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Preface

This book started as notes for courses given at the graduate level at the University of
Minnesota. It is intended to be used at the level of a second-year graduate course in an
American university. At this level the book should provide material for a year-long course
in representation theory.

It is supposed that the reader has already studied the material in a first-year graduate
course on algebra and is familiar with the basic properties, for example, of Sylow subgroups
and solvable groups, as well as the examples which are introduced in a first group theory
course, such as the dihedral, symmetric, alternating and quaternion groups. The reader
should also be familiar with other aspects of algebra which appear in or before a first-
year graduate course, such as Galois Theory, tensor products, Noetherian properties of
commutative rings, the structure of modules over a principal ideal domain, and the first
properties of ideals.

The Pure Mathematician for whom this course is intended may well have a primary in-
terest in an area of pure mathematics other than the representation theory of finite groups.
Group representations arise naturally in many areas, such as number theory, combinatorics
and topology, to name just three, and the aim of this course is to give students in a wide
range of areas the technique to understand the representations which they encounter. This
point of view has determined to a large extent the nature of this book: it should be suffi-
ciently short, so that students who are not specialists in group representations can get to
the end of it. Since the representations which arise in many areas are defined over rings
other than fields of characteristic zero, such as rings of algebraic integers or finite fields,
the theory is developed over arbitrary ground rings where possible. The student finishing
this course should feel no lack of confidence in working in characteristic p.

A selection of topics has been made at every stage, and where a result appears to
have predominantly technical interest, perhaps confined to those who specialize in group
representations, then in some cases it has been omitted.

The exercises at the ends of sections are an important part of this book. They provide
a place to indicate how the subject may be developed beyond what is described in the
text. They provide a stock of examples which provide a firmer basis for the expertize of
the reader. And they provide homework exercises so that the reader can learn by actively
doing, as well as by the more passive activity of reading.
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1. Representations, Maschke’s Theorem and Semisimplicity

We start by establishing some notation. We let G denote a finite group, and we will
work over a commutative ring R with a 1. For example, R could be any of the fields Q,
C, R, F,, F, etc, where the latter symbol denotes the algebraic closure of F,, or we could
take R = 7Z or some other ring. If V' is an R-module we denote by GL(V') the group of
all invertible R-module homomorphisms V' — V. In case V = R" is a free module of rank
n this group is isomorphic to the group of all non-singular n x n-matrices over R, and we
denote it GL(n, R) or GL,(R), or in case R = F, is the finite field with ¢ elements by
GL(n,q) or GL,(q).

A (linear) representation of G (over R) is a homomorphism
p:G— GL(V).

In a situation where V is free as an R-module, on taking a basis for V' we obtain for each
element g € G a matrix p(G), and these matrices multiply together in the manner of the
group. In this situation the rank of the free R-module V' is called the degree of the repre-
sentation. Sometimes by abuse of terminology the module V is called the representation,
but it should more properly be called the representation module or representation space (if
R is a field).

(1.1) Examples. 1. For any group G and commutative ring R we can take V = R and
p(G) = 1 for all g € G. This representation is called the trivial representation, and it is
often denoted simply by its representation module R.

2. Let G = 5,,, the symmetric group on n symbols, V' = R and
p(g) = multiplication by €(g),
where €(g) is the sign of g. This representation is called the sign representation of the
symmetric group.

3. Let R =R, V = R? and G = S3. This group may be realized as the group of

automorphisms of V' generated by reflections in the three lines
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In terms of matrices this gives a representation

(1,3,2) — (j

where we have taken basis vectors in the direction of two of the lines of reflection, making
an angle of 2?” to each other. In fact these matrices define a representation of degree 2
over any ring R, because although the representation was initially constructed over R, in
fact the matrices have integer entries which may be interpreted in every ring, and these
matrices always multiply together to give a copy of Ss.

4. Let R =TF,, V = R? and let G = C,, = (g) be cyclic of order p generated by an
element g. One checks that the assignment

p(g") = <i ?)

is a representation. In this case the fact that we have a representation is very much
dependent on the choice of R as the field F),: in characteristic 0 it would not work!

We can think of representations in various ways, and one of them is that a represen-
tation is the specification of an action of a group on an R-module. Given a representation
p: G — GL(V), an element v € V and a group element g € G we get another mod-
ule element p(g)(v). Sometimes we write just g - v or gv for this element. This rule for
multiplication satisfies

g (Av+pw) =Ag-v+pg-w

(gh) -v=yg-(h-v)
l-v=w

for all g € G, v,w € V and \,up € R. A rule for multiplication G x V' — V satisfying
these conditions is called a linear action of G on V. To specify a linear action of G on V'
is the same thing as specifying a representation of G on V, since given a representation
we obtain a linear action as indicated above, and evidently given a linear action we may
recover the representation.
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Another way to define a representation of a group is in terms of the group algebra.
We define the group algebra RG (or R[G]) of G over R to be the free R-module with
the elements of G as an R-basis, and with multiplication given on the basis elements by
group multiplication. The elements of RG are the (formal) R-linear combinations of group
elements, and the multiplication of the basis elements is extended to arbitrary elements
using bilinearity of the operation. A typical element of RG may be written »_ geG g9
where a, € R, and symbolically

(D agg) (Y buh) =Y (> agbu)k.

geq heG kEG gh=k

More concretely, we may exemplify the definition by listing some elements of QS53. The
elements of S3 such as (1,2) = 1-(1,2) are also elements of QS5 (they appear as basis
elements), and () serves as the identity element of QS35 (as well as of S3). In general,
elements of QS; may look like (1,2) — (2,3) or £(1,2,3) + 6(1,2) — 1(2,3). Here is a
computation:

((17 273) + (172)>((17 2) - (273)> = (17 3) + () - (172) - (17 273)'

Having defined the group algebra, we may now define a representation of G over R to
be a unital RG-module. The fact that this definition coincides with the previous ones is
the content of the next proposition.

(1.2) PROPOSITION. A representation of G over R has the structure of a unital
RG-module; conversely, every unital RG-module provides a representation of G over R.

Proof. Given a representation p : G — GL(V') we define a module action of RG on V'
by (3- agg)v =3 agp(g)(v).

Given a RG-module V| the linear map p(g) : v — gv is an automorphism of V' and
p(g1)p(g92) = p(g192) so p: G — GL(V) is a representation. O

We have defined the group algebra without saying what an algebra is! For the record,
an (associative) R-algebrais aring A with a 1, equipped with a (unital) ring homomorphism
R — A whose image lies in the center of A. The group algebra RG is indeed an example
of an R-algebra.

The group algebra gives another example of a representation, called the reqular repre-
sentation. In fact for any ring A we may regard A itself as a left A-module with the action
of A on itself given by multiplication of the elements. We denote this left A-module by
AA when we wish to emphasize the module structure, and this is the (left) regular repre-
sentation of A. When A = RG we may describe action on rgRG by observing that each
element g € G acts on g RG by permuting the basis elements in the fashion g - h = gh.
Thus each g acts by a permutation matriz, namely a matrix in which in every row and
column there is precisely one non-zero entry, and that non-zero entry is 1. The regular
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representation is an example of a permutation representation, namely one in which every
group element acts by a permutation matrix.

Regarding representations of G as RG-modules has the advantage that many def-
initions we wish to make may be borrowed from module theory. Thus we may study
RG-submodules of an RG-module V', and if we wish we may call them subrepresentations
of the representation afforded by V. To specify an RG-submodule of V' it is necessary to
specify an R-submodule W of V' which is closed under the action of RG. This is equiva-
lent to requiring that p(g)w € W for all ¢ € G and w € W. We say that a submodule W
satisfying this condition is stable under G, or that it is an invariant submodule or invariant
subspace (if R happens to be a field). Such an invariant submodule W gives rise to a
homomorphism py : G — GL(W) which is the subrepresentation afforded by W.

(1.3) Examples. 1. Let Cy = {1, —1} be cyclic of order 2 and consider the represen-

tation
p:Cy — GL(R?)

1 0
1|—>(0 1)
1 0
—1H<O _1)

One checks that the invariant subspaces are {0}, (((1))>, <((1))), R? and no others. Here
R? = <((1))) @ (((1))> is the direct sum of two invariant subspaces.

2. In Example 4 of 1.1 above, an elementary calculation shows that <((1))) is the only
1-dimensional invariant subspace, and so it is not possible to write the representation space
V' as the direct sum of two non-zero invariant subspaces.

We also have the notions of a homomorphism and an isomorphism of RG-modules.
Since RG has as a basis the elements of GG, to check that an R-linear homomorphism f :
V — W is in fact a homomorphism of RG modules, it suffices to check that f(gv) = gf(v)
for all g € G — we do not need to check for every x € RG. By means of the identification
of RG-modules with representations of G (in the first definition given here) we may refer to
homomorphisms and isomorphisms of group representations. In many books the algebraic
condition on the representations which these notions entail is written out explicitly, and
two representations which are isomorphic are also said to be equivalent.

If V and W are RG-modules then we may form their (external) direct sum V & W,
which is the same as the direct sum of V and W as R-modules together with an action
of G given by g(v,w) = (gv,gw). We also have the notion of the internal direct sum
of RG-modules and write U = V & W to mean that U has RG-submodules V and W
satisfying U = V + W and VN W = 0. In this situation we also say that V' and W are
direct summands of U. We already met this property in (1.3) above, whose first part is
an example of a representation which is a direct sum of two non-zero subspaces; however,
the second part of (1.3) provides an example of a subrepresentation which is not a direct
summand.
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We come now to our first non-trivial result, and one which is fundamental to the
study of representations over fields of characteristic zero. Here, as in many other places,
we require that the ring R be a field, and in this situation we use the symbols R or k
instead of R.

(1.4) THEOREM (Maschke). Let V' be a representation of the finite group G over a
field F' in which |G| is invertible. Let W be an invariant subspace of V. Then there exists
an invariant subspace Wy of V' such that V. =W @& W as representations.

Proof. Let m:V — W be any projection of V' onto W as vector spaces, i.e. a linear
transformation such that w(w) = w for all w € W. Since F' is a field, we may always
find such a projection by finding a vector space complement to W in V, and projecting
off the complementary factor. Then V =W @ Ker(7) as vector spaces, but Ker(7) is not
necessarily invariant under GG. Consider the map

Then 7’ is linear and if w € W then

Zgﬁg Lw)

gEG

|G| > g 'w

geCG

|Glw
IGI

= w.

Since 7'(v) € W for all v € V, 7’ is a projection onto W and so V. = W @ Ker(n’). We
show finally that Ker(7’) is an invariant subspace. If h € G and v € Ker(n’) then

"(hv) gr(g~ " hv)
IGI Z

geqG

Zhh g)r((htg) ')
geG

= hr'(v)
=0

since as g ranges over the elements of G, so does h~'g. This shows that hv € Ker(7’) and
so Ker(7’) is an invariant subspace. O
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Let A be a ring with a 1. An A-module V is said to be simple or irreducible if V'
has no A-submodules other than 0 and V. A module which is the direct sum of simple
submodules is said to be semisimple or completely reducible and we saw in (1.3) examples
of modules, one of which was semisimple and the other of which was not. We know from
the Jordan-Holder theorem in module theory that in some sense simple modules are the
building blocks for arbitrary modules of finite composition length. One way in which these
building blocks may be combined is as a direct sum — a construction we feel we understand
quite well — giving a semisimple module, but there may be other modules which are not
constructed from simple modules in this way.

The next results relate the property of semisimplicity to the property which appears
in the statement of Maschke’s theorem, namely that every submodule of a module is a
direct summand. Our immediate application of this will be an interpretation of Maschke’s
theorem, but the results have application in greater generality in situations where R is not
a field, or when |G| is not invertible in R. To simplify the exposition we have imposed a
finiteness condition in the statement of each result, thereby avoiding arguments which use
Zorn’s lemma. These finiteness conditions can be removed, and we leave the details to the
reader in an exercise at the end of this section.

In the special case when the ring A is a field and A-modules are vector spaces the
next result is a familiar statement from linear algebra.

(1.5) LEMMA. Let A be a ring with a 1 and suppose that U = S1 +---+ S, is an
A-module which can be written as the sum of finitely many simple modules Si,...,S,.
If V is any submodule of U there is a subset I = {iy,...,i,} of {1,...,n} such that
U=Va&S;, &5, . In particular,

(1) V is a direct summand of U, and
(2) (taking V= 0), U is the direct sum of some subset of the S;, and hence is necessarily
semisimple.

Proof. Choose a subset I maximal subject to the condition that the sum W =
V&, Siis a direct sum. Note that I = () has this property, so we are indeed taking a
maximal element of a non-empty set. We show that W = U. If W # U then S; £ W for
some j. Now S; N W = 0, being a proper submodule of S;, so S; + W = S5; @ W and we
obtain a contradiction to the maximality of I. Therefore W = U. O

(1.6) PROPOSITION. Let A be a ring with a 1 and let U be an A-module. The
following are equivalent.
(1) U can be expressed as a direct sum of finitely many simple A-submodules.
(2) U can be expressed as a sum of finitely many simple A-submodules.
(3) U has finite composition length and has the property that every submodule of U is a
direct summand of U.
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When these three conditions hold, every submodule of U and every factor module of U
may also be expressed as the direct sum of finitely many simple modules.

Proof. The implication (1) = (2) is immediate and the implications (2) = (1) and
(2) = (3) follow from Lemma 1.5. To show that (3) = (1) we argue by induction on the
composition length of U, and first observe that hypothesis (3) passes to submodules of U.
For if V' is a submodule of U and W is a submodule of V then U = W & X for some
submodule X, and now V = W & (X N V) by the modular law (Exercise 2). Proceeding
with the induction argument, when U has length 1 it is a simple module, and so the
induction starts. If U has length greater than 1, it has a submodule V' and by condition
(3), U =V @& W for some submodule W. Now both V' and W inherit condition (3) and
are of shorter length, so by induction they are direct sums of simple modules and hence
so is U.

We have already observed that every submodule of U inherits condition (3), and so
satisfies condition (1) also. Every factor module of U has the form U/V for some submodule
V of U. If condition (3) holds than U = V @& W for some submodule W which we have
just observed satisfies condition (1), and hence so does U/V since U/V = W. O

We now present a different statement of Maschke’s theorem. The statement remains
correct if the words ‘finite-dimensional’ are removed from it, but we leave the proof of this
stronger statement to the exercises.

(1.7) COROLLARY. Let R be a field in which |G| is invertible. Then every finite-
dimensional RG-module is semisimple.

Proof. This combines Theorem 1.4 with the equivalence of the statements of Propo-
sition 1.6. 0

This theorem puts us in very good shape if we want to know about the representations
of a finite group over a field in which |G| is invertible — for example any field of charac-
teristic zero. To obtain a description of all possible finite-dimensional representations we
need only describe the simple ones, and then arbitrary ones are direct sums of these.

The following corollaries to Lemma 1.5 will not immediately be used, but we present
them here because they have the same flavor as the results just considered. They could be
omitted at this point, and read as they are needed.

(1.8) COROLLARY. Let A be a ring with a 1, and let U be an A-module of finite
composition length.
(1) The sum of all the simple submodules of U is a semisimple module, which is the unique
largest semisimple submodule of U.
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(2) The sum of all submodules of U isomorphic to some given simple module S is a
submodule isomorphic to a direct sum of copies of S. It is the unique largest submodule
of U with this property.

Proof. The submodules described can be expressed as the sum of finitely many sub-
modules by the finiteness condition on U. They are the unique largest submodules with
their respective properties since they contain all simple submodules (in case (1)), and all
submodules isomorphic to S (in case (2)). O

The largest semisimple submodule of a module U is called the socle of U, and is
denoted Soc(U).

(1.9) COROLLARY. LetU = S{'&---® S% be a semisimple module over a ring A
with a 1, where the S; are non-isomorphic simple modules and the a; are the multiplicities
to which they occur as summands of U. Then each submodule S} is uniquely determined
and is characterized as the unique largest submodule of U expressible as a direct sum of
copies of S;.

Proof. It suffices to show that S;" contains every submodule of U isomorphic to S;. If
T is any non-zero submodule of U not contained in Sj* then for some j # i its projection
to a summand S; must be non-zero. If we assume that 7" is simple this projection will be
an isomorphism 7" = S;. Thus all simple submodules isomorphic to .S; are contained in
the summand S3". O

Exercises for Section 1.

1. In Example 1 of 1.3 prove that there are no more invariant subspaces other than
the ones listed.

2. (The modular law.) Let A be a ring and U =V & W an A-module which is the
direct sum of A-modules V' and W. Show by example that if X is any submodule of U
then it need not be the case that X = (VN X) @& (W N X). Show that if we make the
assumption that V' C X then it is true that X = (VN X)® (W N X).

3. Suppose that p is a finite-dimensional representation of a finite group G over C.
Show that for each g € G the matrix p(g) is diagonalizable.

4. Let

p1:G— GL(V)

p2: G — GL(V)

be two representations of G on the same R-module V' which are injective as homomor-
phisms. (One says that such a representation is faithful.) Consider the three statements
(a) the RG-modules given by p; and ps are isomorphic,
(b) the subgroups p1(G) and p3(G) are conjugate in GL(V),
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(c) for some automorphism a € Aut(G) the representations p; and pya are isomor-
phic.
Show that (a) = (b) and that (b) = (c). Show also that if a € Aut(G) is an inner
automorphism (i.e. one of the form ‘conjugation by ¢’ for some g € G) then p; and pr1«
are isomorphic.

5. One form of the Jordan-Zassenhaus theorem states that for each n, GL(n,Z)
(that is, Aut(Z™)) has only finitely many conjugacy classes of subgroups of finite order.
Assuming this, show that for each finite group GG and each integer n there are only finitely
many isomorphism classes of representations of G on Z".

6. (a) Write out a proof of Maschke’s theorem in the case of representations over C
along the following lines.

Given a representation p : G — GL(V') where V is a vectorspace over C, let ( , ) be any
positive definite Hermitian form on V. Define a new form ( , ); on V by

1
(v, w)y = 1€l > (gv, gw).

geCG

Show that ( , )i is a positive definite Hermitian form, preserved under the action of G,
ie. (v,w); = (gv, gw); always.
If W is a subrepresentation of V, show that V = W @ W+ as representations.

(b) Show that any finite subgroup of GL(n,C) is conjugate to a subgroup of U(n,C)
(the unitary group, consisting of n x n complex matrices A satisfying AAT = I). Show
that any finite subgroup of GL(n,R) is conjugate to a subgroup of O(n,R) (the orthogonal
group consisting of n x n real matrices A satisfying AAT = I).

7. Let U =51 @®---® S, be an A-module which is the direct sum of finitely many
simple modules S1,...,S,. Show that if T is any simple submodule of U then T & S; for
some 1.

8. Suppose U is an A-module for which we have two expressions

UgS?l@,_,@Sgrgsfl@...@sgr

where 51, ..., S, are non-isomorphic simple modules. Show that a; = b; for all i.
9. Let G = (x,y ‘ 2?2 = %2 =1 = [z,y]) be the Klein four-group, R = F,, and consider
the two representations p; and ps specified on the generators of G by

1 1 0 1 0 1
pr(z)=10 1 0|, p(y)=[0 1 0
0 0 1 0 0 1
and
1 0 0 1 0 1
p2() =10 1 1|, pa(y)=({0 1 0
0 0 1 0 0 1
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Calculate the socles of these two representations.
10. Let G = Cp, = (x) and R = F, for some prime p > 3. Consider the two
representations p; and ps specified by

[
[ s

1 1 1 1
pi(x)=10 1 and po(z)=10 1
0 0 0 0

Calculate the socles of these two representations. Show that the second representation is
the direct sum of two non-zero subrepresentations.

11. (a) Using 1.6 show that if A is a ring for which the regular representation 4A is
semisimple, then every finitely generated A-module is semisimple.

(b) Extend the result of part (a), using Zorn’s lemma, to show that if A is a ring for
which the regular representation 4 A is semisimple, then every A-module is semisimple.

12. Let U be a module for a ring A with a 1. Show that the following three statements
are equivalent.

(1) U is a direct sum of simple A-submodules.

(2) U is a sum of simple A-submodules.

(3) every submodule of U is a direct summand of U.
[Use Zorn’s lemma to prove a version of Lemma 1.5 which has no finiteness hypothesis and
then copy Proposition 1.6. This deals with all implications except (3) = (2). For that, use
the fact that A has a 1 and hence every (left) ideal is contained in a maximal (left) ideal,
combined with condition (3), to show that every submodule of U has a simple submodule.
Consider the sum of all simple submodules of U and show that it equals U]

13. Let RG be the group algebra of a finite group G over a commutative ring R with
1. Let S be a simple RG-module and let I be the anihilator in R of S, that is

I={reR|rz=0foralzeS}

Show that [ is a maximal ideal in R.

[This question requires some familiarity with standard commutative algebra. We conclude
from this result that when considering simple RG modules we may reasonably assume that
R is a field, since S may naturally be regarded as an (R/I)G-module and R/I is a field.]
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2. The structure of algebras for which every module is semisimple.

In this section we work with an abstract finite-dimensional algebra A over a field &
(unless greater generality is stated). In studying the simple A-modules it is no loss of
generality to assume that we are working over a field, as explained in an exercise at the
end of the last section. Furthermore, every simple A-module is isomorphic to one of the
form A/I where I is some maximal left ideal of A. This is because if z € S is any non-zero
element of a simple module S then the mapping of left modules A — S specified by a — ax
is surjective, by simplicity of S, and so S = A/I where [ is the kernel, which is a maximal
ideal again by simplicity of S.

The following general result is basic, and will be used time and time again.

(2.1) THEOREM (Schur’s Lemma). Let S; and Sy be simple A-modules where A
is a ring with 1. Then Hom(S1,S2) = 0 unless S; = So, in which case End4(S1) is a
division ring. In case A is a finite-dimensional algebra over an algebraically closed ground

field k, then every endomorphism of Sy is scalar multiplication by an element of k. Thus
EndA(Sl) =~ k.

Proof. Suppose 6 : S; — Ss is a non-zero morphism. Then 0 # 6(S;) C Ss, so
0(S1) = Sz by simplicity of So and € is surjective. Thus Kerf # Si, so Kerf = 0 by
simplicity of S7, and @ is injective. Therefore 6 is invertible, S; = Sy and End 4(5;) is a
division ring.

If k is algebraically closed, let A be an eigenvalue of §. Now (§ — \I) : S; — S; is a
singular endomorphism of A-modules, so § — A\ =0 and 6 = \I. O

The next result is straightforward and seemingly innocuous, but it has an important
consequence for representation theory. It is the main tool in recovering the structure of
an algebra from its representations. We use the notation A°P to denote the opposite ring
of A, namely the ring which has the same set and the same addition as A, but in which
there is a new multiplication - given by a - b = ba.

(2.2) LEMMA. For any ring A with a1, Endg(4A) = A°P.

Proof. The inverse isomorphisms are

¢ — (1)

(a — ax) «— x.

There are several things here which need to be checked: that the second assignment does
take values in End 4 (4 A), that the morphisms are ring homomorphisms, and that they are
mutually inverse. We leave most of this to the reader, observing only that under the first
homomorphism a composite 0¢ is sent to (0¢)(1) = 0(¢(1)) = 0(4(1)1) = ¢(1)0(1), so that
this is indeed a homomorphism to A°P. O
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Observe that the proof of Lemma 2.2 establishes that every endomorphism of the
regular representation is of the form ‘right multiplication by some element’.

We say that a ring A with 1 is semisimple if the regular representation 4 A is semisim-
ple. There are other equivalent definitions of a semisimple ring which will be explored
further in Chapter 6.

A ring A with 1 all of whose modules are semisimple is itself called semisimple. By
Exercise 1.11 it is equivalent to suppose that the regular representation 4 A is semisimple.
It is also equivalent to suppose that the Jacobson radical of the ring is zero, but we will
not deal with this point of view until Chapter 6.

(2.3) THEOREM (Artin-Wedderburn). Let A be a finite-dimensional algebra over
a field with the property that every finite-dimensional module is semisimple. Then A is a
direct sum of matrix algebras over division rings. Specifically, if

AAZ S @S

where the S1, ..., S, are non-isomorphic simple modules occuring with multiplicities n; in
the regular representation, then

A2 M, (D)@ & M,, (D)
where D; = End 4 (S;)°P.

More is true: every such direct sum of matrix algebras is a semisimple algebra, and
each matrix algebra over a division ring is a simple algebra, namely one which has no 2-sided
ideals apart from the zero ideal and the whole ring (see the exercises). Furthermore, the
matrix algebra summands are uniquely determined as subsets of A (although the module
decomposition of 4A is usually only determined up to isomorphism). The uniqueness of
the summands will be established in Proposition 3.22. Notice that if £ happens to be
algebraically closed then by Schur’s lemma the division rings D; which appear must all be
equal to k.

Proof. We first observe that if we have a direct sum decomposition U = Uy ®--- @ U,
of a module U then End 4 (U) is isomorphic to the algebra of r x r matrices in which the
i,7 entries lie in Hom4(Uj, U;). This is because any endomorphism ¢ : U — U may be
writen as components ¢ = (¢;;) where ¢;; : U; — U, and in terms of components these
endomorphisms compose in the manner of matrix multiplication. Since Hom A(S;Lj , S =
0 if 7 # j by Schur’s lemma, the decomposition of 4 A gives

EndA(AA) = EndA(S?l) &---D EndA(S,’}’")

and furthermore End 4 (S!"") & M,,,(D;?). By Lemma 2.2 we identify Ends(4A) as A°P. O
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(2.4) COROLLARY. Let A be a finite-dimensional semisimple algebra over a field k
which is algebraically closed. In any decomposition

AA:SI“@...@S;W

where the S; are pairwise non-isomorphic simple modules we have that Si,...,S5, is a
complete set of representatives of the isomorphism classes of simple A-modules, n; =
dimy, S; and dimy A = n? + - - - + n2.

Proof. All isomorphism types of simple modules must appear in the decomposition
because every simple module can be expressed as a homomorphic image of 4 A (as observed
at the start of this section), and so must be a homomorphic image of one of the modules S;.
Since k is algebraically closed all the division rings D; coincide with k& by Schur’s lemma,
and End 4 (S]"") = M, (k). The ring decomposition A = M, (k)®- - -@&M,, (k) immediately
gives dimy A = n? +--- +n2. From the way this decomposition was constructed as an
endomorphism ring in 2.3 we see that M, (k) has non-zero action on the summand S;",
and zero action on the other summands S;-Lj with j # i. It follows that as left A-modules,
M, (k) = 5" since both sides are isomorphic to the quotient of A by the elements which

M,,, (k) annihilates. Hence
dimg M, (k) = n? = dimy S =n,;dim S;,

and so dim \S; = n;. O

Let us now restate what we have proved specifically in the context of group represen-
tations.

(2.5) COROLLARY. Let G be a finite group and k a field in which |G| is invertible.

(1) As a ring, kG is a direct sum of matrix algebras over division rings,

(2) Suppose in addition that k is algebraically closed, let Sy, ..., S, be a set of represen-
tatives of the simple kG-modules (up to isomorphism) and put d; = dimy, S;. Then d;
equals the multiplicity with which S; is a summand of the regular representation of
G, and |G| =d3 + -+ d2.

Part (2) of this result provides a numerical criterion which enables us to say when
we have constructed all the simple modules of a group over an algebraically closed field
k in which |G| is invertible. For if we have constructed a set of non-isomorphic simple
modules with the property that the squares of their degrees sum to |G|, then we have a
complete set. While this is an easy condition to verify, it will be superceded later on by the
even more straightforward criterion that the number of simple kG-modules (with the same
hypotheses on k) equals the number of conjugacy classes of elements of G. Once we have
proved this, the formula 3" d? = |G| allows the degree of the last simple representation to
be determined once the others are known.
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(2.6) Example. Over R we have constructed for S3 the trivial representation, the sign
representation which is also of dimension 1 but not the same as the trivial representation,
and a 2-dimensional representation which is simple because visibly no 1-dimensional sub-
space of the plane is invariant under the group action. Since 12 + 12 4 22 = |S3| we have
constructed all the simple representations.

Exercises for Section 2.

1. Let A be a finite-dimensional semisimple algebra. Show that A has only finitely
many isomorphism types of modules in each dimension. [This is not in general true for
algebras which are not semisimple: The representations of Cy x Co = (z, ) over 3 specified
for each \ € Fy by

1 0 0 O 1 0 0 O
1 1 0 0 01 X O
0 0 1 1 1 0 0 1

all have dimension 4 and are non-isomorphic.]

2. Using Exercises 1.5 and 2.1 (which you may assume without proof), show that if
k is any field of characteristic 0 then for each natural number m, GL,, (k) has only finitely
many conjugacy classes of subgroups of order m. [In view of the comment to problem 1,
the same is not true when when k = Fs.]

3. Let D be a division ring and n a natural number.

(a) Show that the natural M, (D)-module consisting of column vectors of length n is
a simple module.

(b) Show that M, (D) is semisimple and has up to isomorphism only one simple
module.

(c) Show that every algebra of the form

Mm (Dl) DD Mnr(DT)

is semisimple.

(d) Show that M, (D) is a simple ring, namely one in which the only 2-sided ideals
are the zero ideal and the whole ring.

4. Prove the following extension of 2.4:

THEOREM. Let A be a finite-dimensional semisimple algebra, S a simple A-module
and D = End4(S). Then S may be regarded as a module over D and the multiplicity of
S as a summand of 4 A equals dimp S.

5. Using the fact that M, (k) has a unique simple module prove the Noether-Skolem
theorem, that any algebra automorphism of M, (k) is inner, i.e. of the form conjugation
by some invertible matrix.
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6. Show that for any field k& we have M, (k) = M, (k)°P, and in general for any division
ring D that given any positive integer n, M, (D) = M, (D)°? if and only if D = D°P.

7. Let A be any algebra. An element e € A is called idempotent if and only if e? = e.

(a) Let V be any A-module. Show that an endomorphism e : V' — V is a projection
onto a subspace W if and only if e is idempotent as an element of End 4 (V).

(b) Show that direct sum decompositions V' = W; @& W5 as A-modules are in bijection
with expressions 1 = e + f in End4(V'), where e and f are idempotent elements with
ef = fe=0. (Incase ef = fe=0, e and f are called orthogonal.)

(c) Let e1,e2 € Enda(V) be idempotent elements. Show that e; (V) & ea(V) as A-
modules if and only if e; and ey are conjugate under the unit group End4(V)* (i.e. there
exists an A-endomorphism « : V — V such that e; = aeloz_l).

(d) An idempotent element e is called primitive if it cannot be expressed as a sum of
orthogonal idempotent elements in a non-trivial way. Show that e € End 4(V') is primitive
if and only if e(V') has no (non-trivial) direct sum decomposition. (In this case V is said
to be indecomposable.)

(e) Show that all primitive idempotent elements in M, (k) are conjugate under the

action of the unit group GL, (k). Write down explicitly any primitive idempotent element
in M. 3 (]{7) .
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3. Characters

The characters of a finite group take values in a field of characteristic zero which
we may always take to be a subfield of the complex numbers, and so frequently in this
section we will restrict our attention to the complex numbers C. When p : G — GL(V)
is a finite-dimensional representation of GG over C we define the character x of p to be the
function

x:G—C

given by x(g) = tr(p(g)), the trace of the linear map p(g). We say that the representation
p and the representation space V' afford the character x, and we may write x, or xy when
we wish to specify this character more precisely.

(3.1) PROPOSITION.
(1) x(1) is the degree of p.
(2) For every g € G we have x(g') = x(g), the complex conjugate.
(3) x(hgh™') = x(g) for all g,h € G.
(4) If V and W are isomorphic CG-modules then v (g) = xw(g) for all g € G.

Proof. (1) is immediate because the identity of the group must act as the identity
matrix.

(2) Each element g has finite order so its eigenvalues A1, . .., A\, are roots of unity. The
inverse g~ ! has eigenvalues A7!, ..., A- = Xp, ..., A, and so x(g71) = X4+ = x(9).

(3) results from the fact that tr(ab) = tr(ba) for endomorphisms a and b, so that
X(hgh™") = trp(hgh™") = tr(p(h)p(g)p(h™1)) = tr p(g) = x(9)-

(4) Suppose that py and py are the representations of G on V and W, and that we
have an isomorphism of CG-modules o : V- — W. Then apy(g) = pw(g)a for all g € G,

so that xw (g) = tr pw (9) = tr(apv (9)a™") = trpv(g) = xv(9)- O

Part (4) of the above result is a great convenience since when talking about characters
we do not have to worry about the possibility that two modules may be isomorphic but
not actually the same.

From part (3) of 3.1 we see that the character of a representation takes the same
value on all elements in a conjugacy class of G. The table of complex numbers whose rows
are indexed by the isomorphism types of simple representations of G, whose columns are
indexed by the conjugacy classes of G and whose entries are the values of the characters of
the simple representations on representatives of the conjugacy classes is called the character
table of G. It is usual to index the first column of a character table by the (conjugacy
class of the) identity, and to put the character of the trivial representation as the top row.
With this convention the top row of every character table will be a row of 1’s, and the
first column will list the degrees of the simple representations. At the top of the table it is
usual to list two rows, the second of which (immediately above a horizontal line) is a list
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of representatives of the conjugacy classes of elements of G, in some notation. The very
top row lists the value of |Cg(g)| for the element g underneath.

(3.2) Example. We present the character table of S3. We saw at the end of Section
2 that we already have a complete list of the simple modules for Ss, and the values of
their characters on representatives of the conjugacy classes of S3 are computed from the
matrices which give these representations.

Centralizer orders | 6 2 3

Conjugacy class representative | 1 (12) (123)
Trivial | 1 1 1

Sign | 1 -1 1

2 0 —1

TABLE: The character table of S3.

We will see that the character table has remarkable properties, among which are
that it is always square, and its rows (and also its columns) satisfy certain orthogonality
relations. Our next main goal is to state and prove these results. In order to do this we
first introduce three ways to construct new representations of a group from existing ones.
These constructions have validity no matter what ring R we work over, although in the
application to the character table we will suppose that R = C.

Suppose that V' and W are representations of G over R. The R-module V @z W
acquires an action of G by means of the formula g - (v ® w) = gv ® gw, thereby making
the tensor product into a representation. This is what is called the tensor product of
the representations V' and W, but it is not the only occurrence of tensor products in
representation theory, and as the other ones are different this one is sometimes also called
the Kronecker product. The action of G on the Kronecker product is called the diagonal
action.

For the second construction we form the R-module Hompg(V, W). This acquires an
action of G' by means of the formula (g- f)(v) = gf(g~'v) for each R-linear map f: V — W
and g € G.

The third construction is the particular case of the second in which we take W to be
the trivial module R. We write V* = Hompg(V, R) and the action is (g f)(v) = f(g~v).
This representation is called the dual or contragredient representation of V', and it is usually
only considered when V' is free as an R-module.

If R happens to be a field and we have bases vq,...,v, for V and wy,...,w, for
W then V ® W has a basis {v; ® w; ‘ 1 <i<m,1<j<n}and V* has a dual basis
U1, ...,0m. With respect to these bases an element g € G acts on V ® W with the matrix
which is the tensor product of the two matrices giving its action on V and W, and on V* it
acts with the transpose of the inverse of the matrix in its action on V. The tensor product
of two matrices is not seen so often these days. If (a,q), (brs) are an m x m matrix and an
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n x n matrix their tensor product is the mn x mn matrix (c¢;;) where if i = (p — 1)n +r
and j = (¢ — 1)n+ s with 1 <p,qg <m and g < r,s <n then ¢;; = apybys. For example,

ae af be bf
a b e f\ _|ag ah bg bh
(c d>®<g h)_ ce cf de df
cg ch dg dh

Ifa:V —Vand g: W — W are endomorphisms, then the matrix of
a@QpB: VoW -VeoW

is the tensor product of the matrices which represent o and 3. We see from this that
tr(a ® B) = tr(a) tr(B).

In the following result we consider the sum and product of characters, which are
defined pointwise by the formulas

(xv +xw)(g) = xv(g) + xw(g)
(xv - xw)(9) = xv(9) - xw(g)-

(3.3) PROPOSITION. Let V and W be finite-dimensional representations of G over
a field k of characteristic zero.
(1) V& W has character xy + xw -
(2) V. ® W has character xy - xw -

(3) V* has character xv-(g9) = xv(9™!) = xv(9).
(4) Homy(V,W) = V* @, W as kG-modules, and this representation has character equal

to xv+ - Xw-

We will see in the proof that the isomorphism of modules in part (4) is in fact valid
without restriction on the characteristic of the field k.

Proof. (1), (2) and (3) are immediate on taking matrices for the representations. As
for (4), we define a linear map

a:V*® W — Homg(V,W)
few— (v— fv) w),

this being the specification on basic tensors. We show that « is injective. Assuming that
w1, ..., Wy, is a basis of W, every element of V* ® W can be written Z?:l fi ® w; where
fi + V. — k. Such an element is sent by a to the map v — > fi(v)w;, where v € V. If
this is the zero mapping then > f;(v)w; = 0 for all v € V', and by independence of the w;
we have f;(v) =0 for all v € V. Thus > ., fi ® w; = 0 which shows that « is injective.
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Since V* ® W and Homy(V, W) have the same dimension (equal to dim V' - dim W), « is
a vector space isomorphism. It is also a map of kG-modules, since for g € G,

a(g(f ®w)) =algf @ gw)
= (v (9f)(v) - gw)
= (v g(flgv)w))
=g(v f(v)w)
= ga(f @w).

O

A fundamental notion in dealing with group actions is that of fixed points. If V is an
RG-module we define the fized points VG = {v € V ‘ gv = v for all ¢ € G}. This is the
largest RG-submodule of V' on which G has trivial action.

(3.4) LEMMA. Over any ring R, Homg(V,W)% = Hompgg(V, W).

Proof. An R-linear map f : V — W is a morphism of RG-modules precisely if it
commutes with the action of G, which is to say f(gv) = ¢gf(v) for all g € G and v € V, or
in other words gf(g~'v) = f(v) always. This is exactly the condition that f is fixed under
the action of G. O

The next result is an abstraction of the idea which was used in proving Maschke’s
theorem, where the application was to the RG-module Hompg(V, V). We will use this idea
a second time in proving the orthogonality relations for characters.

(3.5) LEMMA. Let V be an RG-module where R is a ring in which |G| is invertible.
Then
1
— V- Ve
PP

geqG

is a map of RG-modules which is projection onto the fixed points of V. In particular, V¢
is a direct summand of V as an RG-module. When R is a field of characteristic zero we
have

1 :
tr(@ Z g) =dim VY.

geG

Proof. Let m: V — V denote the map ‘multiplication by ﬁ > e g’. We check that

7 is a linear map, and it commutes with the action of G since for h € G and v € V we
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have
Z ghyv
geG

= 7r(v>

& 3 k)

gEG
= hw(v)

since as g ranges through the elements of G so do gh and hg. The same equations show
that every vector of the form 7(v) is fixed by G. Furthermore, if v € V¢ then

() \G\Zg \G\Z”_”

so 7 is indeed projection onto V&. O

There is one more ingredient we describe before stating the orthogonality relations
for characters. We define an inner product on characters, but this does not make sense
without some further explanation, because an inner product must be defined on a vector
space and characters do not form a vector space. They are, however, elements in a vector
space, namely the vector space of class functions on G.

A class function on G is a function G — C which is constant on each conjugacy
class of G. Such functions are in bijection with the functions from the set of conjugacy
classes of G to C, a set of functions which we may denote C°(%) where cc(G) is the set
of conjugacy classes of G. These functions become an algebra when we define addition,
multiplication and scalar multiplication pointwise on the values of the function. In other
words, (x - ¥)(g) = x(9)¥(9), (x +¥)(9) = x(9) + ¥(g9) and (Ax)(g) = Ax(g) where x, ¢
are class functions and A € C. If G has n conjugacy classes, this algebra is isomorphic to
C™, the direct sum of n copies of C, and is semisimple.

We define a Hermitian bilinear form on the complex vector space of class functions on

X ¥ |G|Zx

geG

G by means of the formula

As well as the usual identities which express bilinearity and the fact that the form is
evidently Hermitian, it satisfies

(X9, ¥) = (x, 9" ¥)

where ¢*(g) = ¢(g) is the class function obtained by complex conjugation. If x and 1
happen to be characters of a representation we have x(g) = x(g~1), ©* is the character of
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the contragredient representation, and we obtain further expressions for the bilinear form:

7 - ZX _1

geG

\G\ 2 Xl

geCG

ZX

geG

where the second equality is obtained by observing that as g ranges over the elements of
G, so does g~ 1.

With all this preparation we can now state and prove the orthogonality relations for
the rows of the character table. The picture will be completed once we have shown that
the character table is square and deduced the orthogonality relations for columns in 3.16

and 3.17.

(3.6) THEOREM (Row Orthogonality relations).
(1) If x is the character of a simple representation over C then (x, x) = 1.

(2) If x and 1 are the characters of non-isomorphic simple representations over C then

{(x,¥) =0.

Proof. Suppose that V and W are simple complex representations affording characters
x and 1. By 3.3 the character of Hom¢(V, W) is X - ¢. By 3.4 and 3.5

dim Homeg(V, W) = tr(+—= G Z g) in its action on Homg(V, W)
\ | =2
g€G
= (x;¥)-
Schur’s lemma asserts that this number is 1 if V= W, and 0if V22 W. a

We will describe many consequences of the orthogonality relations, and the first is
that they provide a way of determining the decomposition of a given representation as
a direct sum of simple representations. This procedure is similar to the way of finding
the coefficients in the Fourier expansion of a function using orthogonality of the functions

sin(mz) and cos(nx).
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(3.7) COROLLARY. LetV be a CG-module. In any expression
V=S"e a8
in which Sy, ..., S, are non-isomorphic simple modules, we have

ni = (Xv, Xi)

where xy is the character of V and x; is the character of S;. In particular n; is determined
by V' independently of the choice of decomposition.

(3.8) Example. Let G = S3 and denote by C the trivial representation, € the sign
representation and V' the 2-dimensional simple representation over C. We decompose the
4-dimensional representation V ® V' as a direct sum of simple representations. Since the

values of the character yy give the row of the character table
xy:2 0 —1,
V ® V has character values

XVeVv 4 0 1.

Thus
1
(XV®V,X<C>=6(4-1-1—0-1—2-1-1):1

1
(vev,xe) = c(4-1+04+2:-1-1) =1
1
(Xvev,xv) = 6(4~2+0—2-1-1):1
and we deduce that

VevV=CoeaV.

(3.9) COROLLARY. For finite-dimensional complex representations V and W we
have V =2 W if and only if xyv = xw.

Proof. We saw in 3.1 that if V and W are isomorphic then they have the same
character. Conversely, if they have the same character they both may be decomposed as a
direct sum of simple representations by 1.7, and by 3.7 the multiplicities of the simples in

these two decompositions must be the same. Hence the representations are isomorphic. O
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The next result is a criterion for a representation to be simple. An important step in
studying the representation theory of a group is to construct its character table, and one
proceeds by compiling a list of the simple characters which at the end of the calculation will
be complete. At any stage one has a partial list of simple characters, and considers some
(potentially) new character. One finds the multiplicity of each previously obtained simple
character as a summand of the new character, and subtracts off the these simple characters
to the correct multiplicity. What is left is a character all of whose simple components are
new simple characters. This character will itself be simple precisely if the following easily
verified criterion is satisfied.

(3.10) COROLLARY. Ify is the character of a complex representation V' then (x, x)
is a positive integer, and equals 1 if and only if V is simple.

Proof. We may write V 22 S* & --- @ S™ and then (x,x) = >.;_, n? is a positive
integer, which equals 1 precisely if one n; is 1 and the others are 0. O

(3.11) Example. We construct the character table of Sy, since it illustrates some
techniques in finding simple characters.

24 4 8 4 3
1 (12) (12)(34) (1234) (123)
1 1 1 1 1
1 -1 1 -1 1
2 0 2 0 -1
3 -1 ~1 1 0
31 -1 -1 0

TABLE: The character table of Sy.

Immediately above the horizontal line we list representatives of the conjugacy classes of
elements of Sy, and above them the orders of their centralizers. The first row below the
line is the character of the trivial representation, and below that is the character of the
sign representation.

There is a homomorphism o : Sy — S3 specified by (12) — (12), (34) — (12),
(23) — (23), (123) + (123) which has kernel the normal subgroup ((12)(34), (13)(24)).
(One way to obtain this homomorphism is to identify S; as the group of rotations of
a cube and observe that each rotation gives rise to a permutation of the three pairs of
opposite faces.) Any representation p : S3 — GL(V') gives rise to a representation po of
S4 obtained by composition with o, and if we start with a simple representation of S3 we
will obtain a simple representation of Sy since o is surjective and the invariant subspaces
for p and po are the same. Thus the simple characters of S3 give a set of simple characters
of S; obtained by applying ¢ and evaluating the character of S3. This procedure, which
in general works whenever one group is a homomorphic image of another, gives the trivial,
sign and 2-dimensional representations of Sy.
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There is an isomorphism between S, and the group of rotations of R? which preserve
a cube. One sees this from the fact that the group of such rotations permutes the four
diagonals of the cube. This action is faithful and since every transposition of diagonals
may be realized through some rotation, so can every permutation of the diagonals. Hence
the full group of such rotations is isomorphic to S4. The character of this action of S4 on
R3 is the fourth row of the character table. To compute the traces of the matrices which
represent the different elements we do not actually have to work out what those matrices
are, relying instead on the observation that every rotation of R has matrix conjugate to
a matrix

cosf —sinf 0
sinf cosf O
0 0 1

27

Thus, for example, (12) and (123) must act as rotations through 7 and =7, respectively,

so act via matrices which are conjugates of

-1 0 0 -5 =% 0
0 -1 0 and @ 10
0 0 1 0 1

which have traces —1 and 0.

There is an action of Sy on C* given by the permutation action of Sy on four basis
vectors. Since the trace of a permutation matrix equals the number of points fixed by the
permutation, this has character

x: 4 2 0 0 1
and we compute

4 2 1
= —+Z= —=1.
(x, 1) 24+4+0+0+3

Thus xy = 1 4 1 where 1 is the character of a 3-dimensional representation:
v: 3 1 -1 =1 0.

Again we have
1 1 1

9
<¢’¢>:ﬂ+1+§+1+021
so 1 is simple by 3.10, and this is the bottom row of the character table.

There are other ways to complete the calculation of the character table. Having
computed four of the five rows, the fifth is determined by the facts that it is orthogonal to
the other four, and that the sum of the squares of the degrees of the characters equals 24.
Equally we could have constructed the bottom row as xy ® ¢ where y is the other character

of degree 3 and ¢ is the sign character.

Our next immediate goal is to prove that the character table of a finite group is square,
and to deduce the column orthogonality relations. Before doing this we show in the next
two results how part of the column orthogonality relations may be derived in a direct way.

Consider the regular representation of G on CG, and let xce denote the character of
this representation.
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(3.12) LEMMA.
|G| ifg=1

xea(g) = {O otherwise.

Proof. Each g € G acts by the permutation matrix corresponding to the permutation
h — gh. Now xca(g) equals the number of 1’s down the diagonal of this matrix, which
equals |[{h € G | gh = h}|. O

We may deduce an alternative proof of 2.5 (in case k = C), and also a way to do the
computation of the final row of the character table once the others have been determined.

(3.13) COROLLARY. Let x1,...,Xr be the simple complex characters of G, with
degrees dy,...,d,. Then (xca, xi) = di, and hence
(1) ¥i—, di = |G|, and
(2) 2::1 dixi(9) =0if g #1.

Proof. Direct evaluation gives

1
(xca, Xi) = @‘G‘Xi(l) = d,

and hence xcg = di1x1 + -+ - + dr- X Evaluating at 1 gives (1), and at g # 1 gives (2). O

It is an immediate deduction from the fact that the rows of the character table are
orthogonal that the number of simple complex characters of a group is at most the number
of conjugacy classes of elements in the group. We shall now prove that there is always
equality here. For any ring A we denote by Z(A) the center of A.

(3.14) LEMMA.
(1) For any ring R, Z(M,(R)) ={\ | A € R} = R.
(2) The number of simple complex characters of G equals dim Z(CG).

Proof. (1) Let E;; denote the matrix which is 1 in place 4,j and 0 elsewhere. If
X = (x;5) is any matrix then

E;; X = the matrix with row j of X moved to row ¢, 0 elsewhere,

X E;; = the matrix with column 7 of X moved to column j, 0 elsewhere.

If X € Z(M,(k)) these two are equal, and we deduce that x;; = z;; and all other entries
in row j and column ¢ are 0. Therefore X = x111.
(2) In 2.3 we constructed an isomorphism

CG =M, (C)®---& M, (C)

where the matrix summands are in bijection with the isomorphism classes of simple mod-
ules. On taking centres, each matrix summand contributes 1 to dim Z(CG). O



Printed Dec. 12, 2007 Finite Group Representations 26

(3.15) LEMMA. Let x4, ...,z be representatives of the conjugacy classes of elements
of G and let R be any ring. For each i let T; € RG denote the sum of the elements in the
same conjugacy class as x;. Then Z(RG) is free as an R-module, with basis Ty, ..., Ts.

Proof. We first show that T; € Z(RG). Write T; = >

conjugacy. Then
9T = > gy=(Y_ gyg g ="Tig

Yy~'zi Yy~zi

yros Yo where ~ denotes
1

I and from this it

since as y runs through the elements of G' conjugate to x;, so does gyg~
follows that Z; is central.

Next suppose > . aq9 € Z(RG). We show that if g1 ~ go then ag, = ag,. Suppose
that go = hgih~!. The coefficient of g, in h(zgeGagg)h_1 is ag, and in (3_, g ag9) is
ag4,. Since elements of G are independent in RG, these coefficients must be equal. From
this we see that every element of Z(RG) can be expressed as an R-linear combination of
the Z;.

Finally we observe that the T; are independent over R, since each is a sum of group
elements with support disjoint from the supports of the other z;. O

(3.16) THEOREM. The number of simple complex characters of G equals the number
of conjugacy classes of elements of G.

Proof. In 3.14 we showed that the number of simple characters equals the dimension
of the centre, and 3.15 we showed that this is equal to the number of conjugacy classes. O

We conclude that the character table of a finite group is always square. From this we
get orthogonality relations between the columns of the character table.

(3.17) COROLLARY (Column orthogonality relations). Let X be the character table
of G as a matrix, and let

|Ca(z1)| 0 e 0
o 0 et
0 - Cala)]
where x4, ..., x, are representatives of the conjugacy classes of elements of G. Then
XX =c,

where the bar denotes complex conjugation.

Proof. The orthogonality relations between the rows may be stated XC 1 X7 = TI.
Since all these matrices are square, they are invertible, and in fact (XC~1)~! = X7T =

C’Y_l. Therefore XTX = C. O
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A less intimidating way to state the column orthogonality relations is

> o = {ECG@' oo

The special case of this in which ¢ = 1 has already been seen in Corollary 3.13.

We conclude this section on the properties of characters with the result which states
that the degrees of the simple complex characters of a finite group G divide |G|. This is, of
course, a big restriction on the possible degrees which may occur, and it is proved by means
of an algebraic excursion which otherwise will not be used in the immediate development
of the theory. This means that it is quite a good idea to skip the proof on first reading.

We need to use the notion of integrality. Suppose that S is a commutative ring with
1 and R is a subring of S with the same 1. An element s € S is said to be integral over
R if f(s) = 0 for some monic polynomial f € R[X]. Here, a monic polynomial is one in
which the coefficient of the highest power of X is 1. We say that the ring S is integral
over R if every element of S is integral over R. An element of C integral over Z is called
an algebraic integer. We summarize the properties of integers which we will need.

(3.18) THEOREM. Let R be a subring of a commutative ring S.
(1) The following are equivalent for an element s € S
(a) s is integral over R,
(b) R]s] is contained in some finitely generated R-submodule M of S such that sM C
M.
(2) The elements of S integral over R form a subring of S.
(3) {x € Q| x is integral over Z} = Z.
(4) Let g be any element of a finite group G and x any character of G. Then x(g) is an
algebraic integer.

In the statement of this result, R[s] denotes the subring of S generated by R and s.
Proof. (1) (a) = (b). Suppose s is an element integral over R, satisfying the equation

"+ ap 18" 4 Fais+ag=0

where a; € R. Then R|[s] is generated as an R-module by 1, s,s?,...,s" 1. This is because
the R-span of these elements is also closed under multiplication by s, using the fact that
s-8"1 = —a,_ 15" — .. —ays — ao.
Thus we may take M = R][s].
(b) = (a). Suppose R[s] C M = Rx1 + --- Rz, with sM C M. Thus for each i we
have sx; = 2?21 Aijz; for certain A\;; € R. Consider the n x n matrix A = sI — (\;;)
with entries in S, where [ is the identity matrix. We have Ax = 0 where x is the vector
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(z1,...,2,)7, and so adj(A)Az = 0 where adj(A) is the adjugate matrix of A satisfying

adj(A)A = det(A) - I. Hence det(A) - z; = 0 for all &. Since 1 € R C M is a linear
combination of the x; we have det(A) = 0 and so s is a root of the monic polynomial
det(X - I — (N))-

(2) We show that if a,b € S are integral over R then a + b and ab are also integral
over R. These lie in R]a,b|, and we show that this is finitely generated as an R-module.
We see from the proof of part (1) that each of R[a] and R[b] is finitely generated as an
R-module. If Rla] is generated by z1,...,z,, and R[b] is generated by y1,...,yn, then
Rla,b] is evidently generated as an R-module by all the products x;y;. Now R]a,b] also
satisfies the remaining condition of part (b) of (1), and we deduce that a + b and ab are
integral over R.

(3) Suppose that % is integral over Z, where a,b are coprime integers. Then

(5 e (3 e

for certain integers ¢;, and so
a" + cp1a" b+ 4 crab™ "t 4 cpb™ = 0.

Since b divides all terms in this equation except perhaps the term a”, b must also be a
factor of a™. Since a and b are coprime, this is only possible if b = +1, and we deduce that
7 €Z.

(4) x(g) is the sum of the eigenvalues of g in its action on the representation which
affords x. Since ¢ = 1 for some n these eigenvalues are all roots of X™ — 1 and so are
integers. O

(3.19) PROPOSITION. The centre Z(ZQ) is integral over Z. Hence if x1,...,x, are
representatives of the conjugacy classes of G, T; € Z(G is the sum of the elements conjugate
to x;, and \1, ..., \. € C are algebraic integers then 2:21 A\iT; is integral over 7.

Proof. In the statement of this result we are identifying Z with the scalar multiples
of the identity Z - 1 C Z(ZG). We also regard ZG as a subset of CG when we form the
linear combination ., \;T;.

It is the case that every commutative subring of ZG is integral over Z, using condition
1(b) of 3.18, since such a subring is in particular a subgroup of the finitely-generated free
abelian group ZG, and hence is finitely generated as a Z-module.

We have seen in 3.15 that the elements Z1,...,T, lie in Z(ZG), so they are integral
over Z, and by part (2) of 3.18 the linear combination Y ;_, A\;T; is integral also. (We note
that the T; are in fact a finite set of generators for Z(ZG) as an abelian group, but we did
not need to know this for the proof.) O
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Let p1, ..., p, be the simple representations of G over C with degrees dy,...,d, and
characters x1,...,Xxr. Then each p; : G — My, (C) extends by linearity to a C-algebra
homomorphism

pi : CG = @Mdi (C) — Mg, (C)
i=1

projecting onto the ith matrix summand. The fact that the group homomorphism p;
extends to an algebra homomorphism in this way comes formally from the construction
of the group algebra. The fact that this algebra homomorphism is projection onto the ith
summand arises from the way we decomposed CG as a sum of matrix algebras, in which
each matrix summand acts on the corresponding simple module as matrices on the space
of column vectors.

(3.20) PROPOSITION. Ifz € Z(CG) then p;(x) = A for some A € C. In fact

1
pi(x) = T trace of p;(x) - I.

i

Writing x = ) agg we have

pile) = = 3 agxilo) 1

¢ geG

Proof. Since z is central the matrix p;(x) commutes with the matrices p;(g) for all
g € G. Therefore by Schur’s lemma, since p; is a simple complex representation, p;(x) = A1,
some scalar multiple of the identity matrix. Evidently A = d%— tr(Al). Substituting into
this expression we obtain

T (X a9) = Y aytrlpilo)

geG ! geq
1
= Z agXi(9)-
e

O

(3.21) THEOREM. The degrees d; of the simple complex representations of G all
divide |G|.

Proof. Let x = 3° 5 xi(g71)g. This element is central in CG since the coefficients
of group elements are constant on conjugacy classes. By 3.20

pile) =+ 3 xilg ™ ilo) - 1

¢ geG
_ gl

1
d;
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the second equality arising from the fact that (x;,x;) = 1. Now x is integral over Z - 1
so p;(z) is integral over p;(Z - 1) = Z - I. Thus % is integral over Z, hence % € 7Z so

d; | |G|. O

At this point we may very quickly deduce a formula for the central primitive idempo-
tent elements in CG. We use some of the same ideas that arose in proving Theorem 3.21
and for that reason we present this further application here. However, the formula has no
immediate use in this text and can be omitted without loss of understanding at this point.
We start with some generalities about central primitive idempotent elements.

An element e of an algebra A is said to be idempotent if e? = e, and we say it is a
central idempotent element if it lies in the centre Z(A). Two idempotent elements e and
f are orthogonal if ef = fe = 0. An idempotent element e is called primitive if whenever
e = e1 + es where e; and es are orthogonal idempotent elements then either e; = 0 or
eo = 0. We say that e is a primitive central idempotent element if it is primitive as an
idempotent element in Z(A), that is, e is central and has no proper decomposition as a
sum of orthogonal central idempotent elements. Some properties of idempotent elements
relating to these definitions are described in the exercises to Section 2.

Given a set of rings with identity Aq,..., A, we may form their direct sum A =
Ay @ --- ® A, which acquires the structure of a ring with componentwise addition and
multiplication. In this situation each ring A; may be identified as the subset of A consisting
of elements which are zero except in component 7, but this subset is not a subring of A
because it does not contain the identity element of A. It is, however, a 2-sided ideal.
Equally, in any decomposition of a ring A as a direct sum of 2-sided ideals, these ideals
have the structure of rings with identity.

(3.22) PROPOSITION. Let A be a ring with identity. Decompositions
A=410---d A,
as direct sums of 2-sided ideals A; biject with expressions
l=e +- - +e,

as a sum of orthogonal central idempotent elements, where e; is the identity element of
A; and A; = Ae;. The A, are indecomposable as rings if and only if the e; are primitive
central idempotent elements. If every A; is indecomposable as a ring then the A;, and also
the primitive central idempotents e;, are uniquely determined as subsets of A, and every
central idempotent can be written as a sum of certain of the e;.

Proof. Given any ring decomposition A = A1 &---d A, we may write 1 =e; +---+e,
where e; € A; and now it is clear that the e; are orthogonal central idempotent elements.
Conversely, given an expression 1 = e; + --- + e, where the e; are orthogonal central
idempotent elements we have A = Ae; & --- @ Ae, as rings.
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To say that the ring A; is indecomposable means that it cannot be expressed as a
direct sum of rings, except in the trivial way, and evidently this happens precisely if the
corresponding idempotent element cannot be decomposed as a sum of orthogonal central
idempotent elements.

What is perhaps surprising is that there is at most one decomposition of A as a
sum of indecomposable rings. Suppose we have two such decompositions, and that the
corresponding primitive central idempotent elements are labelled e; and f;, so that

1:el+...+er:f1+...+fs.

We have

S

ei:ei'lzzeifj7

j=1

and so e; = e; f; for some unique j and e; fi = 0 if k # j, by primitivity of e;. Also

—1 fj Zek‘fj

so that ey f; # 0 for some unique k. Since e;f; # 0 we have £k = ¢ and e; f; = f;. Thus
e; = fj. We proceed by induction on r, starting at » = 1. If r > 1 we now work with the
ring A- )", itk = A Yok +; e in which the identity is expressible as sums of primitive
central idempotent elements >, ;e = >_;_; fi. The first of these expressions has r — 1
terms, so by induction the e;’s are the same as the f;’s after some permutation.

If e is any central idempotent and the e; are primitive then ee; is either e; or 0 since
e =ee; + e(1 — e;) is a sum of orthogonal central idempotents. Thus

T T
e=e E e, = E ee;
k=1 k=1

is a sum of certain of the e;. O

In view of the last result when we speak of the primitive central idempotent elements
of an algebra we are referring to the set which determines the unique decomposition of the
algebra as a direct sum of indecomposable rings.

(3.23) THEOREM. Let x1, ..., X, be the simple complex characters of G with degrees
dy,...,d.. The primitive central idempotent elements in CG are the elements

EONRUTR

g€G
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where 1 < i < r, the corresponding indecomposable ring summand of CG having a simple
representation which affords the character ;.

Proof. Using the notation of 3.20 we have that the representation p; which affords
Xi vields an algebra map p; : CG — My, (C) which is projection onto the ith matrix
summand in a decomposition of CG as a sum of matrix rings. For any field k the matrix
ring M, (k) is indecomposable, since we have seen in 3.14 that Z(M,(k)) = k and the
only non-zero idempotent element in a field is 1. Thus the decomposition of CG as a
direct sum of matrix rings is the unique decomposition of CG as a sum of indecomposable
ring summands. The corresponding primitive central idempotent elements are the identity
matrices in the various summands, and so they are the elements e; € CG such that
pi(e;) = I and pj(e;) = 0 if i # j. From the formula of 3.20 and the orthogonality
relations we have

|G|ZX’ ) IGId ZX@ “xil) T

d;
= 7 \Xay X35/ - I

:5i,j 'I7

so that the elements specified in the statement of the theorem do indeed project correctly
onto the identity matrices, and are therefore the primitive central idempotent elements.
O

While the identity matrix is a primitive central idempotent element in the matrix
ring M, (k), where k is a field, it is never a primitive idempotent element if n > 1 since
it is the sum of the orthogonal (non-central) primitive idempotent elements I = E; 1 +

-+ E,, . Furthermore, removing the hypothesis of centrality we can no longer say that
decompositions of the identity as a sum of primitive idempotent elements are unique;
indeed, any conjugate expression by an invertible matrix will also be a sum of orthogonal
primitive idempotent elements. Applying these comments to a matrix summand of CG, the
primitive idempotent decompositions of 1 will never be unique if we have a non-abelian
matrix summand — which, of course, happens precisely when G is non-abelian. It is
unfortunately the case that in terms of the group elements there is in general no known
formula for primitive idempotent elements of CG lying in a non-abelian matrix summand.

We conclude this section with Burnside’s remarkable ‘p%q® theorem’, which establishes
a group-theoretic result using the ideas of representation theory we have so far developed,
together with some admirable ingenuity. In the course of the proof we again make use of
the idea of integrality, but this time we also require Galois theory at one point. This is
needed to show that if  is a field element which is expressible as a sum of roots of unity,
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then every algebraic conjugate of ( is again expressible as a sum of roots of unity. We
present Burnside’s theorem here because of its importance as a theorem in its own right,
not because anything later depends on it. In view of this the proof (which is fairly long)
can be omitted without subsequent loss of understanding.

Recall that a group G is soluble if it has a composition series in which all of the
composition factors are cyclic. Thus a group is not soluble precisely if it has a non-abelian
composition factor.

(3.24) THEOREM (Burnside’s p®q® theorem). Let G be a group of order p®q® where
p and q are primes. Then G is soluble.

Proof. We suppose the result is false, and consider a group G of minimal order subject
to being not soluble and of order p%q®.

Step 1. The group G is simple, not abelian and not of prime-power order; for if it
were abelian or of prime-power order it would be soluble, and if G had a normal subgroup
N then one of N and G/N would be a smaller group of order p®¢® which was not soluble.

Step 2. We show that G contains an element g whose conjugacy class has size ¢“
for some d > 0. Let P be a Sylow p-subgroup, 1 # g € Z(P). Then Cg(g) 2 P so
|G : Ca(g)| = ¢ for some d > 0, and this is the number of conjugates of g.

Step 3. We show that there is a simple non-identity character y of GG such that ¢ X x(1)
and x(g) # 0. To prove this, suppose to the contrary that whenever y # 1 and ¢ X x(1)
then x(g) = 0. Let R denote the ring of algebraic integers in C. Consider the orthogonality
relation between the column of 1 (consisting of character degrees) and the column of g:

1+ > x(1)x(g) = 0.

x#1

Then ¢ divides every term apart from 1 in the sum on the left, and so 1 € gR. Thus
g 'eR Butq'eQandsoq ! €Zby 3.18, a contradiction. We now fix a non-identity
character y for which q*x(l) and x(g) # 0.

Step 4. Recall that the number of conjugates of ¢ is ¢?. We show that

is an algebraic integer. To do this we use results 3.15 and 3.20. These imply that if
T= phe g0 € CG is the sum of the elements conjugate to g and p is a representation
affording the character x then g € Z(CG) and

_ 1
p(g) = m ZX(h)'I

_ a'x(9)

x(1)

h~g

.I,
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where [ is the identity matrix. Now by 3.19 this is integral over p(Z) = Z- I, which proves
what we want.

Step 5. We deduce that i(—i’g is an algebraic integer. This arises from the fact that
q [ x(1). We can find A,y € Z so that Ag? + px(1) = 1. Now

x(9) | 4%x(9)
NOR A ) + px(9)

is a sum of algebraic integers.

Step 6. We show that |x(g)| = x(1) and put ¢ = x(g)/x(1). We consider the algebraic
conjugates of (, which are the roots of the minimal polynomial of { over Q. They are all
algebraic integers, since ¢ and its algebraic conjugates are all roots of the same polynomials
over Q. Thus the product N(() of the algebraic conjugates is an algebraic integer. Since
it is also + the constant term of the minimal polynomial of (, it is rational and non-zero.
Therefore 0 # N(¢) € Z by 3.18.

Now x(g) is the sum of the eigenvalues of x(g), of which there are x (1), each of which is
a root of unity. Hence by the triangle inequality, |x(¢)| < x(1). By Galois theory the same
is true and a similar inequality holds for each algebraic conjugate of x(g). We conclude
that all algebraic conjugates of ¢ have absolute value at most 1. Therefore |N({)| < 1.
The only possibility is |[N(¢)| =1 and || = 1.

Step 7. We deduce that G has a proper normal subgroup by considering

H={heq|x(h)]=x1)}

where x is the simple non-identity character introduced in Step 3. We argue first that H
is a normal subgroup. If the eigenvalues of p(h) are A1, ..., A, then, since these are roots
of unity, [\ +---+ A\,| =nif and only if \y = --- = \,,. Thus |x(h)| = x(1) if and only if
p(h) is multiplication by some scalar, and from this we see immediately that H is a normal
subgroup. It also implies that H/ Ker p is abelian. From Step 6 we see that |H/ Ker p| > 1,
but this forces a contradiction since simplicity of G implies that H = G and Kerp = 1,
from which we deduce that G is abelian. This contradiction terminates the proof. O

Exercises for Section 3.

1. Suppose that V is a representation of G over C for which xy (g) = 0if g # 1. Show
that dim V' is a multiple of |G|. Deduce that V = CG™ for some n. Show that if W is any
representation of G over C then CG ®c W = CGY™W as CG-modules.

2. (a) By using characters show that if V' and W are any CG-modules then (V ®c
WHY* 2 V* @c W*, and (c¢CG)* = ¢¢CG.

(b) If k is any field and V', W are kG-modules, show that (V ® W)* = V* @, W*,
and (kaG>* = kgk'G.
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3. Consider a ring with identity which is the direct sum (as a ring) of subrings
A=A, & ---® A,.. Suppose that A has exactly n isomorphism types of simple modules.
Show that r < n.

4. Let g be any non-identity element of a group G. Show that GG has a simple complex
character x for which x(g) has negative real part.

5. Show that if every element of a finite group G is conjugate to its inverse, then every
character on G is real-valued.

Conversely, show that if every character on G is real-valued, then every element of G
is conjugate to its inverse.

[Note here that the quaternion group of order 8 in its action on the algebra of quater-
nions provides an example of a complex representation which is not equivalent to a real
representation, but whose character is real-valued. In this example, the representation has
complex dimension 2, but there is no basis over C for the representation space such that
the group acts by matrices with real entries.]

6. (Jozsef Pelikan) While walking down the street you find a scrap of paper with the
following character table on it:

1
-1
-1

1
-1

WW N ==

All except two of the columns are obscured, and while it is clear that there are five rows
you cannot read anything of the other columns, including their position. Prove that there
is an error in the table. Given that there is exactly one error, determine where it is, and
what the correct entry should be.

7. A finite group has seven conjugacy classes with representatives cy,...,c7 (where

c1 = 1), and the values of five of its irreducible characters are given by the following table:

Ci C2 €3 C4 C; Cg C7t
1 1 1 1 1 1 1
1 1 1 1 -1 -1 -1
4 1 -1 0 2 -1 0
4 1 -1 0 -2 1 0
5 —1 0 1 1 1 -1

Calculate the numbers of elements in the various conjugacy classes and the remaining
simple characters.

8. Let g € G. Prove that g lies in the centre of G if and only if |x(g)| = |x(1)| for
every simple complex character y of G.
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9. Here is a column of a character table:

(a) Find the order of g.

(b) Prove that g & Z(G).

(c) Show that there exists an element h € G with the same order as g but not conjugate
to g.

(d) Show that there exist two distinct simple characters of G of the same degree.



Printed Dec. 12, 2007 Peter Webb 37

4. The Construction of Modules and Characters
We start with the particular case of cyclic groups over C.

(4.1) PROPOSITION. Let G = (z | " = 1) be a cyclic group of order n, and let
¢ € C be a primitive nth root of unity. Then the simple complex characters of G are the
n functions

xr(z®) = ("

where 0 <r <n —1.

Proof. We merely observe that the mapping
:L,S —s C’I"S

is a group homomorphism
G — GL(1,C)=C~

giving a 1-dimensional representation with character x,., which must necessarily be simple.
These characters are all distinct, and since the number of them equals the group order we
have them all. O

We next show how to obtain the simple characters of a product of groups in terms
of the characters of the groups in the product. Combining this with the last result we
obtain the character table of any finite abelian group. We describe a construction which
works over any ring R. Suppose that p; : G — GL(V;) and ps : G2 — GL(V3) are
representations of groups G; and G>. We may define an action of G; X G on V; ®pg Vs
by the formula

(91, 92) (V1 ® v2) = g1v1 @ a2

where g; € G; and v; € V;. When R is a field we may choose bases for V; and V5, and
now (g1, g2) acts via the tensor product of the matrices by which ¢g; and go act. It follows
when R = C that

Xviavs (91, 92) = xvi (91)xv1 (91)-

(4.2) THEOREM. Let Vi,...,V,, and W1,...,W,, be complete lists of the simple
complex representations of groups G and Ga. Then the representations V; @ W; with 1 <
1 <nand1 <j <m form a complete list of the simple complex G, x G5 representations.

Remark. The statement of this theorem actually works over an arbitrary field, which
need not be C. There is a still more general statement to do with representations of finite-
dimensional algebras A and B over a field k, which is that the simple representations of
A®y, B are precisely the S®; T, where S is a simple A-module and T is a simple B-module.
The connection with groups is that the group algebra R[G; x G2] over any commutative
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ring R is isomorphic to RG7 ® g RG2, which we may see by observing that the basis of
RG1 ®pr RG5 consisting of elements g1 ® go with g; € G; multiplies the same way as the
group G x Gs.

Proof. We first verify that the representations V; ® W; are simple using the criterion
of 3.10:

1
Xview;, Xview;) = Grx Gl Z xview; (91, 92)xview, (91, g2)
! 2 (91,92)€G1 X G2

1
] > xw (90X (91)xvs (92) xv (92)
! 2 (91,92)€G1xG2

B 1
|G|
=1.

The characters of these representations are distinct, since by a similar calculation if (i, j) #
(r,8) then (xv,ew;, xv,ew,) = 0. To show that we have the complete list, we observe that
if dim V; = d; and dim W} = e; then V; ® W, is a representation of degree d;e; and

3 mgnmgl»@

g1€G1

Z XVa (QQ)XV2 (.92)

g2€G2

n

ii(dieg’)Q = id? Y g=1

i=1 j=1 j=1
This establishes what we need, using 2.5 or 3.13. O

Putting the last two results together enables us to compute the character table of any
finite abelian group. To give a very small example, let

G=(r,y|a®=y"=[z,y]=1)=Cax Co.
The character tables of (z) and (y) are

2 2 2 2
1 =z Iy
X1 1 1 7,[11 1 1
x2 | 1 -1 Yo | 1 —1

TABLE: Two copies of the character table of Cj.
and the character table of Cy x Cy is

4 4 4 4
1 =z Yy xy
xipr |11 1 1
Xetn | 1 -1 1 —1
xie | 11 -1 —1
Xeto | 1 -1 -1 1

TABLE: The character table of Cy x Cs.

We immediately notice that this construction gives the character table of C5 x Cs as the
tensor product of the character tables of Cy and Cy, and without further argument we see
that this is true in general.
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(4.3) COROLLARY. The character table of a direct product Gy x G is the tensor
product of the character tables of G; and Gb.

We see from this that all simple complex characters of an abelian group have degree
1, and in fact this property characterizes abelian groups.

(4.4) THEOREM. The following are equivalent for a finite group G:
(1) G is abelian,
(2) all simple complex representations of G have degree 1.

Proof. Since the simple representations of every finite cyclic group all have degree
1, and since every finite abelian group is a direct product of cyclic groups, the last result
shows that all simple representations of a finite abelian group have degree 1.

Conversely, we may use the fact that |G| = >"\_, d7 where dy, ..., d, are the degrees of
the simple representations. We deduce that d; = 1 for all i & r = |G| < every conjugacy
class has size 1 < every element is central < G is abelian.

Another proof of this result may be obtained from the fact that CG is a direct sum of
matrix algebras over C, a summand M, (C) appearing precisely if there is a simple module
of dimension n. The group and hence the group ring are abelian if and only if n is always
1. O

We may construct the part of the character table of any finite group which consists
of characters of degree 1 by combining the previus results with the next one.

(4.5) PROPOSITION. The degree 1 representations of any finite group G over any

field are precisely the degree 1 representations of G/G’, lifted to G via the homomorphism
G — G/G.

Proof. We only have to observe that a degree 1 representation of G over a field k is
a homomorphism G — GL(1, k) = k™ which takes values in an abelian group, and so has
kernel containing G’. Thus such a homomorphism is always a composite G — G/G" —
GL(1,k) obtained from a degree 1 representation of G/G’. O

(4.6) Example. Neither implication of 4.4 holds if we do not assume that our represen-
tations are defined over C (or more generally, an algebraically closed field in characteristic
prime to |G|). Over R the cyclic group (z | 2® = 1) of order 3 has a 2-dimensional repre-
sentation in which x acts as rotation through 2?” This representation is simple since there
is no 1-dimensional subspace stable under the group action. We need to pass to C to split
it as a sum of two representations of degree 1. This is an example of an abelian group not
all of whose simple representations have degree 1, and equally one may find a non-abelian
group all of whose simple representations do have degree 1. As we shall see later, this
happens whenever GG is a p-group and we consider representations in characteristic p.



Printed Dec. 12, 2007 Finite Group Representations 40

Induction and Restriction

We now consider an extremely important way of constructing representations of a
group from representations of its subgroups. Let H be a subgroup of G and V an RH-
module where R is a commutative ring with 1. We define an RG-module

V1%=RG®rgV

with the action of G coming from the left module action on RG:

Zagg®v Zagg ®v

geG geaG

where z,9 € G, ay € R and v € V. We refer to this module as V' induced from H to G,
and say that V' Tg is an induced module. In many books the notation V¢ is used for this

induced module, but for us this conflicts with the notation for fixed points.
We denote the set of left cosets {gH ‘ g€ G} by G/H.

(4.7) PROPOSITION. Let V' be an RH-module and let g1 H, ..., gic.a|H be a list

of the left cosets G/H. Then
|G:H|

Vig= P gV
i=1
as R-modules, where g; @ V = {g; ® v } v€e€V} CRG®pry V. Each g; ® V' is isomorphic
to V as an R-module, and in case V is free as an R-module we have

rankz V 14= |G : H|rankp V.

Ifxr € G then z(9; ®V) = g; ®V where xg; = g;h for some h € H. Thus the R-submodules
g:i®V of V 1% are permuted under the action of G. This action is transitive, and if g, € H
then Stabg(gh ® V) = H.

Proof. We have RGry = @‘G o ¢;RH = RHIGHI a5 right RH-modules, since H
has a permutation action on the basis of RG with |G : H| orbits g1H, ..., gjc.z|H, and
each orbit spans a right RH-submodule R|g;H] of RG, which is isomorphic to RHrpy as
right RH-modules via the isomorphism specified by g;h +— h, where h € H. Now

|G:H|
RG @ru V = (P g:RH) @ru V

|G:H|

= P (4:RH @ru V)
=1
|G:H|

= @ 9i Qra V'
i=1
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and as R-modules g, RH Qry V =2 RH Qry V = V.
We next show that with its left action on RG ® gy V' coming from the left action on
RG, G permutes these R-submodules. If z € G and zg; = g;h with h € H then

x(g; ®v) =xg; Qv
=g;h®v
:gj®h/U,

so that z(g; ® v) C g; ® V. We argue that we have equality using the invertibility of
z. For, by a similar argument to the one above, we have z71g; ® V C ¢; ® V, and so
g; @V =z (g9, ® V) Cx(g; ® V). This action of G on the subspaces is transitive since
given two subspaces g; ® V and g; ® V' we have (gjgi_l)gi RV =g;0V.

Now to compute the stabilizer of g; ® V' where g; € H, if x € H then 2(g1 ® V) =
gl(gl_lxgl) @V =¢g1®V,and if x € H then x € g;H for some i # 1 and so x(g1 ® V) =
g; ® V. Thus Stabg(g1 ® V) = H. O

The structure of induced modules described in the last result in fact characterizes
these modules, giving an extremely useful criterion for a module to be of this form which

we will use several times later on.

(4.8) PROPOSITION. Let M be an RG-module which has an R-submodule V' with
the property that M is the direct sum of the R-submodules {gV’ } g€ G}. Let H={g €
G| gV =V}. Then M =V 1.

Proof. We define a map of R-modules

RG®RrygV — M
gV = gu

extending this specification from the generators to the whole of RG ® ry V' by R-linearity.
This is in fact a map of RG-modules. The R-submodules gV of M are in bijection with
the cosets G/H, since G permutes them transitively, and the stabilizer of one of them is
H. Thus each of RG ®@gy V and M is the direct sum of |G : H| R-submodules g ® V' and
gV respectively, each isomorphic to V' via isomorphisms g ® v <+ v and gv < v. Thus on
each summand the map ¢ ® v — gv is an isomorphism, and so RG Qryg V — M is itself

an isomorphism. 0
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(4.9) Examples. 1. Immediately from the definitions we have RG = R 1§.

2. More generally, suppose that (2 is a G-set, that is a set with an action of G. We
may form R(), the free R-module with the elements of {2 as a basis, and it acquires the
structure of an RG-module via the permutation action of GG on this basis. This is the
permutation module determined by Q. Now RQ = P ., Rw is the direct sum of rank 1
R-submodules, each generated by a basis vector. In case G acts transitively on €2 these
are permuted transitively by G. If we pick any w € Q and let H = Stabw then H is also
the stabilizer of the space Rw and R{2 = R Tfl. This shows that permutation modules on
transitive G-sets are induced modules.

The general function of induced representations is that they are a mechanism which
relates the representations of a group to those of a subgroup. When working over C they
provide a way of constructing new characters, and with this in mind we give the formula
for the character of an induced representation. If x is the character of a representation V'
of a subgroup H, let us simply write x Tg for the character of V' Tg. We will also write
[G/H] to denote a set of representatives of the left cosets of H in G.

(4.10) PROPOSITION. Let H be a subgroup of G and let V' be a CH-module with
character x. Then the character of V' Tg is

X 15 (g)zﬁ > x(t'gt)

teG
t—lgteH

= > x(t'gt).

te[G/H]
t—lgteH

Proof. The two formulas on the right are in fact the same, since if t='¢gt € H and
h € H then (th)~lgth € H also, and so {t € G } t~lgt € H} is a union of left cosets of
H. Since x(t7tgt) = x((th)"1gth) the terms in the first sum are constant on the cosets
of H, and we obtain the second sum by choosing one representative from each coset and
multiplying by |H|.

Using the vector space decomposition of 4.7 we obtain that the trace of g on V' Tg is
the sum of the traces of g on the spaces t®V which are invariant under g, where ¢t € [G/H].
This is because if g does not leave t ® V invariant, we get a matrix of zeros on the diagonal
at that point in the block matrix decomposition for the matrix of g. Thus we only get a
non-zero contribution from subspaces t ® V with gt @ V =t ® V. This happens if and only
if t lgt®@V =1®V, that is t 'gt € H. We have

x 1% (9) = Z trace of gon t®@ V.

te[G/H]
t—lgteH
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Now g actson t ® V' as
gtev)=tt 'g)@v=t® (t 'gt)v

and so the trace of g on this space is x(t 'gt). Combining this with the last expression
gives the result. O

We see in the above proof that g leaves invariant t ® V if and only if t—!gt € H,
or in other words g € tHt™!. Thus Stabg(t ® V) = tHt~!. Furthermore, if we identify
t ®V with V by means of the bijection t ® v «» v, then g acts on t ® V' via the composite
homomorphism

(g) S H-LSGL(V)

where p is the homomorphism associated to V and ¢, (z) = aza™?! is the automorphism of
G which is conjugation by a € G.

(4.11) Example. To make clearer what the terms in the expression for the induced
character are, consider G = S3 and H = ((123)) the normal subgroup of order 3. To avoid
expressions such as (()) we will write the identity element of S3 as e. We may take the
coset representatives [G/H]| to be {e, (12)}. If x is the trivial character of H then

X 1% () = x(e) + x(e'?) =2
X Tﬁ ((12)) = the empty sum = 0
X T8 ((123)) = x((123)%) + x((123)("?) = 2

Recalling the character table of S3 we find that y 1§ is the sum of the trivial character
and the sign character of Ss.

Before giving examples of how induced characters may be used in the construction of
character tables, we describe some formalism of the relationship between a group and its
subgroups which will allow us to compute more easily with induced representations. The
companion notion to induction is that of restriction of representations. If H is a subgroup
of G and W is a representation of G we denote by W lg the representation of H obtained
by letting the elements of H the way they do when regarded as elements of GG. Restriction
and induction are a particular case of the following more general situation. Whenever we
have a (unital) homomorphism of rings A — B, an A-module V and an B-module W
we may form the B-module B @4 V and the A-module W |Z. On taking A = RH and
B = RG we obtain the induction and restriction we have been studying.

(4.12) LEMMA. Let A — B be a homomorphism of rings, V an A-module and W a
B-module.
(1) (Adjointness of ® and Hom) Hompg(B ®4 V,W) = Homa(V,W | 4).
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(2) If ¢ : B — C is another ring homomorphism then C @p (B4 V) =2 C®4 V.
Proof. In the case of (1) the mutually inverse isomorphisms are

fre (o= f1ev))

and

(b®@v i bg(v)) —g.

In the case of (2) the mutually inverse isomorphisms are
cR@b®v— cop(b) ®v

and

cR1IRv—cRu.

O
(4.13) COROLLARY. Let H < K < G be subgroups of G, let V' be an RH-module
and W an RG-module.
(1) (Frobenius reciprocity) Hompg(V 1%, W) = Hompy (V, W |G).
(2) (Transitivity of induction) (V 1) 1¢= Vv 14.
(3) (Transitivity of restriction) (W |%) |E=W |%.
(4) V15 @rW = (Vor W 1) 15

Proof. The first two are the translation of 4.12 into the language of group represen-
tations and the third statement is clear. Part (4) is the statement

(RGRry V)@r W =2 RG@ry (Ver W)
and is not a corollary of 4.12. Here the mutually inverse isomorphisms are
(gRV)QWw— g (Vg tw)

and

(gRv)Qgw —g® (vRw).



Printed Dec. 12, 2007 Peter Webb 45

In the case of representations in characteristic zero all of these results may be trans-
lated into the language of characters. By analogy with the notation y T?{ for the character
of an induced representation V' T?{, let us write x | % for the character of V |£.

(4.14) COROLLARY. Let H < K < G be subgroups of G, let x be a complex
character of H and v a character of G.
(1) (Frobenius reciprocity)

X T8, Ve = 9 u

and
W, x 19 e = @ 19, ) u.

In fact all four numbers are equal.
(2) (Transitivity of induction) (x 15) 1%=x 1%.
(3) (Transitivity of restriction) (¢ |[§) [K=1 |G.
(4) x 15 = (¥ 1F) 15

Proof. In (1) we write ( , )gand ( , )g todenote the inner product of characters
of G and H, respectively. The four parts are translations of the four parts of 4.13 into
the language of characters. In part (1) we use the fact that the inner products are the
dimensions of the Hom groups in 4.13(1) and that the inner product is symmetric. |

The statement of Frobenius reciprocity for complex characters is equivalent to the
statement that if 1 and x are simple characters of G and H respectively then the multi-
plicity of ¢ as a summand of x Tg equals the multiplicity of x as a summand of 1) Lfl.

At a slightly more sophisticated level we may interpret induction, restriction and
Frobenius reciprocity in terms of the space C®(%) of class functions introduced in Section
3, that is, the vector space of functions cc(G) — C where cc(G) is the set of conjugacy
classes of (G. Since each conjugacy class of H is contained in a unique conjugacy class
of G we have a mapping cc(H) — cc(G) and this gives rise by composition to a linear
map lg: Coe(&) — Cee(H) which on characters is the restriction operation we have already
defined. We may also define a linear map 1%: CectH) —, €ee(G) which on characters sends
a character y of H to the character x Tg. It would be possible to define this on arbitrary
class functions of H by means of the explicit formula given in 4.10, but the trouble with
this is that transitivity of induction is not entirely obvious. It is perhaps easier to observe
that the characters of simple representations of H form a basis of C°°(!) . We have defined
X Tfl on these basis elements, and we may define Tg on arbitrary class functions so that
it is a linear map. With these definitions the formulas of 4.14 hold for arbitrary class
functions. We may also interpret Frobenius reciprocity within this framework. The inner
products ( , )g and ( , )y provide us with the notion of the transpose of a linear
map between the vector spaces C(1) and C°(%), Now Frobenius reciprocity states that
induction and restriction are the transpose of each other. We know that the characters
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of simple modules form orthonormal bases of these vector spaces. Taking matrices with
respect to these bases, the matrix of induction is the transpose of the matrix of restriction.

(4.15) Examples. 1. Frobenius reciprocity is a most useful tool in calculating with
induced characters. In the special case that V and W are simple representations over C of
H and G, respectively, where H < G, it says that the multiplicity of W as a summand of
1% Tg equals the multiplicity of V' as a summand of W lg. As an example we may take
both V and W to be the trivial representations of their respective groups. As explained
in 4.9, C Tg is a permutation module. We deduce from Frobenius reciprocity that as
representations of G, C is a direct summand of C 1% with multiplicity one.

2. Let G = (x,y ‘ 2" =9y? =1,yzy~! = 271) = Dy,, the dihedral group of order 2n.
Suppose that n is odd. We compute that the commutator [y, x] = x"~2, and since n is odd
we have G’ = (z"72) = (z) = C,, and G/G’" = C3. Thus G has two complex characters of
degree 1 which we denote 1 and —1.

27i
7

Let xs denote the degree 1 character of (x) specified by xs(z") = (" where ( =e™
Then T<Ci> has values given in the following table.

2n n n n 2

1 T x? T Y

1 1 1 1 1 1

—1 1 1 1 1 —1

X1y | 2 ¢ 4T CEATE e CTERCTE 0
(1<s<23)

TABLE: The character table of Ds,,, n odd.

We verify that
(Xs 10y, E1a = (Xar 21 1) @) =0

if n X s, using Frobenius reciprocity (or a direct calculation), and hence the characters
are simple when n * s. For1l1 <s < ”T_l they are distinct, and so we have constructed
"T_l +2 = ”TH simple characters. This equals the number of conjugacy classes of GG, so
we have the complete character table.
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Symmetric and Exterior Powers

As further ways of constructing new representations from old ones we describe the
symmetric powers and exterior powers of a representation. If V is a vector space over a
field k its nth symmetric power is the vector space

SH(V) = Ve /I

where V" = V @ --- ® V with n factors, and I is the subspace spanned by tensors
(- OUR RV Q= ®v;® - ®v; ®---) where v;,v; € V. We write the image
of the tensor v, ® --- ® v, in S™(V) as a (commutative) product vy ---v,, noting that
in S™(V) it does not matter in which order we write the terms. A good way to think
of S™(V) is as the space of homogeneous polynomials of degree n in a polynomial ring.
Indeed, if uq,...,u, is any basis of V and we let k[uy,...,u,], denote the vector space
of homogeneous polynomials of degree n in the u; as indeterminates, there is a surjective
linear map
VO — klug, .. Upln

n

(extended by linearity to the whole of V®™). This map contains I in its kernel, so there is

induced a map
S™V) = klug, ..., ur]n.

This is now an isomorphism since, modulo I, the tensors u{* ® uy" ® --- ® u®ar
where >0 | a; = n, span V®" and they map to the monomials which form a basis of
dimg klu, ..., up|n. As is well-known, dimy, k[uy, ..., up], = ("t:_l).

The nth exterior power of V' is the vector space

A (V) =Ver /T

where J is the subspace spanned by tensors (- ®@v; ®- - QU; @+ - QU; @ - QV; @~ - )
and (- QU ®---Qv; ®- - -) where v;,v; € V. We write the image of v1 ®- - -®uv,, in A™(V)
as v1 A\ - - - Ay, so that interchanging v; and v; changes the sign of the symbol, and if two
of v; and v; are equal the symbol is zero. If the characteristic of £ is not 2 the second
of these properties follows from the first, but for the sake of characteristic 2 we impose it
anyway. By an argument similar to the one used for symmetric powers we see that A™ (V)
has as a basis {u;, A+ Au;, } 1 <iy,---iy, <r}, and its dimension is (Z) In particular,
A"(V)=0ifn >dimV.

Suppose now that a group G acts on V and consider the diagonal action of G on V&",
The subspaces of relations I and J are preserved by this action, and so there arise actions

of G on S™(V) and A™(V):

g (viva---vp) = (gu1)(gv2) - - - (gvn)
g (V1 Ao Avy) = (gur) A A (gup).
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Because we substitute the expressions for gv; into the monomials which form the bases of
S™(V) and A" (V'), we say that G acts on these spaces by linear substitutions. With these
actions we have described the symmetric and exterior powers of the representation V.
(4.16) Example. Consider the representation of G = (z | 3 = 1) on the vector space
V with basis {uj,us} given by
TUT = U

TU = —U1 — U2.

Then S?(V) has a basis {u?,ujus,u3} and

T - ut = ul
x - (urug) = ug(—up — ug) = —ugug — u%

T -ul = (—up —uz)? = uf + 2uguy + ui.
Similarly A%(V) has basis {u; A uz} and
x - (ug Aug) =ug A (—ug —u2) = ug A us.

The symmetric and exterior powers fit into a more general framework where we con-
sider tensors with different symmetry properties. There is an action of the symmetric
group S,, on the n-fold tensor power V" given by permuting the positions of vectors in a
tensor, so that for example if o, 3, are vectors in V' then

(1,2)(a@BRy)=0Ra®7,
(1,3)(BRa®y) =70 a® 3.

From the above very convincing formulas and the fact that (1,2, 3) = (1, 3)(1, 2) we deduce
that
(1,2,3)(a® @) =y©@a®p

which is evidence that if o € S,, then
O—(rUl R RQ U?’L) = Udfl(l) X U071(2) R R Uo-*l(n%

a formula which is not quite so obvious. With this action it is evident that S™(V') is the
largest quotient of V®" on which S,, acts trivially, and when char(k) # 2, A™(V) is the
largest quotient of V®™ on which S,, acts as a sum of copies of the sign representation.

We define the symmetric tensors to be the fixed points (V") and when char k # 2
we define the skew-symmetric tensors to be the largest kS,-submodule of V®" which is a
sum of modules isomorphic to the sign representation. Thus

symmetric tensors = {w € V®" } o(w)=w for all 0 € S, },

skew-symmetric tensors = {w € V" | o(w) = sign(c)w for all o € S, }.
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When we let G act diagonally on V®™ the symmetric tensors, the skew-symmetric
tensors, as well as the subspaces I and J defined earlier remain invariant for the action of
G. We easily see this directly, but at a more theoretical level the reason is that the actions
of G and S,, on V" commute with each other (as is easily verified), so that V" acquires
the structure of a k[G x S,]-module, and elements of G act as endomorphisms of V®™ as
a kS,-module, and vice-versa. Every endomorphism of the kS,-module V®" must send
the S,,-fixed points to themselves, for example, and so the symmetric tensors are invariant
under the action of G. One sees similarly that the other subspaces are also invariant under
the action of G.

We remark that, in general, the symmetric power S™(V') and the symmetric tensors
provide non-isomorphic representations of G, as do A™(V') and the skew-symmetric tensors.
This phenomenon is investigated in the exercises at the end of this section. However these
pairs of kG-modules are isomorphic in characteristic zero, and we now consider in detail the
case of the symmetric and exterior square. Suppose that k is a field whose characteristic
is not 2. In this situation the only tensor which is both symmetric and skew-symmetric
is 0, and furthermore any tensor may be written as the sum of a symmetric tensor and a
skew-symmetric tensor in the following way:

1 1
Z)\ijvi Qv = 3 Z)\ij(vi Qvj +v; ®v;) + 3 Z)\ij(Ui Qv —v; ®v;).
We deduce from this that
V ® V = symmetric tensors @ skew-symmetric tensors

as kG-modules. The subspace I which appeared in the definition S?(V) = (V@ V)/I is
contained in the space of skew-symmetric tensors, and the subspace J for which A2(V) =
(V ®V)/J is contained in the space of symmetric tensors. By counting dimensions we see
that dim I +dim J = dim V ® V' and putting this together we see that

I = skew-symmetric tensors
J = symmetric tensors, and

VeV=I&J
From this information we see on factoring out I and J that

S%(V) 22 symmetric tensors

A*(V) = skew-symmetric tensors

and we have proved the following result.
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(4.17) PROPOSITION. Suppose V is a representation for G over a field k whose
characteristic is not 2. Then

VeV =Si(V)e A(V),

as kG-modules, where G acts diagonally on V ® V and by linear substitutions on S?(V)
and A%(V).

Our application of this is that when constructing new representations from an existing
representation V', the tensor square will always decompose in this fashion.

Suppose now that k = C. If x is the character of a representation V we write S?y
and A%y for the characters of S?(V) and A%(V).

(4.18) PROPOSITION. Let x be the character of a representation V of G over C.
Then

S*x(9) = = (x(9)* + x(g%))

Ax(g) = §(X(9)2 - x(g%)).

— N~

Proof. For each g € G, V lgﬁ is the direct sum of 1-dimensional representations of
the cyclic group (g), and so we may choose a basis uy, ..., u, for V such that g-u; = \ju;
for scalars \;. The monomials uz2 with 1 <7 <7 and w;u; with 1 <14 < j <r form a basis
for SV, and so the eigenvalues of g on this space are A\? with 1 < i < r and A\;\; with
1 <i < j <r. Therefore

Sx(@) =D N+ D NN

i=1 1<i<j<r

1

=5t A (A A)
1

= 5 (x(9)* + x(¢%)).
Similarly A%V has a basis u; A u; with 1 < i < j <, so the eigenvalues of g on AV are
AiAj with 1 <7 <j <rand

Ax(g)= D N\

1<i<y<r
(YRR L )
= %(X(Q)Z - x(9%)).
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The Construction of Character Tables

We may now summarize some major techniques used in constructing complex charac-
ter tables. The first things to do are to determine

the conjugacy classes in G,
the abelianization G/G’,
the 1-dimensional characters of G.

We construct characters of degree larger than 1 as

natural representations of G,

representations induced from subgroups,

tensor products of other representations,

symmetric and exterior powers of other representations,
contragredients of other representations.

As a special case of the induced representations, we have permutation representations.
The representations obtained by these methods might not be simple, so we test them for
simplicity and subtract off known character summands using the

orthogonality relations
which are assisted in the case of induced characters, by
Frobenius reciprocity.

The orthogonality relations provide a check on the accuracy of our calculations, and also
enable us to complete the final row of the character table. The facts that the character
degrees divide |G| and that the sum of the squares of the degrees equals |G| also help in
this.

Exercises for Section 4.
1. Compute the character table of the dihedral group D, when n is even.
2. Let G be the non-abelian group of order 21:

G = {(z,y ‘ T =y =1, yayt = 2?).

Show that G has 5 conjugacy classes, and find its character table.
3. Find the character table of the following group of order 36:

G = {a,b,c ‘ a®> =0 =c'=1,ab=ba,cac™ =b,cbc™! = a?).

[It follows from these relations that (a, b) is a normal subgroup of G of order 9.]
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4. Given any representation p : G — GL(V) where V is a vector space over any field
k, evidently Ker p is a normal subgroup of G. Prove the following ‘converse’ to the last
statement, namely: given a normal subgroup N < G, there exists a representation p with
Ker p = N. If we assume further that £ = C, show how to identify Ker p knowing only the
character of p.

5. Let k be any field, H a subgroup of G, and V' a representation of H over k. Show
that V* 162 (V 1%)*. Deduce that kG = (kG)* and (more generally) that permutation
modules are self-dual (i.e. isomorphic to their dual).

6. Let k be any field, and V' any representation of G over k. Prove that V ® kG is
isomorphic to a direct sum of copies of kG.

7. Three-suffix tensors have components 7;;, € R where 4, j, k € {1,2,3}, and form a
vector space V of dimension 27 over R. The symmetric group S3 acts on V' by permuting
the suffixes. Decompose the space V as a direct sum of simple representations of Ss,
giving the mutiplicities of each simple representation. [Observe that V is a permutation
representation.]

Give also the decomposition of V' as a direct sum of three subspaces consisting of
tensors with different symmetry properties under S3. What are the dimensions of these
subspaces?

8. Let V be a representation of G over a field k of characteristic zero. Prove that the
symmetric power S™ (V') is isomorphic as a kG-module to the space of symmetric tensors
in Ve,

9. Let U,V be kG-modules where k is a field, and suppose we are given a non-
degenerate bilinear pairing

( , Y:UxV =k

which has the property (u,v) = (gu,gv) for allu € U, v € V, g € G. If U; is a subspace
of Ulet Ut = {v € V | (u,v) = 0forallu € U} and if Vi is a subspace of V let
Vit ={ueU | (uv)=0forallveV}.

(a) Show that V = U* as kG-modules, and that there is an identification of V' with
U* so that ( , ) identifies with the canonical pairing U x U* — k.

(b) Show that if U; and V; are kG-submodules, then so are Ui~ and Vi*.

(c) Show that if U; C Us are kG-submodules of U then

Uit /Uy = (Uy/Uy)*

as kG-modules.

(d) Show that the composition factors of U* are the duals of the composition factors
of U.

10. Let €2 be a G-set and kf) the corresponding permutation module, where k is a
field. Let ( , ):kQ x k2 — k be the symmetric bilinear form specified on the elements

of Q) as Ui
_ 1II w1 = wa,
{wr, w2) { 0 otherwise.
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(a) Show that this bilinear form is G-invariant, i.e. (w1, ws) = (9w, gws) for all g € G.

(b) Show that k€ is self-dual, i.e. kQ = (kQ)*.

11. Let V be a kG-module where k is a field, and let ( , ):V x V* — k be the
canonical pairing between V' and its dual, so (v, f) = f(v).

(a) Show that the specification (v1 @ -+ - @ vy, f1 ® - ® f) = fi(v1) - - fn(vy) deter-
mines a non-degenerate bilinear pairing ( , ) : V®" x (V*)®" — [k which is invariant
both for the diagonal action of G and the action of S,, given by permuting the positions
of the tensors.

(b) Let I and J be the subspaces of V®" which appear in the definitions of the
symmetric and exterior powers, so S*(V) = V®"/I and A®" = V®"/J. Show that I+
equals the space of symmetric tensors in (V*)®" and that J* equals the space of skew-
symmetric tensors in (V*)®" (at least, when char k # 2).

(c) Show that (S™(V))* = ST"(V*), and that (A™(V))* = SST™(V*), where ST"
denotes the symmetric tensors, and in general we define the skew-symmetric tensors
SST™(V*) to be J+.

12. Let G = C5 x (5 be the Klein four group with generators a and b, and k = s
the field of two elements. Let V be a 3-dimensional space on which a and b act via the
matrices

and

[ s
o~ o

1 0
1 0
0 1

o = O
— o O

Show that S?(V) is not isomorphic to either ST?(V) or ST?(V)*, where ST denotes the
symmetric tensors. [Hint: Compute the dimensions of the spaces of fixed points of these
representations.|

13. (Artin’s Induction Theorem) Let C°(%) denote the vector space of class functions
on G and let C be a set of subgroups of G which contains a representative of each conjugacy
class of cyclic subgroups of G. Consider the linear mappings

rese : C(&) @ CeetH)
HeC

and

inde : @ CeetH) _, geel@)
HecC

whose component homomorphisms are the linear mappings given by restriction

lg: CCC(G) _ (CCC(H)

and induction
T?I: CCC(H) - CCC(G)
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(a) With respect to the usual inner product {( , )¢ on C°(©) and the inner product
on P e C<U?) which is the orthogonal sum of the { , )y, show that resc and indc are
the transpose of each other.

(b) Show that resc is injective.

[Use the fact that C°*(%) has a basis consisting of characters, which take their information
from cyclic subgroups.]

(¢) Prove Artin’s induction theorem: In C°(%) every character y can be written as a
rational linear combination

X = Z a1

where the sum is taken over cyclic subgroups H of G, 1 ranges over characters of H and
QH - Q

[Deduce this from surjectivity of inde and the fact that it is given by a matrix with integer
entries. A stronger statement of Artin’s theorem is possible: there is a proof due to Brauer
which gives an explicit formula for the coefficients ag,; from this we may deduce that
when x is the character of a QG-module the 1 which arise may all be taken to be the
trivial character.]

(d) Show that if U is any CG-module then there are CG-modules P and @, each a
direct sum of modules of the form V' Tg where H is cyclic, for various V and H, so that
U™ ® P = (Q for some n, where U™ is the direct sum of n copies of U.

14. (Molien’s Theorem) (a) Let p : G — GL(V) be a complex representation of G, so
that V' is a CG-module, and for each n let xgn(y) be the character of the nth symmetric
power of V. Show that for each g € G there is an equality of formal power series

o . 1
2 w0 = Gy

Here t is an indeterminate, and the determinant which appears in this expression is of a
matrix with entries in the polynomial ring C[t], so that the determinant is a polynomial in
t. On expanding the rational function on the right we obtain a formal power series which
is asserted to be equal to the formal power series on the left.
[Choose a basis for V' so that g acts diagonally, with eigenvalues &1, ..., &;. Show that on
both sides of the equation the coefficient of t" is equal to Zil—l—-n—l—id:n il = -Séd.

(b) If W is a simple CG-module we may write the multiplicity of W as a summand
of S™(V') as (xsn(v), Xw) and consider the formal power series

oo

My (W) = Z(XS"(V): xw)t".
=0

Show that
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(c) When G = S3 and V is the 2-dimensional simple CSs-module show that

1
My (C) = =1+ + 83+t 020 T 28 209 210
v(C) Ao _p) — AT T2 2 2 2
t3
My (e) = =3ttt B2 0
v(e) 1215 + 0+t T+ 207 + 10+
t(1+t
My (V) = (1+¢) =t4+ 23 2t 205 420 + 37 4365 + 3% + 4410 4. -

(1—22)(1 -

where C denotes the trivial module and € the sign representation. Deduce, for example,
that the eighth symmetric power S8(V) = C2 @ e V3.
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5. More on Induction and Restriction: Theorems of Mackey and Clifford

We start with Mackey’s decomposition formula, which is a further relationship between
induction and restriction. For this we need to consider double cosets. Given subgroups H
and K of G we define for each g € G the (H, K)-double coset

HgK ={hgk | h € H,k € K}.

If Q is a left G-set we use the notation G\2 for the set of orbits of G on 2, and denote a
set of representatives for the orbits by [G\(2]. Similarly if Q is a right G-set we write Q/G
and [Q2/G]. We will use all the time the fact that if € is a transitive G-set and w € € then
() = G/ Stabg(w), the set of left cosets of the stabilizer of w in G.

(5.1) PROPOSITION. Let H,K < G.

(1) Each (H, K)-double coset is a disjoint union of right cosets of H and a disjoint union
of left cosets of K.

(2) Any two (H, K)-double cosets either coincide or are disjoint. The (H, K )-double cosets
partition G.

(3) The set of (H, K)-double cosets is in bijection with the orbits H\(G/K), and with
the orbits (H\G)/K under the mappings

HgK — H(gK) € H\(G/K)
HgK — (Hg)K € (H\G)/K.

Proof. (1) If hgk € HgK and ki € K then hgk - ki = hg(kky) € HgK so that the
entire left coset of K which contains hgk is contained in HgK. This shows that HgK is
a union of left cosets of K, and similarly it is a union of right cosets of K.

(2) If hygik1 = hogoks € Hg1 K N Hgo K then gy = hl_lhgggk'gkl_l € Hgo, K so that
Hg1 K C Hgo K, and similarly Hgo K C Hg, K. Thus if two double cosets are not disjoint,
they coincide.

(3) In the statement of this result, G acts from the left on the left cosets G/ K, hence so
does H by restriction of the action. We denote the set of H-orbits on G/K by H\(G/K).
The mapping

{double cosets} — H\(G/K)
HgK — H(gK)

is evidently well-defined and surjective. If H(g1K) = H(g2K) then go K = hg1 K for some
heH,sogs € H K and Hjn K = Hgo K by (2). Hence the mapping is injective.
The proof that double cosets biject with (H\G)/K is similar. O
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In view of (3) we denote the set of (H, K)-double cosets in G by H\G/K. We denote
a set of representatives for these double cosets by [H\G/K].
(5.2) Example. Consider Sy = {1, (12)} as a subgroup of S3. We have

S2\83/52 = {{1, (12)}, {(123), (132), (13), (23)}},

while, for example,

[S2\S3/52] = {1, (123)}.

Ss3 acts transitively on {1, 2,3} with Stabg,(3) = Ss, so as S3-sets we have
SB/SZ = {17 27 3}
Thus the set of orbits on this set under the action of S5 is

52\(53/52) « {{1,2},{3}}.

We observe that these orbits are indeed in bijection with the double cosets S5\ S3/S55.
This example illustrates the point that when computing double cosets it may be
advantageous to identify G/K as some naturally occuring G-set, rather than as the set of
left cosets.
In the next result we distinguish between conjugation on the left and on the right:

1

Ir = grg~" and 29 = g~ 'zg. Later on we will write c,(z) = 9z, so that ¢, : H — 9H is

the homomorphism which is left conjugation by g, and c,-1(x) = 29.

(5.3) PROPOSITION. Let H, K be subgroups of G and g € G an element. We have

isomorphisms

HgK/K = H/(HNYK) as left H-sets

and
H\HgK = (HYNK)\K as right K-sets.

Thus the double coset HgK is a union of |H : H N 9K| left K-cosets and |K : H9 N K|
right H-cosets. We have

IG:K|= ) |H:HnN]
9E[H\G/K]
and
G:H|= Y |K:H'nK]|.

ge[H\G/K]
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Proof. HgK is the union of a single H-orbit of left K-cosets. The stablizer in H of

one of these is
Stabp (9K) ={h € H | hgK = gK}

={he H|WK =K}

={heH|h €K}

= HNIK.
Thus HgK/K = H/(H N 9K) as left H-sets and the number of left K-cosets in HgK
equals |H : HNYK|. By summing these numbers over all double cosets we obtain the total

number of left K-cosets |G : K|.
The argument with right H-cosets is similar. O

We next introduce conjugation of representations, a concept we have in fact already
met with induced representations. Suppose H is a subgroup of G, g € G and V is a
representation of H. We define a representation 9V of 9H by specifying that 9V =V as a
set, and if 9h € 9H then 9%h-v = hv. Thusif p: H — GL(V') was the original representation,
the conjugate representation is the composite homomorphism 9H Y H LGL(V) where
Cg—1 (gh) = h.

When studying the structure of induced representations V' ng &P gelc/H1 9 ® V, the
subspace g ® V is in fact a representation for 9H; for

ghg™ - (g®v)=ghg lg@v=gh®v=g® h.

When g ® V is identified with V' via the linear isomorphism g ® v +— v the action of 9H
on V which arises coincides with the action we have just described on 9V.

(5.4) THEOREM (Mackey decomposition formula). Let H, K be subgroups of G
and V' a representation for K over a commutative ring R. Then

V19l @ WV L) T
g€[H\G/K]
as RH-modules.

Proof. We have V T?(I @me[G/K] x ® V. Consider a particular double coset HgK.

The terms
@ RV

z€[G/K]
rEHgK

form an R-submodule invariant under the action of H, since it is the direct sum of an orbit
of R-submodules permuted by H. Now
Stabg(g® V) ={h € H | hg € gK}
= HnNK.
Therefore as a representation for H this subspace is (g ® V) T2 .. As observed before

the statement of this theorem we have g®@V = 9(V lng) as a representation of H N9K.
Putting these expressions together gives the result. O
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As an application of Mackey’s theorem we consider permutation modules arising from
multiply transitive G-sets. We say that a G-set ) is n-transitive if for every pair of n-
tuples (a1, ...,a,) and (b1,...,b,) in which the a; are distinct elements of Q and the b;
are distinct elements of €2, there exists g € G with ga; = b; for every i. For example,
S, acts n-transitively on {1,...,n}, and one may show that A, acts (n — 2)-transitively
on {1,...,n} provided n > 3. Notice that if G acts n-transitively on 2 then it also acts

(n — 1)-transitively.

(5.5) LEMMA. Let 2 be a G-set. Then G acts n-transitively on Q if and only if G
acts transitively on €} and for any w € ), Stabg(w) acts (n — 1)-transitively on  — {w}.

Proof. If G acts n-transitively then G also acts transitively, and if ao,...,a, and
ba, ..., b, are two sets of n — 1 distinct points of €2, none of them equal to w, then there
exists g € G so that g(w) = (w) and g(a;) = b; for all i. This shows that Stabg(w) acts
(n — 1)-transitively on Q — {w}.

Conversely, suppose G acts transitively on {2 and Stabg(w) always acts (n — 1)-

transitively on Q — {w}. Let ai,...,a, and by,...,b, be two sets of n distinct points
of Q. We may find g; € G so that gyja; = b;. Now find g2 € Stabg(by) so that gogia;2 = b;
for 2 < ¢ <mn and put g = g291. Then g(a;) = (b;) for all i. O

(5.6) PROPOSITION. Whenever Q2 is a G-set the permutation module C§) may be

written as a direct sum of CG-modules
CQ=CoV

Suppose that |Q2] > 1, so V' # 0. The representation V is simple if and only if G acts

2-transitively on €). In that case, V is not the trivial representation.

Proof. Pick any orbit of G on . It is isomorphic as a G-set to G/H for some subgroup
H < G and so C[G/H] is a direct summand of C{, with character 1 7. Since

<171 Tg>G = <17 1>H =1

we deduce that C is a summand of C[G/H] and hence of CS).

In the equivalence of statements which forms the third sentence, neither side is true

if G has more than one orbit on {2, so we may assume 2 = G/H. The character of C(Q is
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1 Tg, and we compute

115, 11%) e = (119 15, u
(> (D1 Hnem Da

ge[H\G/H]

Z <]' TgﬂgHa]-)H

ge[H\G/H]

- Z <]_,1>ng[—[

gE€[H\G/H]
— Z 1

gE[H\G/H]
= |H\G/H],

using Frobenius reciprocity twice and Mackey’s formula. Now |H\G/H| is the number
of orbits of H (the stabilizer of a point) on G/H. By Lemma 5.5 this number is 2 if
G acts 2-transitively on €2, and otherwise it is greater than 2 (since 2| > 1). Writing
C[G/H] = S1®---®S, as a direct sum of simple representations we have (1 14,1 1%)g > n
and we get the value 2 for the inner product if and only if there are 2 simple representations
in this expression, and they are non-isomorphic. One of S; and S must be C and the

other V', so V' is not the trivial representation. O

(5.7) Example. Let Q = {1,...,n} acted upon by S,, and also A,,. Then CQ = CaV
where V' is a simple representation of S,, which remains simple on restriction to A,
provided n > 4.

We now turn to Clifford’s theorem, which we present in a weak and a strong form.
The weak form is used as a step in proving the strong form a little later, and as a result in

its own right it only has force in a situation where |G| is not invertible in the ground ring.

(5.8) THEOREM (Weak form of Clifford’s theorem). Let k be any field, U a simple
kG-module and N a normal subgroup of G. Then U |§ is semisimple as a kN-module.

Proof. Let V be any simple kN-submodule of U. For every g € G, gV is also a
kN-submodule since if n € N we have n(gv) = g(g~'ng)v € gV, using the fact that N is
normal. Evidently gV is also simple, since if W were a kN-submodule of gV then ¢~ !W
would be a submodule of V. Now >: ., gV is a non-zero G-invariant subspace of the
simple kG-module U, and so deG gV = U. As a kN-module we see that U ljcf, is the

sum of simple submodules, and hence U l% is semisimple by the results of Section 1. O
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The kN-submodules gV which appear in the proof of 5.8 are isomorphic to modules
we have seen before. Since N <G, the conjugate module 9V is a representation for IN = N.
The mapping
W — gV
V= gu

is an isomorphism of kN-modules, since if n € N the action on 9V isn-v = g~ !

ngv and
the action on gV is n(gv) = g(g~ngv). Recall also that these modules appeared when we
described induced modules. Part of Clifford’s theorem states that the simple module U is

in fact an induced module.

(5.9) THEOREM (Clifford’s theorem). Let k be any field, U a simple kG-module and
N a normal subgroup of G. Write U |§= S{* @ --® S% where the S; are non-isomorphic
simple kN-modules and the a; are the multiplicities to which they occur. (We refer to the
summands S;" as the homogeneous components.) Then
(1) G permutes the homogeneous components transitively,
(2) ay =as =---=a,, and
(3) if H = Stabg(S{*) then U = S{* 14,

Proof. We start by observing that the homogeneous component S is characterized
as the unique largest kN-submodule which is isomorphic to a direct sum of copies of .5,
as stated in Corollary 1.9. If ¢ € G then g(Sj) is a direct sum of isomorphic simple
modules ¢S;, and so by this characterization must be contained in another homogeneous
component: ¢(Si*) C S’ for some j. Since U = g(5*) @ --- @ g(Sg"), by counting
dimensions we have g(S;") = S;.Lj. Thus G permutes the homogeneous components. Since
> e g(ST") is a non-zero G-invariant submodule of the simple module U, it must equal
U, and so the action on the homogeneous components is transitive. This establishes (1),
and (2) follows since for any pair (i,7) we can find g € G with g(S;)* = S}7, so a; = a;.
Finally, (3) is a direct consequence of Proposition 4.8. O

For now, we give just one application of Clifford’s theorem; we will see more when we
come to consider representations of p-groups in characteristic p. Although true as stated,
the next corollary only has force when k is a field of characteristic zero, as we will see in
the next section that the only simple representation for a p-group in characteristic p is the
trivial representation.

(5.10) COROLLARY. Let k be any algebraically closed field and G a p-group. Then
every simple module for G has the form U Tg where U is a 1-dimensional module for some
subgroup H.

Proof. We proceed by induction on |G|. Let p : G — GL(S) be a simple representation
of G over k and put N = Ker p. Then S is really a representation of G/N. If N # 1 then
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G/N is a group of smaller order than G, so by induction S has the claimed structure as
a representation of G/N, and hence also as a representation of G. Thus we may assume
N =1 and G embeds in GL(S).

If G is abelian then all simple representations are 1-dimensional, so we are done.
Assume now that G is not abelian. Then G has a normal abelian subgroup A which is not
central. To construct this subgroup A, let Z5(G) denote the second centre of G, that is,
the preimage in G of Z(G/Z(G)). If = is any element of Z5(G) — Z(G) then A = (Z(G), x)
is a normal abelian subgroup not contained in Z(G).

We apply Clifford’s theorem:

SlG=5"® - ®S

and S = V 1€ where V = S{' and K = Stabg(S{'). We argue that V must be a
simple kK-module, since if it had a proper submodule W then W T% would be a proper
submodule of S, which is simple. If K # G then by induction V = U 1& where U is
I-dimensional, and so S = (U 15) 1%= U 1% has the required form.

We show finally that the case K = G cannot happen. For if it were to happen then
S |§= Sy* and since A is abelian dim S; = 1. The elements of A must therefore act via
scalar multiplication on S. Since such action would commute with the action of GG, which
is faithfully represented on S, we deduce that A C Z(G), a contradiction. O

The conclusion of Corollary 5.10 also applies to supersoluble groups, which also have
the property, if they are not abelian, that they have a non-central normal abelian subgroup.

Exercises for Section 5.

1. Let k be any field, and g any element of a finite group G.

(a) If K < H < @G are subgroups of G, V a kH-module, and W a kK-module, show
that ((9V) | H= 9V |H) and ((9W) 1= 9(W 14). [This allows one to interchange
conjugation with induction, or with restriction, in Mackey’s formula.]

(b) If U is any kG-module, show that 9U = U.

2. Consider the complex representations of S, and A,,. Show that if S is any simple
representation of S,, then S| 4, is the sum of at most 2 simple representations of A4,,, and
that if the degree of S is odd then S| 4, is simple.

In the situation where S | 4 is the sum of 2 simple representations of A,,, show that S is
induced from a representation of A,,.

In the situation where S | 4, is simple, show that S |4,1°"=~ S @ (e ® S) where € is the
sign representation, and that S 2 e® S.
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6. Representations of p-groups in characteristic p

The study of representations of a group over a field whose characteristic divides the
group order is more delicate than the case of ordinary representation theory (character-
istic zero), since modules need not be semisimple, and we have to do more than count
multiplicities of simple modules. The notion of a direct sum decomposition is still the
first consideration in describing the structure of a representation, but now we may find
ourselves in the situation where we have broken apart the modules as far as possible into
direct summands, and still these summands are not simple. An example of this was given
in 1.2.2. In view of this phenomenon we make the definition that a module U for an algebra
A is indecomposable if it cannot be expressed as a direct sum of two modules except in a

trivial way, that is if U =2 V @& W then either V =0 or W = 0.

We start with an explicit description of the representations of cyclic p-groups.

(6.1) PROPOSITION. Let k be any field of characteristic p and let G = (g | g”" =1).
Then there is a ring isomorphism kG = k[X]/(XP"), where k[X] is the polynomial ring in

an indeterminate X.

Proof. We define a mapping

G — k[X]/(XP")
9° = (X +1)°

Since
(X 4+ =XP" 4+ p(--)+1=1 (mod(X?"))

this mapping is a group homomorphism, and hence it extends to a linear map
kG — k[X]/(XP")

which is an algebra homomorphism. Since ¢° is sent to X® plus terms of lower degree,
the images of 1,...,g7 ~! form a basis of k[X]/(X?"). The mapping therefore gives a

bijection between a basis of kG and a basis of k[X]/(XP?"), and so is an isomorphism. O

A module over a ring is said to be cyclic if it can be generated by one element. We now
exploit the structure theorem for finitely-generated modules over a principal ideal domain,

which says that such modules are direct sums of cyclic modules.
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(6.2) THEOREM. Let k be any field of characteristic p. Every finitely-generated
k[X]/(XP")-module is a direct sum of cyclic modules U, = k[X]/(X") where 1 < r < p™.
The only simple module is the 1-dimensional module U,. Each module U, has a unique
composition series, and hence is indecomposable.

Proof. The modules for k[X]/(XP?") may be identified with the modules for k[X] on
which X?" acts as zero. Every finitely-generated k[ X]-module is a direct sum of modules
k[X]/I where I is an ideal. Hence every k[X]/(X?")-module is a direct sum of modules
k[X]/I on which XP" acts as zero, which is to say (X?") C I. The ideals I which satisfy
this last condition are the ideals (a) where a } XP" . This forces I = (X") where 1 < r < p”,
and k[X]/I = U,.

The submodules of U, must have the form J/(X") where J is some ideal containing
(X7), and they are precisely the submodules in the chain

0C(X"H)/(X") c (X"?)/(X") C - C(X)/(X") C U

This is a composition series, since each successive quotient has dimension 1, and since it
is a complete list of submodules, it is the only one. If we could write U, =V & W as
a non-trivial direct sum, then U, would have at least 2 composition series, obtained by
taking first a composition series for V', then one for W, or vice-versa. Hence each U, is
indecomposable and we have a complete list of the indecomposable modules. The only U,
which is simple is Uy, which is the trivial module. O

A module with a unique composition series is said to be uniserial. We see from the
description of k[X]/(X?")-modules that U, has a basis 1+(X"), X +(X"),..., X" 4+(X")
so that X acts on U, with matrix

1 0
Translating now to modules for kG where G is a cyclic p-group, the generator g acts on
U, as X 4+ 1, which has matrix

1 1
Thus we see that the indecomposable kG-modules are exactly given by specifying that the
generator g acts via a matrix which is a single Jordan block, of size up to p™. It is often
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helpful to picture U, as the diagram

One way to interpret this is that the vertices are in bijection with a basis of U,., and the
action of X or g — 1 is given by the arrows. Where no arrow is shown starting from a
particular vertex (as happens in this case only with the bottom one), the interpretation is
that X and g — 1 act as zero.

(6.3) PROPOSITION. Let k be any field of characteristic p and G a p-group. The
only simple kG-module is the trivial module.

Proof. We offer two proofs of this.

Proof 1. We proceed by induction on |G|, the induction starting when G is the identity
group, for which the result is true. Suppose G # 1 and the result is true for p-groups of
smaller order. There exists a normal subgroup N of G of index p. If S is any simple
kG-module then by Clifford’s theorem S |§ is semisimple. By induction, N acts trivially
on S. Thus S is really a representation of G/N which is cyclic of order p. We have just
proved that the only simple representation of this group is the trivial representation.

Proof 2. Let S be any simple kG-module and let 0 # x € S. The subgroup of S
generated by the elements {gz ‘ g € G} is invariant under the action of G, it is abelian
and of exponent p, since it is a subgroup of a vector space in characteristic p. Thus it is a
finite p group acted on by G. Consider the orbits of G on this finite group. Since G is a
p-group the orbits have the form G/H where H is a subgroup, and so have size a power
of p (or 1). The zero element is fixed by G, and we deduce that there must be another
element fixed by G since otherwise the other orbits would all have size p™ with n > 1, and
their union would not be a p-group. Thus there exists y € S fixed by G, and now (y) is a
trivial submodule of S. By simplicity it must equal S. O

As an application of this we can give some information about the simple representa-
tions of arbitrary finite groups in characteristic p. For this we observe that in every finite
group G there is a unique largest normal p-subgroup of G, denoted O,(G). For if H and
K are normal p-subgroups of G then so is HK, and thus the subgroup generated by all
normal p-subgroups of G is a again a normal p-subgroup, which evidently contains all the
others.
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(6.4) COROLLARY. Let k be any field of characteristic p, G any finite group and
S a simple kG-module. Then O,(G) acts trivially on S. Thus the simple kG-modules are
precisely the simple k[G/O,(G)]-modules, made into kG-modules via the homomorphism

G — G/0,(G).

Proof. By Clifford’s theorem, S Lgp(G) is semisimple. Therefore, by 6.3, O,(G) acts
trivially on S. O

(6.5) Example. Let k be a field of characteristic 2, and consider the representations
of A4 over k. Since O2(Ay) = Cy x Co, the simple kA, modules are the simple C3 =
A4/ O2(Ay)-representations, made into representations of A4. Now kCj3 is semisimple, and
if k£ contains a primitive cube root of unity w (i.e. if Fy C k) there are three 1-dimensional
simple representations, on which the generator of C3 acts as 1,w or w?.

At this point we examine further the structure of representations which are not
semisimple, and we work in the context of modules for a ring A. If U is an A-module
we defined the socle of U to be the sum of all the simple submodules of U, and we showed
(at least in the case that U is finite-dimensional) that it is the unique largest semisimple
submodule of U. We now work with quotients and define a dual concept, the radical of U.
We work with quotients instead of submodules, and use the fact that if M is a submodule

of U, the quotient U/M is simple if and only if M is a maximal submodule of U. We put

RadU = ﬂ{M ‘ M c U is a maximal submodule}.

In our applications U will always be Noetherian, so this intersection will be non-empty.

(6.6) LEMMA. Let U be a module for a ring A.
(1) Suppose that My, ..., M, are maximal submodules of U. Then there is a subset
I C{1,...,n} such that

U/(Myn---nM,)=@HU/M,
i€l

which, in particular, is a semisimple module.

(2) Suppose further that U has the descending chain condition on submodules. Then
U/RadU is a semisimple module, and Rad U is the unique smallest submodule of U
with this property.

Proof. (1) Let I be a subset of {1,...,n} maximal with the property that the
quotient homomorphisms U/((;c; Mi) — U/M; induce an isomorphism U/((;c; M;) =
@,c; U/M;. We show that (),c; M; = M1 N---N M, and argue by contradiction. If it

ier i
were not the case, there would exist M; with (,.; M; € M,. Consider the homomorphism

iel

f:U—(@Pu/M) e U/M;
el
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whose components are the quotient homomorphisms U — U/M},. This has kernel M; N
Nies Mi, and it will suffice to show that f is surjective, because this will imply that the
larger set I U {j} has the same property as I, thereby contradicting the maximality of I.

To show that f is surjective let g : U — U/(\;c; M; © U/M; and observe that
(Micr M;) + M; = U since the left-hand side is strictly larger than M;, which is max-
imal in U. Thus if x € U we can write 2 = y + z where y € [,c; M; and z € M;. Now
9(y) = (0, + M;) and g(z) = (z + (),c; M, 0) so that both summands U/ ,c; M; and
U/M; are contained in the image of g and g is surjective. Since f is obtained by composing
g with the isomorphism which identifies U/ (";c; M; with @,.; U/M;, we deduce that f
is surjective.

(2) By the assumption that U has the descending chain condition on submodules,
Rad U must be the intersection of finitely many maximal submodules. Therefore U/ Rad U
is semisimple by part (1). If V is a submodule such that V' is semisimple, say U/V =

projection

S1®---®S,, where the S; are simple modules, let M; be the kernel of U — U/V" — " S;.
Then M; is maximal and V = M;N---NM,. Thus V O RadU, and Rad U is contained
in every submodule V' for which U/V is semisimple. a

As a particular case, we define the radical of a ring A to be the radical of the regular
representation Rad 4 A and write simply Rad A. Thus by 6.6, if A has the descending chain
condition on left ideals (for example, if A is a finite-dimensional algebra over a field) then
Rad A is the smallest left ideal of A such that A/ Rad A is a semisimple module.

(6.7) PROPOSITION. Let A be a ring. Then,
(1) RadA={a€ A|a-S =0 for every simple A-module S}, and
(2) Rad A is a 2-sided ideal of A.
(3) Suppose further that A is a finite-dimensional algebra over a field. Then
(a) Rad A is the smallest left ideal of A such that A/ Rad A is a semisimple A-module,
(b) A is semisimple if and only if Rad A = 0,
(c) Rad A is nilpotent, and is the largest nilpotent ideal of A.

Proof. (1) Given a simple module S and 0 # s € S, the module homomorphism
AA — S given by a +— as is surjective and its kernel is a maximal left ideal M . Now if
a € Rad A then a € M, for every S and s € S, so as = 0 and a annihilates every simple
module. Conversely, if a - S = 0 for every simple module S and M is a maximal left ideal
then A/M is a simple module. Therefore a - (A/M) = 0, which means a € M. Hence
a € Nyaximans M = Rad A.

(2) Being the intersection of left ideals, Rad A is also a left ideal of A. Suppose that
a € RadAand b€ A, soa-S =0 for every simple S. Now a-bS C a-S =0 so ab has the
same property that a does.

(3) (a) and (b) are immediate from 6.6. We prove (c). Choose any composition series

OZAnCAn_1C"'CA1CAA
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of the regular representation. Since each A;/A;; is a simple A-module, Rad A-A; C A; 44
by part (1). Hence (Rad A)" - A C A, and (Rad A)™ = 0.
Suppose now that I is a nilpotent ideal of A, say I"™ = 0, and let S be any simple
A-module. Then
O=[".scrm™t.§C...CcISCS

is a chain of A-submodules of S, which are either 0 or S since S is simple. There must
be some point where 0 = I"S # I"18 =S. Then IS =1 -1""'S =1"S = 0, so in fact
that point was the very first step. This shows that I C Rad A by part (1). Hence Rad A
contains every nilpotent ideal of A, so is the unique largest such ideal. O

We may now determine the radical of kG when k is a field of characteristic p and G
is a p-group. If R is any commutative ring, the ring homomorphism

e: RG— R
g—1 forallge G

is called the augmentation map. Regarded as a homomorphism of modules it expresses the
trivial representation as a homomorphic image of the regular representation. The kernel
of € is called the augmentation ideal, and is denoted IG. Evidently IG consists of those
elements > - ay9 € RG such that 3° ;a, =0.

(6.8) PROPOSITION.

(1) Let R denote the trivial RG-module. Then IG = {z € RG | z- R = 0}.

(2) IG is free as an R-module with basis {g—1|1# g € G}.

(3) If R = k is a field of characteristic p and G is a p-group then IG = Rad(kG). It
follows that IG is nilpotent in this case.

Proof. (1) The augmentation map € is none other than the linear extension to RG
of the homomorphism p : G — GL(1, R) which is the trivial representation. Thus each
x € RG acts on R as multiplication by e(x), and so will act as 0 precisely if ¢(z) = 0.

(2) The elements g — 1 where g ranges through the non-identity elements of G are
linearly independent since the elements g are, and they lie in IG. We show that they span
IG. Suppose ) g ag9 € IG, which means that > _,a, =0 € R. Then

Zagg:Zagg—Zaglz Z ag(g—1)

geG geG geG 1#£g€G

is an expression as a linear combination of elements g — 1.
(3) When G is a p-group and char(k) = p we have seen in 6.3 that & is the only simple
kG-module. The result follows by part (1) and 6.7. O
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Working in the generality of a finite-dimensional algebra A again, the radical of A
allows us to give a further description of the radical and socle of a module.

(6.9) PROPOSITION. Let A be a finite-dimensional algebra over a field k, and U an
A-module.
(1) The following are all descriptions of Rad U:

(a) the intersection of the maximal submodules of U,

(b) the smallest submodule of U with semisimple quotient,

(c) RadA-U.
(2) The following are all descriptions of Soc U :

(a) the sum of the simple submodules of U,

(b) the largest semisimple submodule of U,

(c) {ueU } Rad A - u = 0}.

Proof. We have seen the equivalence of descriptions (a) and (b) in 1.10 and 6.6.
Let us show that the submodule Rad A - U in (1)(c) satisfies condition (1)(b). Firstly
U/(Rad A-U) is a module for A/ Rad A, which is a semisimple algebra. Hence U/(Rad A-U)
is a semisimple module and so Rad A - U contains the submodule of (1)(b). On the other
hand if V' C U is a submodule for which U/V is semisimple then Rad A - (U/V) = 0 by
6.7, s0 VO Rad A - U. In particular, the submodule of (1)(b) contains Rad A - U.

As for {u € U } Rad A - u = 0}, this is the largest submodule of U annihilated by
Rad A. It is thus an A/ Rad A-module and hence is semisimple. Since every semisimple
submodule of U is annihilated by Rad A, it is the unique largest such submodule. O

(6.10) Example. Consider the situation of 6.1 and 6.2 in which G is a cyclic group of
order p" and k is a field of characteristic p. We see that Rad U, = U,._; and SocU, = U;
for 1 <r <p", taking Uy = 0.

We now iterate the notions of socle and radical and for each A-module U we define

inductively
Rad"(U)

Soc™(U)/ Soc™ 1 (U)
It is immediate from 6.9 that
Rad"(U) = (Rad A)" - U
Soc"(U) ={u e U | (Rad A)" - u = 0}

Rad(Rad" *(U))
Soc(U/ Soc" 1 U).

and these submodules of U form chains
... CRad?U CRadU CU

0 C SocU CSoc?U C ---

which are called, respectively, the radical series and socle series of U. They are also known
as the lower Loewy series and upper Loewy series of U.
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(6.11) PROPOSITION. Let A be a finite-dimensional algebra over a field k, and U
an A-module. The radical series of U is the fastest descending series of submodules of U
with semisimple quotients, and the socle series of U is the fastest ascending series of U
with semisimple quotients. The two series terminate, and if m and n are the least integers

for which Rad™ U = 0 and Soc™ U = U then m = n.

Proof. Suppose that --- C Uy C U; C Uy = U is a series of submodules of U with
semisimple quotients. We show by induction on r that Rad"(U) C U,.. This is true when
r = 0. Suppose that r > 0 and Rad"~'(U) C U,_;. Then

Rad"~}(U)/(Rad""}(U)NU,) = (Rad" "' +U,) /U, C U,_1 /U,

is semsimple, so Rad” ™' (U)NU, 2 Rad(Rad"~!(U)) = Rad” (U). Therefore Rad"(U) C U,..
This shows that the radical series descends faster than the series U;. The argument that
the socle series ascends faster is similar.

Since A is a finite-dimensional algebra we have (Rad A)” = 0 for some r. Then
Rad"U = 0 and Soc" U = U by 6.9. By what we have just proved, the radical series
descends at least as fast as the socle series and so has equal or shorter length. By a similar
argument (using the fact that the socle series is the fastest ascending series with semisimple
quotients) the socle series ascends at least as fast as the radical series and so has equal or
shorter length. We conclude that the two lengths are equal. O

The common length of the radical series and socle series of U is called the Loewy
length of the module U.

We conclude this section by mentioning without proof the theorem of Jennings on the
Loewy series of kG when G is a p-group and k is a field of characteristic p and summarize
its implications. For proofs, see Benson’s book [Ben|. Jennings constructs a decreasing
series of subgroups

kr(G) ={g € G| g =1 modulo Rad" (kG)},

which is sometimes called the Jennings series of G. This series of subgroups has the
properties

1) [Kr, k] © Frgs,

2) gP € K4y for all g € Ky,

3) K,/Ko, is elementary abelian.
Furthermore, we may generate k, as

Ry = <[/("'7"—17 G]? K%i)/]ﬂ%

where k1 = G, [r/p] is the least integer greater than or equal to r/p, and kP is the set
of pth powers of elements of k,. Evidently the first term in this series is k1 (G) = G and
we may see that the second term ko (G) is the Frattini subgroup of G' (the smallest normal
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subgroup of G for which the quotient is elementary abelian). After that the terms need to
be calculated on a case-by-case basis.

For each i > 1 let d; be the dimension of k;/k;1+1 as a vector space over F,,, and choose
any elements z; ; of G such that the set {x; k5,11 ‘ 1 < s <d;} forms a basis for x;/K;y1.
Let Z; s = #;,s — 1 € kG. There are |G| products of the form [] 53?37 where the factors are
taken in some predetermined order, and 0 < ¢; s < p — 1. The weight of such a product is
defined to be )iy s. Jenning’s theorem states that the set of products of weight w lie in
Rad" (kG), and forms a basis of Rad™ (kG) modulo Rad“ ™ (kG). Thus the set of all these
products is a basis for kG compatible with the powers of the radical.

For example, if we take an element = of order 4 and an element y of order 2 which
generate the dihedral group of order 8, so Dg = (x,y ‘ vt =9y? =1, yzy = 271), we have
k1 = Dg, ko = (2?), k3 = 1. We may choose r11 = z, x12 = y, ¥2,1 = 2, and note that
z2 = 22. Now the products 011 z20215%12 = go11+202175012 where ( < a; s <1, form a
basis of kDg which is compatible with the powers of the radical. In this special case, these
elements may be simplified as i:igjj with0<:<3and 0 <5 < 1.

When doing calculation with group rings of p-groups in characteristic p the basis given
by Jennings is often to be preferred over the basis given by the group elements. This basis
gives a description of the powers of the radical in group-theoretic terms, and it allows
us to deduce a result about the socle series as well. Since each element Z; s of weight ¢
contributes factors of weights 0,4, 2i, 37, ..., (p — 1)i in Jennings’ basis , the total number
of products of weight w is the coefficient of t* in

1—tP)\ ™
(1+t_|_t2+..._|_tp—1>d1(1_|_t2_|_...+t2(p—1))d2...:H g ,
i1 (1—1%)

and this equals the polynomial 3" ., (dimRad” (kG)/dim Rad“ "' (kG))t®. We see from
this that the dimensions of the factors in the radical series of kG are symmetric, in that
they are the same if taken in reverse order. Jumping ahead of ourselves for a moment and
using the fact that kG = kG* (see Section 8) and also using Exercise 6 to this section,
we may see that when G is a p-group and k is a field of characteristic p the terms of the
radical series and the socle series of kG coincide, although these terms appear in the two
series in the opposite order.

Exercises for Section 6.

1. Let A be a ring. Prove that for each n, Soc™ 4 A is a 2-sided ideal of A.

2. Let G =Y geG g as an element of kG, where k is a field. Show that the subspace
kG of kG spanned by G is an ideal. Show that this ideal is nilpotent if and only if the
characteristic of k divides |G|. Deduce that if kG is semisimple then char(k) J |G].

3. Prove that if N is a normal subgroup of G and k is a field then Rad(kN) =
EN N Rad(kG).
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4. Suppose that U is an indecomposable module with just two composition factors.
Show that U is uniserial.

5. Show that the following conditions are equivalent for a module U which has a
composition series.
(a) U is uniserial (i.e. U has a unique composition series).
(b) The set of all submodules of U is totally ordered by inclusion.
(c) Rad" U/ Rad" ™' U is simple for all 7.
(d) Soc"t U/ Soc" U is simple for all 7.

6. Let U be a kG-module and U* its dual. Show that for each n

Soc™(U*) = {f € U* | f(Rad™(U) = 0}

and
Rad™(U*) ={f € U* | f(Soc™(U) = 0}.

Deduce that Soc™ ™ (U*)/Soc” (U*) = (Rad™(U)/Rad™N T (U))* as kG-modules. [Hint:
recall Exercise 9 to Section 4.]

7. Let H be a subgroup of G.

(a) Let H = >, . h be the sum of the elements of H, as an element of RG. Show
that RG - H = R 1% as RG-modules.

(b) Let I H be the augmentation ideal of RH, as a subset of RG. Show that RG-1H =
IH 7§ as RG-modules, and that RG/(RG - TH) = R 1% as RG-modules.

The next five exercises give a direct proof of the result stated in 6.8, that for a p-group
in characteristic p the augmentation ideal is nilpotent.

8. Show that if elements g1, ..., g, generate G as a group, then (g1 — 1),..., (g — 1)
generate the augmentation ideal IG as a left ideal of kG.
[Use the formula (gh —1) =g(h—1)+ (g —1).]

9. Suppose that k is a field of characteristic p and G is a p-group. Prove that each
element (g — 1) is nilpotent. (More generally, every element of IG is nilpotent.)

10. Show that if NV is a normal subgroup of G then the left ideal

RG-IN ={z-y|x € RG,y€cIN}

of RG generated by IN is the kernel of the ring homomorphism RG — R[G/N] and is in
fact a 2-sided ideal in RG.
[One approach to this uses the formula g(n — 1) = (n — 1)g.]
Show that (RG - IN)" = RG - (IN)" for all r.
11. Show that if a particular element (g — 1) appears n times in a product

(91_1)"'(97"_1)

then
(g1—1)---(¢9,—1)=(g—1)" -2 modulokG - (IG")
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for some x € kG, where G’ denotes the commutator subgroup.
[Use the formula (g — 1)(h—1) = (h—1)(g — 1) + (ghg~th=! — 1)hg.]
Show that if G is a p-group and k a field of characteristic p then IG" C kG - IG’ for some
power 7.

12. Prove that if G is a p-group and k is a field of characteristic p then (IG)" = 0 for
some power 7.

13. Calculate the Loewy length of kC}, the group algebra of the direct product of n
copies of a cycle of order p.

14. The dihedral group of order 2n has a presentation

Do, = <5C,y ‘ x2 = y2 = (ajy)n = 1>

Let k be a field of characteristic 2. Show that when n is a power of 2, each power (I Ds,,)"
of the augmentation ideal is spanned modulo (IDs,)" ™! by the two products (x — 1)(y —
Dx—-1)(y—-1)---and (y — 1)(z — 1)(y — 1)(z — 1) --- of length r. Hence calculate
the Loewy length of kD5, and show that Rad(kDa,)/Soc(Day,) is the direct sum of two
kDs,,-modules which are uniserial.

15. When n > 3, the generalized quaternion group of order 2" has a presentation

Qan = (z,y } 2" = 1, y? = x2n_2, yry b =271,
Let k be a field of characteristic 2. Show that when r > 1 each power (IQ2n)" of the
augmentation ideal is spanned modulo (IQ2»)"*! by (z—1)" and (z —1)""!(y —1). Hence
calculate the Loewy length of kQan.

16. Show that for each RG-module U, U/(IG - U) is the largest quotient of U on
which G acts trivially. Prove that U/(IG -U) 2 R ®rq U.

17. (a) Let G be any group and IG C ZG the augmentation ideal over Z. Prove that

IG/(IG)* =2 G/G" as abelian groups.
[Consider the homomorphism of abelian groups IG — G/G’ given by g — 1 — gG’. Use
the formula ab— 1= (a — 1) + (b—1) + (a — 1)(b — 1) to show that (IG)? is contained in
the kernel, and that the homomorphism G/G’ — IG/(IG)? given by ¢gG' — g —1+ (IG)?
is well defined.]

(b) If now R is any commutative ring with 1 and /G C RG is the augmentation ideal,
show that IG/(IG)? = R ®z G/G’ as R-modules.

18. Let Q) be a transitive G-set and k a field. Let k€2 be the corresponding permutation
module. There is a homomorphism of kG-modules € : k& — k defined as €(}_ g aww) =
Yo lu- Let Q=37 ow e kQ.

(a) Show that every kG-module homomorphism k2 — k is a scalar multiple of e.

(b) Show that the fixed points of G on kQ are kQF =k - Q.

(c) Show that €(Q2) = 0 if and only if chark } |2|, and that if this happens then
Q € Rad k) and the trivial module k occurs as a composition factor of kQ with multiplicity
> 2.
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(d) Show that if €(Q) # 0 then ¢ is a split epimorphism and Q ¢ Rad k€.

(e) Show that kG is semisimple if and only if the regular representation kG has the
trivial module k as a direct summand (i.e. k is a projective module).

19. Let € be a transitive G-set for a possibly infinite group G and let R$2 be the
corresponding permutation module. Show that Q is infinite if and only if (RQ)% = 0 and
deduce that G is infinite if and only if (RG)“ = 0.

20. Let U, be the indecomposable kCj,-module of dimension 7, 1 < r < p, where k is
a field of characteristic p. Prove that U, = S"~1(U,), the (r — 1) symmetric power.

[One way to proceed is to show that if C,, = (g) then (g — 1)"~! does not act as zero on
S™=1(U,) and use the classification of indecomposable kC,-modules.]

21. Let G = SL(2,p), the group of 2 x 2 matrices over F, which have determinant 1,

where p is a prime. The subgroups

P1={<(1) /1\)“‘61%}7 P2={<i ?)Meﬂ}

have order p. Let U be the natural 2-dimensional module on which G acts. When
0 < r < p—1 prove that S"(Us) is a uniserial F,P;-module, and also a uniserial F, P,-
module, but that the only subspaces of S™(Us) which are invariant under both P, and Py
are 0 and S"(Us). Deduce that S™(Uz) is a simple F,,G-module.
[Background to the question which is not needed to solve it: |G| = p(p? — 1); both P
and P, are Sylow p-subgroups of G. In fact, the simple modules constructed here form a
complete list of the simple F,SL(2, p)-modules.]

22. Let g be an endomorphism of a finite-dimensional vector space V over a field k
of characteristic p, and suppose that g has finite order p? for some d. Show that as a
k(g)-module, V has an indecomposable direct summand of dimension at least p@=% + 1.
[You may assume the classification of indecomposable modules for cyclic p-groups in char-
acteristic p.]

Deduce that if such an endomorphism g fixes a subspace of V' of codimension 1 then
g has order p or 1.
[An endomorphism (not necessarily of prime-power order) which fixes a subspace of codi-
mension 1 is sometimes referred to as a reflection in a generalized sense.]
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7. Projective modules for finite-dimensional algebras

In previous sections we have seen the start of techniques to describe modules which are
not semisimple. The most basic decomposition of such a module is one that expresses it as
a direct sum of modules which cannot be decomposed as a direct sum any further. These
summands are called indecomposable modules. We have also examined the notions of rad-
ical series and socle series of a module, which are series of canonically defined submodules
which may shed light on submodule structure. We combine these two notions in the study
of projective modules for group rings, working at first in the generality of modules for finite
dimensional algebras over a field. In this situation the indecomposable projective modules
are the indecomposable summands of the regular representation. We will see that they are
identified by the structure of their radical quotient. The projective modules are important
because their structure is part of the structure of the regular representation. Since every
module is a homomorphic image of a direct sum of copies of the regular representation, by
knowing the structure of the projectives one knows, in some sense, all modules.

Recall that a module M over a ring A is said to be free if it has a basis, that is, a
subset which spans M as an A-module, and is linearly independent over A. Whenever
{zi | i € I} is a basis it follows that M = @,.; Az; with Az; = A for all i. Thus M
is a finitely generated free module if and only if M = A" for some n, that is, M may be
identified with the module of n-tuples of elements of A.

(7.1) PROPOSITION. Let A be a ring and M an A-module. Then M is free on a
subset {z; } i € I} if and only if for every module N and mapping of sets ¢ : {z; } i €
I} — N there exists a unique morphism of modules 1) : M — N which extends ¢.

We omit the proof.

We define a module homomorphism f : M — N to be a split epimorphism if and only
if there exists a homomorphism g : N — M so that fg = 1, the identity map on N. Note
that a split epimorphism is necessarily an epimorphism since if x € N then x = f(g(x)) so
that x lies in the image of f. We define similarly f to be a split monomorphism if there
exists a homomorphism g : N — M so that gf = 1;;. Necessarily a split monomorphism
is a monomorphism. We are about to show that if f is a split epimorphism then N is
(isomorphic to) a direct summand of M. To combine both this and the corresponding
result for split monomorphisms it is convenient to introduce short exact sequences. We
say that a diagram of modules and module homomorphisms L—— M PN is ezact at M
if Ima = Ker 8. A short exact sequence of modules is a diagram 0 — LM2N - 0
which is exact a each of L, M and N. Exactness at I and N means simply that « is a

monomorphism and /3 is an epimorphism.
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(7.2) PROPOSITION. Let 0 — LM-PN — 0 be a short exact sequence of
modules over a ring. The following are equivalent:
(1) « is a split monomorphism,
(2) ( is a split epimorphism, and
(3) there is a commutative diagram

0o - L %% M 5 N — 0

|| | ||

0 - L % LeN = N — 0
where 11 and 7wy are inclusion into the first summand and projection onto the second
summand.
In any diagram such as the one in (3) the morphism +y is necessarily an isomorphism. Thus
if any of the three conditions is satisfied it follows that M = L & N.

Proof. Condition (3) implies the first two, since the existence of such a commutative
diagram implies that « is split by 717 and 3 is split by v~ .

Conversely if condition (1) is satisfied, so that da = 1 for some homomorphism
d : M — L, we obtain a commutative diagram as in (3) on taking the components of ~y
to be § and S. If condition (2) is satisfied we obtain a commutative diagram similar to
the one in (3) but with a homomorphism ¢ : L ® N — M in the wrong direction, whose
components are « and a splitting of 3. We obtain the diagram of (3) on showing that in
any such diagram the middle vertical homomorphism must be invertible.

The fact that the middle homomorphism in the diagram must be invertible is a con-
sequence of both the ‘five lemma’ and the ‘snake lemma’ in homological algebra. We leave
it here as an exercise. O

In the event that a and (3 are split, we say that the short exact sequence in Proposition
7.2 is split. Notice that whenever 3 : M — N is an epimorphism it is part of the short exact
sequence 0 — Ker  — M PN = 0 and so we deduce that if [ is a split epimorphism then
N is a direct summand of M. A similar comment evidently applies to split monomorphisms.

(7.3) PROPOSITION. The following are equivalent for an A-module U.
(1) U is a direct summand of a free module.
(2) Every epimorphism V — U is split.
(3) For every pair of morphisms
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where (3 is an epimorphism, there exists a morphism v : U — V with By = a.
(4) For every short exact sequence of A-modules0 — V — W — X — 0 the corresponding

sequence
0 — Homu (U, V) — Homux (U, W) — Homux (U, X) — 0

is exact.

Proof. This result is standard and we do not prove it here. In condition (4) the
sequence of homomorphism groups is always exact at the left-hand terms Hom 4 (U, V') and
Hom 4 (U, W) without requiring any special property of U (we say that Hom 4 (U, ) is left
exact). The force of condition (4) is that the sequence should be exact at the right-hand
term. O

We say that a module U satisfying any of the four conditions of 7.3 is projective.
Notice that direct sums and also direct summands of projective modules are projective.
An indecomposable module which is projective is an indecomposable projective module,
and these modules will be very important in our study. In other texts the indecomposable
projective modules are also known as PIMs, or Principal Indecomposable Modules, but we
will not use this terminology here.

One way to obtain projective A-modules is from idempotents of the ring A. If e? =
e € Athen g4A = Ae® A(1 —e) as A-modules, and so the submodules Ae and A(1—e) are
projective. We formalize this with the next result, which should be compared with 3.22 in
which we were dealing with ring summands of A and central idempotents.

(7.4) PROPOSITION. Let A be a ring. The decompositions of the regular represen-
tation as a direct sum of submodules

AA=A10 B A,

biject with expressions 1 = ey + --- + e, for the identity of A as a sum of orthogonal
idempotents, in such a way that A; = Ae;. The summand A; is indecomposable if and
only if the idempotent e; is primitive.

Proof. Suppose that 1 = e; + --- + e, is an expression of the identity as a sum of
orthogonal idempotents. Then

AA=Aer @ - @ Ae,,

for the Ae; are evidently submodules of A, and their sum is A since if x € A then x =
zey + --- + xe,. The sum is direct since if x € Ae; N Z#i Aej then z = we; and also
T =406 80T =36 =) i aeje; = 0.

Conversely, suppose that 44 = A; @& --- @ A, is a direct sum of submodules. We
may write 1 = e; + --- + e, where e; € A; is a uniquely determined element. Now
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e; = e;l = eje; + -+ + e;e, is an expression in which e;e; € A;, and since the only such
expression is e; itself we deduce that

eie; = {ei ifi:j.,
0 otherwise.

The two constructions just described, in which we associate an expression for 1 as a
sum of idempotents to a module direct sum decomposition and vice-versa, are mutually
inverse, giving a bijection as claimed.

If a summand A; decomposes as the direct sum of two other summands, this gives
rise to an expression for e; as a sum of two orthogonal idempotents, and conversely. Thus
A; is indecomposable if and only if e; is primitive. O

In 3.22 there was a statement about the uniqueness of summands in a decomposition of
A as a direct sum of indecomposable rings, and we should point out that the corresponding
uniqueness statement need not hold with module decompositions of 4 A. For an example
of this we might take A = Ms(R), the ring of 2 x 2-matrices over a ring R, in which

10 0 0 0 1 1 -1
aa=a(y o)ea(s V)=a(o )eals o)

The submodules here are all different. We will see later that if A is a finite-dimensional
algebra over a field then in any two decompositions of 4 A as a direct sum of indecomposable
submodules, the submodules are isomorphic in pairs.

We will also see that when A is a finite-dimensional algebra over a field, every in-
decomposable projective A-module may be realized as Ae for some primitive idempotent
e. For other rings this need not be true, and an example is Z(G, for which it is the case
that the only idempotents are 0 and 1 (see the exercises to Section 8). For certain finite
groups (an example is the cyclic group of order 23, but this takes us beyond the scope of
this book) there exist indecomposable projective ZG-modules which are not free, so such
modules will never have the form ZGe.

(7.5) Example. We present an example of a decomposition of the regular representa-
tion in a situation which is not semisimple. Many of the observations we will make are
consequences of theory to be presented in later sections, but it seems worthwhile to show
that the calculations can be done by direct arguments.

Consider the group ring F4.S3 where [F, is the field of 4 elements. By Proposition 4.5
the 1-dimensional representations of S3 are the simple representations of S3/55 = Cy, lifted
to S3. But F4C5 has only one simple module, namely the trivial module, by Proposition
6.3, so this is the only 1-dimensional F4S3-module. The 2-dimensional representation of
Ss constructed in Section 1 over any coefficient ring is now seen to be simple here, since
otherwise it would have a trivial submodule; but the eigenvalues of the element (1,2, 3) on
this module are w and w?, where w € 4 is a primitive cube root of 1, so there is no trivial
submodule.
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Let K = {((1,2,3)) be the subgroup of S3 of order 3. Now F4K is semisimple with
three 1-dimensional representations on which (1,2,3) acts as 1, w and w?, respectively. In
fact

F4K = F4K61 D F4K62 D F4K€3

where

€1 = () + (17 273) + (17 372)
0 +w(1,2,3)+w?(1,3,2)

es = () +w?(1,2,3) +w(1,3,2)
are orthogonal idempotents in F4K. We may see that these are orthogonal idempotents
by direct calculation, but it can also be seen by observing that the corresponding elements
of CK with w replaced by e’ are orthogonal and square to 3 times themselves (Theorem

3.23), and lie in Z[eF ] K. Reduction modulo 2 gives a ring homomorphism Z[e*5"| — F,
which maps these elements to ey, eo and e3, while retaining their properties. Thus

€2

F4Sg = F4S361 ©® F45362 ©® F45363

and we have constructed modules Fy4S3e; which are projective. We have not yet shown
that they are indecomposable.
We easily compute that

(1,2,3)e1 = €1, (1,2,3)eq = w?es, (1,2,3)es = wes

and from this we see that K - Fqe; = Fqe; for all . Since S3 = K U (1,2)K we have
FySse; = Fae; @ Fy(1,2)e;, which has dimension 2 for all . We have already seen that
when i = 2 or 3, e; is an eigenvector for (1,2,3) with eigenvalue w or w?, and a similar
calculation shows that the same is true for (1,2)e;. Thus when i = 2 or 3, F4Sse; has
no trivial submodule and hence is simple by the observations made at the start of this
example. We have an isomorphism of F4.S3-modules

F4Sg€2 — F4Sg€3
e — (1,2)es

(1,2)62 = €3.

On the other hand F4Sse; has fixed points Fy geSs 9 of dimension 1 and so has two
composition factors, which are trivial. On restriction to F4((1,2)) it is the regular repre-
sentation, and it is a uniserial module.

We see from all this that F4S3 = } @ 2 @ 2, in a diagrammatic notation. Thus the
2-dimensional simple F4S53-module is projective, and the trivial module appears as the
unique simple quotient of a projective module of dimension 2 whose socle is also the trivial
module. These summands of F4S3 are indecomposable, and so e, e and ez are primitive
idempotents in FyS3. We see also that the radical of F4S3 is the span of > gess 9- O
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We now develop the theory of projective covers. We first make the definition that an
essential epitmorphism is an epimorphism of modules f : U — V with the property that
no proper submodule of U is mapped surjectively onto V' by f. An equivalent formulation
is that whenever g : W — U is a map such that fg is an epimorphism, then ¢ is an
epimorphism. One immediately asks for examples of essential epimorphisms, but it is
probably more instructive to consider epimorphisms which are not essential. If U — V is
any epimorphism and X is a non-zero module then the epimorphism U @& X — V which is
zero on X can never be essential because U is a submodule of U & X mapped surjectively
onto V. Thus if U — V is essential then U can have no direct summands which are
mapped to zero. One may think of an essential epimorphism as being minimal, in that
no unnecessary parts of U are present. The greatest source of essential epimorphisms is
Nakayama’s lemma.

(7.6) THEOREM (Nakayama’s Lemma). If U is any Noetherian module, the homo-
morphism U — U/ Rad U is essential.

Proof. Suppose V is a submodule of U. If V. # U then V . C M C U where
M is a maximal submodule of U. Now V 4+ RadU C M and so the composite V —
U — U/RadU has image contained in M/ Rad U, which is not equal to U/ Rad U since
(U/RadU)/(M/RadU) 2 U/M # 0. O

Evidently an equivalent way to state Nakayama’s lemma is that if V' is a submodule
of U with the property that V + RadU = U, then V =U.

As an example of an essential epimorphism we could consider the indecomposable kG-
module U,. of dimension r, where k is a field of characteristic p and G is cyclic of order p™.
Since U, has a unique maximal submodule, of codimension 1, the epimorphism U, — U;
is essential, by Nakayama’s lemma.

The next result is not at all difficult and could usefully be proved as an exercise.

(7.7) PROPOSITION.

(a) Suppose that f:U — V and g : V — W are two module homomorphsms. If two of
f, g and gf are essential epimorphisms then so is the third.

(b) Let f : U — V be a homomorphism of modules for a finite-dimensional algebra over a
field. Then f is an essential epimorphism if and only if the homomorphism of radical
quotients U/ RadU — V/Rad V is an isomorphism.

(c) Let f; : Uy — V; be homomorphisms of modules for a finite-dimensional algebra over
a field, where i = 1,...,n. The f; are all essential epimorphisms if and only if

@fz@Uz—)@V@
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is an essential epimorphism.

Proof. (a) Suppose f and g are essential epimorphisms. Then ¢gf is an epimorphism
also, and it is essential because if Uy is a proper submodule of U then f(Uy) is a proper
submodule of V since f is essential, and hence g(f(Uy)) is a proper submodule of S since
g is essential.

Next suppose f and gf are essential epimorphisms. Since W = Im(gf) C Im(g) it
follows that g is an epimorphism. If V; is a proper submodule of V then f=1(V}) is a
proper submodule of U since f is an epimorphism, and now g(Vgy) = gf(f~1 (Vo)) is a
proper submodule of S since gf is essential.

Suppose that g and gf are essential epimorphisms. If f were not an epimorphism
then f(U) would be a proper submodule of V', so gf(U) would be a proper submodule of
W since gf is essential. Since gf(U) = W we conclude that f is an epimorphism. If Uy is
a proper submodule of U then gf(Up) is a proper submodule of W, since gf is essential,
so f(Uy) is a proper submodule of V' since g is an epimorphism. Hence f is essential.

(b) Consider the commutative square

U — Vv

J !

U/RadU — V/RadV

where the vertical homomorphisms are essential epimorphisms by Nakayama’s lemma. Now

if either of the horizontal arrows is an essential epimorphism then so is the other, using

part (a). The bottom arrow is an essential epimorphism if and only if it is an isomorphism;

for U/ Rad U is a semisimple module and so the kernel of the map to V// Rad V' has a direct

complement in U/ Rad U, which maps onto V/RadV. Thus if U/RadU — V/RadV is

an essential epimorphism its kernel must be zero and hence it must be an isomorphism.
(c) The map

(®;U;)/ Rad(®,;U;) — (@;V;)/ Rad(®,V;)

induced by @ f; may be identified as a map

P Ui/ Rad U;) — P(Vi/ Rad Vy),

7 2

and it is an isomorphism if and only if each map U;/RadU; — V;/RadV; is an isomor-
phism. These conditions hold if and only if & f; is an essential epimorphism, if and only if
each f; is an essential epimorphism by part (b). O
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We define a projective cover of a module U to be an essential epimorphism P — U,
where P is a projective module. Strictly speaking the projective cover is the homomor-
phism, but we may also refer to the module P as the projective cover of U. We are justified
in calling it the projective cover by the second part of the following result, which says that
projective covers (if they exist) are unique.

(7.8) PROPOSITION.

(1) Suppose that f : P — U is a projective cover of a module U and g : Q — U is an
epimorphism where @) is a projective module. Then we may write Q = Q1 ® Q2 so
that g has components g = (g1,0) with respect to this direct sum decomposition and
g1 : Q1 — U appears in a commutative triangle

Q1

X
/ g1
r U

where v is an isomorphism.
(2) If any exist, the projective covers of a module U are all isomorphic, by isomorphisms
which commute with the essential epimorphisms.

Proof. (1) In the diagram
Q

E

we may lift in both directions to obtain maps o« : P — @ and g : ) — P so that
the two triangles commute. Now ffa = ga = f is an epimorphism, so B« is also an

p L

epimorphism since f is essential. Thus f is an epimorphism. Since P is projective 3
splits and QQ = Q1 ® Q2 where Q2 = Ker 3, and 8 maps Q1 isomorphically to P. Thus
g = (fBlg,,0) is as claimed with v = g,

(2) Supposing that f: P — U and g : Q — U are both projective covers, since
is a submodule of () which maps onto U and f is essential we deduce that @) = @);. Now
v : @ — P is the required isomorphism. O

(7.9) COROLLARY. If P and @ are Noetherian projective modules over a ring then
P = Q if and only if P/Rad P =2 @)/ Rad Q.

Proof. By Nakayama’s lemma P and ) are the projective covers of P/Rad P and
@/ Rad Q. Tt is clear that if P and @ are isomorphic then so are P/ Rad P and @)/ Rad @,
and conversely if these quotients are isomorphic then so are their projective covers, by
uniqueness of projective covers. O
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If now P and @ are projective modules for a finite-dimensional algebra A over a field
the radical quotients P/Rad P and @)/ Rad @ are semisimple, and to classify the inde-
composable projectives it will suffice to classify these semisimple quotients, by Corollary
7.9. We will see in this case that if P is an indecomposable projective A-module then
it is isomorphic to a module Af for some primitive idempotent f € A, and the quotient
P/ Rad P is isomorphic to (A/ Rad A)e for some primitive idempotent e of A/ Rad A where
e = f+ Rad A.

In general if I is an ideal of a ring A and f is an idempotent of A then clearly f + I
is also an idempotent of A/I. On the other hand, given an idempotent e of A/I, if we can
always find an idempotent f € A such that e = f + I we say we can lift idempotents from
A/I to A.

We state the next results about lifting idempotents in the context of a ring with a
nilpotent ideal I, but readers familiar with completions will recognize that these results
extend to a situation where A is complete with respect to the I-adic topology on A.

(7.10) THEOREM. Let I be a nilpotent ideal of a ring A and e an idempotent in
A/I. Then there exists an idempotent f € A with e = f + I. If e is primitive, so is f.

Proof. We define idempotents e; € A/I' inductively such that e; + I'"1/I* = ¢;_;
for all i, starting with e; = e. Suppose that e;_; is an idempotent of A/I*~1. Pick any
element a € A/I* mapping onto e;_1, so that a®> —a € I*~!/I*. Since (I'"1)? C I' we have
(a®> —a)? =0¢€ A/I'. Put e; = 3a® — 2a®. This does map to e;_; € A/T*~! and we have

e7 —e; = (3a* — 2a*)(3a® — 2a® — 1)
= —(3 —2a)(1 + 2a)(a® — a)?
= 0.

This completes the inductive definition, and if I” = 0 we put f = e,.

Suppose that e is primitive and that f can be written f = f; + fo where f; and
f2 are orthogonal idempotents. Then e = e; + eg, where e; = f; + I, is also a sum of
orthogonal idempotents. Therefore one of these is zero, say, e; = 0 € A/I. This means
that f2 = f1 € I. But I is nilpotent, and so contains no non-zero idempotent. O

We will very soon see in the situation of 7.10 that it is also true that if f is primitive,
so is e.

(7.11) COROLLARY. Let I be a nilpotent ideal of a ring A and let 1 = ey +---+ e,
be a sum of orthogonal idempotents in A/I. Then we can write 1 = f; + -+ + f, in
A, where the f; are orthogonal idempotents such that f; + I = e; for all i. If the e; are
primitive then so are the f;.

Proof. We proceed by induction on n, the induction starting when n = 1. Suppose that
n > 1 and the result holds for smaller values of n. We will write 1 = e; + E in A/I where
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FE =ey+---+4e, is an idempotent orthogonal to e, and by Theorem 7.10 we may lift e; to
an idempotent f; € A. Write F' = 1— f1, so that F' is an idempotent which lifts £. Now F’
is the identity element of the ring F'AF which has a nilpotent ideal F'IF. The composite
homomorphism FAF — A — A/I has kernel FAF NI and this equals FIF, since clearly
FAF NI O FIF, and if x € FAF NI then x = FeF € FIF, so FAFNI C FIF.
Inclusion of FAF in A thus induces a monomorphism FAF/FIF — A/I, and its image is
E(A/I)E. In E(A/I)E the identity element E is the sum of n — 1 orthogonal idempotents,
and this expression is the image of a similar expression for F' + FIF in FAF/FIF. By
induction, there is a sum of orthogonal idempotents F' = fy 4+ --- + f, in FFAF which
lifts the expression in FAF/FIF and hence also lifts the expression for F in A/, so we
have idempotents f; € A, i = 1,...,n with f; + I = e;. These f; are orthogonal; for
fa,..., fn are orthogonal in FFAF by induction, and if ¢ > 1 then F'f; = f; so we have
fifi= HFfi=0.

The final assertion about primitivity is the last statement of 7.10. O

(7.12) COROLLARY. Let f be an idempotent in a ring A which has a nilpotent ideal
I. Then f is primitive if and only if f + I is primitive.

Proof. We have seen in 7.10 that if f+ I is primitive, then so is f. Conversely, if f+ 1
can be written f + I = e; + e5 where the e; are orthogonal idempotents of A/I, then by
applying 7.11 to the ring fAf (of which f is the identity) we may write f = g1 + g2 where
the g; are orthogonal idempotents of A which lift the e;. O

We now classify the indecomposable projective modules over a finite-dimensional alge-
bra as the projective covers of the simple modules. We first describe how these projective
covers arise, and then show that they exhaust the possibilities for indecomposable projec-
tive modules. We postpone explicit examples until the next section, in which we consider
group algebras.

(7.13) THEOREM. Let A be a finite-dimensional algebra over a field. For each simple
module S there is an indecomposable projective module Ps with Pg/Rad Ps = S. It
follows that Pg is the projective cover of S, and is uniquely determined up to isomorphism
by this property. The projective module Ps has the form Ps = Af where f is a primitive
idempotent with the property that fS # 0, and if T' is any simple module not isomorphic
to S then fT = 0.

Proof. Let e € A/ Rad A be any primitive idempotent such that eS # 0, and let f be
any lift of e to A. Then fS # 0 and f is primitive. We define Ps = Af, an indecomposable
projective module. Now

Ps/RadPs = Af/RadA- Af = (A/Rad A)-(f +Rad A) =S
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the isomorphism arising because the map Af — (A/RadA) - (f + Rad A) defined by
af — (af + Rad A) has kernel (Rad A) - f. We have fS =eS # 0 and fT = eT = 0 if
T % S since a primitive idempotent e in the semisimple ring A/ Rad A is non-zero on a
unique isomorphism class of simple modules. O

(7.14) THEOREM. Let A be a finite-dimensional algebra over a field k. Up to
isomorphism, the indecomposable projective A-modules are exactly the modules Ps which
are the projective covers of the simple modules, and Ps = Pr if and only if S =2 T. Fach
projective Pg appears as a direct summand of the regular representation, with multiplicity
equal to the multiplicity of S as a summand of kG/Rad(kG). If k is algebraically closed

we have
A @ (Ps)dirns'

simple S

Proof. Let P be an indecomposable projective module and write
P/RadP =S, &--- & S,.
Then P — S; & ---@® S, is a projective cover. Now
Ps, ®---®Ps, —» 5@ @8,
is also a projective cover, and by uniqueness of projective covers we have
P=Pg @& ---®Pg,_.

Since P is indecomposable we have n =1 and P = Pyg,.
Suppose that each simple A module S occurs with multiplicity ng as a summand

of the semisimple ring A/Rad A. Both A and @, 5 Ps° are the projective cover of
A/Rad A, and so they are isomorphic. It is always the case that ng # 0, and when £ is
algebraically closed ng = dim S. O

(7.15) THEOREM. Let A be a finite-dimensional algebra over a field k, and U a
finitely-generated A-module. Then U has a projective cover.

Proof. Since U/ Rad U is semisimple we may write U/ RadU = S1 @ --- & S,,, where
the S; are simple modules. Let Ps, be the projective cover of S; and h: Ps, &---@® Ps, —
U/ RadU the projective cover of U/ Rad U. By projectivity there exists a homomorphism
f such that the following diagram commutes:

Ps, ®---® Ps
f
% |»

v -4 U/RadU

Since both g and h are essential epimorphisms, so is f by 7.7. Therefore f is a projective
cover. 0

n
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We should really learn more from 7.15 than simply that U has a projective cover: the
projective cover of U is the same as the projective cover of U/ Rad U.

(7.16) Example. The arguments which show the existence of projective covers have
a sense of inevitability about them and we may get the impression that projective covers
always exist in arbitrary situations. In fact they fail to exist in general for integral group
rings. If G = {e, g} is a cyclic group of order 2, consider the submodule 3Z-e+Z- (e + g)
of ZG generated as an abelian group by 3e and e+ g. We rapidly check that this subgroup
is invariant under the action of GG, and is a ZG-submodule, and it is not the whole of ZG
since it does not contain e. Applying the augmentation map € : ZG — Z we have €(3e) = 3
and ele+g) =2s0€¢(BZ-e+Z-(e+g)) = 3Z+ 2Z = Z, and thus € is an epimorphism
which is not essential. If Z were to have a projective cover it would be a proper summand
of ZG by 7.8. On reducing modulo 2 we would deduce that FoG decomposes, which we
know not to be the case. O

Now that we have classified the projective modules for a finite-dimensional algebra
we turn to one of their important uses, which is to determine the multiplicity of a simple
module S as a composition factor of an arbitrary module U (with a composition series). If

0=UycU;cCc---CcU,=U

is any composition series of U, the number of quotients U;/U;_; isomorphic to S is deter-
mined independently of the choice of composition series, by the Jordan-Holder theorem.
We call this number the (composition factor) multiplicity of S in U.

(7.17) PROPOSITION. Let S be a simple module for a finite-dimensional algebra A
with projective cover Pg, and let U be a finite-dimensional A-module.
(1) If T is a simple A-module then

dimEnd4(S) ifS=T,

dim Hom 4 (Ps, T) = { 0 otherwise

(2) The multiplicity of S as a composition factor of U is
dim Hom4 (Ps,U)/ dimEnd 4(5).

(3) If e € A is an idempotent then dim Hom 4 (Ae, U) = dimeU.

Proof. (1) If Ps — T is any non-zero homomorphism, the kernel must contain Rad Pg,
being a maximal submodule of S. Since Ps/Rad Ps = S is simple, the kernel must be
Rad Ps and S 2 T'. Every homomorphism Pg — S is the composite Ps — Ps/Rad Pg —
S of the quotient map and either an isomorphism of Ps/Rad Ps with S or the zero map.
This gives an isomorphism Hom 4 (Ps, S) = End 4(S).

(2) Let

O0=UycU;cCc---CcU,=U
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be a composition series of U. We prove the result by induction on the composition length
n, the case n = 1 having just been established. Suppose n > 1 and that the multiplicity
of S'in U,,_1 is dimHom 4 (Ps,U,,—1)/ dim End 4(S). The exact sequence

0—-Up,1—-U—-U/Up_1 —0
gives rise to an exact sequence
0 — Homu(Ps,U,,—1) — Homyu(Ps,U) — Homu (Ps,U/U,,—1) — 0
by 7.3, so that
dim Hom 4 (Ps, U) = dim Hom 4 (Ps, Uy,—1) + dim Hom 4 (Ps, U/U,,—1).

Dividing these dimensions by dim End 4(S) gives the result, by part (1).

(3) There is an isomorphism of vector spaces Hom4(Ae,U) = eU specified by ¢ —
¢(e). Note here that since ¢(e) = ¢(ee) = ep(e) we must have ¢(e) € eU. This mapping
is injective since each A-module homomorphism ¢ : Ae — U is determined by its value
on e as ¢(ae) = ag(e). It is surjective since the equation just written down does define a

module homomorphism for each choice of ¢(e) € eU. O

Notice in 7.17 that if the field over which A is defined is algebraically closed then
dim End 4 (S) = 1, by Schur’s lemma, so that the multiplicity of S in U is just dim Hom 4 (Pgs, U).}}
Again in the context of a finite-dimensional algebra A, we define for each pair of simple
A-modules S and T the integer

cst = the composition factor multiplicity of S in Pr.

These are called the Cartan invariants of A, and they form a matrix C' = (c¢gr) with rows
and columns indexed by the isomorphism types of simple A-modules, called the Cartan
matriz of A.

(7.18) COROLLARY. Let A be a finite-dimensional algebra over a field, let S and T
be simple A-modules and let eg, e be idempotents so that Ps = Aes and Pr = Aer are
projective covers of S and T'. Then

cst = dimHomy4 (Ps, Pr)/ dimEnd4(S) = dimegAer/ dim End 4(.5).

While it is rather weak information just to know the composition factors of the pro-
jective modules, this is at least a start in describing these modules, and the information
may be conveniently displayed as a matrix. We will see later on in the case of group
algebras that there is an extremely effective way of computing the Cartan matrix using
the decomposition matrix.
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Exercises for Section 7.
1. Let A be a finite-dimensional algebra over a field. Show that A is semisimple if
and only if all finite-dimensional A-modules are projective.

2. Suppose that we have module homomorphisms U TV 9.W. Show that part of
Proposition 7.6(a) can be strengthened to say the following: if ¢gf is an essential epimor-
phism and f is an epimorphism then both f and g are essential epimorphisms.

3. In this question U,V and W are modules for a finite-dimensional algebra over a
field.

(a) Show that U — W is an essential epimorphism if and only if U is a homomorphic
image of Py in such a way that the composite Py — U — W is the projective cover of
W.

(b) Prove the following ‘extension and converse’ to Nakayama’s lemma: let V' be any
submodule of U. Then U — U/V is an essential epimorphism < V C Rad U.

4. Let Pg be an indecomposable projective module for a finite-dimensional algebra
over a field. Show that every homomorphic image of Pg
(a) has a unique maximal submodule, and
(b) is indecomposable.

5. Let A be a finite-dimensional algebra over a field, and suppose that f, f’ are
primitive idempotents of A. Show that the indecomposable projective modules Af and
Af’ are isomorphic if and only if fS = f'S for every simple module S.

6. Let A be a finite-dimensional algebra over a field, and suppose that @ is a projective
A-module. Show that in any expression

Q:Pgll @...@Pg’:
where S1, ..., .S, are non-isomorphic simple modules, we have
n; = dim Homy (@, S;)/ dim End 4(S;).

7. Let A be a finite-dimensional algebra over a field. Suppose that V is an A-module,
and that a certain simple A-module S occurs as a composition factor of V' with multiplicity
1. Suppose that there exist non-zero homomorphisms S — V and V' — S. Prove that S
is a direct summand of V.

8. Let G = S, let k be a field of characteristic 2 and let Q2 = {1,2,...,n} permuted
transitively by G.

(a) When n = 3, show that the permutation module k(2 is semisimple, being the direct
sum of the one-dimensional trivial module and the 2-dimensional simple module.

(b) When n = 4 there is a normal subgroup V <S4 with S4/V = S3, where V =
((1,2)(3,4), (1,3)(2,4)). The simple k£Ss-modules are precisely the two simple kSs-modules,|j
made into kSs-modules via the quotient homomorphism to S3. Show that k{2 is unise-
rial with three composition factors which are the trivial module, the 2-dimensional simple
module and the trivial module.

[Use Exercise 18 from Section 6.]
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8. Projective modules for group algebras

This section is a mix of general facts about group algebras and specific examples to
do with certain types of group. We start with a summary of the situation for p-groups
over a field of characteristic p, much of which we have already seen.

(8.1) THEOREM. Let k be a field of characteristic p and G a p-group. The regular
representation is an indecomposable projective module, which is the projective cover of
the trivial representation. Every finitely generated projective module is free. The only
idempotents in kG are 0 and 1.

Proof. We have seen in 6.8 that Rad(kG) = IG and kG/Rad(kG) = k. It follows
immediately that kG is indecomposable, either directly by arguing that kG = U & V
would imply £k = U/RadU @ V/Rad V, or using the theory of Section 7. By Nakayama’s
lemma kG is the projective cover of k. By 7.13 and 6.3 every indecomposable projective is
isomorphic to kG. Every finitely generated projective is a direct sum of indecomposable
projectives, and so is free. Finally, every idempotent e € kG gives a module decomposition
kG = kGe ® kG(1 —e). If e # 0 then we must have kG = kGe, so kG(1 —e) = 0 and
e=1. O

We can deduce from this some information about projective modules for arbitrary
groups, using the following lemma, which is valid over an arbitrary commutative ring R.

(8.2) LEMMA. Let H be a subgroup of G.
(1) If P is a projective RG-module then P lg is a projective RH-module.
(2) If Q is a projective RH-module then Q 1% is a projective RG-module.

Proof. (1) As a RH-module,

RG ly= @ RHg= (RH)H
9€[H\G]
which is a free module. Hence a direct summand of RG"™ on restriction to H is a direct
summand of RH!GHI" which is again projective.
(2) We have
(RH) 152 (R11) 15%= R 17= RG

so that direct summands of RH™ induce to direct summands of RG™. O

(8.3) COROLLARY. Let k be a field of characteristic p and let p® be the exact power
of p which divides |G|. If P is a projective kG-module then p® } dim P.

Proof. Let H be a Sylow p-subgroup of G' and P a projective kG-module. Then P |
is projective by 8.2, hence free as a kH-module by 8.1, and of dimension a multiple of
|H]|. O
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We now examine in detail the projective modules for several specific kinds of groups.
The following result will be used in constructing these modules. It is valid over an arbitrary
commutative ring R.

(8.4) PROPOSITION. Suppose that V' is any RG-module which is free as an R-
module and P is a projective RG-module. Then V ®p P is projective.

Proof. f P® P’ = RG™ then V@ RG" 2V @ P®V ® P’ and it suffices to show
that V @ RG™ is free. We offer two proofs of the fact that V @ RG = RG™"%V . The first
isthat V@ RG22V @ (R1{) = (Ve R) ¥~V 1¥. As a module for the identity group,
V is just a free R-module and so V ¢’ (R 1§)rankV = pGgrankV,

The second proof is really the same as the first, but we make the isomorphism explicit.
Let V' be the same R-module as V, but with the trivial G-action, so V%1V & RrankV a4

RG-modules. We define a linear map

V ® RG — V' @ RG
v@g—g vy

)

which has inverse gw ® g <+ w ® g. One checks that these mutually inverse linear maps
are RG-module homomorphisms. Finally V¥V @ RG =2 RGrankV, O

In the calculations which follow we will need to use the fact that for representations
over a field, taking the Kronecker product with a fixed representation preserves exactness.

(8.5) LEMMA. Let0— U — V — W — 0 be a short exact sequence of kG-modules
and X another kG-module, where k is a field. Then the sequence

02U X =V X —>WxX—0

is exact. Thus if U is a submodule of V' then (V/U) @, X = (V @k X)/(U @1 X).

Proof. The exactness is a question of linear algebra which is independent of the group
action. For the reader who knows a little homological algebra, the result is equivalent
to the statement that higher Tor groups vanish over a field. We may also give a more
direct approach by taking bases for the modules concerned. We may suppose that U is a
submodule of V. Let vy,...,v, be a basis for V' such that v{,...,v4 is a basis for U and
let z1,..., 2y, be a basis for X. Now the v; ®, x; with 1 <i<nand 1< j <m form a
basis for V ®; X, and the same elements with 1 <7 < d and 1 < j < m form a basis for
U ®p X. This shows that U ®; X is a submodule of V ®; X, and the quotient has as a
basis the images of the v; ®, x; with d+1 <4 <n and 1 < j < m, which is in bijection
with a basis of W @, X. O
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(8.6) Example. We describe the projective kG-modules where k is a field of charac-
teristic p and G = H x K where H is a p-group and K has order prime to p. Following
this example we will consider projective modules for the semidirect products H x K and
K x H and the observations we will make when we do this also apply to the direct product.
However, it seems profitable to consider the simpler example first.

We make use of the following general isomorphism (not dependent on the particular
hypotheses we have here):

kE[H x K] 2 kH ® kK as k-algebras,

which arises because kG has as a basis the elements (h,k) where h € H, k € K, and
kH ® kK has as a basis the corresponding elements h ® k. These two bases multiply
together in the same fashion, and so we have an algebra isomorphism. In this calculation
the only tensor product which will appear is tensor product over the field k. We next
observe that

Rad kG = Rad kH ® kK.

This is because the quotient
(kH @ kK)/(RadkH @ kK) = (kH/RadkH) @ kK =2 k ® kK
is semisimple, since kK is semisimple, so that

Rad(kH ® kK) C Rad kH ® kK.

On the other hand Rad kH ® kK is a nilpotent ideal of kH ® kK, so is contained in the
radical, and we have equality.

Let us write kK = S{* @& --- & S, where Si,..., S, are the non-isomorphic simple
kK-modules. Since H = O,(G), these are also the non-isomorphic simple kG-modules.
We have

kG=kH@KK = (kH® $))" & & (kH ® 5,)"

and so the kH ® S; are projective kG-modules. Each occurs with multiplicity equal to the
multiplicity of S; as a summand of kG/Rad(kG), and so must be indecomposable, using
7.13. We have therefore constructed all the indecomposable projective kG-modules, and
they are the modules Ps, = kH ® 5.

Suppose that 0 C P, C --- C P, = kH is a composition series of the regular represen-
tation of H. Since H is a p-group, all the composition factors are the trivial representation,
k. Because __®y .S; preserves exact sequences, the series0 C P, ®S; C --- C P, ®95; = Ps,
has quotients k @ S; = S;, which are simple, and so this is a composition series of Ps,.

As an example, suppose that H is cyclic of order p*. Then kH = Up,s has a composition
series in which P; = Rad(kH)? - kH = U; and from the description of the radical of kG we
see that the terms in the composition series of Pg, are P; ® S; = Rad(kG)7 - Pg,. Because
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the radical series is in fact a composition series, it follows (as in Exercise 5 to Section 6)
that this is the unique composition series of Pg,, and that there are no more submodules
of Ps, other than the ones listed.

We move on now to describe the projective kG-modules where k is a field of charac-
teristic p and G = H x K where H is a p-group and | K| is prime to p. The last example is
a special case of this situation, and so the results about to be obtained also apply in that
case. However, our results will be less specific than in 8.6. Here, again, H = O,(G), and so
the simple kG-modules are precisely the simple kK -modules. Since G acts on these via the
ring surjection kG — kK, the kernel of this map acts as zero on all simple modules and so
is contained in the radical. But also kKK is a semisimple ring, so the kernel is the radical,
and in particular it is a nilpotent ideal. (The kernel is in fact the ideal kG-I H considered in
Exercise 10 of Section 6, but we do not need this here.) The idempotent e; = |17| deK g
is the primitive idempotent of kK which projects onto the unique 1-dimensional simple
summand of kK. It is already an idempotent in kG, so it is its own lift to kG, and hence
it is primitive in kG by 7.9. We conclude that P, = kGey, by 7.12. This identifies Pj as a
reasonably explicit subset of kG, but we now do better than this.

(8.7) PROPOSITION. Let k be a field of characteristic p and let G = H x K where
H is a p-group and K has order prime to p. Then P, = kH where H acts on kH by left
multiplication and K acts by conjugation.

Proof. It comes as a surprise that there should be an action of G on kKH in the manner
specified. Explicitly, if deH agg, x € H and y € K then ngeH ag9 = deH
Y deH agg = deH agygy~t. We could verify that this does give an action of G on kH,
but instead we show that G acts on P, via these formulae. We have kG = kH - kK and
kKei = keq, so P, = kGey = kHe,. We claim that kHe, = kH as k-vector spaces via an
isomorphism in which he; corresponds to h. Indeed the elements he; are independent as

agxrg and

h ranges through H, so we have just specified a bijection between two bases. Now H and
le, fory € K.
Identifying kHe; with kKH, these actions are as specified in the statement of the result. O

K act on kHe; as = - he; = zhe; for x € H and vy - he; = yhy ‘ye; = yhy~

We should point out that whenever we have a semidirect product G = H x K there
is an action of G on kH in the way we have just described, but in general if H is not a
Sylow p-subgroup of G this module will not be Pj.

(8.8) PROPOSITION. Let k be a field of characteristic p and let G = H x K where H
is a p-group and K has order prime to p. If S is any simple kG-module then Pg = P, ® S.
There is an isomorphism of kG-modules P, ® kK = kG.
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Proof. By 8.4 P, ® S is projective. Tensoring the epimorphism P, — k with S gives
an epimorphism P, ® S — S. Now

Rad(P, ® S) = Rad(kG) - (P, ® S) 2 Rad(kH) - (P, ® S) = (Rad(kH) - P,) ® S

since H is a normal p-subgroup and so acts trivially on S. Since (Rad(kH) - P;) ® S has
codimension in P, ® S equal to dim S we have that S = (P, ® S)/Rad(P, ® S). This
shows that P, ® S is the projective cover of S. Finally, since kK is identified as the radical
quotient of kG, P, ® kK is the direct sum of projective modules Pg, each appearing as
often as S appears as a summand of kK. This description identifies P, ® kK as kG. O

Observe that since H is normal in G, I H is invariant under the conjugation action of
K, and so

P.=kHD>IHD>IH?>

is a chain of kG-submodules of P,. Our next aim is to describe the kG-module structure
of the quotients TH*/IH**! and for this we specialize to the case H = (z) & Cpn and
K = (y) = C, are cyclic groups with p X q. Suppose that Yx = 2", so that

Gz(x,y‘xpn =1=yL %z =2a").

In this case the powers IH® are a complete list of the submodules of Pj, and so it is a
composition series of Py as a kG-module. The action of y on I H is given by

Y —1

" —1

(-1 4+ Fazt+l—r)+r(z—1)
=r(z—1) (modIH?).

y(z —1)

More generally for some o € TH?,

y(x —1)" = (2" = 1)°
=(r(z—1)+a«a)’
=rfz— 1) +sr(z -1 ta+---
=rS(z—1)° (modIH*TH).

Thus y acts on the quotient IH®/IH**!1 as multiplication by r®. One way to describe
this is that if W = IH/IH® then TH®/IH*"1 = W®5  the s-fold tensor power. We now

summarize these assertions.
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(8.9) PROPOSITION. Let k be a field of characteristic p and let G = (x) x (y)
where (z) = Cpn and (y) = C, has order prime to p. Suppose that Yz = x" and let W be
the 1-dimensional kG-module on which y acts as multiplication by r. If S is any simple

kG-module then Ps has a unique composition series, equal to the radical series, in which
the quotients Rad" Pg/ Rad"™! Pg are S,S@ W,S@ W®2, ... S@We"-1 =3,

The assertion about the uniqueness of the composition series follows from Exercise 5
of Section 6, since the factors in the radical series are all simple.

To continue this example we observe that the isomorphism types of the composition
factors of Pg occur in a cycle which repeats itself. Since x — z" is an automorphism of
Cpn there is a least positive integer f such that r/ =1 (modp"). Put p” —1 = ef. Then
the modules k, W, W®2 W3, give rise to f different representations. They repeat e
times in Py, except for & which appears e + 1 times, and a similar repetition occurs with
the composition factors S ® W®? of Psg.

We now consider the projective modules for groups which are a semidirect product of
a p-group and a group of order prime to p, but with the roles of these groups the opposite
of what they were in the last example. We say that a group G has a normal p-complement
if and only if it has a normal subgroup K <G of order prime to p with |G : K| a power of
p. Necessarily in this situation, if H is a Sylow p-subgroup of G then G = K x H by the
Schur-Zassenhaus theorem.

8.10) THEOREM. Let G be a finite group and k a field of characteristic p. The

(8.10) group p

following are equivalent.

(1) G has a normal p-complement.

(2) For every simple kG-module S, the composition factors of the projective cover Ps are
all isomorphic to S.

(3) The composition factors of Py, are all isomorphic to k.

Proof. (1) = (2): Let G = K x H where p J |K| and H is a Sylow p-subgroup of G. We
show that kH, regarded as a kG-module via the homomorphism G — H, is a projective
module. In fact, since kK is semisimple we may write kK = k @ U for some kK-module
U, and now kG = kK T%: k T?{ eU T%. Here k T%E kH as kG-modules (they are
permutation modules with stabilizer K') and so kH is projective, being a summand of kG.

Now if S is any simple kG-module then S ®; kH is also projective by 8.4, and all its
composition factors are copies of S = S ®, k since the composition factors of kH are all k
(using 6.3 and 8.5). The indecomposable summands of S ® kH are all copies of Pg, and
their composition factors are all copies of S.

(2) = (3) is immediate.

(3) = (1): Suppose that the composition factors of Py are all trivial. If g € G is any

~Y

element of order prime to p (we say such an element is p-regular) then Py lg}): kt for
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some t, since k(g) is semisimple. Thus g lies in the kernel of the action on Py and if we
put
K={(geG ‘ g is p-regular)

then K is a normal subgroup of G, G/K is a p-group and K acts trivially on P,. We show
that K contains no element of order p: if ¢ € K were such an element, then as P lg is
a projective k{g)-module, it is isomorphic to a direct sum of copies of k{g) by 8.1, and so
g does not act trivially on Pg. It follows that p X | K|, thus completing the proof. O

We have already studied an example of the situation described in 8.10, namely kSs
where k is the field with four elements. In this example we may take H = ((1,2)).
Observe that if V' is the 2-dimensional simple k£Ss-module then V @ kH =2V @&V since V
is projective, so that the module S ® kH which appeared in the proof of 8.10 need not be
indecomposable.

Working over a field k, we next examine the behaviour of projective modules under
the operation of dualization. We recall the definition U* = Homy (U, k) and record the
following properties:

(8.11) PROPOSITION. Let k be a field. Then

(1) U** = U as kG-modules,

(2) U is semisimple if and only if U* is semisimple,

(3) U is indecomposable if and only if U* is indecomposable, and

(4) a morphism f : U — V is a monomorphism (epimorphism) if and only if f* : V* — U*
is an epimorphism (monomorphism).

(8.12) PROPOSITION. Let k be a field. Then
(1) kG* =2 kG as kG-modules, and
(2) P is a projective kG-module if and only if P* is a projective kG-module.

Proof. (1) We denote the elements of kG* dual to the basis elements {g ‘ g € G} by
g, so that g(h) = d4.5 € k, the Kronecker 6. We define an isomorphism of vector spaces

kG — kG™

Zagg»—> Zagg'

geG geqG

To see that this is a kG-module homomorphism we observe that if x € G then

(xg)(h> = f](l‘_lh> = 6g,m*1h = 6mg,h = @(h)

for g,h € G, so that xg = xg.
(2) Since P** = P it suffices to prove one implication. If P is a summand of kG™ then
P* is a summand of (kG™)* = kG™, and so is also projective. O
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When we previously introduced projective modules we could at the same time have
defined injective modules, which enjoy properties similar to those of projective modules,
but in a dual form. We say that a module [ is injective if and only if whenever there are
morphisms

I
Ta
v ow

with # a monomorphism, then there exists a morphism +: V' — I so that v3 = «. Dually
to Proposition 7.3, it is equivalent to require that every monomorphism I — V is split; and
also that Hom 4 (__, I') sends exact sequences to exact sequences. We leave this equivalence
as an exercise. It is not true (in general) that injective modules are direct summands of
free modules, but what we now show is that for group algebras over a field this special
property does in fact hold.

(8.13) COROLLARY. Let k be a field.
(1) Projective kG-modules are the same as injective kG-modules.
(2) Each indecomposable projective kG-module has a simple socle.

Proof. (1) Suppose P is projective and that there are morphisms

P
v 2L ow

with § injective. Then in the diagram
P*

[B* is surjective, and so by projectivity of P* there exists f : P* — V* such that g*f = o*.
Since f*3 = a we see that P is injective.

To see that all injectives are projective, a similar argument shows that their duals are
projective, hence injective, whence the original modules are projective, being the duals of
injectives.

(2) One way to proceed is to quote Exercise 6 of Section 6 which implies that Soc(P) =
(P*/Rad P*)*. If P is an indecomposable projective module then so is P* and P*/Rad P*
is simple. Thus so is Soc(P).
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Alternatively, since homomorphisms S — P are in bijection (via duality) with homo-
morphisms P* — S*, if P is indecomposable projective and S is simple then P* is also
indecomposable projective and

dim Homy (S, P) = dim Homyg (P*, S™)

_ {dim End(S*) if P* is the projective cover of S*,
0 otherwise.

Since dim End(S*) = dim End(.S) this implies that P has a unique simple submodule and
Soc(P) is simple. O

An algebra for which injective modules and projective modules coincide is called self-
injective or quasi-Frobenius, so we have just shown that group rings of finite groups over
a field are self-injective. For such an algebra, whenever a projective module occurs as a
quotient of a submodule of another module, it is a direct summand.

(8.14) COROLLARY. Suppose U is a kG-module, where k is a field, for which there
are submodules Uy C U; C U with Uy /Uy = P a projective module. Then U = P @ U’ for
some submodule U’ of U.

Proof. The exact sequence 0 — Uy — Uy — P — 0 splits, and so U; = P ® Uy. Thus
P is isomorphic to a submodule of U, and since P is injective the monomorphism P — U
must split. O

We will now sharpen part (2) of 8.13 by showing that Soc Ps = S, and we will also
show that the Cartan matrix for group algebras is symmetric. These are properties which
hold for a class of algebras called symmetric algebras, of which group algebras are examples.
We say that a finite dimensional algebra A over a field k is a symmetric algebra if there is
a non-degenerate bilinear form ( , ): A x A — k such that
(1) (symmetry) (a,b) = (b,a) for all a,b € A,

(2) (associativity) (ab, c) = (a, bc) for all a,b,c € A.
The group algebra kG is a symmetric algebra with the bilinear form defined on the

basis elements by el
_ 1 gn=
(9,h) = {O otherwise
as is readily verified. Notice that this bilinear form may be described on general elements
a,b € kG by (a,b) = coefficient of 1 in ab.

For the record, a finite-dimensional algebra over a field on which there is a non-
degenerate associative bilinear form is called a Frobenius algebra. It is the case that every
Frobenius algebra is a quasi-Frobenius algebra, and it would have been possible to present
a development leading to the results of Corollary 8.13 by proving this implication.

We will use the bilinear form on kG in the proof of the next result, whose statement
also holds for symmetric algebras in general.
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(8.15) THEOREM. Let P be an indecomposable projective module for a group al-
gebra kG. Then P/Rad P = Soc P.

Proof. We may choose a primitive idempotent e € kG so that P = kGe as kG-modules.
We claim that Soc(kGe) = Soc(kG) - e, since Soc(kG) - e C Soc(kG) and Soc(kG)-e C kGe
so Soc(kG) - e € kGe N Soc(kG) = Soc(kGe), since the last intersection is the largest
semisimple submodule of Ae. On the other hand Soc(kGe) C Soc(kG) since Soc(kGe) is
semisimple so Soc(kGe) = Soc(kGe) - e C Soc(kG) - e
Next, Hom(kGe,Soc(kG)e) = eSoc(kG)e by 7.16, and since Soc(kG)e is simple,
by 8.13, this is non-zero if and only if Soc(kG)e = kGe/Rad(kGe). We show that
e Soc(kG)e # 0.
If e Soc(kG)e = 0 then
= (1,eSoc(kG)e)
= (e, Soc(kG)e)
= (Soc(kG)e, e)
= (kG - Soc(kG)e, e)
= (kG,Soc(kG)e - e)
= (kG, Soc(kGe)).

Since the bilinear form is non-degenerate this implies that Soc(kGe) = 0, a contradiction. O

(8.16) COROLLARY. Let k be a field.
(1) If P is any projective kG-module and S is a simple kG-module, the multiplicity of S
in P/ Rad P equals the multiplicity of S in Soc P. In particular

dim P = dim Pg = dim(P*)% = dim(P*)g,

where PC is the fixed points of G on P and P denotes the largest trivial quotient of
P.
(2) For every simple kG-module S, (Ps)* & Pg-.

Proof. (1) This is true for every indecomposable projective module, hence also for
every projective module. For the middle equality we may use an argument similar to the
one which appeared in the proof of 8.13 (2).

(2) We have seen in the proof of 8.13 that (Pgs)* is the projective cover of (Soc Ps)*,
and because of 8.15 we may identify the latter module as S*. O
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From this last observation we are able to deduce that, over a large enough field, the
Cartan matrix of kG is symmetric. We recall that the Cartan invariants are the numbers

cst = multiplicity of S as a composition factor of Pr

where S and T are simple. The precise condition we require on the size of the field is that
it should be a splitting field, and this is something which is discussed in the next section.

(8.17) THEOREM. Let k be a field and let S, T be simple kG-modules. The Cartan
invariants satisfy
cst - dimEndgg(T') = crs - dim Endga (S).

If dim Endg(S) = 1 for all simple modules S (for example, if k is algebraically closed)
then the Cartan matrix C' = (cgr) Is symmetric.

Proof. We recall from 7.17 that
cst = dim Homyg (Ps, Pr)/ dim Endgg/(5)
and in view of this we must show that dim Homyq(Ps, Pr) = dim Homgg (Pr, Ps). Now
Homy (Ps, Pr) = Homy,(Ps, Pr)© = (P4 @, Pr)©
by 3.3 and 3.4. Since P ®y Pr is projective by 8.4, this is the same as
(P% @y, Pr)*© = (Ps @), P;)¢ =2 Homyg(Pr, Ps),

using 8.16. O

We conclude this section by summarizing some further aspects of injective modules.
We define an essential monomorphism to be a monomorphism of modules f : V — U
with the property that whenever g : U — W is a map such that gf is a monomorphism
then g is a monomorphism. An injective hull (or injective envelope) of U is an essential
monomorphism U — [ where [ is an injective module. By direct arguments, or by taking
the corresponding results for essential epimorphisms and projective covers and applying the
duality U — U* we may prove for finitely-generated kG-modules the following statements.

e The inclusion SocU — U is an essential monomorphism.

e Given homomorphisms wvLu , if two of f, g and fg are essential monomorphisms
then so is the third.

e A homomorphism f : V — U is an essential monomorphism if and only if f|gecy :
SocV — SocU is an isomorphism.

e U — [ is an injective hull if and only if I* — U™ is a projective cover. Injective hulls
always exist and are unique. From Theorem 8.15 we see that S — Pg is the injective
hull of the simple module S.
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e The multiplicity of a simple module S as a composition factor of a module U equals
dim Hom(U, Ps)/ dim End(S).

Exercises for Section 8.

1. Prove that if G is any finite group then the only idempotents in the integral group
ring ZG are 0 and 1.
[If e is idempotent consider the rank of the free abelian group ZGe and also its image
under the homomorphism ZG — F,G for each prime p dividing |G|, which is a projective
F,G-module. Show that ranky ZGe is divisible by |G|. Deduce from this that if e # 0 then
e=1]

2. (a) Let H = C3 x C and let k be a field of characteristic 2. Show that (IH)? is a
one-dimensional space spanned by >, - h.
(b) Let G = Ay = (C3 x C3) x Cs3 and let Fy be the field with four elements. Compute the
radical series of each of the three indecomposable projectives for F4 A4 and identify each
of the quotients

Rad™ Ps/Rad"™! Ps.

Now do the same for the socle series. Hence determine the Cartan matrix of F4A4.

[Start by observing that F4A, has 3 simple modules, all of dimension 1, which one might
denote by 1, w and w?. This exercise may be done by applying the kind of calculation
which led to Proposition 8.9.]

(¢) Now consider FyA4 where Fy is the field with two elements. Prove that the 2-
1 } is a simple
FoCs3-module. Calculate the radical and socle series for each of the two indecomposable
projective modules for Fo A4 and hence determine the Cartan matrix of FoAy.

3. Let G = H x K where H is a p-group, K is a p’-group, and let k be a field of
characteristic p. Regard kH as a kG-module via its isomorphism with Py, so H acts as
usual and K acts by conjugation.

(a) Show that for each n, (IH)™ is a kG-submodule of kH, and that (IH)"/(IH)"! is a
kG-module on which H acts trivially.
(b) Show that

dimensional Fs-vector space on which a generator of C5 acts via

P,=kHDIHD(IH)* D (IH)?---
is the radical series of P, as a kG-module.
(c) Show that there is a map
IH/(IH)? @, (IH)"/(IH)""" — (IH)"*'/(1H)"?
r+(IH)?@y+ (IH)" — zy+ (IH)"?
which is a map of kG-modules. Deduce that (IH)"/(IH)"*! is a homomorphic image of

(IH/(IH)*)®",
(d) Show that the abelianization H/H' becomes a ZG-module under the action g - zH' =
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grg~'H’'. Show that the isomorphism ITH/(IH)? — k ®z H/H' specified by (z — 1) +
(IH)? — 1® zH’ of Section 6 Exercise 17 is an isomorphism of kG-modules.

4. The group SL(2,3) is isomorphic to the semidirect product Qg x C3 where the
cyclic group C3 acts on Qg = {£1, i, +j, £k} by cycling the three generators i, j and k.
Assuming this structure, compute the radical series of each of the three indecomposable
projectives for Fy S L(2,3) and identify each of the quotients

Rad™ Ps/Rad""™! Ps.

[Use Section 6 Exercise 15.]

5. Let G = P x S3 be a group which is the semidirect product of a 2-group P and
the symmetric group of degree 3. (Examples of such groups are Sy = V x S5 where
V =1{((1,2)(3,4),(1,3)(2,4)), and GL(2,3) = Qg x S3 where Qs is the quaternion group of
order 8.)

(a) Let k be a field of characteristic 2. Show that kG has two non-isomorphic simple
modules.

(b) Let e1,eq,e3 € FyS3 be the orthogonal idempotents which appeared in Example
7.5. Show that each e; is primitive in F4G and that dim F,Ge; = 2|P| for all 1.

[Use the fact that the F4Ge; are projective modules.]

(c) Show that if e; = () + (1,2,3)+ (1, 3,2) then F4S4e; is the projective cover of the
trivial module and that F4S4e2 and F4S54e3 are isomorphic, being copies of the projective
cover of a 2-dimensional module.

(d) Show that FyGe; = Fy((1,2,3))e; Tﬁ1’2’3)> for each i.

6. Let A be a finite-dimensional algebra over a field k, and let A4 be the right
regular representation of A. The vector space dual (A44)* = Homy (A4, k) becomes a left
A-module via the action (af)(b) = f(ba) where a € A, b€ A4 and f € (Aa)*. Prove that
the following two statements are equivalent:

(a) (Aa)* = 4A as left A-modules.

(b) There is a non-degenerate associative bilinear pairing A x A — k.

An algebra satisfying these conditions is called a Frobenius algebra. Prove that, for a
Frobenius algebra, projective and injective modules are the same thing.

7. Let A be a finite-dimensional algebra over a field k£ and suppose that the left regular
representation 4 A is injective. Show that every projective module is injective and that
every injective module is projective.

8. Let S and T be simple kG-modules, with projective covers Ps and Pr, where k is
an algebraically closed field.

(a) For each n prove that

Homyg (Pr, Soc™ Ps) = Homyg(Pr/ Rad™ Pr, Soc™ Pg)
= Homkg(PT/ Rad" PT, Ps)
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(b) Deduce Landrock’s theorem: the multiplicity of 7" in the nth socle layer of Pg equals
the multiplicity of S in the nth radical layer of Pr.
(c) Use Exercise 6 of Section 6 to show that these multiplicities equal the multiplicity of
T* in the nth radical layer of Pg«, and also the multiplicity of S* in the nth socle layer of
Pr..

9. Let U be an indecomposable kG-module, where k is a field of characteristic p, and
let Py be the projective cover of the trivial module. Prove that

dim((y_g)-0) = {2V =k

0 otherwise.
geG

For an arbitrary finite dimensional module V', show that dim((3>_,cs g) - V) is the multi-
plicity with which Py occurs as a direct summand of V.
[Observe that kG¢ = PF = k- gec 9- Remember that P is injective and has socle
isomorphic to k.]

10. Let U be a kG-module, where k is a field, and let Ps be an indecomposable
projective kG-module with simple quotient S. Show that in any decomposition of U as a
direct sum of indecomposable modules, the multiplicity with which Pg occurs is equal to

dim Homyg (Ps, U) — dim Homyg (Ps/ Soc Ps,U)
dim Endgg (S)

and also to
dim Homyg (U, Ps) — dim Homy (U, Rad Ps)

dim Endgg (S)




