let K1,Ko C K be two G-
invariant subcomplexes such that K1 UKy = K. Then, K \G K if and only if K> \Cf Kin
K.

Remark 8.2.8. Let X be a finite Tp-G-space. If X is G-collapsible, it collapses to a G-
invariant one-point subspace. In particular, the fixed point set X< is non-empty.

The following result is a direct consequence of Remark 8.2.8 and Theorem 8.1.9.

Proposition 8.2.9. For a finite group G and a prime number p, we have the following
equivalences:

1. G has a nontrivial normal p-subgroup.
2. Sp(G) is contractible.
3. Sp(G) is G-collapsible.

Now we will study the relationship between G-collapses of finite spaces and simplicial
G-collapses.

If X is a finite Tp-G-space, there is a natural induced action on K(X). If we consider
G both as a discrete topological group and a discrete simplicial complex, there is a natural
isomorphism (G x X) = G x £(X) and an action § : G x X — X induces an action
K@) :GxK(X)=K(Gx X)— K(X) Analogously, an action 6 : G x K — K over a
finite simplicial complex K induces an action X(0) : G x X(K) = X(G x K) — X (K).

Unless we say the opposite, if X is a finite Ty-G-space and K a finite G-simplicial
complex, we will assume the actions over K(X) and X(K) are the induced ones.

The main aim of this Section is to prove the equivariant version of Theorem 4.2.12.
The proof will be similar to the proof of the nonequivariant case.

Lemma 8.2.10. Let aK be a finite simplicial cone and suppose G acts on aK firing the
vertexz a. Then aK \& a

Proof. Let o be a maximal simplex of K. Then ¢ C ac is a G-collapsible pair since

=

g -ac = ao implies go = 0. Therefore aK \& aK ~ | {g0,9-ac} = a(K ~ | {go}).
geG geqG
The lemma follows from an inductive argument. O

Lemma 8.2.11. Let X be a ﬁm’te To-G-space and let © € X. The stabilizer G, of x acts
on Cy and then on K(Cy). If K(Cp) is Gy-collapsible, K(X) & K(X ~ Gz).

Proof. If ¢ C o’ is a Gy-collapsible pair in K(C,), zo C zo’ is Gy-collapsible in 2K (Cy). In
this way, copying the elementary G,-collapses of IC( ) NG %, one obtains that K(C, ) =
K(Cp) = K(Cy) U{z, 2%} \G= K(C,). Now we will show that since IC(C,) \S= K(Cy),

U 9K(Ca) & | 9K(Ca). (8.1)

geG geq

Suppose K(C,) = Ko “\G=¢ K| \Goe K, \Gee | \Gee |, = IC((:}) Notice that all
the simplices removed in these collapses contain the vertex x. If ¢ C ¢’ is the G-collapsible
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pair collapsed in K; N\G=¢ K, (along with the other simplices in the orbits of ¢ and o”),
we afirm that o C ¢’ is G-collapsible in |J ¢gK;. Suppose o C go with g € G, 7 € K;.
geG
Since z € 0 C go, g~ '« € ¢ and then x and g~ x are comparable. By Proposition 8.1.4
2 = ¢~ 'x and therefore g € G,. Since K; is G -invariant and o is a free face of ¢’ in Kj,
go = o'. Therefore, o C ¢’ is a collapsible pair in |J gK;.
geG

Let g € G be such that go/ = ¢’. By the same argument as above, x,gxr € ¢’ and
then g € G,. Since o C ¢’ is G, -collapsible in K;, go = o, which proves that it is also
G-collapsible in |J gK;. Thus,

geG

U gl \Ge U gKi~ U {go, g0’} = U (gKi~ U {gho, gha'}) = U (K~ U {ho,ha'})

geG geG geG geG heG geG heG

1 1

But ho and ho' are simplices of K; if and only if h € G, then

U g(Ki U {ho,ho'}) = U g(K; U {ho,ho'}) = U 9Kiq1.

geG heG geG heGy geG

So 8.1 is proved, i.e.,

U k() N | 9K(Ca) = (| 9K(Co)) NK(X N Ga).

geG geG geG

By 8.2.7,
K(X) = (| gK(Cy)) UK(X N Gz) \§ K(X N Gu).
geG

Theorem 8.2.12.

(a) Let X be a finite Ty-G-space and Y C X a G-invariant subspace. If X \GY,
K(X) NG K(Y).

(b) Let K be a finite G-simplicial complex and L C K a G-invariant subcomplex. If
KNG L, X(K)\¢ X(K).

Proof. Suppose first that x € X is a beat point. Then there exists y € X, y # = such
that C,, C Cy. Therefore G, C G,, by Proposition 8.1.4 and K(C,) = yK(Cy ~ {y}). The
stabilizer G of z acts on C, and therefore on K(C,), and fixes y. By Lemma 8.2.10,
K(Cy) NG y. By Lemma 8.2.11, K(X) \¢ K(X \ Gz). In particular if X is contractible,
this says that K(X) is G-collapsible.

Suppose now that x € X is a weak point. Then C, is contractible and K(C;) is
G-collapsible. Again from Lemma 8.2.11, we obtain that K(X) & (X ~ Gz). This
proves the first part of the theorem for elementary G-collapses. The general case follows
immediately from this one.

To prove the second part of the theorem we can suppose that K elementary G-collapses
to L. Let 0 C ¢’ be a G-collapsible pair in K such that L = K \ {go, g0’} gec. Then,
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o € X(K) is an up beat point and therefore X'(K) NG X(K) \ {go}gec. Now, o’ €
X(K) ~ {9S}g4ec is a down weak point since o’ \ {o,0'} is a simplicial cone and then
IA];(K)\{QG}QEG = Uj(K)\{U} = X (o'~ {0,0'}) is contractible by Lemma 4.2.5. Therefore,
X(K) N A{go}gec ¢ X(K) \ {go,90"}geq = X(L) and X(K) \& X(L). [

Corollary 8.2.13. G has a nontrivial normal p-subgroup if and only if K(S,(G)) is G-
collapsible.

Proof. If G has nontrivial normal p-subgroup, S,(G) is G-collapsible by Proposition 8.2.9
and then K(S,(G)) is G-collapsible by Theorem 8.2.12. Conversely, if (S,(G)) is G-
collapsible, there is a vertex of K(S,(G)) fixed by G, i.e. a nontrivial p-subgroup of G,
which is fixed by the interior automorphisms of G. O

Therefore Quillen’s conjecture is equivalent to the following statement: |[IC(S,(G))| is
contractible if and only if K(S,(G)) is G-collapsible.

The equivalence classes of the equivalence relations ,\& generated by the G-collapses
are called equivariant simple homotopy types in the setting of finite spaces and of simplicial
complexes. An easy modification of Proposition 4.2.9 shows that if X is a finite Ty-G-
space, X and X’ are equivariantly simple homotopy equivalent (see Proposition 8.2.24).
Therefore, we have the following Corollary of Theorem 8.2.12.

Corollary 8.2.14. Let X and Y be finite To-G-spaces. Then X and Y have the same
equivariant simple homotopy type if and only if KK(X) and K(Y) have the same equivariant
simple homotopy type.

However, the analogous result for the functor X is not true (see Example 8.2.22).

Remark 8.2.15. Let X be a finite G-space. Then ¥ < T in the quotient space X/G if and
only if there exists g € G such that y < gz. In particular if X is Tp, so is X/G.
The quotient map ¢ : X — X/G is open, moreover ¢~ *(q(U)) = U gUr = U Uga.
geG geG
Since ¢(U,) > T is an open set, Uz C q(U,). The other inclusion follows from the continuity

of g. Therefore Uz = q(U,). Now, ¥ < 7 if and only if y € ¢ 1(Uz) = | Uy, if and only
geG
if there exists g € G with y < gu.

Suppose X is Ty, ¥ < T and T < 5. Then there exist g, h € G such that y < gz and
z < hy. Hence, y < gz < ghy. By Proposition 8.1.4, y = gz = ghy and then y = 7.

Proposition 8.2.16. Let X be a finite Ty-G-space which strongly G-collapses to an in-
variant subspace Y. Then X/G strongly collapses to Y/G and X strongly collapses to
YC. In particular, if X is contractible, so are X/G and X6,

Proof. We can assume there is an elementary strong G-collapse from X to Y = X \ Gz
where x € X is a beat point. Suppose x € X is a down beat point and let y < . Then
y < T in X/G and if Z < T there exists g such that gz < x. Therefore gz < y and
Z < 7. This proves that T € X/G is a down beat point and X/G strongly collapses to
X/G~N Az} =Y/G.
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If  is not fixed by G, Y& = X, If € X%, and g € G, then gy < gz = x and
therefore gy < y. Thus, gy = y. This proves that y is also fixed by G and then zx is a
down beat point of X, In particular, X& \, Y.

If in addition X is contractible, X strongly G-collapses to a G-core which is a point
and then X/G and X are contractible. O

In fact, the first part of the previous result holds for general spaces. If X is a G-
topological space and Y C X is an equivariant strong deformation retract, Y/G is a
strong deformation retract of X/G and so is Y& C X, However if X is a G-topological
space which is contractible, X need not be contractible. R. Oliver [30] proved that there
are groups which act on disks without fixed points.

Proposition 8.2.17. Let X be a finite Ty-G-space which G-collapses to Y. Then X
collapses to Y& . In particular, if X is G-collapsible, X is collapsible.

Proof. Suppose X \¢¢Y = X\ Gz. If x ¢ XC, Y® = XC. If x € X, CA'Q‘CX is G-invariant
and contractible. By Proposition 8.2.16, CQ‘CXG = (CX)Y is contractible and then z is a
weak point of X¢, which means that X& \, Y. O

The analogous for quotients is not true. There exist finite Tp-G-spaces such that
X \& Y but X/G does not collapse to Y/G, as the next example shows.

Example 8.2.18. Let X be the following Zs-space
(U oV

lq 2 o2 1
49

[ ]
LY LRY

30

where Zy acts by symmetry, 1 -7 = i’ for every 0 < i < 4. Since 0 € X is a weak point,
X Zsy-collapses to Y = X \ {0,0'}. However X/Zs does not collapse to Y/Zsy. Moreover,
X/Zs is contractible while Y/Zy is the minimal finite model of the circle.

From Proposition 8.2.17 one easily deduces the next

Corollary 8.2.19. Let X and Y be equivariantly simple homotopy equivalent finite Ty-
G-spaces. Then X& and YO have the same simple homotopy type.

There is an analogous result of Proposition 8.2.17 for complexes.

Proposition 8.2.20. Let K be a finite G-simplicial complex which G-collapses to a sub-
complex L. Then K collapses to LC. In particular, if K is G-collapsible, K€ is collapsi-
ble.

Proof. Suppose that K \¢¢ L = K~ |J {g0,90'}, where o C ¢’ is a G-collapsible pair.
geG

If o ¢ K¢ L = K€ If 0 € K¢, then ¢/ € K%, because o is a free face of o’. Then

L = K~ {0,0'} and LY = K%\ {0,0'}. Since 0 C ¢ is a collapsible pair in K¢,

KGN, LC. O
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Corollary 8.2.21. If K and L are two finite G-simplicial complezes with the same equiv-
ariant simple homotopy type, K& and LS have the same simple homotopy type. In par-
ticular K has a vertex which is fived by the action of G if and only if L has a vertex fixed
by G.

Example 8.2.22. Let K be a l-simplex with the unique nontrivial action of Zy. The
barycentric subdivision K’ has a vertex fixed by Zs but K%2 = () therefore K and K’
do not have the same equivariant simple homotopy type. On the other hand, X(K) and
X(K') are contractible, and therefore they have the same equivariant simple homotopy

type.

Corollary 8.2.23. A finite group G has a nontrivial normal p-subgroup if and only if
K(Sp(G)) is equivariantly simple homotopy equivalent to a point.

Proof. If G has a nontrivial normal p-subgroup, K(S,(G)) is G-collapsible by Corollary
8.2.13. If K(Sp(G)) has trivial equivariant simple homotopy type, there is a vertex of
K(Sp(G)) fixed by the action of G, i.e. a normal p-subgroup of G. O

Now we turn our attention to the simpler poset A,(G).

Proposition 8.2.24. Let f : X — Y be a G-map between finite Ty-G-spaces which is
distinguished. Then X and Y have the same equivariant simple homotopy type.

Proof. The non-Hausdorff mapping cylinder B(f) is a G-space with the action induced by
X and Y since if < y, then f(z) <y and therefore f(gz) = gf(z) < gy for every g € G.
Moreover, Y is a G-invariant strong deformation retract of B(f) and then B(f) \¢ Y.
On the other hand, B(f) \& X. This follows from the proof of Lemma 4.2.7. Notice that
we can remove orbits of minimal points of Y in B(f) and collapse all B(f) into X. O

Corollary 8.2.25. A,(G) and S,(G) have the same equivariant simple homotopy type.

Proof. The proof of Proposition 8.1.10 shows that the inclusion A,(G) — S,(G) is a
distinguished map. O

Corollary 8.2.26. If G has a nontrivial normal p-subgroup then it has a nontrivial normal
elementary abelian p-subgroup.

Proof. There is a simple algebraic proof of this fact, but we show a shorter one, using the
last result. Since S,(G), NG A,(G), by, Corollary 8.2.19, S,(G)% M\, A,(G)¢. Therefore,
if S,(G)Y # 0, Ay(G)Y is also nonempty. O

If S, (G) is contractible, K(S,(G)) has the strong homotopy type of a point by Theorem
5.0.16. Conversely, if K(S,(G)) is strongly collapsible, S,(G)’ is contractible by Theorem
5.0.16 and then there is a point of S,(G)" which is fixed by the action of G, i.e. a chain of
nontrivial normal p-subgroups of G. We summarize the results on the poset S,(G) in the
following

Theorem 8.2.27. Let G be a finite group and p a prime integer. The following are
equivalent
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1. G has a nontrivial normal p-subgroup.

2. Sp(G) is a contractible finite space.

3. Sp(G) is G-collapsible.

4. Sp(G) has the equivariant simple homotopy type of a point.

5. K(Sp(@G)) is G-collapsible.

6. K(Sp(G)) has the equivariant simple homotopy type of a point.
7. K(Sp(G)) has the strong homotopy type of a point.

8. Ap(G) has the equivariant simple homotopy type of a point.

9. K(Ap(G)) has the equivariant simple homotopy type of a point.

As a consequence of these equivalences, we obtain nine different formulations of Quillen’s
conjecture.

To finish this Section we prove a result on groups which at first sight seems to have no
connection with finite spaces.

Proposition 8.2.28. Let G be a finite group and suppose there exists a proper subgroup
H C G such that for every nontrivial subgroup S of G, SN H is nontrivial. Then G is
not a simple group.

Proof. Since H is a proper subgroup of GG, G is nontrivial and therefore H = G N H is
nontrivial. Consider the poset S(G) of nontrivial proper subgroups of G. Let ¢y : S(G) —
S(G) be the constant map H and define f : S(G) — S(G) by f(S)=SnNH. The map f
is well defined by hypothesis and it is clearly continuous. Moreover, 1g(q) > f < cy and
then S(G) is contractible.

On the other hand, G acts on S(G) by conjugation. Then, by Proposition 8.1.6, G has
a nontrivial proper normal subgroup. O

Example 8.2.29. Let Q = {1,-1,i,—14,j,—7J,k,—k} be the quaternion group, where
(~1)2 = 1,(=1)i = i(=1) = ~i, (~1)j = J(~1) = —j, (~D)k = k(1) = —h, i = > =
k% =ijk = —1. Let H = {1,—1}. Then H is in the hypothesis of Proposition 8.2.28 since
—1 is a power of every nontrivial element of Q. Therefore, Q is not simple.

Remark 8.2.30. There are also purely algebraic proofs of Proposition 8.2.28. In fact is

easy to see that in the hypothesis of above, (| gHg~! is a nontrivial normal subgroup of
geG

(. However, our topological proof is also very simple.
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8.3 Reduced lattices

Recall that a poset P is said to be a lattice if every two points a and b have a join (or
supremum) a Vb (i.e. F, N F, has a minimum) and a meet (or infimum) a Ab (i.e. U, NUjp
has maximum). If X is a finite lattice it has maximum and minimum, and therefore they
are not very interesting from the topological point of view. In this Section we will study
the spaces obtained by removing from a lattice its maximum and minimum.

Definition 8.3.1. A finite poset X is called a reduced lattice if X=D'¢XaDOis a
lattice.

For example, if G is a finite group and p is a prime integer, S,(G) is a reduced lattice.
The finite space S(G) defined in the proof of Proposition 8.2.28 is also a reduced lattice.
However, the minimal finite model of S' is not.

A subset A of a poset P is lower bounded if there exists x € P such that x < a for
every a € A. In that case x is called a lower bound of A. If the set of lower bounds
has a maximum x, we say that x is the infimum of A. The notions of upper bound and
supremum are defined dually.

Proposition 8.3.2. Let P be a finite poset. The following are equivalent:
1. P is a reduced lattice.

2. Every lower bounded set of P has an infimum and every upper bounded set has a
supremum.

3. Every lower bounded set {x,y} has infimum.
4. Every upper bounded set {x,y} has supremum.
Proof. Straightforward. O

For instance, the associated space of a simplicial complex is a reduced lattice. If K is
a finite simplicial complex, and {0, 0’} is lower bounded in X (K), the simplex o N o’ is
the infimum of {o,¢’}. It can be proved that if X is a finite Tp-space, then there exists a
finite simplicial complex K such that X'(K) = X if and only if X is a reduced lattice and
every element of X is the supremum of a unique set of minimal elements.

Proposition 8.3.3. If X is a reduced lattice and Y C X is a strong deformation retract,
Y is also a reduced lattice. In particular, if X is a reduced lattice, so is its core.

Proof. Tt suffices to consider the case that Y = X \ {z}, where x € X is a down beat
point. Let y < = and let A = {a,b} be an upper bounded subset of Y. Then A has a
supremum 2z in X. If x is an upper bound of A in X, a < z and b < x and then a < y,
b < y. Therefore z # = and then z is the supremum of A in Y. By Proposition 8.3.2, Y
is a reduced lattice. O

However the fact of being a reduced lattice is not a homotopy type invariant. It is
easy to find contractible spaces which are not reduced lattices. Reduced lattices do not
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describe all homotopy types of finite spaces. For example, since S(S°) is minimal and it

is not a reduced lattice, no reduced lattice is homotopy equivalent to S(S%). On the other

hand every finite space X has the weak homotopy type of a reduced lattice, e.g. X'.
The following result is due to Stong.

Proposition 8.3.4 (Stong). Let G be a finite group and let p be a prime integer. Let A
be the set of nontrivial intersections of Sylow p-subgroups of G. Then A is G-invariant
and it is an equivariant strong deformation retract of Sp(G).

Proof. 1t is clear that A is G-invariant. Define the retraction r : S,(G) — A, that assigns
to each subgroup H C G, the intersection of all the Sylow p-subgroups containing H.
Then 7 is a continuous map, and ir > 1g (). By Proposition 8.2.1, A is an equivariant
strong deformation retract of S,(G). O

Proposition 8.3.4 motivates the following definition.

Definition 8.3.5. Let X be a reduced lattice. Define the subspace i(X) C X by
i(X)={A A ] Ais alower bounded subset of maximal elements of X }. Analogously, de-
fine s(X) = {\V A | A is an upper bounded subset of minimal elements of X }. Here, A\ A
denotes the infimum of A and \/ A its supremum.

Following Stong’s proof of Proposition 8.3.4, one can prove that the retraction r : X —
i(X), which sends x to the infimum of the maximal elements of X that are greater than
x, is continuous and that i(X) is a strong deformation retract of X. Similarly, s(X) C X
is a strong deformation retract.

Example 8.3.6. Let n > 2 and let P,, be the poset of proper positive divisors of n with
the order given by: a < b if a divides b. If n is square free, P, is homeomorphic to
X(6) where o is a (k — 1)-simplex, k being the number of primes dividing n. In fact, if
p1,P2, ..., Pk are the prime divisors of n, and o = {p1,p2,...,pr} is a simplex, the map
f: P, — X(0) defined by f(d) = {p; | p; divides d}, is a homeomorphism. In particular,
IK(P,)| = |(¢)'| is homeomorphic to the (k — 2)-dimensional sphere.

If n is not square free, we show that P, is contractible. Note that P, is a reduced
lattice with the infimum induced by the greatest common divisor. Since n is not square
free, the product of the prime divisors of n is a proper divisor of n and it is the maximum
of 5(P,). Thus, s(P,) is contractible and then, so is P,.

Proposition 8.3.7. Let X be a reduced lattice. The following are equivalent
1. X is a minimal finite space.
2.1(X) =5(X) = X.

Proof. If X is minimal, the unique strong deformation retract of X is X itself. Therefore
i(X) =s(X) = X. Conversely, suppose this equality holds and that z € X is a down beat
point with y < z. Since x € X = s(X), x is the supremum of a set M of minimal elements
of X. Since z is not minimal, every element of M is strictly smaller than x, and therefore
y is an upper bound of M. This contradicts the fact that z = \/ M. Then X does not
have down beat points and analogously it has no up beat point, so it is minimal. O
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If X is a reduced lattice, i(X) is a strong deformation retract of X, which is a reduced
lattice by Proposition 8.3.3. Analgously s(i(X)) is a strong deformation retract of X and
it is a reduced lattice. The sequence

X DiX)Dsi(X) Disi(X) D...

is well defined and it stabilizes in a space Y which is a strong deformation retract of X
and a minimal finite space by Proposition 8.3.7. Therefore, in order to obtain the core of
a reduced lattice, one can carry out alternatively the constructions i and s, starting from
anyone.

Example 8.3.8. Let K be the simplicial complex which consists of two 2-simplices with
a common 1-face. Since K is strong collapsible, so is X(K). Another way to see this is the
following: X' (K) is a reduced lattice with two maximal elements, i(X(K)) has just three
points, and si(X(K)) is the singleton.

[ ] °

X(K) i(X(K)) o .
[ [ ] [ ] [ ] [ [

Although there are many reduced lattices which are minimal finite spaces, a reduced

lattice X is a minimal finite model if and only if it is discrete. For if X is not discrete,

there is a point x € X which is not minimal and we can apply Osaki’s open reduction
(Theorem 6.1.1) to obtain a smaller model X/U,.

si(X(K))

Let X be a finite Ty-space and Y a reduced lattice. If f,g : X — Y are two maps which
coincide in the set Max(X) of maximal elements of X, then f ~ g. Define h : X — Y
by h(z) = A{f(2') | 2’ € Max(X) and 2’ > z}. Clearly h is continuous and h > f.
Analogously h > g and then f ~g.

If X and Y are two finite Typ-spaces and f : X — Y is a continuous map, there
exists ¢ : X — Y homotopic to f and such that g(Maz(X)) € Maz(Y). Consider
g € Max(Fy) C Y. Suppose there exists * € Maz(X) such that g(z) ¢ Maz(Y).
Then, there exists y > g(x), and the map g : X — Y which coincides with g in X \ {x}
and such that g(z) = y is continuous and g > ¢, which is a contradiction. Therefore
g(Max(X)) C Maz(Y).

We deduce that if X is a finite Tp-space and Y is a reduced lattice, then #[X,Y] <
(#Maz(Y))#Maz(X) Here, [X,Y] denotes the set of homotopy classes of maps X — Y.

8.4 Fixed points, Lefschetz number and the f*(X)

In the previous Sections of this Chapter we studied fixed point sets of actions over finite
spaces. Now we turn our attention to fixed point sets of continuous maps between finite
spaces and their relationship with the fixed point sets of the associated simplicial maps.
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We will recall first some basic facts about Lefschetz Theorems and the fixed point theory
for finite posets. Some references for this are [4, 29]. Then we will prove a stronger version
of the Lefschetz Theorem for simplicial automorphisms.

We also introduce the construction f*°(X) of amap f : X — X which has applications
to the study of weak homotopy equivalences between minimal finite models.

If X is a topological space and f : X — X is a continuous map, we denote by
X/ ={x € X | f(x) = 2} the set of fixed points of f. For a simplicial map ¢ : K — K,
K¥ denotes the full subcomplex spanned by the vertices fixed by ¢.

Let M be a finitely generated Z-module, and T'(M) its torsion submodule. An endo-
morphism ¢ : M — M induces a morphism @ : M /T(M) — M /T (M) between finite-rank
free Z-modules. The trace tr(y) of ¢ is the trace of @. If K is a compact polyhedron,
H,(K) is finitely generated for every n > 0. If f : K — K is a continuous map, the
Lefschetz number of f is defined by

Af) =D (=1)"tr(fa), (8.2)

n>0

where f,, : Hy(K) — H,(K) are the induced morphisms in homology.

Notice that the Lefschetz number of the identity 1x : K — K coincides with the Euler
characteristic of K.

The Lefschetz Theorem states the following

Theorem 8.4.1. Let K be a compact polyhedron and let f : K — K be a continuous map.
Then, if A\(f) #0, f has a fized point.

In particular, if K is contractible, A(f) = 1 for every map f : K — K and then f has
a fixed point. This generalizes the well-known Theorem of Brouwer for discs.

If X is a finite Ty-space, its homology is finitely generated as well and therefore we
can define the Lefschetz number A\(f) of a map f: X — X as in 8.2. Note that \(f) =
A(KE(f)]) by Remark 1.4.7.

The Lefschetz Theorem version for finite spaces is the following

Theorem 8.4.2. Let X be a finite To-space and f : X — X a continuous map. Then
Af) = x(XT). In particular, if \(f) # 0, X # 0.

For details we refer the reader to [4, 29].

Proposition 8.4.3. Let ¢ : K — K be a simplicial automorphism. Then |K|l¥l =
(K")#').

Proof. Let € |K'| = |K|, x = Y a;b(S;) is a convex combination of the barycenters

of the simplices Sog € S1 C ... C Sk of K (a; > 0 for every 7). Suppose z € |(K")¥'|.

Then b(S;) is fixed by ¢’ for every i, or equivalently ¢(S;) = S;. If we see x € |K]|,

r=30; 3 g5 and |p|(z) = oy ﬂg?. Since p(S;) = Si, i(;i) = > 75, and
VES; VES; vES; VES;

then |p|(x) = x. This proves one inclusion.
Conversely, suppose z € |K[I#l. Then 3 o ; 75 =2 = lol(z) = X ; i(gi).
VEDS; vEOog
Let v € S; ~ S;—1. Then, the coordinate of v in x is a; + a1 + ... + ag. Since ¢ is an
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isomorphism, the coordinate of ¢(v) in |p|(z) is also a;+ip1+. . .+ay. If p(v) € S;\.Sj-1,
the coordinate of ¢(v) in x is a;j + j11+. .. +ag. Since |p(2)| =z, @i+ i1 +...+ap =
aj + ajp1 + ... + ap and then ¢ = j. In particular ¢(S;) C S; and then ¢(S;) = S; for
every i. Therefore z € |(K’)¥'|, which proves the other inclusion.

O

Since X7 C X, K(X7) is the full subcomplex of K(X) spanned by the vertices fixed
by f. By definition, this subcomplex is (X ) (). Therefore we have,

Remark 8.4.4. Let X be a finite Ty-space and let f : X — X be a continuous map. Then
KXy = K(x)*WD,

Corollary 8.4.5. Let K be a finite simplicial complex and ¢ : K — K a simplicial
automorphism. Then X (K)*) is a finite model of |K|I?.

Proof. By 8.4.3, |K|l¥l = |(K")¥'| = |K(X(K))**®)| and by 8.4.4, this coincides with
|K(X(K)¥®)| which is weak homotopy equivalent to X' (K)¥(). O

The following is a stronger version of Lefschetz Theorem 8.4.1 for simplicial automor-
phisms.

Corollary 8.4.6. Let K be a finite simplicial complex and let p : K — K be a simplicial
automorphism. Then x(|K|1#1) = X(J¢|).

Proof. The diagram
lpl
K| ——[K]|
HE lux
Xe)
x(K) T2 v (k)

commutes up to homotopy and (pg«)n : Hp(|K ]) — H,(X(K)) is an isomorphism for
every n > 0. Then [gle = (o) X (@)etiice : Hal(|K]) — Hy(|K]) and tr(([plo)n) =
tr((X(¢)s)n). Therefore \(|p]) = AM(X(p)). By 8.4.5 and the finite space version of the

Lefschetz Theorem, x (| K|1#1) = x (X (K)Y®) = X(X(¢)) = A(|¢]). O

n [30], R. Oliver proves the following result using “standard theorems from the ho-
mological theory of Z, actions”. Here we exhibit a completely different proof using the
results of above.

Proposition 8.4.7. (Oliver) Assume that Z,, acts on a Q-acyclic finite simplicial complex
K. Then x(|K|%) = 1.

Proof. Let g be a generator of Z, and ¢ : K — K the multiplication by ¢g. Then
(K %) = x(IK|'?l) = A(|¢]) = 1, since K is Q-acyclic. O

Suppose that X is a finite model of the circle and that f : X — X is a map. Then
f« : Hi(X) — Hy(X) is a map Z — Z. However, the only possible morphisms that can
appear in this way are 0,17 and —1z. We prove this and a more general fact in the
following result.
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Proposition 8.4.8. Let f : X — X be an endomorphism of a finite Ty-space X and let
n > 0. Let f. : Hy(X;Q) — H,(X;Q) be the induced map in homology. If dimgH,(X;Q) =
r, f« 18 a complexr matriz of order r well defined up to similarity. Suppose that A € C is
an eigenvalue of fr. Then A =0 or X is a root of unity.

Proof. Since X is finite, there exist s # t € N such that f¢ = f!. Then f¢ = f! and
A=)\ ]

Corollary 8.4.9. In the hipothesis of the previous proposition, —r < tr(f.) < r. In
particular, since fi has integer entries, tr(f.) € {—r,—r+1,...,7r —1,7}.

We say that a topological space X has the fized point property if any map f: X — X
has a fixed point.

For instance, compact polyhedra or finite spaces with trivial reduced homology have
the fixed point property by the Lefschetz Theorems, but there are spaces with the fixed
point property without trivial homology (see Example 8.4.12).

The following is a well-known result:

Proposition 8.4.10. Let X be a finite Ty-space, and let f,g: X — X be two homotopic
maps. Then, f has a fixed point if and only if g has a fized point.

Proof. Without loss of generality, we can assume that g < f. If f(z) =z, g(z) < f(z) = «.
Then g'™!(z) < g'(x) for every i > 0 and then there exists i such that ¢**!(x) = g*(z).
Therefore, ¢*(z) is a fixed point of g. O

Corollary 8.4.11. The fized point property is a homotopy type invariant of finite Ty-
spaces.

Proof. Let X,Y be homotopy equivalent finite Ty-spaces, X with the fixed point property.
Let f: X — Y be a homotopy equivalence with homotopy inverse g. Let h: Y — Y be
a continuous map. We show that h has a fixed point. The map ghf : X — X fixes some
point € X. Then f(z) € Y is a fixed point of fgh: Y — Y. Since h ~ fgh, h has a
fixed point. O

A different proof of this result appears for example in [40], Corollary 3.16.

Example 8.4.12. (Baclawski and Bjorner) The fixed point property is not a weak ho-
motopy invariant, nor a simple homotopy invariant. In [4] Example 2.4, Baclawski and
Bjorner exhibit the regular CW-complex K which is the border of a piramid with square
base. Therefore X = X'(K) is a finite model of S?. Let f: X — X be a continuous map.
If f is onto, it is an automorphism and then the vertex of the top of the piramid is fixed
by f since it is the unique point covered by 4 points. If f is not onto, K(f) : S — S?
is not onto and then IC(f) is nullhomotopic. Therefore A(f) = A(JK(f)|) = 1 and then
X7+,

99



CHAPTER 8. ACTIONS, FIXED POINTS AND A CONJECTURE OF QUILLEN

On the other hand, the minimal finite model of S?

is simple homotopy equivalent to X and does not have the fixed point property since the
simetry is fixed point free.

Now we introduce the construction f*°(X).

Definition 8.4.13. Let X be a finite Tp-space and f : X — X a continuous map. We
define f>(X) = f{(X) C X.

i>1

Remark 8.4.14. Given f: X — X, there exists ng € N such that n > ng implies f™*(X) =
J2°(X). Let k € N be the order of f|s(x) in the finite group Aut(f>°(X)). If n > ng and
k divides n, f"(X) = f*°(X) and f"|fec(x) = 1peo(x). In this case we will say that n € N
is suitable for f.

Remark 8.4.15. f*(X) ={xz € X | 3 n € N such that f"(z) = z}.

Proposition 8.4.16. Let X be a finite Ty-space and let f,g : X — X be two homotopic
maps. Then f>(X) is homotopy equivalent to g*°(X).

Proof. We can assume that g < f. By Remark 8.4.14, there exists n € N which is suitable

for f and g simultaneously. Then one can consider f"|jo(x) : ¢°°(X) — f*°(X) and
9" po(xy  f(X) — g*°(X). Since

P lge 09" g0 < 2 pe ) = Ly ),
fn|goo(X)gn|foo(X) =~ 1foo(X). Analogously, gn’foo(X)fn‘goo(X) >~ 1goo(X). O

Proposition 8.4.17. Let X be a finite Ty-space and let Y C X be a subspace. Then there
exists a continuous map f: X — X such that f>°(X) =Y if and only if Y is a retract of
X.

Proof. f Y = f°°(X) for some f, choose n € N suitable for f. Then f": X — Y isa
retraction. Conversely, if 7 : X — Y is a retraction, r>°(X) =Y. O]
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Example 8.4.18. Let X be the following finite Typ-space

1

Define f : X — X such that 5 and 6 are fixed, f(1) = f(2) = f(3) =2, f(4) = 3. Since
X is contractible and f(X) is a finite model of S*, f(X) is not a retract of X. However,
f*(X)=1{2,5,6} is a retract of X.

Remark 8.4.19. X has the fixed point property if and only if all its retracts have the fixed
point property with respect to automorphisms. The first implication holds in general: if
X is a topological space with the fixed point property, every retract of X also has that
property. Conversely, if f : X — X is a continuous map, f*°(X) is a retract of X and
flpee(xy + f(X) — f°(X) is an automorphism. Then f|sw(x) has a fixed point and
therefore f.

Stong proves that a homotopy equivalence between minimal finite spaces is a homeo-
morphism (Corollary 1.3.7). We prove an analogue for weak homotopy equivalences and
minimal finite models.

Proposition 8.4.20. Let X be a finite Ty-space and let f: X — X be a weak homotopy
equivalence. Then the inclusion i : f*(X) — X is a weak homotopy equivalence. In
particular, if X is a minimal finite model, f is a homeomorphism.

Proof. Let n € N be suitable for f. Then f" : X — f°°(X), and the compositions
J" = lpo(xy, if" = f": X — X are weak homotopy equivalences. Therefore i is a
homotopy equivalence.

If X is a minimal finite model, f>°(X) C X cannot have less points than X, then
f*(X)=X and f: X — X is onto. Therefore, it is a homeomorphism. O

Observe that with the same proof of the last proposition, one can prove that if f :
X — X is a homotopy equivalence, then i : f*°(X) < X is a homotopy equivalence. In
particular, if X is a representative of minimum cardinality of its homotopy type (ie, a
minimal finite space), f is a homeomorphism. This was already proved by Stong using
beat points, but this is a different proof which does not use this concept.

Corollary 8.4.21. Let X and Y be minimal finite models. Suppose there exist weak
homotopy equivalences f: X — Y and g:Y — X. Then f and g are homeomorphisms.

Proof. The composition gf : X — X is a weak homotopy equivalence and then a homeo-
morphism by Proposition 8.4.20. Analogously gf is a homeomorphism. Then the result
follows. O
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Remark 8.4.22. In 1.4.16 we proved that there is no weak homotopy equivalence S(D3) —
S(D3)°P. We give here an alternative approach using the previous result and our descrip-
tion of the minimal finite models of graphs.

Suppose there exists a weak homotopy equivalence f : S(D3) — S(D3)°?. Then fP
is also a weak homotopy equivalence. Since S(D3) is a minimal finite model (see Section
3.2), so is S(D3)°P. By Corollary 8.4.21, S(Ds3) is homeomorphic to its opposite, which is
clearly absurd.

Proposition 8.4.23. Let X be a finite Ty-space and f,g : X — X two maps. Then
(gf)°(X) and (fg)*°(X) are homeomorphic.

Proof. Let x € (gf)*>°(X), then there exists n € N such that (¢f)"(x) = x. Therefore
(f9)"(f(x)) = f(x), and f(z) € (fg)°(X). Then fligpye(x) : (9)(X) — (f9)°(X).
Analogously gl(¢g)(x) = (f9)*(X) — (9f)>°(X). The compositions of these two maps
are the identities, and therefore, they are homeomorphisms. ]

Remark 8.4.24. Let X be a finite Ty-space, and f : X — X a map. Then (f")>*(X’) =
F(X). A chain z; < zo < ... <z isin (f')*°(X’) if and only if there exists n such that
(fO"({x1, 22, .., 2k }) = {x1,29,..., 2 }. Thisis equivalent to say that there exists n such
that f"(x;) = x; for every 1 < i <k or in other words, that {z1,x9,...,z;} C f>(X).

To finish this Chapter, we introduce a nice generalization of the construction of f*°(X)
for the case of composable maps not necessarily equal nor with the same domain or
codomain.

Suppose X £} X, Ei\ ... is a sequence of maps between finite spaces. Define Y,, =
fo—1fn—2... fo(Xo) C X,, the image of the composition of the first n maps of the sequence.

Proposition 8.4.25. There exist ng € N such that Y,, is homeomorphic to Y, for every
n > ng.

Proof. Since (#Y5,)nen is a decreasing sequence, there exists ny € N such that #Y,, is
constant for n > ny. Therefore f, : Y, — Y,41 is a bijection for n > n;.

Let C,, = {(z,2') € Y, x Y, | < 2'}. The map f, : Y;, — Y, 41 induces a one-to-one
function F), : C,, — Cpy1, Fp(z,2") = (fu(2), fu(2’)) for n > ny. Therefore (#Ch)n>n,
is increasing and bounded by (#Y,,)?. Hence, there exists ng > nj such that F, is a
bijection and then f, : Y, — Y, 11 a homeomorphism for n > ny. ]

The space Y,,, constructed above is well defined up to homeomorphism and it is denoted
by (fn)pen(Xo). We show that in the case that all the spaces X, are equal, i.e. X;, = X
for every n > 0, (fn)pen(X) is a retract of X, as in the original case. Since X is finite,
there exists a subspace Y C X and an increasing sequence (n;);en of positive integers such
that Y,,, =Y for every i € N. Let g; = fn,—1fn,—2- ..fn1|yn1 : Yn, — Y,,. These maps
are permutations of the finite set Y, therefore there are two equal, say g; = g; with ¢ < j.
Then fr,—1fn;—2--- fm|Yni =1y, s0 Y is a retract of X.
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Chapter 9

The Andrews-Curtis Conjecture

One of the most important mathematical problems of all times is the Poincaré conjec-
ture which states that every compact simply connected 3-manifold without boundary is
homeomorphic to S3. Versions of the conjecture for greater dimensions were proved by
Smale, Stallings, Zeeman and Freedman. The problem was open for a century until G.
Perelman finally proved it some years ago. Perelman proof uses hard differential geometry
results. An alternative combinatorial proof of the Poincaré conjecture would be a great
achievement.

In [45], E. Zeeman shows that the Dunce hat D is not collapsible but D x I is a
collapsible polyhedron. Zeeman conjectures that the same holds for any contractible 2-
complex:

Conjecture 9.0.1 (Zeeman). If K is contractible polyhedron, then K x I is collapsible.

Zeeman proves in [45] that his conjecture implies the Poincaré conjecture. Conjecture
9.0.1 is still not proved nor disproved.

Let n > 1. We say that a complex K n-deforms to another complex L if we can obtain
L from K by a sequence of collapses and expansions in such a way that all the complexes
involved in the deformation have dimension less than or equal to n.

The geometric Andrews-Curtis conjecture is weaker than Zeeman’s, but is also open.

Conjecture 9.0.2 (Andrews-Curtis). Any contractible 2-polyhedron 3-deforms to a point.

The analogous version for greater dimensions is known to be true. More specifically,

Theorem 9.0.3 (Whitehead-Wall). Let n > 3. If K and L are polyhedra of dimension
less than or equal to n, then K (n+ 1)-deforms to L.

The Geometric Andrews-Curtis conjecture is equivalent to the so called Andrews-
Curtis conjecture which states that any balanced presentation of the trivial group can be
transformed into the trivial presentation by a sequence of Nielsen transformations (see
[2, 34] for further infomation).

In this Chapter we will define a large class of simplicial complexes called quasi con-
structible complezes which are built recursively by attaching smaller quasi constructible
complexes. Using techniques of finite spaces we will prove that contractible quasi con-
structible complexes satisfy the Andrews-Curtis conjecture. Quasi constructible complexes
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generalize the notion of constructible complexes which was deeply studied by M. Hachimori
in [19].
9.1 Quasi-constructible complexes

The content of this Section is partially motivated by the following example studied in
Chapter 7

[ J [} [ J [ ) [ [ [
\. [ ] ./

This space is the face poset of an h-regular structure of the Dunce hat and it has no
weak points. However, there are two maximal points a, b such that U, U Uy, is contractible,
and therefore X 'Y = X U {c} where a < ¢ > b. Now, Y \\ Y \ {a,b}. Thus £(X)
3-deforms to K(Y \ {a,b}) which has one point less that X.

For which complexes K it is possible to choose two maximal elements a,b such that
U, U U, is contractible? and when is it possible to perform repeatedly those moves to
obtain a space with maximum and therefore collapsible?

Let X be a finite Tp-space of height at most 2 and let a, b be two maximal elements of
X such that U, U Uy is contractible. Then we say that there is a gc-reduction from X to
Y ~ {a,b} where Y = X U {c} with a < ¢ > b. We say that X is gc-reducible if we can
obtain a space with a maximum by performing qc-reductions starting from X.

Note that a, b and c are all weak points of Y. Since spaces with maximum are collapsi-
ble, qc-reducible finite spaces are simple homotopy equivalent to a point. Furthermore, if
X is qc-reducible, all the spaces involved in the transfromation X M\, * are of height less
than or equal to 3. Therefore if X is qc-reducible, (X) 3-deforms to a point.

Example 9.1.1. The following space is collapsible but not qc-reducible. In fact we can
not perform any qc-reduction starting from X.

[ ]

[ ]

[
/X

Proposition 9.1.2. Let X be a finite Ty-space of height at most 2 and such that Hy(X) =
0. Let a,b be two mazimal elements of X. Then the following are equivalent:
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1. U, U Uy s contractible.
2. U, NUy is nonempty and connected.
3. U, NUy is contractible.

Proof. The non-Hausdorff suspension S(U,NU) = (U,NUp)U{a, b} is a strong deformation
retract of U, U Up. A retraction is given by r : U, U Uy — S(U, N Up) with r(x) = a for
every x € U,~\ Uy and r(z) = b for € Uy \U,. Therefore, by 2.7.3, U, UUj, is contractible
if and only if U, N Uy is contractible.

Since K(X) has dimension at most 2, H3(K(X), L(S(U,NUy))) = 0. By the long exact
sequence of homology, Ha(IC(S(U, NUp))) = 0 and then Hy (U, NUp) = 0. Thus, if U, N U,
is nonempty and connected, it is contractible since ht(U, N Up) < 1. O

Remark 9.1.3. If X is a contractible finite Ty-space of height at most 2, it can be proved
by induction in #X that there exist two maximal elements a,b such that U, U Uj is
contractible. However when a qc-reduction is performed, the resulting space can be not
contractible.

Definition 9.1.4. A finite simplicial complex K of dimension at most 2 is said to be
quasi constructible if K has just one maximal simplex or, recursively, if it can be written
as K = K; U K5 in such a way that

e K and Ky are quasi constructible,
e K N Ky is nonempty and connected, and
e no maximal simplex of K7 is in K9 and no maximal simplex of K is in Kj.

The name of this complexes is suggested by the particular case of constructible com-
plexes studied in [19].

Definition 9.1.5. An homogeneous finite n-simplicial complex K is n-constructible if
n = 0, if K has just one maximal simplex or if K = K; U K9 where K; and Ky are
n-constructible and K N K3 is (n — 1)-constructible.

A homogeneous 1-complex is 1-constructible if and only if it is connected. Therefore,
2-constructible complexes are quasi constructible. A wedge of two 2-simplices is quasi con-
structible but not 2-constructible. This example also shows that collapsible 2-complexes
need not be 2-constructible. However we prove that collapsible 2-complexes are quasi
constructible.

Lemma 9.1.6. Let K be a finite simplicial complex and let K1, Ko be two subcomplexes
such that K1 N Ky is a vertex v (i.e. K = Kj\/ K3). Then K is collapsible if and only if
v

K1 and Ko are collapsible.

Proof. Suppose K1 # v # Ks. If K is collapsible and o C ¢’ is a collapsible pair of K
such that K~ {o,0’} is collapsible, then o C ¢’ is a collapsible pair of K7 or Ko. Without
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loss of generality assume the first. Then (K \ {0,0'})\/ K2 = K \ {0,0'} is collapsible.
v

By induction Kj \ {o,¢’'} and Ks are collapsible.
If K1 and Ky are collapsible, they collapse to any of their vertices. In particular
Ki \, v and K5\, v. The collapses of K1 and Ks together show that K \, v. ]

Theorem 9.1.7. Let K be a finite simplicial complex of dimension less than or equal to
2. If K is collapsible, then it is quasi constructible.

Proof. 1If K is collapsible and not a point, there exist a collapsible pair ¢ C ao such
that L = K \ {o0,ac} is collapsible. By induction L is quasi constructible. K = L U ac
and L Naoc = ac is connected. If no maximal simplex of L is a face of ao, K is quasi
constructible as we want to prove. However this might not be the case.

If ao is a 1-simplex and « is a maximal simplex of L, . = a and then K is a 1-simplex
which is quasi constructible.

Assume ao is a 2-simplex and let b, ¢ be the vertices of o.

Consider this first case: ab is a maximal simplex of L but ac is not. We claim that
L ~ {ab} has two connected components. Certainly, since L is contractible, from the

Mayer-Vietoris sequence,

Hy(L) — Ho(aUb) — Hy(ab) & Ho(L ~ {ab}) — Ho(L)

we deduce that Hy(L~ {ab}) = Z. Therefore, there exist subcomplexes L1 3 a and Ly 3 b
of L such that L = Ly \/ ab\/ Ls.

a

b
By 9.1.6, L1 and Lo are collapsible and therefore quasi constructible.

Lz
L1

Figure 9.1: L

Now, L; and ao are quasi constructible, L} Nac = ac is connected and {ac} is not
maximal in L; nor in ao. Thus L1 U ao is quasi constructible. If Lo is just the point b,
K = LyjUao is quasi constructible. If Ly is not a point, {b} is not a maximal simplex of Lo
and then K = (L; Uao) U Ly is quasi constructible since (L1 Uao) N Ly = b is connected.

The second case: ac is maximal in L but ab is not is analogous to the first.

The third case is: ab and ac are maximal simplices of L. As above L \ {ab} and
L ~ {ac} have two connected components. Therefore, there exist subcomplexes L1, Lo
and Lz of L such that a € Ly, b € Ly, ¢ € Lg and L = Lg\/ab\/Ll\/ac\/L;; Since

L is collapsible, by 9.1.6, L; are also collapsible and by mductlon qua81 constructlble If
Ly # a, Ly # b and Ly # ¢, we prove that K is quasi constructible as follows: aoc U L1 is
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quasi constructible since ac N Ly = a is connected and {a} is not maximal in ac nor in
L;. Then (aoc U L1) U Ly is quasi constructible since (ac U L1) N Lo = b is connected and
{b} is maximal in none of them. Similarly, K = (ac U L1 U Ly) U L3 is quasi constructible.
If some of the complexes L; are just single points, this simplifies the proof since we can
remove those from the writing of K = ac U L1 U Lo U Ls. O]

On the other hand, contractible 2-constructible complexes need not be collapsible as
the next example shows.

Example 9.1.8. The following example of a contractible 2-constructible and non-collapsible
complex is a slight modification of one defined by Hachimori (see [19], Section 5.4). Let
K be the 2-homogeneous simplicial complex of Figure 9.2.

3 2 1
6
2 2
5 7
4
1 3
Figure 9.2: K.

This complex is 2-constructible (in fact it is shellable). For instance, one can construct
it adjoining 2-simplices in the following order: 567,457,347,237,127,167, 126, 236, 356, 235,
125,145,134. In each adjuntion both the complex and the 2-simplex are 2-constructible
and their intersection is 1-constructible. Moreover, K is collapsible.

Now take two copies K1 and K5 of K and identify the 1-simplex 13 of both copies. The
resulting complex L is contractible since K7 and K5 are contractible. Moreover, K7 and K>
are 2-constructible and their intersection is 1-constructible, therefore L is 2-constructible.
On the other hand, L is not collapsible since it does not have free faces.

We will see in 9.1.10 that quasi constructible complexes 3-deform to a point. In
particular this is true for this complex.

The notion of constructibility is in turn a generalization of the concept of shellability
[11]. Shellable complexes are collapsible.

Theorem 9.1.9. Let K be a finite simplicial complex of dimension less than or equal to
2. Then the following are equivalent:

1. K s quasi constructible and Ha(|K|) =0,

2. X(K) is qc-reducible,
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3. K is quasi constructible and contractible.

Proof. Let K be quasi constructible and suppose Ha(|K|)=0. If K has just one maximal
simplex, X'(K) has maximum and it is qc-reducible. Otherwise, K = K; U Ko where K1
and Ky are quasi constructible and K; N K» is connected and nonempty. Moreover the
maximal simplices of K are not in Ky and viceversa. Since Hs(|K|, |K;|) = 0, Ha(| K;|) =
0 and by an inductive argument, X' (K;) is qc-reducible for ¢ = 1,2. Carring out the
same qc-reductions in X'(K) we obtain a space Y with two maximal elements a; and
ag such that U,, NU,, = X(K; N K2) which is connected and nonempty. Moreover,
Hy(Y) = H2(X(K)) = 0 and therefore, by 9.1.2, a last qc-reduction transforms Y in a
space with maximum.

Now suppose that K is such that X (K) is qc-reducible. Then we can make qc-
reductions to obtain a space with maximum. If X(K) does not have maximum, in the
last step, before the last qc-reduction, one has a contractible space Y with two maximal
elements a; and as. Consider the simplicial complex K; generated by all the maximal
simplices of K that were eventually replaced by a; when performing the qc-reductions.
Define Ko similarly. Then, X(K;) and X(K3) are qc-reducible and by induction K; and
Ky are quasi constructible. Moreover X' (K1 NK3) = Uy, NU,, is connected and nonempty
by 9.1.2 and then so is K1 N K5. Hence K is quasi constructible. On the other hand, since
X (K) is qc-reducible, it is homotopically trivial and therefore |K| is contractible. O

In fact, the equivalence between 1 and 3 can be proved easily without going through
2 (see 9.1.11).
Recall that if K is a 2-complex, K 3-deforms to K’. Therefore we have the following

Corollary 9.1.10. If K is quasi constructible and contractible, it 3-deforms to a point, i.e.
contractible quasi constructible complexes satisfy the geometric Andrews-Curtis conjecture
9.0.2.

Remark 9.1.11. By the Theorem of Van-Kampen, quasi constructible complexes are simply
connected. In particular, their reduced Euler characteristic is non-negative.

In the next we adapt an argument of Hachimori to show that there are many con-
tractible 2-complexes which are not quasi constructible. The results and their proof are
essentially the same as [19]. A vertex v of a finite complex K is a bridge if K \ v has more
connected components than K. Following Hachimori we say that a vertex v of a finite
2-simplicial complex K is splittable if the graph lk(v) has a bridge.

Remark 9.1.12. Suppose K = K; U K3 is a 2-complex such that no maximal simplex of
K is in K5 and viceversa. In this case K; N K5 is a graph. Assume that there exists a
vertex v which is a leaf of K1 N Koy, i.e. lkg,nk,(v) = v’ is a point. We prove that v is
splittable in K. Since vv’ € K1 N Ks, vv’ is not maximal in either of the subcomplexes
K and Ks. Let v; € K; such that vv'v; € K; for ¢ = 1,2. The vertices vy and vy are
connected in Ik (v) via v'. Suppose that they are also connected in lkg(v) \ v'. Then,
there exists w € lkg (v) \ v such that vw is a simplex of K and K3 simultaneously. This
contradicts the fact that lkx,nx,(v) = v'. Therefore v is a bridge of lkx (v).
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Proposition 9.1.13. Let K be a contractible finite 2-simplicial complex with no bridges
and with at most one splittable point. If K is not a 2-simplex, then it is not quasi con-
structible.

Proof. Suppose that K is quasi constructible. Then there exists quasi constructible sub-
complexes K1 and K» as in Definition 9.1.4. K1 N K> is a connected graph with more than
one vertex, provided that K has no bridges. By the previous remark, it has at most one
leaf and therefore it is not a tree. In particular x(K; N K2) < 0. Since K is contractible,
by 9.1.11 we have that

0= X(K) = Xx(K1) + X(K2) — X(K1 N K3) >0,
which is a contradiction. O

In particular we deduce that any triangulation of the Dunce hat is not quasi con-
structible, since it has just one splittable point.

Remark 9.1.14. Gillman and Rolfsen proved that the Poincaré conjecture is equivalent to
the Zeeman’s conjecture restricted to some complexes called standard spines (see [34]). In
particular, with the proof of Poincaré conjecture, the Geometric Andrews-Curtis conjec-
ture is known to be true for such complexes. It is easy to see that standard spines have
no bridges nor splittable points and therefore they are not quasi constructible. Therefore
our result enlarges the class of 2-complexes for which the conjecture is known to be valid.

Any triangulation of the Dunce hat is not quasi constructible and it is easy to see that
it is not a standard spine either since it has a splittable point.

It seems very natural to consider the dual notion of qc-reducibility in order to obtain
a larger class of complexes satisfying the Andrews-Curtis conjecture. However we will see
that if K is such that X' (K)° is qc-reducible, then K is collapsible. If X is a finite Tp-space
of height at most 2 and a,b are two minimal elements such that F, U F} is contractible.
Then we say that there is a gc®P-reduction from X to Y \ {a,b} where Y = X U {c} with
a > c < b. We say that X is qc°P-reducible if we can obtain a space with a minimum by
carrying out qc®P-reductions begining from X, or, in other words, if X°P is qc-reducible.

If K is a finite simplicial complex and V is a subset of vertices of K, we will denote
by st(V) C |K| the union of the open stars of the vertices in V, i.e.

st(V) = (| st(v)),

veV

© o
where st(v) = |[K|\ |K ~v|= | o C|K].
ooV
We introduce the dual notion of quasi constructibility which is the following.

Definition 9.1.15. Let K = (Vk, Sk) be a finite simplicial complex of dimension at most
2. We say that a subset V' C Vi of vertices is quasi®? constructible in K if #V =1 or if,
recursivelly, V = V; U V5 with V; quasi®?’ constructible in K for i = 1,2, V1 N V5 = () and
st(V1) N st(Vz) is a connected nonempty subspace of the geometric realization | K|.

The complex K is said to be quasi®? constructible if Vi is quasi®? constructible in K.
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In order to understand the topology of st(Vi) N st(V2), we will generalize the result
that says that X'(K) is a finite model of K, giving an alternative proof of this fact.

Proposition 9.1.16. Let K be a finite simplicial complex and let Y C Sk be a subset of

simplices of K. Let X = |J 0 C |K| and let f : X — Y C X(K)° be the map defined by
o€y

flx)=0ifze ’. Then, f is a weak homotopy equivalence.

Proof. We first note that f is continuous. If ¢ € Y,

U= |J 7= | nDnX=X\]0"

ocCreY ocCTESK

is open in X since o€ is a subcomplex of K. To prove that f is a weak homotopy equivalence
we use the Theorem of McCord 1.4.2. We only have to show that f~1(U,) is contractible.
In fact, o is a strong deformation retract of f~1(U,). Let z € 7 with 0 C 7 € Y,
z=ta+(1—t)Bforsome0<t<1, acoandfe (r~c). Definer: f1(U,) — o by
r(x) = a. Then r is a retraction and H : f~1(U,) x I — f~*(Uy), H(z,s) = (1—s)z + sa
defines a homotopy between 1,-1(y, ) and ir. ]

Proposition 9.1.17. Let K be a finite Ty-space of height at most 2. Then K is quasiP
constructible and contractible if and only if X(K) is qc°P-reducible.

Proof. Suppose |K]| is contractible. We prove that if V' C Vi is quasi’’ constructible
in K, then |J Fy,) € X(K) is qc®-reducible. If #V =1, |J F{,; has minimum and
veV veV
there is notheing to do. Assume that V = V; U V5, where Vf and V5 are disjoint and
quasi? constructible in K, and st(V1) N st(V2) is connected and nonempty. By induction
U Fpy and |J Fpy are qc®-reducible. Then J F,; qc-reduces to a space X with
veEV] veEV veV
two minimal elements a; and ag. Moreover, F,, N F,, = {0 € Sk | there exist v; €
Vi and vy € V, with vy,v2 € o} is weak homotopy equivalent to st(Vy) N st(Va) by
Proposition 9.1.16. In particular, F,, N F,, is connected and nonempty, and since X (K)
is homotopically trivial, by Proposition 9.1.2, X is contractible. Therefore a last qc®P-
reductions transforms X into a space with minimum, so |J Fy,} is qc®-reducible. Now,
veV

if in addition K is quasi®’-constructible, Vi is quasi’? constructible in K and then X' (K) =
U Fluy is qc®-reducible.
veEVK

Conversely, let V' € Vi be a subset of vertices of K. We will prove that if |J F{U} -

veV
X (K) is qc®P-reducible, then V' is quasi? constructible in K. If #V = 1 there is nothing to

prove. In other case, before the last step we will have reduced J FY,y into a contractible
veV
space X with two minimal points a1 and as. Let V; be the subset of V' of vertices that were

eventually replaced by a; for i = 1,2. Then J Fy is qc®P-reducible and by induction
veV;

Vi is quasi®? constructible for i = 1,2. By Proposition 9.1.16, st(Vi) N st(Va) is weak

homotopy equivalent to Fy,, N Fy, which is connected and nonempty by Proposition 9.1.2.

Then V is quasi®? constructible in K.
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Finally, applying this result to V' = Vi we deduce that if X(K) is qc°P-reducible, then
K is quasi’? constructible. In this case X(K) is homotopically trivial and then |K]| is
contractible. O]

In particular, we deduce that if K is quasi®’ constructible and contractible, it 3-
deforms to a point. Unfortunately, this does not enlarge the class of complexes satisfying
the Andrews-Curtis conjecture, since quasi®? constructible complexes are collapsible as we
will see.

Lemma 9.1.18. Let K be a finite simplicial complex of dimension less than or equal to
2. If V C Vi is quasi®? constructible in K, then X(st(V)) > 0.

Proof. If #V =1, st(V) is contractible and then X(st(V')) = 0. Suppose that V = V; UV,
where V; and V5 are disjoint, quasi’? constructible in K and such that st(V7) N st(V3) is
connected and nonempty. By induction,

X(st(V)) = X(st(V1)) + X(st(V2)) — X(st(V1) N st(Va)) = —X(st(V1) N st(V2)).

By Proposition 9.1.16, st(V1) N st(Vs) is weak homotopy equivalent to Vi N Vy C
X (K) which is a finite To-space of height at most 1. Since it is connected and nonempty,
X(st(Vi) Nst(Va)) = x(ViNVa) <0 and then x(st(V)) > 0. O

Theorem 9.1.19. Let K be a contractible quasi®? constructible simplicial complex. Then
K is collapsible.

Proof. If K = %, there is nothing to do. Suppose Vi = V; UV, with Vi NVa =), V4 and
Vo quasiP constructible in K and st(V;) N st(V2) nonempty and connected. Since |K| is
contractible,

0 =X(IK]) = X(st(V1)) + X (st(V2)) — X(st(V1) N st(V2)).

By Lemma 9.1.18, X(st(V;)) > 0 for i = 1,2 and then X(V1NV3) = X(st(V1)Nst(V)) >
0. Moreover, V1N Vy C X(K) is nonempty, connected and its height is less than or equal
to 1. Therefore, it is contractible. In particular, there exists a simplex ¢ € K which is
a leaf (maybe the unique vertex) of the graph (V1 N V3). We claim that o is not a
2-simplex, because if that was the case, it would have two of its vertices a,b in V; and
the third ¢ in V; for i # j. Then {a,c} and {b,c} would be covered by o in Vi NV,
contradicting the fact that o is a leaf of X(V1 NV3). Thus o is a 1-simplex.

Let a € V7 and b € V5 be the vertices of o. Since o is a leaf of K(Vl QVQ), we consider
two different cases:

(1) VinVy={o} or
(2) 0 € K is a free face of a simplex o/ = {a,b,c} € K.

We study first the case (1). For i = 1,2, let K; be the full subcomplex of K spanned
by the vertices of V;. Then K = K; UKo U {c} = K;1\/ o/ K». Since K is contractible,
a b

then K7 and K5 are contractible as well. Moreover, since V; is quasi®? constructible in
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K, it is also quasi®’ constructible in K;. Note that if V and V' are subsets of V;, then

str, (V) Nstr, (V') = stg(V) N st (V). Thus, K; and Ky are contractible and quasi®?

constructible. By induction, they are collapsible. Therefore K = K;\/o\/ K3 is also
a b

collapsible.

Now we consider the second case (2). Let L = K \{0,¢'}. By hypothesis K ¢, L. We
claim that L is quasi? constructible. To prove that, we will show first that V; and V5 are
quasi’? constructible in L. We prove by induction that if V C V; is quasi®? constructible
in K, then it also is in L. If #V =1 this is trivial. Suppose V = V' UV” with V' and V"

disjoint, quasi’? constructible in K and such that sty (V') Nstx (V") ~ we 3t ) A7t () o
nonempty and connected. By induction V' and V" are quasi®? constructible in L. We have
to show that V7" qy* () = (WX( N

Since o has only one vertex in Vi, it cannot have a vertex in V'’ and other in V”.
Therefore, o ¢ P E) At e ¢ Tt A V//X(K) then V7X@ Ayt _
(V/X(K) () QWX(K), then ¢ € V}

. 7 ;X (K . . .
and o’ covers just one element of V' (7 ), which is {a,c}. Hence, o’ is a down

)~ {0, 0’} is nonempty and connected.

WX(K)) is nonempty and connected. If ¢/ € V’
X(K) A

beat point of WX(K) N WX(K) and in particular WX(L) N WX(L) is homotopy equivalent
to WX(K) N WX(K). Then, it is nonempty and connected and therefore V is quasi®?
constructible in L.
Since V7 is quasi’? constructible in K it follows that it is quasi®’ constructible in L.
Analogously, Vs is quasi®? constructible in L
Now, by assumption st (V1) ﬂstK(Vg) V1

Since o is a free face of K, it is an up beat point of le( ) NVa
TX(K)

T vaX(K) is nonempty and connected.

7, K . On the other hand,

~ {0} since there is a 1-face of ¢’ with both
B = WX(K) N EX(K) ~ {0,0'} is a strong
deformation retract of Vi NVa *K ), and then it is connected and nonempty. Thus,
Vi, = V1 U Vs is quasi®? constructible in L, or in other words, L is quasi®? constructible.

Since K X, L, L is contractible and quasi’ constructible. By induction L is collapsible
and therefore, so is K. O

o’ is a down beat point of 71}(( e Vs

vertices in V; or in V5. Hence, Vi *(L) N Vs
X(K)

The converse of this result is false as we prove in the next example.

Example 9.1.20. The complex K studied in Example 9.1.8 is a collapsible homogeneous
2-complex with a unique free face. We prove that a complex satisfying these hypothesis
cannot be quasi®? constructible.

Suppose that K is quasi®’? constructible. Since K has more than one vertex, Vi can
be written as a disjoint union of quasi’ constructible subsets V; and V5 in K such that
V1UVy is contractible. The case (1) of the proof of Theorem 9.1.19 cannot ocurr since K
is homogeneous. Therefore, X(V1 N V3) has dimension exactly 1 and it is a tree. Then,
it has at least two leaves, which must be 1-simplices and free faces of K. However this is
absurd since K has only one free face.

In this Thesis we have studied many methods of reduction and techniques that allow to
recognize homotopically trivial finite spaces. The methods that we introduced allowed us,
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among other things, to characterize the simple homotopy theory of polyhedra in terms of
finite spaces and to analize some known conjectures from a totally new viewpoint. We have
also shown that these procedures are not completely effective to describe weak homotopy
types of finite spaces. We will next exhibit a homotopically trivial finite space in which
these methods fail altogether.

Consider the following pentagon whose edges are identified as indicated by the arrows.

This is a contractible CW-complex since the attaching map of the 2-cell is a homotopy
equivalence S — S'. We give to this space an h-regular structure K as follows

Since K is contractible, X'(K) is homotopically trivial finite space of 21 points by
Theorem 7.1.7. It is easy to check that X'(K) has no weak points (nor v-points). In fact
no h-regular CW-complex has down weak points and it is not hard to see that 1-cells are
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not up weak points in this example. We only have to show that Fa, F, and E, are not
contractible, but this is clear since their associated graphs contain a cycle.

It is not possible to make a qc-reduction on X (K), since for any 2-cells e, e’ of K,
eNe C K is not connected. It can be also proved that no qcP-reduction can be made in
X (K) since the subspaces F, N Fy, Fy, N F,, F, N F. C X(K) are nonconnected.

Osaki’s reduction methods 6.1.1, 6.1.2 are not applicable either.

Therefore, the methods studied in this work can not be used directly to reduce X' (K),
however X (K) is homotopically trivial and then, it has the same simple homotopy type
of a point.
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